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Abstract The Caudrey-Dodd-Gibbon (CDG) equation,

a core constituent of the fifth-order Korteweg-de Vries

(KdV)-type nonlinear wave equations, possesses exact

solutions that are of pivotal significance for elucidating

the mechanisms of wave propagation under the cou-

pling effect of strong dispersion and intense nonlinear-

ity. To mitigate the limitations inherent in traditional

analytical methods for solving such high-order equa-

tions—encompassing narrow applicability, high compu-

tational complexity, and expression explosion a Feature-

Enhanced Direct Symbolic Computation Neural Net-

work(FEDSCNN) algorithm is proposed. This algorithm

integrates the adaptive feature extraction capability of

neural networks, the rigor of symbolic computation, and

the advantages of feature enhancement. It constructs

single-hidden-layer ”2-5-3-1” and double-hidden-layer
”2-5-2-2-1” architectures, and obtains exact solutions

through a sequence of steps, namely symbolic deriva-

tion, equation mapping transformation, and constraint

system solving. Experimental results validate that the

proposed algorithm successfully acquires multiple cate-

gories of solitary wave solutions and periodic solutions

for the CDG equation, with a zero error margin cor-

roborated by the Maple symbolic computation engine.

Furthermore, this algorithm circumvents the necessity of

presetting solution forms, attains a higher convergence

rate, and exhibits enhanced capability in capturing high-

order terms. The present study not only furnishes an
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efficient and innovative approach for solving the CDG

equation but also provides a general framework for the

analytical solution of analogous high-order nonlinear

wave equations, thereby facilitating the interdisciplinary

integration of neural networks and symbolic computa-

tion.

Keywords Fifth-order dispersion nonlinear wave

equation · Feature enhancement · Direct symbolic

computation · Neural networks

1 Introduction

The nonlinear wave equation, a fundamental mathemati-

cal tool for characterizing complex nonlinear phenomena
in nature, holds profound significance across diverse dis-

ciplines such as fluid dynamics, plasma physics, and

nonlinear optics. Ablowitz and Clarkson systematically

established the analytical framework that bridges soli-

ton theory and nonlinear evolution equations , thereby

laying the theoretical foundation for research in this

domain. Sulem et al. demonstrated the practical impli-

cations of nonlinear wave equations in the field of optics

via their investigative work on the nonlinear optical

properties of phase-modulated pulses[1,2]. The pursuit

of exact solutions to these equations not only constitutes

a core challenge in the field of mathematical physics
but also provides direct theoretical support for eluci-

dating the intrinsic dynamical mechanisms of nonlinear

systems—including wave propagation, interaction, and

stability. Wazwaz emphasized the pivotal role of ex-

act solutions in elucidating physical phenomena from a

methodological perspective[3].The fifth-order dispersion

nonlinear wave CDG equation, in its standard form, is

presented as:
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ut + uxxxxx + 30uuxxx + 30uxuxx + 180u2ux = 0, (1)

It stands out as a prominent member of the fifth-

order KdV-type equation family, falling into the same

category of nonlinear evolution equations with profound

physical implications as the Sawada-Kotera equation

and the Kaup-Kupershmidt equation[4]. First proposed

by Caudrey et al. in the course of their investigation

into the hierarchical structure of fifth-order KdV-type

equations, this equation incorporates fifth-order spatial

derivatives and multiple nonlinear coupling terms. It pre-

cisely characterizes wave behaviors under the combined

effects of strong dispersion and intense nonlinearity, and

has been widely applied to physical contexts such as the
propagation of shallow-water waves in fluids and the

evolution of plasma acoustic waves [5]. Rani proposed

three improved extension methods to systematically con-

struct diverse soliton solutions for the CDG equation.
The effectiveness and universality of these methods were

verified, and their practical value was demonstrated

through physical scenarios [6]. Meanwhile, Qin et al.’s

study of the seventh-order CDG-KP equation in its high-

dimensional extended form further emphasized the dis-

tinctive value of such high-order equations in depicting

complex physical phenomena [7]. Thus, obtaining exact

solutions to the CDG equation is of great theoretical

and practical significance for enhancing our understand-

ing of nonlinear wave behavior governed by fifth-order

dispersion effects. For a long time, scholars have devel-

oped various traditional methods to obtain exact solu-

tions of nonlinear wave equations. The inverse scattering

transform method, proposed by Zakharov and Shabat,

initiated the study of exact solutions for integrable sys-

tems and successfully solved classical models such as the

KdV equation [8]. Hirota’s bilinear method simplifies

nonlinear terms through variable transformations and

has been widely applied in constructing soliton solu-

tions [9]. Wu’s variational approach focuses on soliton

solutions of nonlinear wave equations. By constructing

fractal variational principles (based on the semi-inverse

method), such solutions can be derived, proving to be an

effective tool for solving low-order nonlinear equations

[10]. Furthermore, the Lie group symmetry method,

systematically expounded by Olver, transforms higher-

order equations into lower-dimensional systems through

symmetry reduction, showing advantages in construct-

ing solutions for equations like the CDG equation [11].

Rafique derived exact solutions for the Sawada-Kotera

and CDG equations, which are fifth order KdV type

equations, through a unified algebraic framework. These

solutions included solitons, periodic solutions, and Ja-

cobi elliptic function solutions [12]. However, when ap-

plied to high-order equations, such as the CDG equation

traditional methods encounter considerable limitations.

The inverse scattering transform depends on the strict

integrability of the equation, which limits its applicabil-

ity. The bilinearisation process in the Hirota method is

cumbersome for dealing with higher-order terms. Sym-

bolic computation often suffers from “expression bloat,”

leading to inefficient calculations. The work of Koepf et

al. combines theoretical depth with teaching utility, pro-

viding downloadable mathematical software codes [13,

14]. Arif F et al. systematically investigated analytical
solutions for nonlinear convection - diffusion wave equa-

tions and successfully derived exact solutions, travelling
wave solutions, and periodic solutions by comprehen-

sively applying classical and modern analytical methods,

including Lie symmetry analysis, the tanh method, and

the Jacobi elliptic function approach [15].

The convergence of artificial intelligence and com-

putational mathematics has led to groundbreaking ap-

proaches for solving nonlinear wave equations through

the integration of neural networks and symbolic compu-

tation. Raissi et al. pioneered the Physical Information

Neural Network (PINN), which embeds the control law

of partial differential equations as symbolic constraints

in neural network training. This unifies the solution of di-

rect and inverse problems, establishing a new paradigm

for approximating solutions to complex equations such

as the Courier-Duhamel-Gaubert equation [16]. The

Deep Galiokin Method(DGM), proposed by Sirignano et

al., significantly improves the accuracy of solving higher-

order equations. It approximates weak-form solutions

via neural networks while using symbolic computation

to handle integral constraints [17]. Zhu et al.’s Operator

Information Regularisation method further strengthens

network constraints through symbolic operator informa-
tion, effectively enhancing the generalisation ability of

neural networks [18]. Regarding feature enhancement

mechanisms, Yang and Meng’s feature - enhanced neu-

ral networks significantly improved the capture of key

features in nonlinear equations by designing targeted

feature extraction modules [19].

