Quantum transitions in *He adsorbed on carbon nanotube
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Supplementary Information

I. Matrix elements of longitudinal transitions

In the main text we have calculated matrix elements of longitudinal transitions using the

potential of the particle calculated from kinetics of a particle oscillating with the tube,

22h?
V(z,t) = 20m sin L T cos? o, (1)

where hg and (2 are amplitude and frequency of the oscillations of the nanotube. The
probability of longitudinal quantum transition of the particle is proportional to square of

the matrix element

Vi (t) = (1/2)2°him(N|sin®(rz/L)|K) cos® 2t, (2)

which gives the selection rules K = N £2 due to symmetry of the longitudinal wavefunctions
Yy =sinwtNz/L, v =sintKx/L.

Alternatively, one may consider longitudinal transitions directly from particle-tube in-
teraction. In this case potential energy of the particle is oscillating, U(7,t) = Uy (7‘ +
ho sin(rz/L) cos 2t cos ¢) where Up(r) is the adsorption potential, h = hgsin(rz/L) cos 2t
is the shape of the oscillating tube, and ¢ is the orbital angle. For a small oscillations we

expand the oscillating potential as

dUy 1d°U, ,,
U(r,z,¢,t) = Up(r )+d—hosmfcosf2tcos¢+2 7z

hZ sin Txcos Qtcos’¢.  (3)

The first term Uy(r) does not depend on the longitudinal coordinate x and therefore gives
zero contribution to any of matrix elements of longitudinal transitions <nlN ‘U ‘an > where
n and [ are the radial and orbital quantum numbers. The second, linear term contains

l> is zero. Transitions

cos ¢, and the corresponding diagonal orbital matrix element <l |
between different orbital levels have much higher energies than the longitudinal transitions
and therefore are left aside from the present consideration.

Matrix element of the quadratic term gives, after integration over r and ¢,



1 /d?U,
Unielt) = Z< dr20

>nhg<N‘ sin? % | K') cos® 02t. (4)

Both two matrix elements of perturbing potential, Vi (t) in Eq. (2)) and Uy g (t) in Eq.
contain an identical core <N ‘ sin? TNx/ L‘K > cos? (2t representing the square of the shape of
the oscillating tube. However, the first approach assumes that the particle is oscillating with
the tube, while in the second approach particle resides at rest, but the adsorption potential
induced by the tube is oscillating around it. The prefactors in Eq. and Eq. accordingly
represent a kinetic energy of helium particle oscillating with the tube, and a potential energy
of immobile particle in the oscillating potential. As the frequency of oscillations of the tube
is many orders of magnitude lower than the frequency of radial motion of the particle in
the adsorption potential, we assume that there is no, or very weak lagging of the particle

behind the tube. However, both opposing approaches give the same selection rules and the

same relative amplitudes of longitudinal transitions.

II. Atomic quantum fluctuations in the radial direction

If the population of the first layer is small, no significant zero-point pressure is applied to
an individual helium atom which can be thus considered as a single particle in the adsorbing
potential of carbon nanotube. However, due to quantum fluctuations in the transverse di-
rection, atoms can be thrown from the first layer to the excited levels. Quantum fluctuations
are known to be responsible for zero-point noise currents [I8], for zero-point oscillations of
helium liquid-solid interfaces [19], for zero-point quasiparticles in degenerate Fermi liquids
[18], and for zero-point spin reduction in low-dimensional antiferromagnets [20]. More gen-
erally, the famous fluctuation-dissipation theorem states that any physical quantity = has
non-zero amplitude of fluctuations even at absolute zero.

The probability of a single *He particle to occupy the second radial layer can be directly

estimated by using Fluctuation-dissipation theorem,

(2= 7)) = g / V' (w) coth %dw, (5)

where x = z/ f is the susceptibility of the coordinate with respect to the conjugated force f =

