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Abstract  

In this study, a size-dependent thermomechanical vibration theory for porous functionally 

graded magneto-electro-elastic (FG-MEE) nanoplates in the hybrid nonlocal strain gradient 

theory is proposed. The formulation accounts for temperature rise, electroelastic, and 

magnetostrictive coupling effects in conjunction with nonlocal and strain gradient effects. The 

gradations in the material properties in the direction transverse to the plate are described using 

a power law distribution. The formulation is based on Hamilton’s principle. The final governing 

equation is solved using a harmonic exponential method to obtain an eigenvalue problem. The 

results are presented in terms of a dimensionless frequency parameter. The influence of porosity 

index and porosity distribution patterns (FOAM I, FOAM II, and FOAM III) in conjunction 

with material gradations on the dimensionless frequency parameter is presented in detail. The 

results show that an increase in porosity index reduces the frequency. The degradation in 

frequency is found to depend sensitively on the porosity distribution patterns. FOAM I shows 

the maximum degradation in frequency and approaches complete failure at a lower value of 

temperature rise. An increase in temperature reduces the frequency. The nonlocal theory shows 

a stiffness degradation tendency. The stiffness degradation tendency increases with an increase 

in temperature. The magnetic actuation is found to increase the stiffness and delays degradation. 

The electric actuation can cause degradation depending upon the dominance of the active phase. 

The elevated temperature cases are presented to show the stability tendency. In practice, it 

should be noted that the Curie temperature should be taken into consideration to ensure 

functionality. 
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Introduction 

The rapid miniaturization of smart structures has driven the basic incorporation of 

multifunctional nanoplates in nanoelectromechanical frameworks (NEMS), nanosensors, 

nanoresonators, nanoactuators and other sleek multi-field gadgets where high affectability and 

tunable coupled responses are required. Conversely, the irresistible coupling between 

mechanical, electric and magnetic fields of the magneto–electro–elastic (MEE) nanostructures 

has drawn great interest because better control and functional adaptability at small scales can 

be achieved [1,2]. Due to the intense multi-field interactions and the high surface-to-volume 

ratio at nanoscale, MEE nanoplates exhibit an extreme sensitivity in mechanical response with 

respect to combined mechanical–thermal–electric–magnetic stimuli. Hence, the establishment 

of precise theoretical models to illustrate vibration and stability trends under coupled multi-

physics scenarios is crucial for reliable design and performance prediction of these smart 

nanostructures [3–5]. For resonant nanosensing and nanoactuation, the eigenfrequencies and 

corresponding modes of deformation are important determinants of sensitivity and performance 

stability, as resonance-based operation is inherently controlled by eigenproperties. Thus, even 

small offsets in predicted eigenfrequencies are amplified into significant errors in resonance-

based estimation and calibration[6,7], particularly with coupled multi-physics effects. This 

incentive resulted in a plethora of size-dependent investigations on vibration and buckling 

behavior of nano-beams and nano-plates where the nonlocality, strain-gradient effects, material 

gradation, porosity and multiple source stimuli have been really focused [5,8–11]. 

 

In addition to the above-mentioned performance criteria for the resonance-based responses, 

actual nano-resonators may experience a coupled condition of thermal drift and electromagnetic 

actuation, in which any small change in eigenfrequencies may affect the accuracy of the 

calibration process, modal selectivity, and/or cause cross-talk between modes. For instance, 

temperature-induced degradations in stiffness, as well as thermally induced in-plane stress, 

have been demonstrated to cause significant changes in natural frequencies as well as stability 

boundaries for sophisticated nano-structured materials [5,12]. For magneto-electro-elastic 

nano-elements, the presence of applied electric and magnetic fields induces additional field-

dependent stiffness that can be exploited for frequency tunability while increasing the 

sensitivity to coupled perturbations from electro-magnetic fields [13]. The above drift effects 

may be more pronounced for porous materials as well as for functionally graded materials, in 

which the redistribution of stiffness as well as the amplification of local compliance may cause 

frequency susceptibility for coupled loading conditions [11,13]. In addition, size-dependent 



formulations that account for nonlocal as well as strain gradient effects may cause modified 

stability boundaries as well as increased sensitivity of higher modes for nanoplates. Therefore, 

thermo-electro-magnetic robustness should be considered as a critical design criterion similar 

to frequency tunability for porous FG magneto-electro-elastic nanoplates under coupled 

thermo-electro-magnetic loading conditions [14,15]. 