Zhang et al. recently developed neural network sym-

bolic computation techniques, including bilinear neural

networks and direct symbolic computation neural net-

works, have successfully constructed exact solutions for

multiple nonlinear PDEs, validating the feasibility of

this approach [20]. Luo et al., focusing on AI for Science

applications, systematically reviewed the cutting - edge

developments, core methodologies, application scenar-

ios, and future directions of Physics - Informed Neural

Networks (PINNs) in solving PDEs [20,21]. Luo et al.

focusing on the AI for Science context, systematically

reviewed the cutting - edge progress, core methods, ap-
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plication scenarios, and future directions of Physics -

Informed Neural Networks (PINNs) in solving partial
differential equations (PDEs)[21]. Dong and Li proposed

a local extreme learning machine combined with domain

decomposition methods, providing an engineering ap-

proach for the efficient solution of nonlinear PDEs [22].

Tang et al. addressed the issues of insufficient high - di-

mensional fitting accuracy and slow convergence in tradi-

tional PINNs for solving nonlinear PDEs by proposing a
“PINNs + polynomial interpolation” fusion framework,

offering a new efficient solution for complex nonlinear
PDEs [23].

This technical approach has been extended to the

broader realm of partial differential equations. Li et al.

proposed an enhanced PINNs framework with “adaptive

activation + fractional gradient enhancement” to tackle

the non - locality and memory effects of fractional oper-
ators. This framework integrates physical constraints by
means of symbolic derivation of Caputo-Fabrizio frac-

tional derivatives and enhances the network’s capability

to fit fractional terms [24]. Chen et al. extended the

core logic of ”PINNs addressing direct and inverse prob-

lems for KdV-type equations” to fifth-order KdV-type

equations, encompassing the CDG equation and the
Sawada-Kotera equation.The direct problem focused

on fitting the coupling between fifth - order dispersion

terms and strong nonlinearities, while the inverse prob-

lem covered “coefficient identification + fractional order

identification” [25]. Zeng et al. applied PINNs to the

heat conduction equation with variable coefficients, en-

hancing the solution’s reliability under complex bound-

ary conditions by embedding physical constraints [26].

Zhang et al. focused on the core limitations of PINNs in

solving PDEs, explored the root causes of failure, and

proposed targeted future development directions [27].

Despite significant achievements in the analytical

solution of the CDG equation, the Khater II method
and variational iteration technique have successfully

constructed its analytical solutions [28], and bilinear
approaches have revealed the propagation character-

istics of soliton molecules and hybrid solutions [29].

Moreover, the construction principles of periodic soli-

ton solutions and lump wave solutions from analogous

(3 + 1)-dimensional equations offer valuable insights

for CDG equation research [30]. Simultaneously, neu-

ral network approaches show great potential. Shen et

al.’s neural network symbolic computation algorithm
has been adapted to solve high - dimensional nonlinear

equations [31], and Wu Xuesha et al.’s bilinear residual

network method has verified the feasibility of neural

networks in handling variable - coefficient nonlinear

PDEs [32]. Additionally, simulations of optical solitons

in the generalised Kundu–Eckhaus equation and non-

linear Schrödinger equation have highlighted the advan-

tages of intelligent algorithms in studying wave phenom-

ena [33,34,35]. However, existing approaches are still

restricted. Traditional analytical methods have limita-

tions in solution form, and current neural networks often

encounter issues such as insufficient feature represen-

tation and physical inconsistencies when dealing with

the fifth - order dispersion term coupled with strong
nonlinearity in the CDG equation.

To address these issues, this paper proposes the Fea-

ture - Enhanced Direct Neural Network (FEDSCNN)
method. By using polynomial feature enhancement to

strengthen the interaction between higher - order and

nonlinear terms and embedding physical constraints to

ensure solution reliability, it directly and efficiently con-

structs exact solutions to the CDG equation without

relying on discrete or symbolic transformations. This

methodology offers a novel perspective for the intelli-
gent solution of higher-order nonlinear wave equations.

This study systematically explores the application of the

FEDSCNN algorithm in acquiring exact solutions to the

CDG equation. Specific tasks encompass constructing

a neural network architecture integrated with a fifth-

order derivative feature extractor, designing a composite

loss function composed of symbolic equation residuals

and boundary conditions, and realizing precise gradi-
ent propagation via the Maple symbolic computation

tool. Under diverse parameter configurations, typical
solutions to the CDG equation—such as soliton and

periodic solutions are obtained. This research not only

offers an efficient new method for constructing exact

solutions to the CDG equation but also holds promise

for establishing a general framework for solving a class
of high - order dispersive nonlinear wave equations. It

further promotes the deep integration of neural networks

and symbolic computation in the field of mathematical

physics.

2 FEDSCNN algorithm

The FEDSCNN algorithm is illustrated in Figure 1. Ini-

tially, the expression of the construction function f of

the FEDSCNN model is formulated. Subsequently, this

expression f is substituted into the bilinear equation,

yielding a complex algebraic polynomial. By gathering

the coefficients of x,y and other relevant variables, an

algebraic equation system with respect to the weights

w and biases b is obtained. Finally, solving this alge-

braic equation system yields the coefficient solutions,

which are subsequently substituted into the bilinear

transformation u to derive the exact analytical solutions

of the nonlinear partial differential equation. The tensor

network model is illustrated in Figure 1.
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f = ωln,ψΦln(ξln),

ξli = ωli−1,liΦli−1
(ξli−1

) + bli , i = 1, 2, . . . , n
(2)

In equation (2), ωi,j , i to j denotes the weight co-

efficient of neurons, and Φ is the activation function.

If the terminal hidden layer satisfies the specified con-

dition Φln(ξ) ≥ 0,it can be generalized to arbitrary

functions. ln = {mn−1 + 1,mn−1 + 2, . . . , n} represents

the n-th layer space of the feature-enhanced symbolic

computation neural network illustrated in Figure 1,

where l0 = {x1, x2, . . . , xn} , l1 = {1, 2, . . . ,m1}and

li = {mi−1 + 1,mi−1 + 2, . . . ,mi} (i = 2, 3, . . . , n− 1),

j is a constant. The Core Procedures of the FEDSCNN

algorithm for the CDG equation are as follows:

Step 1: Construct a feature-enhanced neural net-

work architecture tailored to the CDG equation.

Input layer design: Feed in the independent vari-

ables x, t, and generate polynomial, exponential and

trigonometric features via feature enhancement. These

features capture the coupling behaviors between the

fifth-order dispersive term and the nonlinear interac-
tion term in the CDG equation. Specifically, polynomial

features include quadratic, cubic and cross terms such

as x2, t2, xt, x3, t3, while exponential and trigonometric

features cover exponential decay, exponential growth

and periodic terms such as ekx, e−kx, sin(kt), cos(kt).

Hidden layer design: Employ a multi-layer archi-

tecture integrated with a composite activation function

that combines hyperbolic tangent, high-order polyno-

mial and exponential functions. The core objective is to

enhance the fitting capability for the dispersive effects

induced by the fifth-order derivative term and the strong

nonlinear interaction term.

Output layer design: Output the probe function

u(x, t), and construct the analytical expression of the

potential solution via the network weights and bias

parameters.

Step 2: Symbolic derivation of full-order partial

derivatives for the CDG equation.

The Maple symbolic computation engine is employed

to expand the full-order partial derivatives of the out-

put function u(x, t), with a specific focus on computing

the key derivative terms involved in the CDG equation:

ut, ux, uxx, uxxx, uxxxx, uxxxxx and u2ux. High-dimensio-

nal composite operations are recursively addressed via

the chain rule to ensure the rigor of the derivation

process for the fifth-order derivative term, thereby elim-

inating the cumulative effects of truncation errors from

numerical differentiation on high-order terms.

Step 3: Symbolic mapping transformation of the

CDG equation.

