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Abstract

In conventional optical design, the inability of a single lens to simultaneously correct high-order geometric
and chromatic aberrations over a broad spectral range constitutes a persistent physical bottleneck limiting
the development of ultracompact imaging systems. This limitation fundamentally arises from the severely
restricted degrees of freedom associated with traditional lenses, which rely solely on interfacial modulation,
combined with the intrinsic dispersion of homogeneous media. In this paper, we propose a global inverse
design framework based on gradient-index (GRIN) dual-freeform optics to overcome the physical constraints
of single-lens imaging. By introducing an extended phase space that incorporates wavelength, the complex
ray-tracing evolution is rigorously transformed into an analytical algebraic reconstruction process. Based
on this framework, a physical mechanism for chromatic aberration compensation is revealed: exploiting the
three-dimensional "spatial dispersion gradient' within the GRIN medium induces an anomalous negative
chromatic aberration effect, which globally and precisely cancels the intrinsic positive chromatic aberration
introduced by freeform refractions. As a methodological validation, an objective singlet lens with highly
demanding performance parameters (a half field of view up to 50°) is inversely designed. Quantitative
evaluations demonstrate that across the entire visible spectrum, the full-field root-mean-square (RMS) spot
radius is strictly controlled to within 8 nm, achieving broadband aberration-free and achromatic imaging with
geometrical spot sizes well within the diffraction limit. This work provides a rigorous theoretical methodology
and an implementable pathway for the design of ultracompact imaging optics, while substantially reducing

the reliance on manual experience and iterative numerical optimization in advanced freeform optical design.

**Corresponding author: madonglin@hust.edu.cn; Tel: +86-18627924296
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1 Introduction

The analysis and correction of optical aberrations span the entire workflow of optical system design, repre-
senting a core intersection of classical mechanics, differential geometry, and modern optics. From Hamilton’s
formulation of the optical characteristic function theory™ to Seidel’s establishment of the third-order aber-
ration algebraic system,? the theoretical development of geometrical optics has continually revolved around
extracting analytically resolvable aberration laws from complex ray mapping relationships.®) In recent years,
the rapid iteration of portable optoelectronic devices,™ ¥l along with the development of advanced astronomical
observatories requiring high-efficiency, multi-spectrum compact integration, has imposed extreme performance
demands on modern optical systemsrequiring large fields of view, ultracompact form factors, and broadband
imaging capabilities. This pushes optical design continuously toward its theoretical limits. However, when a sys-
tem must simultaneously achieve large-FOV and broadband imaging, traditional aberration theories and design
methodologies exhibit insurmountable limitations in both physical realizability and mathematical convergence.
As early as 2005, Science listed "Can we make a perfect optical lens?" as one of the 125 most challenging global
scientific questions.™ Overcoming the performance bottleneck of single lenseswhich are inherently constrained
by material dispersion and insufficient interfacial degrees of freedomto achieve distortion-free ideal imaging over
a broad bandwidth remains an ultimate goal in the field of optical design.

In the traditional optical design paradigm, achieving broadband, large-FOV, and high-quality imaging with a
single lens has long been constrained by inherent physical contradictions. According to the mathematical prop-
erties of Cartesian ovals, a single homogeneous lens can only eliminate the spherical aberration of an on-axis
point object through surface profile modulation.") For broadband imaging, the inherent dispersion charac-
teristic (On/OX # 0) of homogeneous materials dictates a spatially constant dispersion rate. Consequently, a
singlet made of a single material cannot simultaneously eliminate longitudinal and lateral chromatic aberrations.
In engineering practice, this is typically addressed by combining multiple glass elements with different Abbe
numbers (such as apochromatic lens groups) to neutralize dispersion.™ ™ However, this approach inevitably
increases the volume and weight of the system while compromising its thermal stability.

