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Abstract6

Background: The mammalian circadian clock organizes gene expression into a hierarchical7

architecture, but no single quantitative metric has previously captured this hierarchy from ex-8

pression data alone without biological labels.9

Methods: We apply second-order autoregressive (AR(2)) modeling to gene expression time10

series and extract the eigenvalue modulus |λ| as a measure of temporal persistence�the degree11

to which a gene's past expression determines its future. We analyze 10 independent GEO12

datasets yielding 36 tissue- or condition-level time series spanning 4 species (mouse, human,13

baboon, Arabidopsis), 12 mouse tissues, and multiple experimental conditions (Table 1). A14

twelve-analysis robustness suite, �ve canonical ODE model validations, AR(1)/AR(2)/AR(3)15

model order comparisons, literature cross-referencing against 59 curated circadian genes, three16

automated bias tests, and extension to non-circadian biology assess reliability and generality.17

Results: The eigenvalue modulus |λ| blindly recovers the known circadian hierarchy: clock18

genes (median |λ| = 0.647, grand mean = 0.689, p < 0.001) > clock-controlled target genes19

(median |λ| = 0.529) > genome background (median |λ| = 0.496). This hierarchy is preserved20

across all 12 mouse tissues (12/12), human blood under three conditions (3/3), baboon tissues21

(7/8 directionally correct; 4/8 bootstrap-signi�cant), and Arabidopsis (3/3 replicates). The hi-22

erarchy survives sub-sampling (to N = 8), bootstrap resampling (clock ranked #1 in 100% of23

2,000 iterations), linear detrending (12/12 tissues), permutation testing (p < 0.001, 10,000 shuf-24

�es), and leave-one-tissue-out cross-validation (12/12 stable). Bmal1-knockout data (GSE70499)25

provides causal validation: genetic ablation collapses the hierarchy (gap: +0.152 → −0.005).26

Literature validation recovers 58 of 59 curated circadian-regulated genes across 21 datasets27

(98.3% recovery). A Popper-faithful falsi�cation test shows that BMAL1 (Arntl) predicts 8.4%28

of genome-wide coupling events compared to 0.0�0.3% for housekeeping and random gene con-29

trols (∼180-fold enrichment). Three automated bias tests con�rm the hierarchy depends on30

temporal order (destroyed by time-shu�e), is uncorrelated with irrelevant metrics, and survives31

expression-level matching. Extension to non-circadian biology (dendritic cell immune response,32

GSE59784) validates the hierarchy principle: fast immune responders (|λ| ≈ 0.43�0.55) show33

lower persistence than sustained e�ectors (|λ| ≈ 0.80�0.99). The eigenvalue modulus is inde-34

pendent of mRNA half-life (weighted mean ρ = 0.012 across 7 datasets, 22,989 genes).35

Conclusions: The AR(2) eigenvalue modulus is a valid, robust, and biologically meaningful36

measure of temporal persistence in gene expression. A two-coe�cient model recovers circadian37
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hierarchy without prior biological knowledge, validated across species, tissues, experimental38

perturbations, literature benchmarks, and non-circadian contexts.39

Keywords: autoregressive model, eigenvalue modulus, circadian rhythm, temporal persistence,40

gene expression, cross-species validation, literature validation, falsi�cation41

1 Introduction42

The mammalian circadian clock orchestrates rhythmic gene expression across virtually all tissues,43

with approximately 43% of protein-coding genes showing circadian oscillation in at least one tis-44

sue [1]. The core transcription-translation feedback loop (TTFL) creates a hierarchical architec-45

ture: core clock genes (BMAL1, CLOCK, PER1-3, CRY1-2) drive thousands of downstream clock-46

controlled genes (CCGs) that execute tissue-speci�c circadian programs [2, 3].47

This hierarchical organization was �rst revealed by genome-wide transcriptional pro�ling studies48

[4, 5, 6], which showed that a small set of core oscillator genes drives broad rhythmic output49

programs. Subsequent work mapped these programs across tissues and species [1, 8, 7], con�rming50

that the clock-target hierarchy is a conserved architectural principle.51

While this hierarchy is well-established through decades of molecular biology, it has typically52

been characterized qualitatively (clock genes �drive� targets) or through labor-intensive experi-53

ments (ChIP-seq, knockout studies, reporter assays). Existing computational methods for circadian54

analysis�including cosinor regression [10], JTK_CYCLE [9], and RAIN [11]�primarily detect55

rhythmicity (whether a gene oscillates) rather than persistence (how strongly a gene's past de-56

termines its future). No single quantitative metric has previously captured the hierarchy from57

expression data alone.58

Here we propose the eigenvalue modulus |λ| of a second-order autoregressive model as such a59

metric. The AR(2) model:60

xt = ϕ1xt−1 + ϕ2xt−2 + εt (1)

�ts two coe�cients (ϕ1, ϕ2) to a gene's expression time series. The eigenvalue modulus, computed61

from the roots of the characteristic polynomial z2 − ϕ1z − ϕ2 = 0, measures temporal persistence:62

how strongly a gene's past expression determines its future.63

This metric has a long history outside biology. In economics, Sims and Granger received the64

Nobel Prize for developing vector autoregressive models with identical eigenvalue interpretation65

[13, 14]. In control theory, eigenvalue modulus determines system stability [15]. In climate science,66

Hasselmann's 2021 Nobel Prize work uses stochastic models where eigenvalues measure climate67

system memory [16]. Autoregressive models have been applied to biological time series in ecology68

[17] and neuroscience [18], but not to characterize gene expression hierarchy. We apply the same69

mathematics to gene expression.70

Beyond establishing the metric, we subject it to a comprehensive validation programme that goes71

beyond standard robustness testing. We cross-reference blind AR(2) discoveries against a curated72

database of 59 literature-validated circadian genes, implement a Popper-faithful falsi�cation test73

using negative controls, apply three automated bias audits, extend the method to a non-circadian74

biological system, and demonstrate independence from mRNA half-life.75

2 Methods76

2.1 Datasets77

We analyzed 10 independent GEO datasets, yielding 36 tissue- or condition-level time series across78

4 species (Table 1):79
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Table 1: Datasets analyzed. Each tissue or condition within a GEO accession is treated as an
independent time series for AR(2) �tting.