 

Despite these modeling efforts, classical, scale-free continuum elasticity fails to capture 

experimentally observed and atomistically predicted size effects in nano-scale structures. To 

overcome this limitation, nonlocal elasticity introduces long-range interactions through 

spatially dependent constitutive relations, typically leading to stiffness softening, whereas 

strain-gradient theories incorporate intrinsic material length scales via higher-order strain terms 

and are often associated with stiffness hardening [3,16]. However, when employed separately, 

each formulation may only partially represent the observed size-dependent response. This 

limitation has motivated the development of hybrid nonlocal strain-gradient theories (NSGT), 

in which two independent length-scale parameters account simultaneously for long-range 

nonlocal interactions and microstructural strain-gradient mechanisms within a unified 

continuum framework [3,8]. Such higher-order NSGT formulations have been successfully 

applied to size-dependent vibration and stability analyses of beams and plates, including porous 

and functionally graded configurations under thermal and hygro-thermal environments [8,17]. 

For porous FG nanoplates in particular, NSGT has demonstrated improved physical consistency 

in predicting the competing softening–hardening behavior arising from nonlocal and strain-

gradient effects, respectively [1,8]. The emerging evidence of analytical and numerical studies 

conducted under the NSGT paradigm shows that the nonlocal parameter generally controls the 

attenuation of stiffness, whereas the strain gradient parameter provides an intrinsic stabilizing 

effect, leading to a typical stiffness-softening versus stiffness-hardening competition in the 

nano-scale structural response [18–22]. The regular appearance of this dual-length-scale 

behavior in the independent beam and plate theories supports the physically viable potential of 

the hybrid approach in modeling nano-scale structures. 

 

Despite these advances having greatly improved the potential of the size-dependent theory of 

continuum mechanics, its extension to magneto-electro-elastic nanoplates would introduce 

additional complexity due to the coupled electromechanical and magnetomechanical 

interactions in these materials [5,23]. In these materials, the intrinsic length scale effects would 

not occur in isolation but would interact with the temperature-dependent material degradation, 



thermal membrane stresses, and stiffness contributions due to electromechanical and 

magnetomechanical actuations [24,25]. Past studies conducted under the NSGT paradigm have 

consistently shown that the nonlocal parameter would generally introduce a stiffness-softening 

tendency in the nanostructures, whereas the strain gradient parameter would introduce an 

intrinsic hardening effect [9,22]. However, when these competing scale effects are coupled with 

thermo-electromechanical interactions, the effective rigidity contours and stability bounds of 

MEE nanostructures may change in a non-trivial manner [5,26]. Hence, a unified theory that 

can effectively incorporate the scale parameter interactions with coupled thermo-

electromechanical effects would be vital for physically viable thermo-vibrational assessment of 

these nanostructures [27,28]. 

 

For instance, within the specific area of multilayer elastic energy systems and smart nanoplates, 

a number of recent research studies have been conducted to incorporate nonlocal strain gradient 

theories (NSGTs) and nonlocal strain gradient-based shear deformation theories. Thai et al. 

developed isogeometric nonlocal strain gradient-based models for the free vibration analysis of 

functionally graded multilayer elastic energy (MEE) systems and carbon nanotube-reinforced 

MEE nanoplates, respectively, to demonstrate the competing effects of nonlocal softening and 

strain gradient hardening parameters on the natural frequencies of these smart systems [22,29]. 

Roodgar Saffari et al. extended nonlocal strain gradient theories to analyze the free vibration 

characteristics of sandwich functionally graded porous variable thickness MEE nanoplates, 

demonstrating that scale parameters, porosity, and gradation parameters significantly influence 

the free vibration characteristics of smart systems. Nonlocal strain gradient-based 

thermomechanical vibration models for functionally graded MEE nanoplates under coupled 

field conditions have also been developed [30]. However, a considerable number of nonlocal 

strain gradient-based research studies on functionally graded MEE plates are limited to 

isothermal and mechanically coupled fields, and nonlocal strain gradient-based models are yet 

to incorporate thermal, porosity, and functional gradation characteristics simultaneously [7]. It 

is worth mentioning that, for functionally graded smart systems, thermal fields and electro-

magnetic fields are coupled phenomena rather than independent phenomena, and temperature-

dependent stiffness degradation and thermally induced in-plane stresses significantly change 

the effective stiffness landscape, natural frequencies, and stability characteristics [31,32]. 