E/z. To find the susceptibility x(w) we consider a time evolution of the wavefunction, and
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the corresponding average distance (z) of a particle from the surface of nanotube, induced by
the ”probe force” f,(t) = focoswt which generates a perturbation potential V() = —(z —
zil) ) fo(e™t + e=™1) /2 where zﬁ) ~ 0.27 nm is average distance from the tube in the radial
ground state. As zﬁ)) and zég) are much smaller than the diameter of the tube, we can neglect
the curvature of the tube. In the framework of the perturbation theory [12] the wavefunction
of the particle can be approximated as ¥, (z,t) = > akn(t)w,io)(z)e_i(Ek/h)t where w,(co)(z) are
stationary eigen wavefunctions of the unperturbed adsorption Hamiltonian. Assuming that
the particle is near the first level, we may write ai;(t) ~ 1 + a{?(t), am (t) ~ a,(:l) (t), where
first-order corrections |a§€11) (t)] < 1. Application of the perturbation potential results in the
evolution of the of the expansion coefficients, daéll) Jdt = (—i/h )V (t) — aéll) /Te1 where 1/74
is relaxation rate from the level k£ to the initial state 1. By integrating the perturbation
term, we find a,(:l)(t) = —(i/h)et/™ [Viy(z,t)e/™dt. Matrix elements Vi (t) are found
by integration over the coordinate space with time-dependent zero-order wavefunctions,
Vk(lo) fezEkt/hw(O fiElt/hdéO)dz = —ciwntf (z,(ﬁ) _ Zl(l))>(6m + ") /2. Finally, we

obtain

(6)

The perturbation-induced evolution of the ground-state wave-function of the particle is

0 H(wgr+w i(wp—w
a(l)(t) _ fo(z](ﬂ) _ Z§1)) ( etwr1tw)t N etwr1—w)t )
k1 2h Wil tw—1/Th wr —w —1/Tx

written, in the first-order corrections, as W(t) ~ [1+alt ()]0 {?(¢) + Dkt a,(gll) (t)\lf,(C )(t), and

the expectation value of the coordinate of the particle is

() = /\If*(t)z\lf( t)dz ~ Z(O) + Za zwkltzk + Za 1)* ’LCUIcltZIEg) _ Zﬁ)) +
k#1 k#1
fo (0)(2(0) B z(o)) [(wkl +w)coswt — (1/7p1) sinwt  (wp1 — w) coswt + (1/731) sinwt 7)
p ok AT (wg1 + w)2+ 1/72 (wp1 —w)? + 1/74 ’
where 2z k = 1/1 Z’QZJ](CO)dZ are matrix elements of the coordinate in the basis of non-

perturbed stationary wave functions.
Imaginary part of the susceptibility is found by dividing amplitude of the out-of-phase
term in Eq. by the amplitude of the probing force fj,

960 -
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and the amplitude of fluctuations of coordinate is then

O 3 29 — ) /°° [ coth (hw/2T)dw coth (hw /2T dw o)
Z—Z = — X
H o TTh1 0o Lw—wn)?+1/78  (w+wn)?+1/73

In the limit of the weak relaxation, wi1 i1 > 1, the first integral in Eq. @ is dominating due
to the resonant behavior at w & wy;. Furthermore, most of the contribution to the integral
is situated near the resonance w ~ wio, and at temperatures 7" < hwyg; ~ 50 K cotangent

can be replaced with 1. The amplitude of fluctuations @D is then calculated analytically,

(= dDP = =S — A+ arctan ) = 300G D) (10)
Amplitude of fluctuations does not depend either on wy; = (Ex — Ej)/h, or on the re-
laxation time 7. Normalized spectral density of fluctuations in the low-dissipation case of
two-level potential is shown at Fig S1(a). Clearly, the amplitude of the resonance is in-
versely proportional to the width 1/7, and the integral does not depend on 7. Using the
adsorption potential for a helium atom on carbon lattice [14] we have calculated the first
two wavefunctions ¢4 (z) and 9(2) as shown in Fig. 3 of the main text, and calculated ma-
trix elements zﬁ)) = 29A, zég) = 3.6 A, and zég) = —0.28 A. The fluctuation amplitude

((z — z§?)2) = 0.94 A is, as expected, much larger than the width of the ground-state
wavefunction, \/f Vi(2) (2 — 211) 201 (2)dz = 0.31 A.

We should remember that the susceptibility y was calculated in the framework of the

perturbation theory which is not applicable when coefficients ay; become large. However, the
conclusion of high probability of occupying excited levels remains correct if the assumption
of small a;, breaks. It is, in fact, an obvious result: the absence of dissipation means
that the particle doesn’t interact with the surroundings and consequently doesn’t possess
temperature of the bath. Energy of the particle, generally, does not have to be conserved.
The particle may exist in the mixed state and oscillates between stationary levels with the
frequencies wy;. The particular state is determined not by the thermodynamics but rather
by the history: how exactly the particle was trapped in the potential well.