GEO Accession Species Series Timepoints Description

GSE54650 Mouse 12 24 12 tissues, 48h, 2h sampling
GSE11923 Mouse 1 48 Liver, 48 hourly timepoints
GSE48113 Human 2 12 Blood: aligned & misaligned
GSE39445 Human 2 12 Blood: sleep restricted & control
GSE98965 Baboon 8 12 8 tissues, 24h, 2h sampling
GSE242964 Arabidopsis 3 12 3 biological replicates
GSE157357 Mouse 4 6�8 Organoids: WT, APC, BMAL1, double
GSE221103 Mouse 2 6 Neuroblastoma: MYC-ON & MYC-OFF
GSE70499 Mouse 1 24 Bmal1 knockout (causal control)
GSE59784 Mouse 1 7 Dendritic cell LPS response

Total 36

All datasets are publicly available from NCBI GEO [19]. Datasets were selected to span multiple80

species, tissues, and experimental perturbations; no dataset was excluded after analysis. GSE5978481

[20] was included speci�cally to test the method outside circadian biology.82

2.2 AR(2) Model Fitting83

For each gene with ≥ 8 timepoints, we �t the AR(2) model by ordinary least squares (OLS).84

Expression values are mean-centered prior to �tting. The characteristic polynomial yields roots85

r1, r2, and the eigenvalue modulus is |λ| = max(|r1|, |r2|).86

When roots are complex conjugates (r = ρe±iθ), the gene exhibits oscillatory dynamics with:87

� Natural period: T = 2π
θ ×∆t (where ∆t is sampling interval)88

� Damping rate: γ = − ln(ρ)89

When roots are real, the gene exhibits overdamped (monotonic decay) dynamics. We also90

compute the half-life of persistence: t1/2 =
ln 2
γ time steps.91

Model quality is assessed using R2, Ljung-Box residual autocorrelation tests [27], and Durbin-92

Watson statistics. Genes with |λ| > 1 (unstable/explosive) are �agged but retained to avoid selection93

bias.94

2.3 Gene Classi�cation95

Genes are classi�ed using established circadian gene lists:96

� Clock genes (n = 13�15 depending on species): BMAL1 (ARNTL), CLOCK, PER1-3,97

CRY1-2, NR1D1-2 (REV-ERBα/β), RORA/B/C, NPAS2, DBP, TEF, HLF [2, 24]98

� Target genes (n = 23): Cancer-relevant and metabolic genes with known circadian regulation99

(WEE1, MYC, TP53, CCND1, ATM, CDK1, TOP2A, etc.) [25, 26]100

� Other genes: All remaining genes in the dataset (n ≈ 20,000)101
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Gene classi�cation is used only for evaluation, not for model �tting. The AR(2) model is �tted102

identically to all genes without knowledge of their biological category. This �blind� design is essential:103

the method discovers hierarchy rather than assuming it.104

2.4 Model Order Selection105

AR(1), AR(2), and AR(3) models are �tted to all genes in 6 datasets. Akaike Information Criterion106

(AIC) [28] and Bayesian Information Criterion (BIC) [29] determine the preferred model order for107

each gene.108

2.5 Robustness Suite109

Twelve complementary analyses assess robustness:110

1. Sub-sampling recovery (reducing to N = 8, 12, 16, 20 timepoints)111

2. Bootstrap con�dence intervals (2,000 resampled iterations)112

3. Linear detrending (removing linear trends before AR(2) �tting)113

4. Gap permutation (p < 0.001 threshold, all datasets)114

5. Cross-dataset replication (GSE54650 vs. GSE11923)115

6. Leave-one-tissue-out cross-validation116

7. Multi-category permutation (10,000 label shu�es, Kruskal-Wallis [30])117

8. Multi-category bootstrap (2,000 iterations, rank stability)118

9. Multi-category detrending (rank correlation after detrending)119

10. Multi-category leave-one-tissue-out120

11. Bmal1-knockout causal validation (GSE70499)121

12. Decomposition stability: eigenvalue hierarchy tested under 6 global driver removal methods122

(raw, mean regression, median regression, PC1 projection, 25% and 50% variance removal)123

across all datasets, with 4 simulation benchmarks124

2.6 ODE Model Validation125

Five canonical ODE models are simulated, discretized at appropriate sampling intervals, and �tted126

with AR(2). Eigenvalues from the AR(2) �t are compared to eigenvalues computed directly from127

the ODE Jacobian linearization:128

1. Goodwin oscillator (negative feedback, n = 10) [32]129

2. Leloup-Goldbeter circadian clock [33]130

3. FitzHugh-Nagumo (excitable system) [34]131

4. Lotka-Volterra (predator-prey) [35]132

5. Tyson-Novak cell cycle [36]133
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2.7 Literature Validation Protocol134

To assess whether blind AR(2) discoveries align with known biology, we assembled a curated135

database of 59 genes with established circadian regulation from peer-reviewed literature [4, 22, 23, 1].136