To break the degrees-of-freedom constraint of a single homogeneous medium, modern optics has introduced
non-rotationally symmetric freeform surfaces to provide abundant 2D wavefront modulation capabilities.™ !
Benefiting from breakthroughs in advanced manufacturing technologies such as two-photon direct laser writing
and 3D printing,™ ™! the physical fabrication of ultracompact freeform micro-lenses is no longer an insurmount-
able barrier. As pointed out by Thompson and Rolland, the development and application of freeform surface
technology are widely regarded as a profound revolution in imaging optical design.[™ Concurrently, the devel-
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opment of three-dimensional gradient-index (GRIN) media®® and artificial metamaterials! I has provided
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volumetric degrees of freedom for the continuous spatial modulation of light rays within the medium. When
the dispersion rate of a GRIN medium exhibits a spatial gradient (i.e., 9*n/9gO\ # 0), controllable anomalous
dispersion can be generated within the system, offering a new physical pathway for broadband achromatization
in single lenses.[” 2

Although combining freeform surfaces with GRIN media significantly enhances design flexibility, the ultra-
high-dimensional parameter space introduces severe dimensionality curses for conventional optical design soft-
ware relying on gradient-based local optimization algorithms (e.g., Zemax, Code V). The optimization outcome
is heavily dependent on the initial configuration, typically requiring the designer to provide a starting geometry
extremely close to the optimal solution to achieve convergence. The instability and fractal basins of attraction
in optical system optimization have long been recognized as major obstacles preventing the acquisition of global
optima.l®™ To circumvent this limitation, researchers have explored methods for directly constructing robust
initial starting geometries, for instance, by utilizing nodal aberration theory to configure the initial topology of
freeform systems.® In the realm of direct design methodologies, alongside the classic simultaneous multiple sur-
face (SMS) method® and freeform analytical construction techniques based on bundle-to-bundle mapping, !
Yang et al. proposed a series of direct design frameworks based on point-by-point construction and iteration,
achieving notable success in the automated design of reflective freeform systems.** 5% Pursuing deterministic
analytical solutions, Duerr et al. leveraged Fermat’s principle to introduce a "first-time-right" design paradigm
for freeform optics, effectively reducing the reliance on local iterative algorithms.[*” Similarly, for refractive
singlet lenses, Gonzéalez-Acuna et al. recently derived an exact analytical solution to the Eikonal equation for
eliminating spherical aberration.®®! These studies indicate that optical design is evolving from traditional nu-
merical optimization toward analytical direct design. However, when dealing with broadband GRIN refractive
systems that contain complex internal dispersion gradients and extremely high-order aspheric coeflicients, local
ray tracing based on Fermat’s principle struggles to analytically resolve the high-order algebraic relationships
between spatial and chromatic aberrations on a global scale. Conventional numerical optimization methods are
not only computationally expensive but also highly susceptible to local minima; moreover, numerical dissipation
can violate phase-space volume conservation, which is a core motivation for recent research into symplectic-
preserving ray-tracing algorithms.[** ™ Grounded in phase space and Lie algebra theories, this paper proposes
a global analytical inverse design framework targeted at complex GRIN freeform optical systems.

Light propagation in the phase space T*R? inherently follows Hamiltonian mechanics, and its evolution

v

constitutes a strictly symplectic flow.*">*? Based on the Lie algebraic factorization theorem developed by
Dragt and Finn in particle accelerator physics,™ ™! any analytical symplectic map can be uniquely factored
into an infinite cascade of Lie transformations generated by homogeneous polynomials. This mathematical tool

(550

was subsequently introduced into geometrical optics, “I enabling researchers to systematically decouple and
analytically parse aberrations at each order during beam evolution. Recently, researchers led by Barion have

further utilized Lie algebraic methods to explore the computation and forward optimization of aberrations in
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GRIN media and refractive interfaces, demonstrating the immense potential of this framework in non-
imaging beam shaping.

Building upon the aforementioned phase-space theories, this paper presents a global analytical inverse design
framework customized for complex GRIN freeform systems. By introducing wavelength and its conjugate
phase into an extended phase space, and applying the Baker-Campbell-Hausdorff (BCH) formula, the discrete

refraction operators of freeform interfaces and the continuous Hamiltonian evolution operator of the GRIN

medium are algebraically cascaded.