The requirement of low dissipation, w7t > 1, is not demanding at low densities. It simply
means that during the period of one evolution there will be no inelastic scattering on other

particles or phonons, or on longitudinal profile of the potential. At low temperatures the



number of phonons is very small, and interaction of the particle with the boundaries where
the wavefunction vanishes is also very weak. At the same time, all radial frequencies are
very high, wy; ~ 10' rad/s, and if there are no, or very little amount of other particles on
the tube, the dissipation is always low. Hereof, a process in which free initially particle loses
its energy to be trapped in the adsorption potential is very slow if the dissipation is low.
Indeed, in our experiment we had to wait about one day for a new configuration to settle

down after every adding of helium to the cell, which proves the low dissipation assumption.
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Fig. S1 Normalized spectral density of quantum fluctuations for the potential with two levels,
calculated with Eq.[9] (a) Low dissipation, 7 > 1/wis. Fluctuations have a sharp resonance
at w = wo; = (Ey — E7)/h. The integral is of the order of 1. Insert: illustration of the
evolution of the particle between two stationary levels. (b) Strong dissipation and absence of
resonance. Fluctuations are suppressed, having an integral on the order of (8/7) (w2 7)? < 1.
The high frequency cutoff corresponds to one-way traveling time of the particle on the
stationary level. Insert: illustration of fast relaxation of the particle to the ground-state

level.

At 7 — oo the expression in Eq. (@ for perturbation coefficients ax;(t) turns to equa-
tion (40.9) in Ref. [I2] for the case of zero dissipation. However, a finite relaxation time
introduced here provides the smallness ay;(t) < 1 even at w — wyy if a probe force is small
enough, while in the dissipationless case aj; goes to infinity at the resonance with any finite
force [12]. Finite dissipation thus ensures that the susceptibility y(w) is finite in the whole
range 0 < w < oo, and that the FDT-integral converges.

In the case of strong dissipation the relaxation time is short, w7 < 1, and Eq. @ is

simplified by decomposition [(w % wy1)? + 1/72] " ~ 72 — 7 (w & wir )%
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0 0), (0 0 0), (0 0

(z — z§1))2 ~ = g z,(cl)(z,(d) — z§1))7',§1wk1/ wdw =~ - E z,(ﬂ)(z,(ﬂ) — z§1))7,§1wk1wf, (11)
0

where we again have replaced cotangent with unity, as most of the integral is situated at
high frequencies. The integral diverges, and the cut-off frequency has been introduced, see
Fig S1(b). Obviously, the fastest process in the system is traveling time at the ground
state, and therefore, natural cutoff frequency is wey ~ 2wy = FEj/h. In contrast to the
weak relaxation limit, the estimation of the fluctuations in the strong relaxation case is
correct even quantitatively, as we always remain in the framework of the perturbation theory,
ag1(t) < 1. Magnitude of radial fluctuations in the strong dissipation case is lower by the

factor of (8/m)wiow?T® than in the low dissipation case.

IT1. Fluctuating charge

An alternative explanation of the side peaks is a change of resonant frequency due to
the fluctuations of the background charge, in which excess electrons/holes may occasionally
be trapped in the oxide layer on the gate electrode below the tube, or on the tube itself.
The resonant frequency changes due to an additional electrostatic force which deforms the
tube and therefore changes its spring constant. In its turn, mechanical sagging of the tube
modifies its electrical capacitance. Mutual coupling of mechanical and electrical degrees
of freedom in nano-oscillators has been introduced by Bachtold and colleagues [21], and
here we discuss the electro-mechanical coupling in more details and give more quantitative
description to it.