Concurrently, electro-magnetic potential fields also introduce new stiffness components and 

coupled fields, which may either enhance or suppress thermal effects based on the specific 

active phase. These coupled phenomena are more significant for functionally graded systems, 



wherein porosity and gradation characteristics amplify stiffness degradation and compliance 

characteristics [27,33,34]. In addition, size effects in nonlocal and strain gradient elasticity 

theory suggest that there is an enhanced sensitivity in higher modes and stability characteristics 

at the nanoscale [33,35,36]. The above results demonstrate that it is not possible to deal with 

thermo-electro-magnetic interactions sequentially; rather, it is important to develop coupled 

formulations that can incorporate all these effects in a unified manner. [31,32,35,36]. 

 

Thermomechanical coupling has a major influence on the vibration behavior of the structure at 

the nanoscale, especially for structures exposed to harsh or fluctuating thermal conditions 

[37,38]. This influence is more prominent for nano-resonant structures exposed to thermal 

gradients, start-stop thermal excitation, or localized joule heating, wherein thermo-induced in-

plane membrane forces play an important role in modifying the stiffness map of the system and 

assessing proximity to instability [39–41]. An increase in temperature reduces the effective 

stiffness of the system due to changes in the thermo-mechanical properties of the system, 

induces in-plane stresses due to thermal loading, and may also cause the system to approach 

thermal buckling; therefore, thermo-vibrational modeling of the system is of utmost importance 

[2,5,42]. For functionally graded sandwich nanoplates, Daikh et al. found that the nonlocal 

parameter as well as the temperature difference reduces the dimensionless natural frequencies 

of the system effectively [42]. In a similar problem of hygrothermal loading, Fenjan et al. found 

that an increase in temperature as well as moisture content along with porosity and size-

dependent parameters reduces the normalized frequencies significantly, making the system 

more prone to thermal buckling instability [8]. 

 

For instance, in microelectromechanical systems, thermomechanical vibration and buckling 

behaviors are significantly influenced by temperature-dependent material properties and 

magneto–electro–elastic coupling effects. The natural frequencies and critical buckling 

temperatures of various nanostructures, including nano-beams, plates, and sandwich 

nanoplates, show significant dependence on temperature-dependent properties, including 

elastic, piezoelectric, and piezomagnetic coefficients. Temperature increase generally results in 

a decrease in baseline stiffness, nondimensional frequencies, and critical buckling loads, as well 

as an increase in the relative importance of field-induced forces on system dynamic behavior 

[23,43]. The presence of porosity and functionally graded configurations also introduces a 

grading index, porosity level, and auxetic and foam cores, which may affect thermal softening 

and instability behaviors. However, magneto–electro–elastic coupling effects introduce 



directional stiffness properties, which are generally stabilizing when magnetic potential is 

increased in magnetically dominant phases, and destabilizing when electric potential is 

increased in electro-elastic-dominated phases [2,23,26,35]. Esen and Özmen formulated an 

NSGT-based thermomechanical vibration and buckling model for porous FG-MEE nanoplates 

and demonstrated that increasing temperature and porosity reduce natural frequencies and 

critical loads, while nonlocal parameters promote stiffness softening and strain-gradient effects 

provide partial hardening compensation [5]. Aktas et al. incorporated temperature-dependent 

properties in smart sandwich nanoplates with auxetic cores and MEE face layers, highlighting 

the sensitivity of thermomechanical responses to both size-dependent parameters and auxetic 

geometric effects [2]. Comparable influences of porosity distribution, external field potentials, 

and NSGT scale parameters have also been reported for porous MEE sandwich nanoplates and 

magnetically actuated sandwich nanobeams [10,11,44]. Despite these advances, many existing 

thermomechanical vibration analyses employ purely nonlocal or classical theories [4] or focus 

on non-porous or macroscopically homogeneous MEE layers. Comprehensive size-dependent 

thermomechanical models for porous FG-MEE nanoplates within a hybrid nonlocal strain-

gradient framework therefore remain limited.  