2 Materials and methods

2.1 Theoretical Model and Physical Mechanisms

Traditional optical design heavily relies on local numerical ray tracing, treating rays as independent geometric
entities. When applied to systems featuring high-degree-of-freedom GRIN media and dual-freeform surfaces,
this method fails to globally coordinate the complex transformations between intra-medium propagation and
interfacial refraction, frequently trapping the solver in local minima within the high-dimensional parameter
space. In this part, we reconstruct the theoretical model from the holistic perspective of global phase space and
symplectic geometry.

In phase space theory, beam propagation is not treated as a collection of independent rays but rather as a
four-dimensional symplectic manifold evolving within a six-dimensional Euclidean space comprised of transverse
position coordinates g and transverse momenta p. This evolution strictly follows Hamilton’s canonical equations
and is referred to as a symplectic transformation, preserving the geometric properties of the symplectic form.
However, classical symplectic optics primarily addresses monochromatic systems. To incorporate the dispersion
characteristics of broadband sources into the global analytical framework, we construct an extended phase space
Pext = T*R? x RT x R, introducing wavelength A and its conjugate phase as independent dimensions.

In this extended phase space, the broadband modulation of light by a GRIN dual-freeform lens can be

deconstructed into three cascaded physical mapping processes:
1. Discrete refraction of the beam at the front freeform surface (represented by operator Sy);

2. Continuous Hamiltonian evolution of the beam within the 3D GRIN medium (represented by operator

DGRIN);
3. Discrete refraction of the beam at the rear freeform surface (represented by operator Sa).

Based on Lie algebra theory, these three physical processes can be expressed as a series of algebraic expo-
nential generators. Utilizing the BCH formula detailed in the Appendix, the cascaded operators are rigorously
combined into a single total operator Miotal(A) = S2 0 Dgrin © S1 that governs the global evolution of the sys-

tem. Consequently, the physical process of ray tracing is transformed into a set of total generator polynomials
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{mi(X)}32, that can be recursively solved algebraically:
oo
Miotai(A) = 82 0 Darin 0 81 = [ [ exp({mx(N),-}) (1)
k=2

In the high-order expansion of the total system mapping Mjiota1, chromatic aberrations stem not only from
the linear superposition of individual physical surfaces but fundamentally encompass nonlinear cross-coupling
terms generated by Lie brackets. When a spatially rapidly varying dispersion gradient is introduced into
the GRIN medium, this spatial dispersion non-uniformity algebraically excites powerful "anomalous negative
chromatic aberration" generators. This negative chromatic aberration can precisely and globally cancel the
intrinsic positive chromatic dispersion introduced by the front and rear freeform refractions.

Leveraging the global mapping mechanism of the extended phase space, the stringent physical design ob-
jective of achieving "broadband, large-FOV, diffraction-limited imaging" is strictly translated into two sets of

algebraic equality constraints on the manifold:

o Elimination of Geometric Distortion (Zeroing Monochromatic Aberrations): The monochro-

matic terms of all orders of the system’s total generators must vanish; namely, méo) =0 (k>3).

o Elimination of the Chromatic Tensor (Broadband Dispersion Cancellation): The total sys-
tem mapping must exhibit translational invariance with respect to wavelength, requiring the first-order

dispersion terms to vanish: mg) = 0Omy /O x=x, =0 (k > 2).

2.2 Global Inverse Design Workflow

To translate the aforementioned theoretical framework into a practical engineering tool, we developed a non-
iterative global inversion algorithm. In stark contrast to commercial software that relies on extensive numerical
ray tracing and local gradient descents, this algorithm operates without pre-defined initial configurations. The

execution flow is as follows:

1. System Parameter Input: Define the fundamental physical boundaries of the lens, including the central
wavelength and working band (e.g., Ar, Ag, Ac), equivalent focal length f, entrance pupil diameter, and

maximum target field of view.