When a DC voltage U, is applied to the gate electrode, the tube acquires an electrical
charge ) = Quupe- The balance of electrical potentials and charges is shown in Fig. S2(a).
The charge @ is set by the balance of potentials Upype = Uy — Qg/Cy = (Q + Qy)/Crupe,
Q = CrupeUy — Qg(Cy + Crupe) /Cy. Here Cy = 2meg L/ In2H /1y is the tube-gate capacitance,
and Cype = 2meoL/In2L/rg is the capacitance of the tube with respect to cell walls. Our
tube has radius rg = 0.8 nm, length L = 700 nm, and placed at the distance H = 300 nm
from the gate and at the distance £ ~ 3 mm to the nearest wall, which gives C, = 5.9-107* F
and Cype = 2.5-107'% F. By minimizing the total electrical energy & = Cy(Uy — Upupe)?/2 +
CtubeUt%Lbe/Z = QE/QCg + (Ctube/Q)(Ug - Qg/Cg)Qv we find Q_g = CgOtubeUg/<Cg + Clue)- Q_g
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denotes the value of charge on the gate which formally minimizes the total electrical energy.
However, due to the quantization of charge (), = N - €, the real charge @, differs from
Qg = CyCtupeUy/(Cy + Crupe) by an amount of AQ = Q, — Q,.

The total electrical energy, including the Coulomb blockade energy, can therefore be

expressed as a function of the gate voltage U, and of the excess charge AQ:

Cg + Otube Q2 _
2Ctgcvtube g 2CgCtube

2

E(Uy, AQ) = (12)

o Cg + Ctube ( Cgctube
Cg + Ctube

Uy + AQ)
As energy at certain U, has a minimum at AQ = 0, a switching AQ — AQ F e with
trapping/escaping of an electron to/from the tube occurs when £(U,, AQ) = £(U,, AQ +e),
or, at AQ = +€/2, so that AQ = {—¢/2 ... €/2}. The Coulomb-blockade modulation
period of the gate voltage is AU, = (Cy + Chupe)€/CyChupe = 92 mV which is in very good
agreement with the measured oscillations of the trans-conductance dI/dU,, see Fig. S2(b).
Trans-conductance of the tube depends on the potential Uyype = Q4/Crupe which is modulated
with the periodicity AU,.

Electrical energy depends on the capacitances Cy and Cjyp. which in turn depend on
a deflection of the tube h, which is the origin of the electro-mechanical coupling [21]. The

electrical force acting on the tube is then

08 _ (v, %).@

- oh C oh (13)

fe:

where C' = CyChupe/(Cy + Crupe), and 0AQ/Oh = —C,/lUg. The force can be represented in
the form f, = —k.h = (0f/Oh)h, where

= (52D TS () - (D - B o

The Coulomb-blockade-modulated part of the electrical spring constant is k& = —(C,, /C) -
UgsAQ. The electrical spring constant contributes to the mechanical spring constant k£ = &, +
k>, and the Coulomb-modulated contribution to the spring constant is maximal (minimal)

when AQ = +e/2: k3*(+e/2) = ¥C,,U,e/2C.



Fig.S2 Electro-mechanical coupling in the nanotube. (a) Potentials and charges on the
gate and on the tube. As the tube is conducting, its potential calculated from the distant
ground, (Q + @Qy)/Cluse, is equal to the potential calculated from the gate, U, — Q,/Cy. Q
is determined by minimizing the total electrical energy, see text. (b) Example of measured
trans-conductance dI/dU, as a function of the gate voltage U, at constant bias voltage of
5 mV ws. gate voltage. The observed periodicity of the trans-conductance due to Coulomb-
blockade modulation is very close to the expected value AU, = (Cy 4+ Ciype)€/CrupeCy =
92 mV. (c) Sketch of the forces and deformation of the tube.

The mechanical spring constant k,, = f/h is calculated from the force and sagging
balances f = 2T« (« is the sagging angle) and h = «aL/4, see Fig. S2(c). As the average
sagging of parabolically shaped tube h is close to the maximum sagging, h = (2/3)h, we can
ignore the geometrical factor in estimation of spring constants. Then k,, = f,,/h = 8T/L
where the tension of the tube T is calculated from the resonance frequency Fy and the mass
density u = M/L ~ 3.9-107" kg/m as T = 4F3L*u = 8 - 1079 N, and the mechanical
spring constant is then k,, ~ 1073 N/m. Finally, we can find the amplitude of modulation

of the resonant frequency due to electro-mechanical coupling,
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AR™  kZ(e/2) —kZ(=e/2) _ (Cy/C)UzeL (15)
Fy, 2k, N 16T ‘

For our dimensions, C}, /C' ~ 10'? 1/m?, and modulation of the electrical spring constant
is Aky = (C"/C)Uye ~ 1.5-107% N/m = 0.0015 k,,. The corresponding modulation of
the resonant frequency is AFy =~ 0.0007Fy = 0.25 MHz. An additional electron tunneled to
the tube or to the isolation of the gate electrode will change the potential of the tube by
an amount of €/Cype and shift the resonance by the same amount AF ~ 0.25 MHz as the
switch AQ — AQ +e.