 

Functionally graded materials (FGMs) have been widely adopted in micro- and nano-structural 

design due to their through-thickness material gradation, which enables tailored stiffness 

distributions and improved thermo-mechanical performance [42,45–47]. Moreover, foam-based 

FGM face layers have also been studied for sandwich-type nanoplate models [48]. When 

combined with porosity, FG material configurations offer further benefits for weight reduction 

and improved material properties. Porous FG nanoplates have been extensively studied for 

various types of mechanical, thermal, and hygro-thermal loadings using nonlocal theory and 

NSGT formulations. It has consistently been shown that increased levels of porosity lead to a 

reduction in effective stiffness, natural frequencies, and stability [8,49,50]. Despite extensive 

studies on sandwich-type nanoplate models, porous FG-MEE nanoplates have remained 

relatively uninvestigated; yet these offer a simple yet versatile framework for investigating 

various coupled effects of porosity distribution, gradation profile, and intrinsic length scale 

parameters. 

 

At the nanoplate level, various researchers have also studied nanoplates incorporating porosity 

within NSGT formulations. Fenjan et al. studied hygro-thermal vibration behavior for porous 

FG nanoplates using NSGT formulations, revealing strong coupling effects between porosity 



and intrinsic scale parameters [8]. Sobhy et al. presented a refined quasi-3D NSGT model for 

FG porous nanoplates and observed high sensitivity of nanoplate vibration characteristics to 

porosity levels and scale parameters [49]. Roodgar Saffari et al. studied FG porous variable 

thickness core sandwich nanoplates using MEE theory and revealed strong coupling effects 

between porosity distribution and scale parameters on nanoplate free and forced vibration 

behavior due to electro-magnetic potentials [7]. At the nanobeam level, Pehlivan et al. observed 

strong effects of various porosity models on the size-dependent thermomechanical vibration 

behavior for FG MEE nanobeams [11]. Nevertheless, many porous FG nano-models either fail 

to incorporate full magneto-electro-elastic coupling effects, study a few specific loading 

conditions, or only study sandwich-type FG nanoplate models. 

 

MEE materials, typically realized as composites of piezoelectric and piezomagnetic phases such 

as BaTiO₃ and CoFe₂O₄, exhibit strong coupling among mechanical, electric, and magnetic 

fields [22]. This intrinsic multi-field interaction enables tunable dynamic behavior through 

externally applied electric and magnetic potentials, making MEE nanoplates attractive for 

nanosensors, resonators, and nano-actuators [1,26,51]. Zur et al. developed a nonlocal higher-

order shear deformation model for FG-MEE nanoplates and demonstrated that applied electric 

and magnetic potentials significantly influence vibration and buckling responses [52]. Gholami 

et al. proposed a size-dependent nonlocal METE nanoplate model and showed that electric and 

magnetic fields, combined with temperature rise, modify natural frequencies and critical loads 

[4]. 

 

More recently, NSGT-based formulations have been adopted to capture both softening and 

hardening size effects. Thai et al. applied NSGT within isogeometric and meshfree frameworks 

to FG-MEE and CNT-reinforced MEE nanoplates, demonstrating that natural frequencies 

depend on the relative magnitudes of nonlocal and strain-gradient parameters as well as on 

electric voltage and magnetic potential [22,29]. Esen and Özmen and Pehlivan et al. further 

incorporated porosity and temperature-dependent properties, highlighting the coupled influence 

of size parameters, porosity, and magneto–electro–elastic interactions on thermomechanical 

vibration and buckling behavior [5,11,26]. Comparable sensitivities to applied fields and scale 

parameters have also been reported for smart sandwich nanoplates with auxetic or foam cores 

and MEE face layers [2,10,11]. 