All orders of partial derivatives obtained in Step 2

are substituted into Equation (1), the fifth-order CDG

equation. Algebraic operations including rationalization

and combination of like terms are performed to eliminate

redundant terms, and the equation is transformed into

a simplified form that only contains u, all orders of its

derivatives, network weights and biases. This process

achieves dimension-reducing mapping from the fifth-
order PDE constraint to an algebraic constraint.

Step 4: Construction of CDG-specific parameter

constraint equations.

Grouping strategy: Fine grouping is performed

on the transformed equation according to the powers
of x and t, the order of exponential functions and the

frequency of trigonometric functions, with a specific
focus on the coefficient architectures of the fifth-order

derivative term and the nonlinear interaction term.

Constraint generation: The coefficients of all
grouped terms are set to zero to generate algebraic
constraint equations for network parameters. The pa-

rameter space is compressed via normalization process-

ing, prioritizing the parameter subspace that satisfies

the dispersive and nonlinear balance conditions of the

CDG equation.

Step 5: Closed-loop verification and extraction

of CDG analytical solutions.

The screened parameters are substituted back into

the probe function f(x, t) to reconstruct the candidate

analytical solution. This reconstructed solution is subse-

quently substituted into the CDG equation for symbolic

validation, with particular emphasis on verifying the bal-

ance relationship between the fifth-order derivative term

and the nonlinear interaction term. The accuracy of the

acquired solutions is optimized via the adjustment of

feature enhancement parameters, and analytical forms

that strictly satisfy the CDG equation—encompassing

soliton solutions and periodic solutions—are ultimately

derived.

This process specifically captures the fifth-order dis-
persive properties of the CDG equation via feature en-

hancement, while integrating the rigor of symbolic com-
putation to achieve precise mapping from the neural net-

work’s parameter space to the analytical solution space

of the equation. The FEDSCNN algorithm possesses a

distinct advantage in surmounting the limitations associ-
ated with traditional raw variable input: it expands the

model’s capability to capture nonlinear relationships,

alleviates solution errors induced by inadequate feature

representation, and thereby facilitates the establishment

of accurate analytical solutions for nonlinear partial

differential equations.

This model incorporates merely a single hidden layer.

For example, a single-hidden-layer feature enhancement
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Fig. 1: FEDSCNN Model

network with three specific functions can cover the con-
structed probe functions, as illustrated in Figure 2, while

a dual-hidden-layer feature enhancement network with

four specific functions achieves the same coverage, as

depicted in Figure 3.

Fig. 2: Single-Hidden Layer Feature Enhancement ‘2-5-

3-1’ Neural Network Model

3 FEDSCNN Algorithm for Obtaining Exact

Solutions to CDG Equations

By deploying the FEDSCNN algorithm for feature en-

hancement tasks in two distinct neural network architec-

tures—specifically, the single-hidden-layer 2-5-3-1 model

and the dual-hidden-layer 2-5-2-2-1 model—correspondi-

ng probe functions were selected to derive the exact

solution of the CDG equation. Subsequently, three-

dimensional plots, density plots, contour plots, and con-

tour line plots of the acquired solution were generated to

Fig. 3: Dual-Hidden-Layer Feature-Enhanced ‘2-5-2-2-1’

Neural Network Model

conduct an in-depth characterization of its fundamental

properties.

3.1 Single-Hidden Layer Feature Enhancement ‘2-5-3-1’

Neural Network Model

The mathematical expression corresponding to the single-

hidden-layer feature-enhanced 2-5-3-1 neural network

model illustrated in Figure 3.1 is selected as the test

function.

ξ1 = wx,1 · x+ wt,1 · t+ wxt,1 · xt

+ wx2,1 · x
2 + wt2,1 · t

2 + b1,

ξ2 = wx,2 · x+ wt,2 · t+ wxt,2 · xt

+ wx2,2 · x
2 + wt2,2 · t

2 + b2,

ξ3 = wx,3 · x+ wt,3 · t+ wxt,3 · xt

+ wx2,3 · x
2 + wt2,3 · t

2 + b3,

f = w1,f · sin(ξ1) + w2,f · cos(ξ2) + w3,f · e
ξ3 + b4,

(3)

Fig. 4: Single-Hidden Layer Feature Enhancement ‘2-5-
3-1’ Neural Network Model
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f = w1,f sin
(

wx,1x+ wt,1t+ wxt,1xt+ wx2,1x
2 + wt2,1t

2 + b1
)

+ w2,f cos
(

wx,2x+ wt,2t+ wxt,2xt+ wx2,2x
2 + wt2,2t

2 + b2
)

+ w3,f exp
(

wx,3x+ wt,3t+ wxt,3xt+ wx2,3x
2 + wt2,3t

2 + b3
)

+ b4,

(4)

The activation functions are defined as Φ1(ξ1) =

sin(ξ1), Φ2(ξ2) = cos(ξ2), and Φ3(ξ3) = eξ3 .

As shown in Figure 4, with the activation functions

set to Φ1(ξ1) = ξ21 , Φ2(ξ2) = ξ22 , and Φ3(ξ3) = eξ3 ,

the probe function for the solution can be obtained as

follows:

where bi for i = 1, 2, 3, wj,f for j = 1, 2, and wk,1
for k = x, t, xt, x2, t2 are real numbers.

Substituting the probe function (4) into the CDG

equation (1) results in a complex algebraic equation.

Terms are collected and the coefficient of each term

is set to zero, which satisfies the CDG equation. This

process yields a system of algebraic equations, whose
solution yields the corresponding analytical results.

Case 1



















































t = t, x = x, b4 = b4, w1,4 = 0, w2,4 = w2,4,

w3,4 = 0, wt,1 = wt,1, wt,2 = −2h̄vt2,2 − xwxt,2,

wt,3 = wt,3, wx,1 = wx,1, wx,2 = −h̄vxt,2 − 2xwx2,2,

wx,3 = wx,3, wxt,1 = wxt,1, wxt,2 = wxt,2,

wxt,3 = wxt,3, wt2,1 = wt2,1, wt2,2 = wt2,2,

wt2,3 = wt2,3, wx2,1 = wx2,1, wx2,2 = wx2,2,

wx2,3 = wx2,3.

(5)

For Case 1, Equation (5) is substituted into Equation

(4) and simplified, resulting in the analytical solution of

the CDG equation presented in Equation (6):

f = b4 + w2,4 cos
(

−t2wt2,2 − txwxt,2 − x2wx2,2 + b2
)

(6)

To verify the accuracy of Result (6), the analytical so-

lution corresponding to this result is substituted into the

left-hand side of Equation (1). By means of the Maple

symbolic computation engine, symbolic simplification

confirms that the left-hand side of Equation (1) is equal

to zero, thus verifying the reliability, accuracy, and zero-

error property of the analytical solution associated with

Result (6). This further underscores a key advantage

of the proposed method over classical neural network
approaches—whereas the latter only yield approximate

solutions, the bilinear feature-enhanced symbolic com-

putation neural network algorithm is capable of deriving

rigorous exact analytical solutions.

(a) Three-dimensional
plot (b) Contour plot

(c) Density plot (d) Curve chart

Fig. 5: Three-dimensional plot, density plot, contour

plot and contour lines of the solution to Equation (6)

By setting b4 = 1, w2,4 = 2, wt2,2 = 2, wxt,2 = 2,

wx2,2 = 2, b2 = 2, the visualization of the solution

(Figure 5) is generated:

– Figure 5(a) shows the three-dimensional image for

t ∈ (−60, 60) and x ∈ (−60, 60);
– Figure 5(b) presents the contour plot of the solution

corresponding to Equation (6);

– Figure 5(c) displays the density plot;

– Figure 5(d) depicts the curve plot of u versus x over

the domain (−60, 60).