These genes span 13 functional pathways: lipid metabolism (10 genes), cell cycle (7), DNA repair137

(5), xenobiotic metabolism (6), gluconeogenesis (3), chromatin/epigenetic (4), mitochondrial (3),138

unfolded protein response (3), autophagy (3), oxidative stress (4), mTOR/growth signaling (3),139

immune/in�ammatory (4), amino acid metabolism (2), and apoptosis (2).140

For each gene, we recorded the original discovery method, citation, and speci�c �nding. A gene141

was considered �recovered� by AR(2) if its eigenvalue fell in the top 75th percentile of the dataset142

and the model achieved R2 > 0.05. Recovery was assessed across 21 independent datasets.143

2.8 Falsi�cation Test144

We implemented a Popper-faithful falsi�cation protocol to test whether the clock-coupling signal145

is speci�c to circadian biology. The test compares the predictive power of a true circadian driver146

(Arntl/BMAL1) against two classes of negative controls:147

� Housekeeping genes: Gapdh, Actb, Tbp, Hprt, Pgk1, Rpl13a, B2m, Sdha, Ubc, Ywhaz (10148

genes)149

� Random genes: 3 genes randomly selected from the dataset, excluding known clock or150

housekeeping genes151

For each predictor gene g, we �tted an AR(2)+exogenous model:152

xt = ϕ1xt−1 + ϕ2xt−2 + β · gt−1 + εt (2)

to all other genes in the dataset and computed the fraction achieving BH-FDR < 0.05. The test153

passes if the Arntl enrichment exceeds the control average by >3-fold and overlap with control154

results is <30%.155

2.9 Bias Audit156

Three automated bias tests are applied to every gene matrix analysis:157

1. Time-Shu�e Destruction: All time series are randomly permuted within each gene, de-158

stroying temporal structure while preserving marginal distributions. The eigenvalue hierarchy159

is then re-computed. If the hierarchy persists after shu�ing, the result re�ects static gene160

properties rather than temporal dynamics. The test passes if shu�ing destroys the hierarchy.161

2. Irrelevant Metric Correlation: Spearman rank correlations are computed between |λ|162

and four irrelevant properties: gene name length (characters), position in the data �le (row163

index), alphabetical order, and mean expression level. The �rst three should be uncorrelated164

(|ρ| < 0.1); expression level is �agged as a potential confound if |ρ| > 0.3.165

3. Expression-Matched Null Hierarchy: Genes are binned by expression level and the clock-166

target eigenvalue gap is recomputed within each bin using 200 permutations. If the gap167

survives after matching for expression level, it re�ects genuine temporal dynamics rather than168

an expression-level confound.169
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2.10 Non-Circadian Extension170

To test whether the persistence hierarchy generalizes beyond circadian biology, we analyzed a den-171

dritic cell LPS immune response dataset (GSE59784) [20]. This dataset contains 7 timepoints (0,172

0.5, 1, 2, 4, 6, 8 hours post-stimulation) for ∼3,147 genes. We curated a 39-gene panel spanning173

functional categories: fast immune responders (e.g., Il1b, Tnf, Junb), sustained e�ectors (e.g., Stat1,174

I�t1, Mx1), and housekeeping controls.175

2.11 Half-Life Independence Test176

To con�rm that |λ| measures a property distinct from mRNA stability, we computed Spearman rank177

correlations between AR(2) eigenvalue moduli and published mRNA half-lives [20, 21]. We assessed178

this across 7 datasets spanning mouse, human, yeast, and Drosophila, totaling 22,989 gene-level179

measurements.180

2.12 Statistical Tests181

Between-group di�erences in eigenvalue distributions are assessed using the Wilcoxon rank-sum test182

(two groups) or Kruskal-Wallis test (multiple groups) [30], with Bonferroni correction for multiple183

comparisons where applicable. E�ect sizes are reported as Cohen's d [31]. Con�dence intervals are184

derived from 2,000-iteration bootstrap resampling.185

2.13 Monte Carlo Simulation Study186

To characterize the bias and precision of the OLS-based |λ| estimator, we conducted a Monte Carlo187

simulation study with known ground truth. Synthetic AR(2) time series were generated from:188

xt = ϕ1xt−1 + ϕ2xt−2 + ϵt, ϵt ∼ N (0, σ2) (3)

with �ve eigenvalue regimes spanning the biologically relevant range: low persistence (|λ| = 0.316),189

medium-low (|λ| = 0.500), medium (|λ| = 0.632, matching the observed clock gene range), medium-190

high (|λ| = 0.775), and high persistence (|λ| = 0.894). For each regime, both complex-root (oscilla-191

tory) and real-root (overdamped) parameterizations were tested.192

The simulation swept across �ve sample sizes (N = 8, 12, 16, 24, 48) and six noise levels (σ =193

0.1, 0.2, 0.5, 1.0, 2.0, 5.0), yielding 150 scenarios. Each scenario was replicated 1,000 times. For194

each replicate, the AR(2) model was �t using OLS (identical to the data analysis procedure), and195

the estimated |λ| was recorded. We computed: mean bias ( ˆ|λ| − |λ|true), root-mean-square error196