 



In particular, the thermo-mechanical vibrations and buckling of porous functionally graded 

magneto-electro-elastic (MEE) nanostructures subjected to electric and magnetic fields have 

been studied under the NSGT approach in the works of Esen and Özmen [5,26] and Roodgar 

Saffari et al. [7]. However, these studies are still more or less parametric in nature and are 

limited to sandwich-type structures, moving load problems, or porosity models used in the 

studies. A unified thermo-mechanical model for single-layer porous functionally graded 

magneto-electro-elastic nanostructures considering porosity patterns, functionally graded 

materials, competing nonlocal and strain gradient approaches, and coupled electric-magnetic 

fields simultaneously is still lacking in the literature. Moreover, many studies on the application 

of the NSGT approach have emphasized the importance of using advanced solution schemes 

such as the isogeometric approach, meshless methods, DQM, FEM, etc., whereas the role of 

competing nonlocal and strain gradient parameters under thermo-mechanical vibrations 

induced by electric-magnetic fields still needs to be addressed under a unified framework 

[7,16,22,29]. Taken together, these observations indicate that an integrative, size-dependent 

thermo-vibration framework is needed to quantify how porosity patterns and FG profiles 

interact with coupled electric–magnetic actuation under realistic thermal environments. 

 

Motivated by these gaps, the present work develops a size-dependent thermomechanical 

vibration model for porous functionally graded magneto–electro–elastic nanoplates based on 

nonlocal strain-gradient elasticity. The constitutive relations incorporate mechanical, thermal 

expansion, electroelastic, and magnetostrictive contributions together with nonlocal and strain-

gradient effects, while porosity and functional gradation are represented through modified 

power-law distributions. Governing equations are derived via Hamilton’s principle using 

higher-order plate kinematics and subsequently solved for thermomechanically loaded, 

electrically and magnetically actuated nanoplates. The proposed framework enables systematic 

assessment of the coupled influence of porosity characteristics, gradation indices, intrinsic 

length-scale parameters, and external multi-field excitations on dimensionless frequency 

parameters and thermomechanical stability behavior. 

 

Beyond its theoretical contribution, this integrative formulation provides a rigorous basis for 

predictive evaluation of nano-scale components operating under combined thermal and 

electromagnetic environments. Porous FG-MEE nanoplates are increasingly relevant in 

aerospace and spaceborne micro-systems, rocket engine control modules, high-sensitivity gas 

sensing platforms, and flexible or wearable multi-field technologies, where frequency stability 



under thermo–electro–magnetic actuation is critical. In such applications, the interaction among 

intrinsic length scales, material gradation, porosity distribution, and coupled electric–magnetic 

fields may directly influence resonance drift, stability margins, and actuation reliability. 

Therefore, the present unified framework may serve as a consistent theoretical foundation for 

the design and optimization of next-generation smart nano-structured components subjected to 

realistic multi-physics operating conditions. 

 

It is worth emphasizing that the elevated thermal conditions considered herein are primarily 

intended to elucidate thermally induced stiffness degradation, buckling tendencies, and stability 

evolution within a generalized multi-field context. In practical implementations, however, the 

operational temperature range must remain below the Curie thresholds of the constituent 

piezoelectric and piezomagnetic phases in order to preserve magneto–electro–elastic 

functionality and long-term reliability. 

 

2. Mathematical Formulation 

2.1. Geometry and Effective Material Modeling 

In this work, a magneto-electro-elastic functionally graded (MEE-FG) nanoplate with an in-

plane length L and total thickness is under investigation. The configuration of the structure 

under investigation is presented in Figure 1. The materials under investigation are composed of 

a PZT-4/CoFe₂O₄ composite system, where PZT-4 represents the piezoelectric constituent of 

the composite materials under investigation, whereas CoFe₂O₄ represents the piezomagnetic 

constituent of the materials under investigation. The relevant material properties of each 

constituent are presented in Table 1. 

The nanoplate under investigation is subjected to an electric potential field Υ(ݔ, ,ݖ  and a (ݐ

magnetic potential field Φ(ݔ, ,ݖ  To simulate physically viable changes between the two .(ݐ

constituents along the thickness direction, the materials under investigation are assumed to vary 

continuously rather than discontinuously. This variation can be achieved through a power-law 

distribution along the thickness direction z. 

The volume fraction of the materials under investigation located at the upper surface can be 

given as follows: 

௧ܸ(ݖ) = ௣(ℎ+12ݖ) , ௧ܸ(ݖ) + ௕ܸ(ݖ) = 1,  (1) 



 

where ௧ܸ and ௕ܸdenote the thickness-dependent volume fractions of the top and bottom phases, 

respectively. The exponent ݌ is defined as a material gradient index, which dictates the rate of 

transition between the two constituents. The ݖ coordinate is measured from the mid-plane of 

the nanoplate, taking values within the range [−ℎ/2, ℎ/2]. 
 