The mathematical expression corresponding to the

single-hidden-layer feature-enhanced ”2-5-3-1” neural
network model illustrated in Figure 6 is chosen as the



Title Suppressed Due to Excessive Length 7

probe function:

ξ1 = wx,1 · x+ wt,1 · t+ wxt,1 · xt+ wx2,1 · x
2

+ wt2,1 · t
2 + b1,

ξ2 = wx,2 · x+ wt,2 · t+ wxt,2 · xt+ wx2,2 · x
2

+ wt2,2 · t
2 + b2,

ξ3 = wx,3 · x+ wt,3 · t+ wxt,3 · xt+ wx2,3 · x
2

+ wt2,3 · t
2 + b3,

f = w1,f · sinh(ξ1) + w2,f · cosh(ξ2)

+ w3,f · e
ξ3 + b4,

(7)

Fig. 6: Single-Hidden Layer Feature Enhancement ‘2-5-

3-1’ Neural Network Model

The activation functions are defined as Φ1(ξ1) =

sinh(ξ1), Φ2(ξ2) = cosh(ξ2), and Φ3(ξ3) = eξ3 .

As shown in Figure 6, with the activation func-

tions set to Φ1(ξ1) = sinh(ξ1), Φ2(ξ2) = cosh(ξ2), and

Φ3(ξ3) = eξ3 , the probe function for the solution is

obtained as follows:

where bi for i = 1, 2, 3, wj,f for j = 1, 2, and wk,1
for k = x, t, xt, x2, t2 are real numbers.

Equation (8) is substituted into the CDG equation

(1), resulting in a complex algebraic equation. Terms

are collected and the coefficient of each term is set to
zero, which satisfies the CDG equation. This process

yields a system of algebraic equations, whose solution

yields the corresponding analytical solution.

Case 1











































b1 = b1, t = t, x = x, b4 = b4, w1,4 = 0, w2,4 = w2,4,

w3,4 = 0, wt,1 = wt,1, wt,2 = −2twt2,2 − xwxt,2,

wt,3 = wt,3, wx,1 = wx,1, wx,2 = −twxt,2 − 2xwx2,2,

wx,3 = wx,3, wxt,1 = wxt,1, wxt,2 = wxt,2, wxt,3 = wxt,3,

wt2,1 = wt2,1, wt2,2 = wt2,2, wt2,3 = wt2,3, wx2,1 = wx2,1,

wx2,2 = wx2,2, wx2,3 = wx2,3

(9)

For Case 1, Equation (9) is substituted into Equation

(8) and simplified, resulting in the analytical solution of

the CDG equation presented in Equation (10):

f = b4 + w2,4 cosh
(

−t2wt2,2 − txwxt,2 − x2wx2,2 + b2
)

(10)

To verify the accuracy of Result (10), the analytical

solution corresponding to this result is substituted into

the left-hand side of Equation (1). By means of the

Maple symbolic computation engine, symbolic simplifi-
cation confirms that the left-hand side of Equation (1)

is equal to zero, thereby validating the reliability, accu-

racy, and zero-error property of the analytical solution
associated with Result (10).

By setting b4 = 1, w2,4 = 2, wt2,2 = 2, wxt,2 = 2,

wx2,2 = 2, b2 = 2, the visualization of the solution
(Figure 7) is generated:

– Figure 7(a) shows the three-dimensional image for

t ∈ (−30, 30) and x ∈ (−30, 30);

– Figure 7(b) presents the contour plot of the solution

corresponding to Equation (10);
– Figure 7(c) displays the density plot;

– Figure 7(d) depicts the curve plot of u versus x over

the domain (−150, 150).

The mathematical expression corresponding to the

single-hidden-layer feature-enhanced ”2-5-3-1” neural

network model illustrated in Figure 8 is chosen as the

probe function:

ξ1 = wx,1 · x+ wt,1 · t+ wxt,1 · xt

+ wx2,1 · x
2 + wt2,1 · t

2 + b1,

ξ2 = wx,2 · x+ wt,2 · t+ wxt,2 · xt

+ wx2,2 · x
2 + wt2,2 · t

2 + b2,

ξ3 = wx,3 · x+ wt,3 · t+ wxt,3 · xt

+ wx2,3 · x
2 + wt2,3 · t

2 + b3,

f = w1,f · sech
2(ξ1) + w2,f · cos(ξ2)

+ w3,f · sin(ξ3) + b4,

(11)

The activation functions are defined as Φ1(ξ1) =

sech2(ξ1), Φ2(ξ2) = cos(ξ2), and Φ3(ξ3) = sin(ξ3).

As shown in Figure 8, with the activation func-

tions set to Φ1(ξ1) = sech2(ξ1), Φ2(ξ2) = cos(ξ2), and

Φ3(ξ3) = sin(ξ3), the probe function for the solution is

obtained as follows:

where bi for i = 1, 2, 3, wj,f for j = 1, 2, and wk,1
for k = x, t, xt, x2, t2 are real numbers.

Equation (12) is substituted into the CDG equation

(1), resulting in a complex algebraic equation. Terms are
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f = w1,f · sinh
(

wx,1 · x+ wt,1 · t+ wxt,1 · xt+ wx2,1 · x2 + wt2,1 · t2 + b1
)

+ w2,f · cosh
(

wx,2 · x+ wt,2 · t+ wxt,2 · xt+ wx2,2 · x2 + wt2,2 · t2 + b2
)

+ w3,f · e(wx,3·x+wt,3·t+wxt,3·xt+w
x2,3

·x2+w
t2,3

·t2+b3) + b4,

(8)

(a) Three-dimensional
plot (b) Contour plot

(c) Density plot (d) Curve chart

Fig. 7: Three-dimensional plot, density plot, contour

plot and curve chart of the solution to Equation (10)

Fig. 8: Single-Hidden Layer Feature Enhancement ‘2-5-

3-1’ Neural Network Model

then collated, and the coefficient of each term is equated

to zero—a constraint that ensures compliance with the

CDG equation. This process yields a system of alge-

braic equations, whose solution yields the corresponding
analytical solution.

Case 1



















































t = t, x = x, b4 = b4, w1,4 = 0, w2,4 = 0,

w3,4 = w3,4, wt,1 = wt,1, wt,2 = wt,2,

wt,3 = −2h̄wt2,3 − xwxt,3, wx,1 = wx,1,

wx,2 = wx,2, wx,3 = −h̄wxt,3 − 2xwx2,3,

wxt,1 = wxt,1, wxt,2 = wxt,2, wxt,3 = wxt,3,

wt2,1 = wt2,1, wt2,2 = wt2,2, wt2,3 = wt2,3,

wx2,1 = wx2,1, wx2,2 = wx2,2, wx2,3 = wx2,3

(13)

For Case 1, Equation (13) is substituted into Equa-

tion (12) and simplified, resulting in the analytical solu-

tion of the CDG equation presented in Equation (14):

f = b4 + w3,4 sin
(

−t2wt2,3 − txwxt,3 − x2wx2,3 + b3
)

(14)

To verify the accuracy of Result (14), the analytical

solution corresponding to this result is substituted into

the left-hand side of Equation (1). By means of the

Maple symbolic computation engine, symbolic simplifi-

cation confirms that the left-hand side of Equation (1)

is equal to zero, thereby validating the reliability, accu-

racy, and zero-error property of the analytical solution

associated with Result (14).