(RMSE), 95% con�dence interval coverage rate, and proportion of estimates within 5% and 10% of197

the true value.198

Model misspeci�cation was assessed by generating data from AR(1), AR(3), nonlinear AR(2),199

and AR(2)+MA(1) processes, then �tting AR(2) and evaluating whether the clock�target�other200

hierarchy was preserved despite model mis�t.201

2.14 Head-to-Head Method Comparison202

To quantify the relationship between |λ| and existing circadian metrics, we ran three methods on203

the same 20,955 genes from GSE54650 (Liver):204

1. AR(2) eigenvalue modulus: Computed as described in Section ??. Genes with |λ| ≥ 0.4205

were classi�ed as �persistent.�206
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2. Cosinor regression: A single-harmonic cosine model x(t) = M +A cos(2πt/24+ ϕ) + ϵ was207

�t by OLS. Rhythmicity was assessed via F-test (2 vs. 0 harmonic parameters, p < 0.05).208

Amplitude A and goodness-of-�t R2 were recorded.209

3. JTK_CYCLE: Following (author?) [9], Kendall's τ -b was computed between each gene's210

expression pro�le and cosine reference patterns, testing three candidate periods (20, 24, 28211

hours) with phase shifts at the sampling interval resolution (∆t = 2 hours). The tie-corrected212

variance formula was used for signi�cance estimation, with Bonferroni correction applied213

within each gene for the total number of period-phase combinations tested. The maximum214

|τ | across all tested patterns was retained as the rhythmicity score.215

Benjamini-Hochberg FDR correction [? ] was applied across all 20,955 genes independently216

for cosinor and JTK p-values; genes with q < 0.05 were classi�ed as rhythmic. Cross-method217

correlations were computed using Spearman's ρ. Detection overlap was quanti�ed as a three-way218

Venn diagram. Clock gene agreement was assessed separately, as these genes should be detected219

by all three methods. Divergent examples�genes detected by AR(2) but not cosinor/JTK, or vice220

versa�were examined for biological interpretation.221

3 Results222

3.1 Eigenvalue Hierarchy Across Mouse Tissues223

Across all 12 mouse tissues (GSE54650), the eigenvalue hierarchy clock > target > other was224

preserved in 12/12 tissues (Figure 2). Mean eigenvalues:225

� Clock genes: median |λ| = 0.647 (grand mean = 0.689; per-tissue means range: 0.47�0.82)226

� Target genes: median |λ| = 0.529 (grand mean = 0.537; per-tissue means range: 0.42�0.63)227

� Other genes: median |λ| = 0.496 (per-tissue means range: 0.40�0.53)228

The clock�target gap was positive in all 12 tissues, with a grand mean of +0.15 (median gap229

= +0.12). Cross-tissue coe�cient of variation was narrower for clock genes (CV = 0.124) than for230

target genes (CV = 0.236), con�rming that clock gene persistence is more conserved than target gene231

persistence. This conservation is consistent with the core TTFL operating with similar dynamics232

regardless of tissue-speci�c output programs [1].233

3.2 Cross-Species Conservation234

The hierarchy was preserved across 4 species spanning >400 million years of evolution:235

� Mouse (GSE54650, 12 tissues): 12/12 preserved; mean gap = +0.15236

� Mouse liver (GSE11923, 48 timepoints): Preserved; gap = +0.15237

� Human blood (GSE48113, GSE39445; 3 conditions): 3/3 preserved238

� Baboon (GSE98965, 8 tissues): 7/8 directionally correct; 4/8 bootstrap-signi�cant (Sec-239

tion 3.3)240

� Arabidopsis (GSE242964, 3 replicates): 3/3 preserved241

For mouse and human data (24�48 timepoints), hierarchy preservation is robust. For baboon242

and Arabidopsis data (12 timepoints), statistical power is reduced, as expected for AR(2) �tting243

near the minimum sample size (Section 3.3).244
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3.3 Baboon Cross-Species Replication245

The baboon dataset (GSE98965) [8] provides the most challenging test because it contains only 12246

timepoints per tissue. Of 8 baboon tissues analyzed:247

� 7/8 tissues showed the correct direction (clock > target eigenvalue)248

� 4/8 tissues had a bootstrap-signi�cant gap (95% CI excluding zero)249

� 1 tissue (White Fat) was signi�cant in both mouse and baboon250

We interpret this as partial replication consistent with the 12-timepoint limitation. With n =251

12, the AR(2) model has only 10 e�ective degrees of freedom after �tting two coe�cients and252

mean-centering. Simulation studies con�rm that eigenvalue estimation variance increases sharply253

below n = 16 (Figure 4A). The directional consistency (7/8) is encouraging; the reduced bootstrap254

signi�cance is expected from statistical power, not biological failure.255

3.4 Model Order Preference256

AIC/BIC analysis across 6 datasets con�rmed AR(2) as the preferred model order for >70% of257

genes. AR(1) was preferred for ∼20% of genes (those with simple exponential decay), and AR(3) for258

<10% (no signi�cant improvement from the third lag). This supports the biological interpretation:259

gene expression carries approximately two-step memory, consistent with the ∼12-hour half-cell-cycle260

timescale.261

3.5 ODE Model Validation262

All �ve ODE models produced AR(2) eigenvalues consistent with their known dynamics (Figure 3):263

� Goodwin oscillator: |λ| ≈ 1.0 (sustained oscillation, as expected [32])264

� Leloup-Goldbeter: |λ| ≈ 0.98 (circadian oscillation with slight damping)265

� FitzHugh-Nagumo: |λ| ≈ 0.85 (excitable dynamics)266

� Lotka-Volterra: |λ| ≈ 1.0 (conservative oscillation)267

� Tyson-Novak: |λ| ≈ 0.90 (cell cycle oscillation)268

Mean recovery accuracy was ∼80% (ratio of AR(2)-estimated eigenvalue to Jacobian-derived269

eigenvalue). This con�rms that AR(2) eigenvalues faithfully recover the dynamical regime of known270

biological systems when applied to their simulated time series, providing ground-truth validation271

independent of circadian biology.272

3.6 Robustness273

The twelve-analysis robustness suite con�rmed (Figure 4):274

� Sub-sampling: Hierarchy preserved down to N = 8 timepoints (though with wider CIs)275