 

With this gradation, the effective value of an arbitrary material property ܲ at a particular 

position along the thickness can be represented compactly and analytically as: 

(ݖ)ܲ  = ( ௧ܲ− ௕ܲ) ௣(ℎ+12ݖ) + ௕ܲ ,  (2) 

 

where ௧ܲ and ௕ܲ are defined as the intrinsic properties of the top and bottom constituents, 
respectively. 
 

This representation provides a smooth and differentiable variation of material properties across 

the thickness, thus avoiding stiffness matrix discontinuities, which might adversely affect the 

accuracy of the vibration analysis. As a result, the top surface of the nanoplate, (ݖ = +ℎ/2), is 

entirely made of CoFe₂O₄, while the bottom surface, (ݖ = −ℎ/2), is entirely made of PZT-4. 

Such a gradual transition allows the coupled electro–magneto–mechanical interactions of both 

phases to be effectively utilized while maintaining structural stability through the thickness. 

 

 

Figure 1. Schematic configuration of the MEE functionally graded nanoplate with face layers 
under magnetic and thermal fields. 

 



In addition to the through-thickness functional gradation described above, the present study 

incorporates porosity effects within the MEE–FG nanoplate in order to reflect possible micro-

void distributions generated during fabrication. The presence of porosity leads to a reduction in 

effective stiffness and electromechanical coupling characteristics, and its spatial distribution 

along the thickness direction may significantly influence the dynamic behavior of the structure. 

To systematically investigate these effects, three different porosity distribution models are 

considered, as schematically illustrated in Figure 2. 

 

 

Figure 2. Through-thickness porosity distribution models adopted in the present study: a) Model 

1 (uniform); b) Model 2 (bottom-foam); c) Model 3 (top-foam). 

 

Following the schematic representation of the adopted porosity distributions in Figure 2, the 

porosity effect is incorporated into the present MEE–FG formulation through a thickness-

dependent porosity distribution function ߰௞(ݖ), where ݇ = 1,2,3 denotes the selected model. 

In this study, three distinct porosity configurations are considered. 

 

For Foam-I (uniform porosity), the reduction in material properties due to voids is assumed to 

be constant throughout the thickness, and the porosity function is defined as: ߰1(ݖ) = 1 − ,ߙ  (3) 

 

where ߙ ∈ [0,1]represents the porosity intensity parameter. 

 



For Foam-II (bottom-foam distribution), in which the porosity is concentrated near the lower 

surface and gradually decreases toward the upper surface, the distribution function is expressed 

as: ߰2(ݖ) = 1 − ⁡cosߙ 2ߨ)  ((ℎ+12ݖ) ,  (4) 

 

whereas for Foam-III (top-foam distribution), characterized by porosity accumulation near the 

upper surface, the modifier takes the form: 

(ݖ)3߰  = 1 − ⁡cosߙ 2ߨ)  ((ℎ−12ݖ) .  (5) 

 

The above cosine-based definitions ensure a smooth and continuous variation of porosity along 

the thickness coordinate ݖ ∈ [−ℎ/2, ℎ/2] without producing non-physical negative values 

within the admissible parameter range. 

 

To consistently account for both functional gradation and porosity effects, the effective material 

property at an arbitrary thickness coordinate is obtained by combining the power-law gradation 

defined in Eq. (2) with the porosity function. Accordingly, the final expression of the thickness-

dependent material parameter is written as 

(ݖ)ܲ  = [( ௧ܲ − ௕ܲ) ௣(ℎ+12ݖ) + ௕ܲ]߰௞(ݖ), ݇ = 1,2,3. (6) 

This unified formulation preserves the smooth compositional transition between the PZT-4 and 

CoFe₂O₄ phases while systematically incorporating porosity-induced stiffness degradation into 

the material description. Consequently, the proposed model enables a consistent evaluation of 

the coupled effects of gradation index ݌ and porosity intensity ߙ on the electromechanical 

response of the porous MEE–FG nanoplate. 