By setting b4 = 1, w3,4 = 1, wt2,3 = 2, wxt,3 = 2,

wx2,3 = 2, b3 = 1, the visualization of the solution

(Figure 9) is generated:

– Figure 9(a) shows the three-dimensional image for

t ∈ (−30, 30) and x ∈ (−30, 30);
– Figure 9(b) presents the contour plot of the solution

corresponding to Equation (14);

– Figure 9(c) displays the density plot;

– Figure 9(d) depicts the curve plot of u versus x over

the domain (−150, 150).

The mathematical expression corresponding to the

single-hidden-layer feature-enhanced ‘2-5-3-1’ neural net-
work model in Figure 10 is selected as the probe function:
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f = w1,f · sech2
(

wx,1 · x+ wt,1 · t+ wxt,1 · xt+ wx2,1 · x2 + wt2,1 · t2 + b1
)

+ w2,f · cos
(

wx,2 · x+ wt,2 · t+ wxt,2 · xt+ wx2,2 · x2 + wt2,2 · t2 + b2
)

+ w3,f · sin
(

wx,3 · x+ wt,3 · t+ wxt,3 · xt+ wx2,3 · x2 + wt2,3 · t2 + b3
)

+ b4,

(12)

(a) Three-dimensional
plot (b) Contour plot

(c) Density plot (d) Curve chart

Fig. 9: Three-dimensional plot, density plot, contour

plot and curve chart of the solution to Equation (14)

ξ1 = wx,1 · x+ wt,1 · t+ wxt,1 · xt

+ wx2,1 · x
2 + wt2,1 · t

2 + b1,

ξ2 = wx,2 · x+ wt,2 · t+ wxt,2 · xt

+ wx2,2 · x
2 + wt2,2 · t

2 + b2,

ξ3 = wx,3 · x+ wt,3 · t+ wxt,3 · xt

+ wx2,3 · x
2 + wt2,3 · t

2 + b3,

f = w1,f · tanh(ξ1) + w2,f · cos(ξ2)

+ w3,f · sin(ξ3) + b4,

(15)

The activation functions are defined as Φ1(ξ1) =

tanh(ξ1), Φ2(ξ2) = cos(ξ2), and Φ3(ξ3) = sin(ξ3).

As shown in Figure 10, with the activation func-

tions set to Φ1(ξ1) = tanh(ξ1), Φ2(ξ2) = cos(ξ2), and

Φ3(ξ3) = sin(ξ3), the probe function for the solution is

obtained as follows:

where bi for i = 1, 2, 3, wj,f for j = 1, 2, and wk,1
for k = x, t, xt, x2, t2 are real numbers.

Equation (16) is substituted into the CDG equation

(1), resulting in a complex algebraic equation.Terms are
collated, and the coefficient of each term is equated to

Fig. 10: Single-Hidden Layer Feature Enhancement ‘2-

5-3-1’ Neural Network Model

zero—a constraint that ensures compliance with the
CDG equation. This process yields a system of alge-

braic equations, whose solution yields the corresponding

analytical solution.
Case 1



























































































b1 = b1, t = t, x = x, b4 = b4, w1,4 = w1,4,

w2,4 = w2,4, w3,4 = w3,4, wt,1 = wt,1, wt,2 = wt,2,

wt,3 = wt,3, wx,1 = wx,1, wx,2 = wx,2, wx,3 = wx,3,

wxt,1 = wxt,1, wxt,2 =
−(2twt2,2 + wt,2)

x
,

wxt,3 =
−(2twt2,3 + wt,3)

x
,wt2,1 = wt2,1, wt2,2 = wt2,2,

wt2,3 = wt2,3, wx2,1 = wx2,1,

wx2,2 =
2t2wt2,2 + twt,2 − xwxt,2

2x2
,

wx2,3 =
2t2wt2,3 + twt,3 − xwxt,3

2x2

(17)

For Case 1, Equation (17) is substituted into Equa-

tion (16) and simplified, resulting in the analytical solu-

tion of the CDG equation presented in Equation (18):

f = b4 + w2,4 cos

(

twt,2

2
+

xwxt,2

2
+ b2

)

+ w3,4 sin

(

twt,3

2
+

xwxt,3

2
+ b3

) (18)

To verify the accuracy of Result (18), the analytical
solution associated with this result is substituted into the
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f = w1,f · tanh
(

wx,1 · x+ wt,1 · t+ wxt,1 · xt+ wx2,1 · x2 + wt2,1 · t2 + b1
)

+ w2,f · cos
(

wx,2 · x+ wt,2 · t+ wxt,2 · xt+ wx2,2 · x2 + wt2,2 · t2 + b2
)

+ w3,f · sin
(

wx,3 · x+ wt,3 · t+ wxt,3 · xt+ wx2,3 · x2 + wt2,3 · t2 + b3
)

+ b4,

(16)

(a) Three-dimensional
plot (b) Contour plot

(c) Density plot (d) Curve chart

Fig. 11: Three-dimensional plot, density plot, contour

plot and curve chart of the solution to Equation (18)

left-hand side of Equation (1). By means of the Maple

symbolic computation engine, symbolic simplification

confirms that the left-hand side of Equation (1) is equal
to zero, thereby validating the reliability, accuracy, and

zero-error property of the analytical solution associated

with Result (18).

By setting b4 = 1, w2,4 = 1, wt,2 = 2, wxt,2 = 2,

wx,3 = 2, b2 = 1, w3,4 = 1, wt,3 = 2, b3 = 1, the

visualization of the solution (Figure 11) is generated:

– Figure 11(a) shows the three-dimensional image for

t ∈ (−30, 30) and x ∈ (−30, 30);

– Figure 11(b) presents the contour plot of the solution

corresponding to Equation (18);

– Figure 11(c) displays the density plot;
– Figure 11(d) depicts the curve plot of u versus x

over the domain (−150, 150).

The mathematical expression corresponding to the

single-hidden-layer feature-enhanced 2-5-3-1 neural net-
work model illustrated in Figure 12 is designated as the

probe function.

ξ1 = wx,1 · x+ wt,1 · t+ wxt,1 · xt

+ wx2,1 · x
2 + wt2,1 · t

2 + b1,

ξ2 = wx,2 · x+ wt,2 · t+ wxt,2 · xt

+ wx2,2 · x
2 + wt2,2 · t

2 + b2,

ξ3 = wx,3 · x+ wt,3 · t+ wxt,3 · xt

+ wx2,3 · x
2 + wt2,3 · t

2 + b3,

f = w1,f · sech(ξ1) + w2,f · tanh(ξ2)

+ w3,f · e
ξ3 + b4,

(19)

Fig. 12: Single-Hidden Layer Feature Enhancement ‘2-

5-3-1’ Neural Network Model

The activation functions are defined as Φ1(ξ1) =

sech(ξ1), Φ2(ξ2) = tanh(ξ2), and Φ3(ξ3) = eξ3 .

As shown in Figure 12, with the activation func-

tions set to Φ1(ξ1) = sech(ξ1), Φ2(ξ2) = tanh(ξ2), and

Φ3(ξ3) = eξ3 , the probe function for the solution is

obtained as follows: where bi for i = 1, 2, 3, wj,f for

j = 1, 2, 3, and wk,1 for k = x, t, xt, x2, t2 are real num-

bers.