2. First-Order Paraxial and Dispersion Resolution: Solve the linear system of equations that neu-
tralizes the second-order generators (méo) =0, mél) = 0). This step directly outputs the base curvatures
C1, Cs of the lens surfaces, as well as the central refractive index Ny(z, A) and the radial gradient dispersion

coefficients of the GRIN medium.

3. High-Order Freeform Surface and GRIN Medium Inversion: Exploiting the degree-reduction
recurrence property of the BCH formula, substitute the resolved low-order parameters into the higher-

order aberration equations (my = 0,k > 3). By solving the linear cross-terms, accurately extract the
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aspheric and freeform high-order coefficients (such as S;jx, Tijr) for both surfaces, along with the 3D

high-order index modulation terms of the medium.

4. 3D Solid and Refractive Index Field Reconstruction: The algorithm ultimately synthesizes precise
3D surface point cloud data and a continuous medium index field distribution n(q, z, A) that strictly
matches the analytical algebraic solutions, ready for direct importation into optical simulation software

or manufacturing equipment.

p
Step 1: Physical Boundaries and System Parameter Input
° Input boundaries: Operating waveband (Ar, Aq, A¢), equivalent focal

length f, entrance pupil diameter, maximum FOV.

(. J

|

e A

Step 2: 1st-Order Paraxial & Primary Dispersion Tensor Resolution

(k=2)

. Algebraic constraints: mgo) = 0 (eliminate Gaussian aberrations), mgl) =
0 (globally eliminate longitudinal/lateral chromatic aberrations).

° Analytical outputs: Base curvatures C1, Ca, central index Ny(z, A) and

radial gradient dispersion Ni(z, ).

(. J

l

4 N\

Step 3: High-Order Freeform Surface & Medium Inversion (k > 3)

) Algebraic recursion: Substitute derived low-order parameters, expand

BCH Poisson bracket cross-terms.
) High-order
. Algebraic constraints: my, = 0 (eliminate high-order geometric aber- |, __ _

N
’

. (1) .. . . . recursion
rations), m;’ = 0 (eliminate high-order spherochromatism/chromatic | ----
kE=4,5,...
coma).

e Analytical outputs: Aspheric/freeform coefficients (S;jr, Tijk1), high-order

index modulation terms (N;j;, M;;).

(. J

!

4 N\

Step 4: 3D Solid & Refractive Index Field Reconstruction

) Model synthesis: Generate 3D surface point cloud data and continuous

medium index field n(q, z, \).

!

Global Optimal Analytical Solution Output

(Directly imported to optical simulation platforms or manufactur-

ing equipment, with zero numerical iteration and trial-and-error)

Figure 1: Workflow of the global inverse design algorithm for broadband single lenses based on extended phase space
and Lie algebra.
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2.3 High-Dimensional Solving Strategy for Inverse Design

The system of broadband aberration compensation equations derived (i.e., my = 0 and m,(cl) = 0) fundamen-

tally constitutes a highly complex set of nonlinear partial differential equations. In conventional numerical
optimization algorithms, such a high-dimensional solution space frequently results in severe local minima traps.
However, owing to the algebraic graded properties of the symplectic structure and Lie algebra Poisson brackets
in phase space, this equation system demonstrates rigorous recursive solvability at the analytical level.

In Dragt-Finn decomposition theory, operations within the Lie algebra conform to strict degree-reduction
rules. Let f, € P, and g,, € P,, denote homogeneous polynomials of degrees n and m, respectively; their

Poisson bracket inherently satisfies:

{fnagm} € Pnim—2 (2)

This algebraic property holds decisive physical significance for inverse resolution: within the BCH expansion
of the system’s total generator my, any higher-order generator consists exclusively of foundational operators of
the same order alongside cross-terms generated by polynomials strictly lower than that order. Consequently,
the massive nonlinear equation system can be rigorously decoupled into a linear recursive system featuring a

lower triangular structure. This study proposes the following order-by-order dimensionality reduction strategy:

1. First Order (Base Configuration and Paraxial Chromatic Aberrations, k = 2): Solve méo) =0

and mgl) = (. This step degenerates into linear polynomial identities, yielding a unique determination of
the lens’s paraxial parameters, including base curvature tensors C7, Cy, the GRIN medium central index

No(z, ), and the radial gradient Ni(z, A) along with their dispersion derivatives.