 

To accurately account for thermally induced variations in structural response, selected material 

parameters are treated as temperature-dependent. In the present formulation, the elastic stiffness 

components ܥ௜௝, thermal expansion coefficient ߙ, thermal conductivity ݇, and density ߩare 

modeled as temperature-sensitive quantities. Their variation with temperature is represented 



through a nonlinear polynomial expansion that has been widely adopted in thermomechanical 

modeling of smart composites [53–55]. 

 ܲ(ܶ) = 0ܲ( −ܲ1ܶ−1+1+ 1ܲܶ+ 2ܲܶ2+ 3ܲܶ3),  (7) 

 

where ܲ denotes a generic temperature-dependent material parameter evaluated at temperature ܶ (in Kelvin). The coefficients −ܲ1, 0ܲ, 1ܲ, 2ܲ, and 3ܲ are material-specific constants and are 

listed in Table 1 for both CoFe₂O₄ and PZT-4. 

 

It is emphasized that temperature dependency is introduced only for the properties explicitly 

provided in Table 1, whereas the remaining electromechanical constants summarized in Table 

2 are taken as temperature-invariant within the considered thermal range. Moreover, although 

the density (ݖ)ߩ may exhibit a weak dependence on temperature, its spatial distribution is 

governed primarily by the through-thickness material gradation. 

 

This modeling strategy captures the essential thermomechanical trends of the FG-MEE 

nanoplate while keeping the formulation compact and consistent with the temperature-

dependent material representation adopted herein. 

 

Table 1 Temperature dependent coefficients for the properties of CoFe2O4 and PZT-4. 
Material  Property −ܲ1 0ܲ 1ܲ 2ܲ 3ܲ 

CoFe2O4 11ܥ (Pa) 0 298.87x109 −1.552x10−4 6.125x10−9 −9.0x10−11 

 0 47.33x109 −1.552x10−4 6.125x10−9 −9.0x10−11 (Pa) 55ܥ 

 ߭ 0 0.3 0 0 0 

 0 7.5x10−6 −3.01x10−4 4.02x10−6 −1.01x10−9 (1K−1)⁡ߙ 
 κ(W/mK) 0 4.7030 −1.1x10−3 1.6612x10−6 −9.9670x10−10 

 ρ (kg/m3) 0 5300 0 0 0 

PZT-4 11ܥ (Pa) 0 144,73x109 −1.552x10−4 6.125x10−9 −9.0x10−11 

 0 26.75x109 −1.552x10−4 6.125x10−9 −9.0x10−11 (Pa) 55ܥ 

 ߭ 0 0.32 0 0 0 

 0 1.5x10−6 −3.01x10−4 4.01x10−6 −1.01x10−9 (1K−1)⁡ߙ 
 κ(W/mK) 0 2.1 − − − 

 ρ (kg/m3) 0 7500 0 0 0 

 

 

 

 

 

 

 

 



Table 2 Mechanical, electromechanical, and dielectric constants of the face-layer materials at room 

temperature. 
 

 

 

 

 

 

 

 

 

 

 

2.2. Kinematics and Electromagnetic Field Description 

In order to accurately describe the deformation behavior of the MEE-FG nanoplate, a refined 

higher-order shear deformation plate theory is used. This plate theory is well recognized for the 

analysis of shear deformable plates and does not require any artificial shear correction factor, 

as discussed in previous works [56]. In this context, the displacement field of the nanoplate is 

expressed in terms of the following equations: 
,ݔ)ܷ  ,ݕ ,ݖ (ݐ = ,ݔ)0ݑ ,ݕ (ݐ − ݖ ݔ∂௕ݓ∂ − (ݖ)݂ ݔ∂௦ݓ∂ ,  (8a) 

,ݔ)ܸ ,ݕ ,ݖ (ݐ = ,ݔ)0ݒ ,ݕ (ݐ − ݖ ݕ∂௕ݓ∂ − (ݖ)݂ ݕ∂௦ݓ∂ ,  
(8b) 

,ݔ)ܹ ,ݕ ,ݖ (ݐ = ,ݔ)௕ݓ ,ݕ (ݐ + ,ݔ)௦ݓ ,ݕ ,(ݐ  (8c) 

 

Here, 0ݑ and 0ݒ denote the in-plane displacements of the mid-surface, while ݓ௕and ݓ௦represent 

the bending and transverse shear components of the transverse deflection, respectively. In 

refined plate theories, thickness stretching effects are sometimes considered; however, in this 

investigation, these effects are ignored based on the plane stress assumption used in this study 

[57]. 