Equation (20) is substituted into the CDG equation

(1), leading to a complex algebraic equation. Subsequent

collation of terms and equating of the coefficient of

each term to zero—constraints that ensure compliance

with the CDG equation—yield a system of algebraic

equations. Solving this system yields the corresponding
analytical solution:
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f = w1,f · sech
(

wx,1 · x+ wt,1 · t+ wxt,1 · xt+ wx2,1 · x2 + wt2,1 · t2 + b1
)

+ w2,f · tanh
(

wx,2 · x+ wt,2 · t+ wxt,2 · xt+ wx2,2 · x2 + wt2,2 · t2 + b2
)

+ w3,f · e(wx,3·x+wt,3·t+wxt,3·xt+w
x2,3

·x2+w
t2,3

·t2+b3) + b4,

(20)

Case 1































































t = t, x = x, b4 = b4, w1,4 = w1,4, w2,4 = w2,4,

w3,4 = w3,4, wt,1 = −2h̄wt2,1 − xwxt,1,

wt,2 = −2h̄wt2,2 − xwxt,2, wt,3 = −2h̄wt2,3 − xwxt,3,

wx,1 = −h̄wxt,1 − 2xwx2,1, wx,2 = −h̄wxt,2 − 2xwx2,2,

wx,3 = −h̄wxt,3 − 2xwx2,3, wxt,1 = wxt,1,

wxt,2 = wxt,2, wxt,3 = wxt,3, wt2,1 = wt2,1,

wt2,2 = wt2,2, wt2,3 = wt2,3,

wx2,1 = wx2,1, wx2,2 = wx2,2, wx2,3 = wx2,3

(21)

For Case 1, Equation (21) is substituted into Equa-
tion (20) and simplified, resulting in the analytical solu-

tion of the CDG equation presented in Equation (22):

f = b4 + w1,4sech
2
(

−t2wt2,1 − txwxt,1 − x2wx2,1 + b1
)

+ w2,4 tanh
(

−t2wt2,2 − txwxt,2 − x2wx2,2 + b2
)

+ w3,4e
−t2w

t2,3
−txwxt,3−x

2w
x2,3

+b3

(22)

(a) Three-dimensional
plot (b) Contour plot

(c) Density plot (d) Curve chart

Fig. 13: Three-dimensional plot, density plot, contour
plot and curve chart of the solution to Equation (22)

To verify the accuracy of Result (22), the analytical

solution associated with this result is substituted into the

left-hand side of Equation (1). By means of the Maple

symbolic computation engine, symbolic simplification

confirms that the left-hand side of Equation (1) is equal

to zero, thereby validating the reliability, accuracy, and

zero-error property of the analytical solution associated

with Result (22).

By setting b4 = 1, w1,4 = 1, w2,4 = 1, w3,4 = 1,

wt2,1 = 2, wt2,2 = 2, wt2,3 = 2, wxt,1 = 2, wxt,2 = 2,

wxt,3 = 2, wx2,1 = 2, wx2,2 = 2, wx2,3 = 2, b3 = 1,

b1 = 1, b2 = 1, the visualization of the solution (Figure

13) is generated:

– Figure 13(a) shows the three-dimensional image for

t ∈ (−30, 30) and x ∈ (−30, 30);

– Figure 13(b) presents the contour plot of the solution

corresponding to Equation (22);

– Figure 13(c) displays the density plot;
– Figure 13(d) depicts the curve plot of u versus x

over the domain (−150, 150).

3.2 Dual-Hidden-Layer Feature-Enhanced ‘2-5-2-2-1’ Neu-

ral Network Model

The mathematical expression corresponding to the dual-

hidden-layer feature-enhanced 2-5-2-2-1 neural network

model illustrated in Figure 14 is designated as the probe

function:

ξ1 = wx,1 · x+ wt,1 · t+ wxt,1 · xt

+ wx2,1 · x
2 + wt2,1 · t

2 + b1,

ξ2 = wx,2 · x+ wt,2 · t+ wxt,2 · xt

+ wx2,2 · x
2 + wt2,2 · t

2 + b2,

ξ3 = w3,1ξ
2
1 + w3,2e

ξ2 + b3,

ξ4 = w4,1ξ
2
1 + w4,2e

ξ2 + b4,

f = b5 + w3,fξ3 + w4,f tanh(ξ4),

(23)

The activation functions are defined as Φ1(ξ1) = ξ21 ,

Φ2(ξ2) = eξ2 , Φ3(ξ3) = ξ3, and Φ4(ξ4) = tanh(ξ4).

As shown in Figure 14, with the activation functions

set to Φ1(ξ1) = ξ21 , Φ2(ξ2) = eξ2 , Φ3(ξ3) = ξ3, and

Φ4(ξ4) = tanh(ξ4), the probe function for the solution is

obtained as follows: where bi for i = 1, 2, 3, 4, 5, wi,3 for

i = 1, 2, wj,f for j = 3, 4, and wk,1 for k = x, t, xt, x2, t2

are real numbers.
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Fig. 14: Dual-Hidden-Layer Feature-Enhanced ‘2-5-2-2-

1’ Neural Network Model

Equation (24) is substituted into the CDG equation

(1), giving rise to a complex algebraic equation. Through
collation of terms and equating of the coefficient of each

term to zero—constraints that ensure compliance with

the CDG equation—a system of algebraic equations is

derived. Solving this system yields the corresponding

analytical solution:

Case 1











































b1 = −t2wt2,1 + x2wx2,1 − twt,1, t = t, x = x,

b3 = b3, b5 = b5, w1,3 = w1,3, w1,4 = w1,4, w2,3 = w2,3,

w2,4 = w2,4, wt,1 = wt,1, wt,2 = −2twt2,2 − xwxt,2,

wx,1 = −twxt,1 − 2xwx2,1, wx,2 = −twxt,2 − 2xwx2,2,

wxt,1 = wxt,1, wxt,2 = wxt,2, wt2,1 = wt2,1,

wt2,2 = wt2,2, wx2,1 = wx2,1, wx2,2 = wx2,2

(25)

For Case 1, Equation (25) is substituted into Equa-

tion (24) and simplified, resulting in the analytical solu-

tion of the CDG equation presented in Equation (26):

f = e(−t
2w

t2,2
−txwxt,2−x

2w
x2,2

+b2)w1,3w1,4w2,3

+ w2,4 tanh
(

w2,4e
(−t2wt2,2

−txwxt,2−x
2w

x2,2
+b2) + b4

)

+ b3w1,4 + b5

(26)

For Case 1, Equation (25) is substituted into Equa-

tion (24) and simplified, resulting in the analytical solu-

tion of the CDG equation presented in Equation (26):

To verify the accuracy of Result (26), the analytical

solution associated with this result is substituted into

the left-hand side of Equation (1). By means of the

Maple symbolic computation engine, symbolic simpli-

fication confirms that the left-hand side of Equation

(1) is equal to zero, thereby validating the reliability,

accuracy, and zero-error property of the analytical so-

lution associated with Result (26). Concurrently, this

verification further underscores the unique advantages of

the dual-hidden-layer architecture: compared with the

single-hidden-layer counterpart, the dual-hidden-layer

feature-enhanced structure enables more refined hierar-

chical feature mapping., enabling more accurate capture

of the complex coupling mechanisms between fifth-order

dispersive terms and strong nonlinear terms in the CDG

equation. The extended feature learning space brought

by the two hidden layers enhances the model’s ability to

fit high-dimensional nonlinear relationships, making it

more efficient in retrieving analytical solutions with com-

plex structures. This not only confirms the effectiveness
of the dual-hidden-layer design in improving solution

precision but also further verifies the distinctive value of

the FEDSCNN algorithm in breaking through the lim-

itations of traditional analytical methodsand classical

neural network approaches that only yield approximate

results, as it can directly derive exact analytical expres-

sions for high-order nonlinear wave equations.