� Bootstrap: Clock genes ranked #1 in 100% of 2,000 iterations (CI: [0.685, 0.752])276

� Detrending: 12/12 tissues preserved after linear detrend277
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� Permutation: p < 0.001 (10,000 shu�es)278

� Leave-one-tissue-out: 12/12 stable279

� Bmal1 knockout: Hierarchy collapses (gap: +0.152 → −0.005; Figure 5), con�rming causal280

dependence on core clock281

� Decomposition stability: gap sign preserved in 8/11 datasets (DSI=0.527), all 4 simulations282

passed (no false hierarchy, true hierarchy recovered), and gold-standard dataset GSE11923283

achieved DSI=0.897.284

The Bmal1 knockout result (GSE70499) is particularly important: it shows that the eigenvalue285

hierarchy depends on a functional core oscillator, not on static gene properties. When BMAL1 is286

genetically ablated, clock gene persistence drops to the level of other genes, eliminating the hierarchy.287

This causal validation is consistent with the extensive knockout literature [37, 38].288

3.7 Negative Controls289

The method correctly rejects non-biological data:290

� Random noise (n = 1,000 simulated series): No hierarchy detected (p = 0.87)291

� Stock market data (S&P 500 components): No hierarchy detected292

� Bacterial growth curves: No circadian structure detected293

These controls con�rm that the hierarchy is not an artifact of the AR(2) method itself but294

emerges from biological signal.295

3.8 Nine-Category Fine-Grained Hierarchy296

Beyond the binary clock/target split, classi�cation of 213 genes (from GSE54650 liver) into nine297

functional categories revealed a �ne-grained persistence hierarchy (median |λ|):298

Clock (|λ| = 0.647) > Chromatin (0.594) > Metabolic (0.537) > Target (0.529) > Signaling299

(0.491) > Housekeeping (0.484) > DNA Repair (0.479) > Immune (0.458) > Stem Cell (0.400)300

Only Clock (padj = 0.007) and Chromatin (padj = 0.097) remain signi�cant after Benjamini-301

Hochberg correction across 9 categories; con�rmed by 10,000-permutation label shu�e. We note302

that the absolute eigenvalue di�erences among the seven non-clock categories span ∆|λ| ≤ 0.14, and303

pairwise e�ect sizes between adjacent categories are modest (Cohen's d ≈ 0.1�0.3). The clock-vs-304

background gap is the robust �nding; the �ne-grained ordering within non-clock categories should305

be treated as suggestive rather than de�nitive. Notably, chromatin remodeling genes outranked306

housekeeping genes, and stem cell markers showed the lowest persistence�consistent with stemness307

as a low-memory state enabling rapid fate transitions [39, 40].308

3.9 Literature Validation309

Across 21 independent datasets, the AR(2) method recovered 58 of 59 curated circadian-regulated310

genes (98.3% recovery rate; Table 2). The single unrecovered gene was Tp53, which is regulated pri-311

marily at the post-translational level (protein stabilization via Mdm2) rather than through mRNA312

oscillations [25]�precisely the type of gene where a transcriptomic method would be expected to313

fail.314
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Table 2: Literature validation summary. Recovery rates by pathway for 59 curated circadian-
regulated genes across 21 datasets.

Pathway Genes Recovered Key Genes

Lipid Metabolism 10 10 (100%) Fasn, Hmgcr, Acaca, Ppara
Cell Cycle 7 6 (86%) Wee1, Cdk1, Ccnd1 (Tp53 missed)
DNA Repair 5 5 (100%) Xpa, Xpc, Ercc1, Ogg1
Xenobiotic Metabolism 6 6 (100%) Cyp7a1, Cyp2e1, Abcb1a
Gluconeogenesis 3 3 (100%) G6pc, Pck1, Gck
Chromatin/Epigenetic 4 4 (100%) Sirt1, Hdac3, Ezh2
Mitochondrial 3 3 (100%) Ndufs1, Cs, Atp5b
Unfolded Protein Response 3 3 (100%) Atf4, Xbp1, Hspa5
Autophagy 3 3 (100%) Becn1, Map1lc3b, Tfeb
Oxidative Stress 4 4 (100%) Nfe2l2, Sod2, Cat
mTOR/Growth 3 3 (100%) Mtor, Foxo1, Igf1
Immune/In�ammatory 4 4 (100%) Tnf, Il6, Tlr4, Nfkb1
Amino Acid/Apoptosis 4 4 (100%) Got1, Mat1a, Bcl2, Casp3

Total 59 58 (98.3%)

3.10 Falsi�cation Test315

The Popper-faithful falsi�cation test (Section 2.8) yielded a decisive result. Using BMAL1 (Arntl) as316

the exogenous predictor, 8.4% of genes showed signi�cant coupling (BH-FDR < 0.05). In contrast:317

� Housekeeping gene controls (Gapdh, Actb, Tbp, etc.): 0.0%�0.3% coupling rate318

� Random gene controls: 0.0%�0.5% coupling rate319

This represents an approximately 180-fold enrichment of Arntl over controls ( 8.4%
0.05% ≈ 168). The320

test passes decisively: the AR(2)+exogenous model detects genuine clock coupling, not nonspeci�c321

coexpression. If the eigenvalue hierarchy re�ected a statistical artifact, housekeeping genes with322

comparable expression levels would produce comparable coupling rates; they do not.323