2. Second Order (Symmetry Breaking and Primary Distortion, k = 3): Substitute the second-
order parameters into msz = 0 and mél) = 0. At this stage, the BCH cross-terms degenerate into linear
combinations of known quantities and the unknown ds, directly defining the third-order surface coefficients

Siji of the freeform surface and the medium’s third-order parameter N;;(z, A).

3. Third Order (Third-Order Geometric Aberrations and Chromatic Spherical Aberration, k =
4): Similarly, insert the known generators into the fourth-order equations. By utilizing the spatial degrees
of freedom integrated over the medium thickness, the optimal tensor combinations required to eliminate
spherical aberration, coma, astigmatism, and their corresponding chromatic variations are analytically

extracted.

This strategy mathematically ensures the existence of generalized achromatic solutions and furnishes a non-

iterative analytical conduit for engineering computations.
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3 Results

To verify the precision and engineering feasibility of this analytical geometric framework, this section compre-
hensively evaluates an analytical solution for an ultra-large-FOV broadband single lens under highly demanding
parameters, relying on a custom-developed symplectic numerical integration algorithm. The high-order Pois-
son bracket expansions, matrix inversions, and full-link optical evaluations have been seamlessly encapsulated

within a self-developed global inverse analytical design platform (LieLens Designer, as illustrated in Figures

B, B, and @).
System parameters Ci & of tion
Boundaries Current values
Center Thickness {th)
2 Manx volume (L) | 0s 077L
R R e e R
02 046 072 088 124 15 Max distortion (%) | 5 120%
155 477 -1.38 _—
128 ,J_\(HM o, Mean GRIN departure (um} | 200 176.96 um
> - s,
aans /\‘h\ C 218 /4\\\3\4’4195
y S =
088 — (\ j =242 z ‘\ __:_ Figure of merit = mean(RMS) + penalties = 0.006 + 0.000 ym
- N 250 ‘-.\ A -0.54
033 ’\/\/ 27 't,,,\//\‘\"
o4 5 % Yo Design method Optimize
Front Curv (C1) Back Curv (C2) Direct design ] [ Layout 1 I Distances only | | Angles only ‘ ‘ Push2Zemax
ENFD (mm) | 1] Max. field (deg) | 50|
Deep GRIN Optics Visualization Comprehensive Analysis Suite
Ray/Iraca &2 Index. | (S tpreosloo S B inprare/on Liadicos SpotDiagrams | MTF  RMSvsFOV  GridDist | WavefontMap | PSF | FieldCu > ~
Ray Tracing 2D GRIN Refractive Index -~ OBJ: 0 o OBJ: 107 - OBI: 20°
s
1 17 ¥ v v ¥
10] B 10] by w1 v P e v
08 I S IS g T il v iy v
185 v e v . v o, v&'
05 oo LRy e R A 4 B !
- 16 E ® e ¥ r -5 -5
“10) 5% ° 10 0
02
s 10 [ 12 10 [ 10 10 [} 0
0 =
= - OB 30 . OBJ. 40 -
i 15 v Trin s q Yo gr? i g
[ S 4 ¥ 10) 2 v . 19)
v v
D4 145 5| v 5 w‘ hid 5
. z' ; v L v
-06 0] 0] o
s 14 5| -5} -5|
-10) -104 10
4 135 5
10 (o] 10 10 o 10 -10 o 10

Figure 2: LieLens Designer software interface 1, displaying ray tracing, refractive index distribution, and RMS spot

diagrams.
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Figure 3: LieLens Designer software interface 2, displaying the 3D refractive index volume distribution and the MTF
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Figure 4: LieLens Designer software interface 3, demonstrating anomalous negative chromatic index variations and
chromatic function comparisons.