By setting b4 = 2, w1,4 = 2, w2,4 = 2, wt2,2 = 1,

wx2,2 = 1, wxt,2 = 1, w2,3 = 2, b3 = 2, b5 = 1, b2 = 1,

the visualization of the solution (Figure 15) is generated:

– Figure 15(a) shows the three-dimensional image for

t ∈ (−30, 30) and x ∈ (−30, 30);

– Figure 15(b) presents the contour plot of the solution

corresponding to Equation (26);

– Figure 15(c) displays the density plot;

– Figure 15(d) depicts the curve plot of u versus x

over the domain (−150, 150).

The mathematical expression corresponding to the

dual-hidden-layer feature-enhanced ”2-5-2-2-1” neural

network model illustrated in Figure 16 is chosen as the
probe function:

ξ1 = wx,1 · x+ wt,1 · t+ wxt,1 · xt+ wx2,1 · x
2

+ wt2,1 · t
2 + b1,

ξ2 = wx,2 · x+ wt,2 · t+ wxt,2 · xt+ wx2,2 · x
2

+ wt2,2 · t
2 + b2,

ξ3 = w1,3ξ
2
1 + w2,3e

ξ2 + b3,

ξ4 = w1,3ξ
2
1 + w2,3e

ξ2 + b4,

f = b5 + w3,f sech(ξ3) + w4,f tanh(ξ4),

(27)

The activation functions are defined as Φ1(ξ1) = ξ21 ,

Φ2(ξ2) = eξ2 , Φ3(ξ3) = sech(ξ3), and Φ4(ξ4) = tanh(ξ4).

As shown in Figure 16, with the activation functions

set to Φ1(ξ1) = ξ21 , Φ2(ξ2) = eξ2 , Φ3(ξ3) = sech(ξ3), and

Φ4(ξ4) = tanh(ξ4), the probe function for the solution is

obtained as follows: where bi for i = 1, 2, 3, 4, 5, wi,3 for

i = 1, 2, wj,f for j = 3, 4, and wk,1 for k = x, t, xt, x2, t2

are real numbers.
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f = b5 + w3,f

(

w3,1

(

t2wt2,1 + txwxt,1 + x2wx2,1 + twt,1 + xwx,1 + b1
)2

+w2,3e
(t2wt2,2

+txwxt,2+x2w
x2,2

+twt,2+xwx,2+b2) + b3

)

+ w4,f tanh
(

w1,3

(

t2wt2,1 + txwxt,1 + x2wx2,1 + twt,1 + xwx,1 + b1
)2

+w2,3e
(t2wt2,2

+txwxt,2+x2w
x2,2

+twt,2+xwx,2+b2) + b4

)

,

(24)

(a) Three-dimensional
plot (b) Contour plot

(c) Density plot (d) Curve chart

Fig. 15: Three-dimensional plot, density plot, contour
plot and curve chart of the solution to Equation (26)

Fig. 16: Dual-Hidden-Layer Feature-Enhanced ‘2-5-2-2-

1’ Neural Network Model

Equation (28) is substituted into the CDG equa-

tion (1), giving rise to a complex algebraic equation.
By collating like terms and equating the coefficient of

each term to zero—constraints that ensure compliance

with the CDG equation—this process yields a system

of algebraic equations. Solving this system yields the

corresponding analytical solution.

Case 1











































b1 = b1, t = t, x = x, b5 = b5, w1,3 = 0,

w1,4 = w1,4, w2,3 = w2,3, w2,4 = 0,

wt,1 = wt,1, wt,2 = −2twt2,2 − xwxt,2,

wx,1 = wx,1, wx,2 = −twxt,2 − 2xwx2,2,

wxt,1 = wxt,1, wxt,2 = wxt,2, wt2,1 = wt2,1,

wt2,2 = wt2,2, wx2,1 = wx2,1, wx2,2 = wx2,2

(29)

For Case 1, Equation (29) is substituted into Equa-

tion (28) and simplified, resulting in the analytical solu-

tion of the CDG equation presented in Equation (30):

f = w1,4sech
(

w2,3e
(−t2wt2,2

−txwxt,2−x
2w

x2,2
+b2) + b3

)

+b5

(30)

To verify the accuracy of Result (30), the analytical

solution associated with this result is substituted into the

left-hand side of Equation (1). By means of the Maple

symbolic computation engine, symbolic simplification

confirms that the left-hand side of Equation (1) is equal

to zero, thereby validating the reliability, accuracy, and

zero-error property of the analytical solution associated

with Result (30).

By setting b3 = 2, b5 = 1, w1,4 = 2, wt2,2 = 1,

wx2,2 = 1, wxt,2 = 1, w2,3 = 2, b2 = 1, the visualization

of the solution (Figure 17) is generated:

– Figure 17(a) shows the three-dimensional image for

t ∈ (−30, 30) and x ∈ (−30, 30);
– Figure 17(b) presents the contour plot of the solution

corresponding to Equation (30);

– Figure 17(c) displays the density plot;

– Figure 17(d) depicts the curve plot of u versus x

over the domain (−150, 150).

The mathematical expression corresponding to the

dual-hidden-layer feature-enhanced 2-5-2-2-1 neural net-

work model illustrated in Figure 18 is designated as the
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f = b5 + w3,f sech
(

w1,3

(

t2wt2,1 + txwxt,1 + x2wx2,1 + h̄wt,1 + xwx,1 + b1
)2

+w2,3e
(t2wt2,2

+txwxt,2+x2w
x2,2

+h̄wt,2+xwx,2+b2) + b3

)

+ w4,f tanh
(

w1,3

(

t2wt2,1 + txwxt,1 + x2wx2,1 + h̄wt,1 + xwx,1 + b1
)2

+w2,3e
(t2wt2,2

+txwxt,2+x2w
x2,2

+h̄wt,2+xwx,2+b2) + b4

)

,

(28)

(a) Three-dimensional
plot (b) Contour plot

(c) Density plot (d) Curve chart

Fig. 17: Three-dimensional plot, density plot, contour

plot and curve chart of the solution to Equation (30)

probe function:

ξ1 = wx,1 · x+ wt,1 · t+ wxt,1 · xt+ wx2,1 · x
2

+ wt2,1 · t
2 + b1,

ξ2 = wx,2 · x+ wt,2 · t+ wxt,2 · xt+ wx2,2 · x
2

+ wt2,2 · t
2 + b2,

ξ3 = w1,3 cos(ξ1) + w2,3 sin(ξ2) + b3,

ξ4 = w1,3 cos(ξ1) + w2,3 sin(ξ2) + b4,

f = b5 + w3,fξ
2
3 + w4,fξ

2
4 ,

(31)

The activation functions are defined as Φ1(ξ1) =

cos(ξ1), Φ2(ξ2) = sin(ξ2), Φ3(ξ3) = ξ23 , and Φ4(ξ4) = ξ24 .

As shown in Figure 18, with the activation functions

set to Φ1(ξ1) = cos(ξ1), Φ2(ξ2) = sin(ξ2), Φ3(ξ3) = ξ23 ,

and Φ4(ξ4) = ξ24 , the probe function for the solution is

obtained as follows: where bi for i = 1, 2, 3, 4, 5, wi,3 for

i = 1, 2, wj,f for j = 3, 4, and wk,1 for k = x, t, xt, x2, t2

are real numbers.