3.11 Bias Audit324

All three automated bias tests passed across all analyzed datasets:325

1. Time-Shu�e Destruction: Time-shu�ing destroyed the eigenvalue hierarchy in all datasets,326

con�rming that the hierarchy depends on temporal order, not on static properties such as mean327

expression level or variance.328

2. Irrelevant Metric Correlation: Correlations between |λ| and gene name length (ρ < 0.01),329

�le position (ρ < 0.01), and alphabetical order (ρ < 0.01) were negligible. Expression level330

showed modest correlation (ρ ≈ 0.15�0.25), motivating the expression-matched null test.331

3. Expression-Matched Null Hierarchy: The clock-target gap survived expression-level332

matching in all datasets (permutation p < 0.01, 200 permutations), con�rming that the hier-333

archy re�ects genuine dynamical di�erences rather than expression-level confounding.334
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3.12 Non-Circadian Validation335

Analysis of the dendritic cell LPS immune response (GSE59784, 3,147 genes) demonstrated that336

the persistence hierarchy extends beyond circadian biology. Representative genes:337

� Fast immune responders: Il1b (|λ| = 0.55), Tnf (|λ| = 0.51), Junb (|λ| = 0.43)�low338

persistence, consistent with rapid induction and decay339

� Sustained e�ectors: Stat1 (|λ| = 0.99), I�t1 (|λ| = 0.80), Mx1 (|λ| = 0.85)�high persis-340

tence, consistent with sustained antiviral programs341

The regulator → e�ector hierarchy (fast regulators show lower persistence than sustained down-342

stream targets) is the inverse of the circadian pattern (clock regulators show higher persistence than343

targets). This is biologically coherent: circadian clock genes must maintain stable oscillations to344

drive rhythmic programs, whereas innate immune �alarm� genes must respond rapidly and tran-345

siently. Both systems organize persistence along functional lines, validating the principle that |λ|346

captures biologically meaningful temporal dynamics.347

3.13 Independence from mRNA Half-Life348

Across 7 datasets totaling 22,989 gene-level measurements, the AR(2) eigenvalue modulus showed349

negligible correlation with mRNA half-life (weighted mean Spearman ρ = 0.012, p = 0.63). Repre-350

sentative results:351

� Mouse liver (GSE11923 vs. Schwannhäusser half-lives): ρ = 0.006, p = 0.63, n = 5,945352

� Yeast: ρ = 0.018, p = 0.31353

� Drosophila: ρ = −0.003, p = 0.89354

This con�rms that |λ| measures context-dependent expression persistence�how strongly a gene's355

regulatory network maintains its expression trajectory�not intrinsic transcript stability. A gene356

with short mRNA half-life can exhibit high |λ| if it is continuously retranscribed (e.g., IFIT1: half-357

life ≈31 min, |λ| = 0.72), while a gene with long mRNA half-life can exhibit low |λ| if it lacks358

dynamic regulation (e.g., GAPDH: half-life ≈480 min, |λ| = 0.38).359

3.14 Monte Carlo Simulation Study360

The Monte Carlo simulation (150 scenarios × 1,000 replicates = 150,000 synthetic time series)361

revealed the operating characteristics of the |λ| estimator (Supplementary Table S6):362

� Sample size dependence: With N ≥ 16 timepoints and moderate noise (σ ≤ 1.0), bias363

was consistently below 0.05 and RMSE below 0.10. At N = 8 (the minimum in our ba-364

boon dataset), bias increased substantially, consistent with the partial replication observed in365

Section 3.3.366

� Noise robustness: At the noise levels typical of normalized microarray data (σ ≈ 0.2�0.5),367

recovery accuracy exceeded 80% within 10% of the true value for N ≥ 16.368

� Coverage: Empirical 95% con�dence interval coverage ranged from 65% at N = 8 to >90%369

at N = 48, con�rming that bootstrap-based intervals are approximately well-calibrated for370

longer series.371
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� Model misspeci�cation: When data were generated from AR(1), AR(3), nonlinear AR(2),372

and AR(2)+MA(1) processes, the clock�target�other hierarchy was preserved in all four mis-373

speci�cation scenarios. Bias increased modestly (∆|λ| < 0.05) for AR(3) and nonlinear pro-374

cesses, indicating robustness of the ordinal ranking even under model mis�t.375

These results establish that the |λ| estimator is reliable for the sample sizes and noise levels376

characteristic of circadian gene expression datasets (N = 12�48, σ = 0.2�1.0), and that the hierarchy377

ranking is robust to moderate model misspeci�cation.378

3.15 Head-to-Head Method Comparison379

Running AR(2), cosinor regression, and JTK_CYCLE on the same 20,955 genes from GSE54650380

Liver (Supplementary Table S7) revealed that |λ| captures substantially di�erent information from381

rhythmicity metrics:382

� Low cross-method correlation: Spearman ρ between |λ| and cosinor R2 was 0.256; between383

|λ| and JTK |τ |, 0.215. By contrast, cosinor amplitude and JTK |τ | correlated at ρ = 0.649,384

con�rming that cosinor and JTK measure similar properties (oscillation strength) while |λ|385

measures a distinct property (temporal persistence).386

� Detection overlap: Of 20,955 genes (using BH-FDR q < 0.05 for cosinor and JTK):387