The estimated value of the frequency shift due to fluctuating background charge is very
close to the observed separations of side peaks, and larger quantized shifts would correspond
to two, three, etc. electrons. Despite the distribution of traps for electrons being arbitrary,
capture of additional charge redistributes other charges to a uniform pattern, and potentials
will change by the same amount no matter where exactly the excess charge is located. The
reason for the persistent presence of the main resonance in all measured spectra is the
smallness of probability of excess/deficient charge(s) capture.

According to the Fluctuation-dissipation theorem, fluctuations of the electrical charge

can be calculated as

h

02 =
@ T 2T

where x” is the imaginary part of the susceptibility x = x’ + ix” = Q/U of the charge

/ X" (w) coth @dw, (16)

with respect to the applied voltage U because voltage is the energetically conjugated force
to the charge, £ = QU [22]. The fundamental Fluctuation-dissipation theorem is most
known for its application to the noise of the current through a resistor. The imaginary
susceptibility to the periodical force U = Uy coswt is x”(w) = 1/wR. The spectral density
of charge fluctuations is thus dQ?/dw = (h/mRw) - coth hw/2T, and the spectral density of
the current is dI?/dw = 1/(7 R)hw coth hiw/2T. At high temperatures coth hw/2T = 2T /hw
which gives the famous Nyquist formula, dI?/dw = 2T/mR, while at low temperatures,
T < hw, cothhw/2T — 1, and the spectral density of current noise is dI2/dw = hw/7R
[18].

More generally, a nanotube, as well as other nanomechanical oscillators, presents a LC R-

circuit. Charge fluctuations of the capacitance can be calculated similarly to the above
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calculations of a pure resistive sample. The generalized susceptibility for a LC R-circuit is
X" (w) = Rw[A*(w? — w?)? + R?w? ™!, where wy = 1/v/AC and A denoting the inductance.
The inductance of the nanotube with radius ry = 0.8 nm, length L = 700 nm and distance
H = 300 nm from the gate is A ~ (uoL/27)In H/ry = 8.3 - 10713 H. With the capacitance
C = 2megL/In(2H/rg) = 5.9 - 107 F we obtain the resonant angular frequency wy ~
5-10' rad/s. For a typical resistance R of 300 kOhm the high frequency cutoff is determined
by the lowest cutoff w, = wpe = (RC)™ ~ 510" rad/s < wy, while wrr = R/A ~
4-10'7 rad /s > wy > wpce.

The high-frequency cutoff wre corresponds to ~ 4 Kelvin. The charge fluctuations below

1 K are therefore

QQ— B h_R WRO wdw N h_R /“’RC wdw
Ler = 7 Jo AR -2+ R 71 J, 1/C%+ R2w?

_h /1 d(w/wre)?  hIn2
2R Jy 1+ (w/wre)?  27R°

(17)

Although in the case of a pure resistive sample charge fluctuations diverge even in the
quantum limit, Q2 = (h/7R) [ dw/w, yet any small but finite capacitance converges the
integral, albeit is not present in the finite result.

In our sample, the average fluctuation of charge \/ Q3% =~ 6 - 107! C is much smaller
than the elementary charge €. Although Eq. was derived for continual, not quantized
charge, the value of WCR can be considered as the average charge in the large set of N
similar devices. Restricting ourselves to only single-electron trapping, Q2 = e*(n/N), where
n is the amount of charged tubes in the set of N. As the averaging over the ensemble is
equivalent to averaging over time, an average relative time of presence of excess (missing)
electron on every tube is about t.,/T = Q2?/e* = 0.0015. The observed probability of the
charge fluctuation is indeed on the order of average relative amplitude Isp/ I qn of the side
peak, Fig. 1(f), although a strong dependence of Isp/Iqim on the RF-drive remains to be

explained.
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