3.1 System Specifications and Deep Visualization of Spatial Dispersion Gradients

The parameters for the test system are established as follows: the working spectrum covers the visible light
regime (centered at Ay = 587.6 nm, with edge wavelengths Ap = 486.1 nm and A¢c = 656.3 nm), the equivalent
focal length f = 25 mm, the central thickness d = 10 mm, and the maximum half field of view is 50°.

Addressing the internal medium evolutionan aspect notoriously difficult for conventional optical software
to resolveour solver furnishes an advanced visualization module. As depicted in Figure B, the software not
only renders the real-time manifold evolution of rays within the extended phase space and the 2D refractive
index profiles, but also intuitively reconstructs the solution space of the 3D gradient refractive index. Most
crucially, the solver accurately maps the spatial dispersion gradient field (9?n/dyd\) inside the medium. These
visualization results substantiate the theoretical mechanisms derived in this work: this varying 3D dispersion
gradient acts as the "anomalous negative chromatic aberration' needed to offset dispersion, yielding physical
validation for single-lens broadband imaging.

Without any local numerical iterations, as the truncation order k progresses, the system’s RMS error declines
exponentially. Residuals of the high-order monochromatic and chromatic generators are strictly suppressed to
the 1071 ~ 107! magnitude range (detailed in Table M), confirming that this analytical framework is both

accurate and remarkably efficient in dimensionality reduction.

3.2 Modular Design for Comprehensive Optical Performance Evaluation

To benchmark extensively against commercial optical design standards, the system incorporates a comprehensive
analysis suite encompassing 9 professional dimensions. At an F/2.5 setting, the ideal Airy disk radius at the
central wavelength is 1792.2 nm. Figure @ and Table B detail the evaluation outcomes across the full FOV and

multiple wavelengths:

1. Spot Diagram and RMS Distribution: Tracking results demonstrate that from the on-axis field to the
50° marginal field, the fulllFOV RMS spot radii across the three bands (Ag, A4, Ac) are strictly confined
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within 2.65 nm to 9.03 nm. This imaging performance is well within the diffraction limit, fulfilling rigorous

broadband imaging criteria.

2. Transfer Function and Energy Distribution: The broadband polychromatic modulation transfer
function (MTF) curves closely track the diffraction limit across all spatial frequencies; the point spread
function (PSF) and encircled energy metrics similarly reveal intensely concentrated central energy peaks,

indicating outstanding high-contrast imaging capabilities.

3. Wavefront and High-Order Distortion Control: The extended phase space method successfully
mitigates high-order geometric aberrations, yielding minimal optical path differences (OPD). The grid
distortion rate at the extreme 50° field is restrained to an exceptionally low —0.12%. The smooth and

highly orthogonal field curvature and distortion plots authenticate the high fidelity of the full-FOV map-

ping.

3.3 Tolerance Analysis and Engineering Translation Capability

Analytical solutions within academia frequently encounter challenges regarding manufacturing sensitivity. Con-
sequently, the inverse solver integrates a tolerance analysis module grounded in Monte Carlo methodologies.
Moreover, to bridge the "last mile" between theoretical computation and engineering implementation, the
solver features a built-in "Push2Zemax" one-click macro generation interface. By directly generating ZPL macro
scripts compliant with commercial software syntax, the intricate parameters of the GRIN dual-freeform system
can be seamlessly ported into traditional optical validation pipelines. This closed-loop workflow not only
corroborates the exactitude of the Lie algebra-based analytical design but also delivers a directly applicable
industrial-grade solution for the automated research and development of next-generation ultracompact, high-

performance optical components.