Equation (32) is substituted into the CDG equation

(1), giving rise to a complex algebraic equation. By

Fig. 18: Dual-Hidden-Layer Feature-Enhanced ‘2-5-2-2-

1’ Neural Network Model

collating like terms and equating the coefficient of each

term to zero—constraints that ensure compliance with

the CDG equation—a system of algebraic equations is

derived. Solving this system yields the corresponding

analytical solution:

Case 1










































b3 = b3, t = t, x = x, b5 = b5, w1,3 = 0,

w2,3 = w2,3, w3,f = w3,f , w4,f = w4,f ,

wt,2 = −2twt2,2 − xwxt,2, wt,1 = wt,1,

wx,2 = −twxt,2 − 2xwx2,2, wx,1 = wx,1,

wxt,2 = wxt,2, wxt,1 = wxt,1, wt2,1 = wt2,1,

wt2,2 = wt2,2, wx2,1 = wx2,1, wx2,2 = wx2,2

(33)

For Case 1, Equation (33) is substituted into Equa-

tion (32) and simplified, resulting in the analytical solu-

tion of the CDG equation presented in Equation (34):

f = b5

+ w3,f

(

w2,3 sin
(

−t2wt2,2 − txwxt,2 − x2wx2,2 + b2
)

+ b3
)2

+ w4,f

(

w2,3 sin
(

−t2wt2,2 − txwxt,2 − x2wx2,2 + b2
)

+ b3
)2

(34)

To verify the accuracy of Result (34), the analytical

solution associated with this result is substituted into the

left-hand side of Equation (1). By means of the Maple

symbolic computation engine, symbolic simplification

confirms that the left-hand side of Equation (1) is equal
to zero, thereby validating the reliability, accuracy, and
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f = b5 + w3,f

(

w1,3 cos
(

t2wt2,1 + txwxt,1 + x2wx2,1 + twt,1 + xwx,1 + b1
)

+w2,3 sin
(

t2wt2,2 + txwxt,2 + x2wx2,2 + twt,2 + xwx,2 + b2
)

+ b3
)2

+ w4,f

(

w1,3 cos
(

t2wt2,1 + txwxt,1 + x2wx2,1 + twt,1 + xwx,1 + b1
)

+w2,3 sin
(

t2wt2,2 + txwxt,2 + x2wx2,2 + twt,2 + xwx,2 + b2
)

+ b4
)2

,

(32)

zero-error property of the analytical solution associated

with Result (34).

By setting b3 = 2, b5 = 1, w3,f = 2, w4,f = 2, wt2,2 =

1, wx2,2 = 1, wxt,2 = 1, w2,3 = 2, the visualization of

the solution (Figure 19) is generated:

– Figure 19(a) shows the three-dimensional image for

t ∈ (−30, 30) and x ∈ (−30, 30);

– Figure 19(b) presents the contour plot of the solution

corresponding to Equation (34);

– Figure 19(c) displays the density plot;

– Figure 19(d) depicts the curve plot of u versus x

over the domain (−150, 150).

(a) Three-dimensional
plot (b) Contour plot

(c) Density plot (d) Curve chart

Fig. 19: Three-dimensional plot, density plot, contour

plot and curve chart of the solution to Equation (34)

4 Conclusion

This study addresses the challenge of obtaining exact

solutions for the fifth-order dispersive CDG equation by

proposing the FEDSCNN algorithm. The work provides
an efficient novel approach for the analytical solution

of high-order nonlinear wave equations. The principal

research conclusions are as follows:

Algorithm Construction and Innovative Breakthroug-
hs.The FEDSCNN algorithm successfully integrates the

adaptive feature extraction capability of neural net-

works, the rigour of symbolic computation, and the

advantages of feature enhancement. Two network archi-

tectures tailored for the CDG equation are constructed:

a single-hidden-layer ‘2-5-3-1’ architecture and a dual-

hidden-layer ‘2-5-2-2-1’ architecture. Polynomial feature
enhancement intensifies the interaction between higher-

order dispersive terms and strong nonlinear interaction

terms, while embedded physical constraints ensure solu-
tion consistency. This proposed methodology dispenses

with the prerequisite for pre-defined solution paradigms

and mitigates reliance on discrete transforms, thereby

effectively overcoming the inherent limitations of tradi-

tional analytical methodologies—constraints that entail

restricted applicability scope, heightened computational

complexity, and inadequate feature representation capa-

bilities in contemporary neural network architectures.

Significant Advances in Exact Solution Acquisition.T-

hrough the adoption of the FEDSCNN algorithm, a

diverse spectrum of exact solutions to the CDG equa-

tion has been successfully retrieved, encompassing soli-

ton solutions and periodic solutions constructed via

sine, cosine, hyperbolic tangent, and hyperbolic secant

functions. All analytical solutions underwent rigorous

validation utilizing the Maple symbolic computation
engine, which corroborated that substituting these solu-

tions into the CDG equation yields a zero value on the

left-hand side. This not only yields error-free solutions

but also corroborates the accuracy and reliability of

the FEDSCNN algorithm. To vividly characterize the
spatiotemporal propagation behaviors of diverse solu-
tions, three-dimensional plots, density plots, contour

maps, and curve diagrams were generated. These visu-

alizations thereby provide intuitive theoretical support

for understanding wave propagation mechanisms under

conditions of strong dispersion and intense nonlinear

coupling.

Distinct Performance Advantages of the FEDSCNN

Algorithm.In comparison with conventional analytical

techniques (e.g., the inverse scattering transform method

and Hirota’s bilinear method), the FEDSCNN algorithm
exhibits independence from the strict integrability of
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equations. This inherent characteristic enables it to cir-

cumvent intricate variable transformations and the issue

of ”expression bloat”. In contrast to classical neural

network-based approaches, its integrated feature en-

hancement mechanism facilitates the enhanced capture

of fifth-order derivative terms, it also achieves faster

convergence rates and directly generates analytical ex-

pressions rather than approximate solutions. Endowed

with inherent generality, the algorithm is not only appli-

cable to the CDG equation but also provides a reusable

framework for solving analogous fifth-order KdV-type
high-order nonlinear wave equations, such as the Sawada-

Kotera equation.

Interdisciplinary Value and Application Prospects.Th-

is study fosters the in-depth integration of neural net-

works and symbolic computation in the field of mathe-

matical physics, paving a novel pathway for the intel-

ligent solution of high-order nonlinear wave equations.

The exact solutions obtained for the CDG equation es-
tablish a solid theoretical foundation for investigating

relevant physical phenomena.These solutions encompass

the investigation of physical phenomena such as the

propagation of shallow water waves in fluid systems

and the evolution of plasma acoustic waves. Further-

more, the design principles inherent to the FEDSCNN

algorithm provide valuable insights for the analytical

solution of more complex partial differential equations

(e.g., fractional-order and variable-coefficient equations),
thereby endowing the research with substantial theoret-

ical and practical significance.

Future research may further extend the application

scope of the FEDSCNN algorithm to higher-dimensional

scenarios, including 3+1-dimensional cases, variable-

coefficient modifications, and fractional-order extensions
of the CDG equation. Optimizing the feature enhance-

ment module and network architecture is expected to

improve the algorithm’s adaptability to more complex

nonlinear systems. Additionally, exploring its potential

in solving inverse problems—such as coefficient identifi-

cation and order recognition—deserves in-depth investi-

gation.
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