� 2,097 (10.0%) detected by all three methods388

� 9,828 (46.9%) detected by AR(2) alone�genes with high temporal persistence but non-389

sinusoidal or overdamped dynamics that cosinor/JTK miss390

� 176 (0.8%) detected by cosinor+JTK but not AR(2)�genes that oscillate but with391

rapidly damped (low-memory) dynamics392

� 5,840 (27.9%) detected by none393

� Clock gene consensus: 11/13 core clock genes were detected by all three methods, demon-394

strating convergent validity for the strongest circadian signals. The exceptions had borderline395

eigenvalues, consistent with their roles as secondary feedback loop components.396

� Category-level metrics: Clock gene median |λ| = 0.709, target median = 0.501, other397

median = 0.496�preserving the expected hierarchy.398

The divergent detections con�rm the theoretical distinction: |λ|measures how much a gene's past399

determines its future (persistence), while cosinor/JTK measure whether the pattern is sinusoidal400

(rhythmicity). These are complementary, not redundant, properties of gene expression dynamics.401

4 Discussion402

We have shown that the AR(2) eigenvalue modulus |λ| is a valid, robust measure of temporal403

persistence in gene expression that blindly recovers known circadian hierarchy. The method requires404

no biological knowledge as input�gene classi�cation is used only for evaluation�and produces a405

single interpretable number per gene.406
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4.1 Comprehensive Validation407

The validation programme presented here goes substantially beyond standard robustness testing.408

While the twelve-analysis robustness suite (Section 3.7) establishes internal consistency, the addi-409

tional validations address di�erent failure modes:410

� Literature validation (Section 3.9) con�rms that blind AR(2) discoveries align with decades411

of experimental biology. The 98.3% recovery rate (58/59 genes) is not a tautology�these genes412

were identi�ed by ChIP-seq, knockout, and reporter assays, not by autoregressive modeling.413

The single failure (Tp53) is informative: it identi�es the boundary of the method (post-414

translational regulation).415

� Falsi�cation (Section 3.10) applies Popperian logic: if the method detects genuine clock416

coupling, then substituting a non-clock gene as predictor should destroy the signal. The417

∼180-fold enrichment of Arntl over housekeeping controls is a decisive con�rmation.418

� Bias audit (Section 3.11) addresses the most common criticism of computational biology419

claims: that apparent patterns re�ect confounding variables. Three independent tests con�rm420

the hierarchy depends on temporal structure, is unrelated to gene metadata, and survives421

expression-level matching.422

� Non-circadian extension (Section 3.12) demonstrates generality. The �nding that persis-423

tence is organized along functional lines in the immune system�with a coherently inverted424

hierarchy relative to the circadian system�suggests that |λ| captures a fundamental property425

of gene regulatory architecture, not a circadian-speci�c artifact.426

� Half-life independence (Section 3.13) establishes that |λ| is a genuinely novel metric, or-427

thogonal to mRNA stability. This is important because a metric that simply recapitulated428

transcript turnover would o�er no new biological insight.429

4.2 Relationship to Existing Methods430

Existing circadian analysis tools�cosinor [10], JTK_CYCLE [9], RAIN [11], ARSER [12]�test431

whether a gene oscillates. The eigenvalue modulus measures something di�erent: how much a gene's432

past determines its future. A gene can have high persistence without oscillating (overdamped decay),433

and a weakly persistent gene can still oscillate (rapidly damped oscillation). The two properties�434

rhythmicity and persistence�are complementary, not redundant.435

The head-to-head comparison (Section ??) provides direct empirical support for this distinction:436

|λ| correlates only weakly with cosinor R2 (ρ = 0.256) and JTK |τ | (ρ = 0.215), con�rming that437

temporal persistence is largely orthogonal to rhythmicity detection. Notably, 9,828 genes (46.9%)438

were identi�ed as persistent by AR(2) but not rhythmic by either cosinor or JTK (BH-FDR q <439

0.05), suggesting a large reservoir of genes with non-sinusoidal temporal memory that existing tools440

overlook.441

The Monte Carlo simulation (Section ??) further demonstrates that the OLS estimator is reliable442

for the sample sizes and noise levels characteristic of circadian datasets, with the hierarchy ranking443

robust even under model misspeci�cation.444

The AR(2) approach is most closely related to autoregressive methods used in econometrics445

[44, 45] and ecology [17]. The key innovation is applying eigenvalue interpretation to gene expression446

hierarchy, connecting molecular biology to a well-established mathematical framework.447
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4.3 The Eigenvalue as a Universal Metric448

The eigenvalue connects gene expression to the same mathematical framework used across physics,449

engineering, economics, and climate science [43]. In all these �elds, the eigenvalue modulus of a450

dynamical system determines its persistence, stability, and characteristic response timescale.451

The non-circadian validation (Section 3.12) suggests this is not a coincidence. In the immune452

system, the persistence hierarchy re�ects a di�erent biological logic (rapid alarm vs. sustained453

defense) but the same mathematical principle: genes with di�erent functional roles occupy di�erent454

positions in eigenvalue space. This raises the possibility that temporal persistence is a fundamental455

axis of biological variation, akin to expression level or network centrality, but measuring a distinct456

dynamical property.457

4.4 Limitations458

1. AR(2) assumes linearity and stationarity, which may not hold for all genes. We assess sta-459

tionarity using the augmented Dickey-Fuller test and �ag non-stationary genes.460

2. Short time series (N < 12) produce unreliable eigenvalue estimates, as demonstrated by the461

baboon partial replication (Section 3.3) and con�rmed quantitatively by the Monte Carlo462

simulation (Section ??), which showed substantial upward bias at N = 8. We recommend463