3.4 Etendue-Preserving Symplectic Ray Tracing and Residual Aberration Quan-
tification

Conventional ray-tracing algorithms are notoriously susceptible to numerical dissipation when evaluating the

high-order polynomials of complex GRIN media, inherently violating the conservation of optical étendue (phase

space volume). Therefore, the LieLens Designer resolution engine inherently incorporates a rigorous implicit

midpoint method for discrete solving:

Wpt1 — Wy, Wp41 + Wy
T = val}[cxt <27Zn+1/2a /\) (3)

This algorithm theoretically ensures that the Jacobian matrix of single-step evolution strictly adheres to the

symplectic orthogonality condition (M?.JM = J), completely eradicating the interference of non-physical nu-

10
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merical errors on high-order aberration assessments. Anchored by this symplectic engine, the residual norms of
the system generators are precisely quantified in Table M. The findings prove that entirely absent of local nu-
merical iteration, the solver successfully represses the k = 3 to 9 generator residuals down to the 10714 ~ 10711

tier, verifying the theoretical precision of the analytical solution at the fundamental level.

Table 1: Quantitative evaluation of residual norms for Lie algebraic generators following global inverse design.

Polynomial Expansion Order (k) Monochromatic Gen. Residual |\m§€°) || Chromatic Gen. Residual HmS)H
3 2.10 x 10714 1.10 x 107
4 1.50 x 1074 9.00 x 10715
5 3.20 x 10713 2.50 x 10713
6 1.80 x 10713 1.10 x 10713
7 5.40 x 10712 4.20 x 1072
8 2.70 x 10712 1.90 x 10712
9 410 x 1071 3.50 x 107

3.5 Comprehensive Optical Performance Comparison against the Diffraction Limit

To wholly conform to commercial optical design standards, the 3D solid model and the medium’s refractive
index manifold (as illustrated in Figure B) determined by the solver are directly transferred into the software’s
embedded comprehensive analysis suite. For this system configuration (F/2.5, HFOV 50°), the corresponding
ideal Airy disk radius at the central wavelength is 1792.2 nm.
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— b
0.6F T T .
417
" p PR
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Figure 5: System structure and 3D refractive index manifold of the optimized GRIN lens. (a) 3D spatial
distribution mapping showing the asymmetric gradient effect within the medium. (b) High-resolution 2D contour
cross-section of the refractive index profile n(y, z); the internal spatial dispersion gradient supplies the central
volumetric degree of freedom for global aberration compensation.
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Initially, the spot sizes and wavefront aberrations of the system were quantified. Table B and Figure B display
the comprehensive panoramic tracking results spanning the 0°, 10°, 20°, 30°, 40°, and 50° fields. The data
confirm that across the broad visible spectrum (Ap, Ag, A¢), the RMS radii at all fields are stringently limited
to the 2.65 nm to 9.03 nm domain. The Optical Path Difference (OPD) is similarly bounded within infinitesimal
constraints, implying that the system attains broadband convergence well within the standard diffraction limit

across the complete FOV.

Table 2: Quantitative validation of broadband full-field RMS spot radii
(Benchmarked against an Airy disk radius of 1792.2 nm).

Half-Field of View Ap =486.1nm Mg =587.6nm Mc = 656.3 nm

0° 2.65 nm 2.76 nm 2.84 nm
10° 3.12 nm 3.18 nm 3.25 nm
20° 4.37 nm 4.44 nm 4.49 nm
30° 5.61 nm 5.68 nm 5.75 nm
40° 7.23 nm 7.31 nm 7.38 nm
50° 8.96 nm 9.00 nm 9.03 nm
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Figure 6: Spot diagram evaluation across a large FOV (0° ~ 50°) and broadband spectrum. Geometric rays
for all wavelengths converge deeply within the center of the Airy disk.
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Advanced image quality evaluation metrics are portrayed in Figure @ and Table B. The MTF and Encircled
Energy (EE) analyses denote exceptional imaging contrast and resolution. The point spread function manifests

a sharp central energy peak devoid of significant secondary sidelobes.

Table 3: Summary of core metrics for comprehensive optical performance evaluation of the lens.