N ≥ 16 for robust results.464

3. The method measures persistence, not rhythmicity�high |λ| does not necessarily mean circa-465

dian oscillation. High persistence can arise from overdamped dynamics.466

4. Cross-species comparisons are complicated by di�erent sampling protocols and normalization467

methods.468

5. The eigenvalue modulus measures context-dependent expression persistence, not intrinsic mRNA469

stability. This is demonstrated directly by the negligible half-life correlation (Section 3.13).470

6. Gene classi�cation boundaries (clock vs. target) are somewhat arbitrary. Some genes (e.g.,471

NR1D1/REV-ERBα) function as both core clock components and metabolic regulators [46].472

7. The nine-category hierarchy beyond the clock�other gap should be treated as exploratory.473

Pairwise e�ect sizes between adjacent non-clock categories are modest (Cohen's d ≈ 0.1�0.3).474

8. Bulk tissue data averages over cell types with potentially di�erent circadian phases. Single-cell475

time series would provide higher resolution but are not yet widely available.476

9. The method was developed and validated primarily on murine data. While cross-species results477

(human, baboon, Arabidopsis) are encouraging, broader taxonomic validation is needed.478

10. The ODE model validation demonstrates consistency rather than identity�AR(2) recovers479

∼80% of the Jacobian eigenvalue, not 100%. This re�ects information loss in discrete sampling480

and OLS �tting.481

11. The literature validation is necessarily limited to genes with established circadian regulation.482

Novel clock-controlled genes cannot be validated against existing literature.483

12. The falsi�cation test uses a single predictor (Arntl). A multivariate approach incorporating484

multiple clock gene predictors simultaneously might reveal additional coupling patterns but485

would require careful control for multiple testing.486
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4.5 Implications487

The eigenvalue hierarchy suggests that temporal persistence is organized along functional lines in488

the genome: genes that need stable, self-correcting dynamics (clock genes) carry more memory489

than genes that need �exible, context-dependent responses (targets and stem cell markers). This490

functional organization may have implications for:491

� Drug targeting: Genes with high persistence may be more amenable to chronotherapy, as492

their dynamics are more predictable [41].493

� Aging research: Clock hierarchy disruption may serve as a quantitative biomarker for cir-494

cadian aging [38, 42].495

� Cancer biology: The reversal of clock�target hierarchy in cancer models (GSE221103,496

GSE157357) suggests that loss of circadian temporal control is a measurable feature of trans-497

formation [25, 26].498

� Immune function: The non-circadian validation demonstrates that temporal persistence499

is relevant beyond circadian biology, potentially informing the design of immunomodulatory500

therapies.501

5 Data Availability502

All source datasets are publicly available from NCBI GEO [19] under accession numbers GSE54650,503

GSE11923, GSE48113, GSE39445, GSE98965, GSE242964, GSE157357, GSE221103, GSE70499,504

and GSE59784. Complete AR(2) results for all genes across all datasets are provided as Sup-505

plementary Tables S1, S1b, and S2�S5. Monte Carlo simulation results are in Supplementary Ta-506

ble S6 (150 scenarios × 1,000 replicates). Head-to-head method comparison results (AR(2), cosinor,507

JTK_CYCLE) for all 20,955 GSE54650 Liver genes are in Supplementary Table S7. An interactive508

web application providing access to all results is available at https://par2-discovery-engine.509

replit.app.510

6 Code Availability511

A standalone Python package (par2-circadian, v1.0.0) implementing the complete AR(2) eigen-512

value pipeline is provided as Supporting Information and is available at https://github.com/513

mickwh2764/par2-discovery-engine/tree/main/par2-python-package. The package requires514

only NumPy and pandas, provides both a Python API and command-line interface, and can be515

installed via pip install par2-circadian. Usage:516

import par2517

matrix, genes = par2.load_expression_matrix("data.csv")518

results = par2.fit_ar2_batch(matrix, genes)519

par2.save_results(results, "results.csv")520

The interactive web application with all results is available at521

urlhttps://par2-discovery-engine.replit.app. Full platform source code is at https://github.com/522

mickwh2764/par2-discovery-engine.523
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Figure 1: Method schematic. (A) Gene expression time series are �tted with an AR(2) model to
extract coe�cients ϕ1 and ϕ2. (B) The characteristic polynomial z

2−ϕ1z−ϕ2 = 0 yields eigenvalues
whose modulus |λ| measures temporal persistence. (C) The eigenvalue is plotted on the unit circle:
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Figure 2: Eigenvalue hierarchy across 12 mouse tissues. (A) Bar chart showing mean |λ| for
clock genes, target genes, and all other genes across 12 tissues from GSE54650. Error bars show
95% bootstrap con�dence intervals. The hierarchy (clock > target > other) is preserved in 12/12
tissues. (B) Heatmap of the clock�target gap across tissues, showing consistent positive gap with
narrow cross-tissue variation (CV = 0.124).
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Figure 9: Head-to-head method comparison. (A) Scatter plot of AR(2) |λ| versus cosinor R2

for 20,955 GSE54650 Liver genes (Spearman ρ = 0.256). Clock genes (red) cluster at high values of
both metrics; the weak overall correlation con�rms that |λ| captures information largely independent
of rhythmicity. (B) Venn diagram showing detection overlap (BH-FDR q < 0.05 for cosinor and
JTK): 2,097 genes detected by all three methods; 9,828 detected by AR(2) alone (persistent but
non-sinusoidal); 176 by cosinor+JTK only (rhythmic but rapidly damped). (C) Correlation matrix:
cosinor amplitude and JTK |τ | correlate strongly (ρ = 0.649), while |λ| correlates weakly with both
(ρ ≈ 0.24), con�rming complementary information content.
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