Evaluation Dimension Key Metric Performance

Energy Concentration Encircled Energy (EE) Highly coincident (deviation < 0.5% across FOVs)
Spatial Frequency Response Polychromatic MTF Cutoff Approaches theoretical limits
Geometric Distortion Grid distortion at 50° edge FOV < -0.12%

Wavefront Error Max full-field OPD < A/100

Regarding geometric distortion, because the analytical framework rigidly enforces distortion annihilation
(0)

constraints within the third- and fifth-order generators (méo) =0, my ' = 0), the field curvature and distortion
are phenomenally well-managed. As evidenced by the grid distortion analysis in Figure [c, even at the expansive
50° marginal field, the residual barrel distortion is contained strictly to —0.12%, maintaining precise field
orthogonality. This thoroughly verifies that the analytical solution extracted via our global inverse design
framework is not merely theoretically self-consistent, but physically delivers state-of-the-art broadband imaging

capabilities tailored for engineering deployment.
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Figure 7: Quantitative charts for comprehensive optical performance of the lens. (a) Full-field
polychromatic MTF curves; curves across all fields overlap significantly and approach the diffraction limit. (b)
Tracking trajectories of RMS radii across continuous FOVs from 0° to 50° for multiple wavelengths. (¢) Grid distortion
analysis at the 50° FOV.

4 Discussion

In this paper, we constructed a global analytical design methodology anchored in symplectic geometry and Lie
algebra theory, theoretically confirming the physical feasibility of achieving broadband ideal imaging utilizing a
single lens and subsequently proposing a corresponding analytical resolution stratagem. The results verified in

the previous section demonstrate that the methodology translates robustly into physical performance, bringing
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high-fidelity large-FOV aberration correction well within the diffraction limit.

Traditional single lenses manufactured from homogeneous media are intrinsically crippled by insufficient in-
terfacial degrees of freedom, rendering them incapable of concurrently rectifying broadband dispersion alongside
geometric distortion. Through the deep hybridization of volumetric GRIN modulation and interfacial dual-
freeform modulation, and utilizing the Dragt-Finn decomposition coupled with the BCH formula, this work
rigorously deconstructs formidable nonlinear Hamiltonian flows into a tractable cascade form of infinite-order
Lie transformations.

More importantly, our findings elucidate a mechanism for chromatic elimination via global negative dis-
persion compensation. For the first time within a Lie algebra framework, we prove that the spatial dispersion
gradient harbored inside a GRIN medium algebraically induces an exact negative chromatic effect through Pois-
son bracket cross-terms residing in the BCH expansion. This effect dynamically neutralizes the inherent positive
chromatic aberration spawned by interfacial refraction via geometric twisting in the phase space, ultimately re-
alizing the generalized validity of achromatic conditions purely on an algebraic front. Furthermore, encountering
extremely dense partial differential equation systems, we exploited the strict graded properties intrinsic to Lie
algebras to architect an order-by-order recursive inversion algorithm. This mathematically solidifies the global
convergence and avoids the notorious local minima issues that plaque traditional commercial design software.

In the arenas of non-imaging optics and laser engineering, beam shaping and optical field manipulation persist
as central research bottlenecks. The phase space manifold mapping strategy conceptualized in this manuscript
can be naturally ported into non-imaging configurations. By transmuting the equality constraints tailored for
imaging into Monge-Ampére divergence constraints commanding energy conservation, this framework wields the
potential to guide the precise inverse design of sophisticated freeform and variable-index matrices, actualizing
endeavors such as completely achromatic Gaussian-to-flat-top beam transformations.

Concurrently, propelled by the relentless evolution of micro/nano-manufacturing paradigms, metasurfaces
and artificial GRIN media are rapidly migrating from theoretical abstractions toward engineering utility. Al-
though synthesizing a natural continuous medium endowed with arbitrarily specified dispersion gradients may
be daunting, by discretely stacking subwavelength artificial microstructures, the exact analytical refractive index
fields generated by our framework can serve directly as a robust mathematical blueprint for the 3D topological

optimization of such advanced nanophotonic devices.

Data availability: The data that support the findings of this study are available from the corresponding

author upon reasonable request.
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