 

The function ݂(ݖ) represents the thickness-wise variation of transverse shear deformation and 

facilitates realistic description of the shear deformation response of the nanoplate without 

  CoFe2O4 PZT-4  11ܥ [GPa] 286 138.5 31݁ 30.6 56.5  66ܥ 25.6 45.3  55ܥ 25.6 45.3  44ܥ 73.64 170.5  23ܥ 73.64 170.5  13ܥ 77.37 173  12ܥ 114.75 269.5  33ܥ 138.5 286  22ܥ [C/m2] 0 -5.2 ݁32  0 -5.2 ݁33  0 15.1 11ߦ [10-9C2/N.m2] 0.08 6.46 ߩ 5.62 0.093  33ߦ 6.46 0.08  22ߦ [kg/m3] 5800 7500 



considering any shear correction factor. In this investigation, the function f(z) is selected to be ݂(ݖ) = ݖ − sin⁡(఍௭)఍ , where ζ is a parameter representing the shear shape function of the 

nanoplate [56]. 

 

Under the quasi-static approximation of Maxwell’s equations, the electric and magnetic 

potentials are assumed to vary through the thickness according to a combined linear–cosine 

distribution [58]. Accordingly, the electric potential Φand magnetic potential ߛare written as: 

 Φ(ݔ, ,ݕ ,ݖ (ݐ = −co s(ݖߞ) ,ݔ)߶  ,ݕ (ݐ + ℎݖ2 ܸ,  (9) 

,ݔ)ߛ ,ݕ ,ݖ (ݐ = co s(ݖߞ) ,ݔ)ߛ  ,ݕ (ݐ + ℎݖ2 Ω,  
(10) 

 

where ߞ =  ℎ. In these expressions, ܸand Ω denote the externally applied electric voltage and/ߨ

magnetic potential, respectively. 

 

Based on the adopted displacement field, the nonzero strain components of the nanoplate can 

be written in compact form as: 

 

{௫௬ߝ௬௬ߝ௫௫ߝ} = ௫௫ߝ}
௫௬0ߝ௬௬0ߝ0 } + ݖ {

݇௫௫௕݇௬௬௕݇௫௬௕ } + (ݖ)݂ {
݇௫௫௦݇௬௬௦݇௫௬௦ } , {௬௭ߛ௫௭ߛ} = ௬௭0ߛ௫௭0ߛ} } ,  (11) 

 

where the mid-plane strains, bending curvatures, shear curvatures, and transverse shear strains 

are defined as: 

 

 

 

௫௬0ߝ௬௬0ߝ௫௫0ߝ} } = {   
ݕ∂0ݑ∂ݔ∂0ݒ∂ݔ∂0ݑ∂    + ݔ∂0ݒ∂ }   

   , {݇௫௫௕݇௬௬௕݇௫௬௕ } = {   
−2ݕ∂௕ݓ2∂−2ݔ∂௕ݓ2∂−    ݔ∂௕ݓ2∂    {ݕ∂

   , 
(12) 



{݇௫௫௦݇௬௬௦݇௫௬௦ } = {   
−2ݕ∂௦ݓ2∂−2ݔ∂௦ݓ2∂−    ݔ∂௦ݓ2∂    {ݕ∂

   , ௬௭0ߛ௫௭0ߛ} } = { 
ݕ∂௦ݓ∂ݔ∂௦ݓ∂  } 

 .  

 

The auxiliary shear function is introduced as: ݃(ݖ) = 1 − ݖ݀(ݖ)݂݀ .  (13) 

 

The electric field components are obtained from the electric potential as: ܧ௫ = −∂Φ∂ݔ = co s(ݖߞ) ݔ∂߶∂ ,  (14) 

௬ܧ = −∂Φ∂ݕ = co s(ݖߞ) ݕ∂߶∂ ,  
(15) 

௭ܧ = −∂Φ∂ݖ = siߞ− n(ݖߞ) ߶ − 2ℎܸ ,  
(16) 

 

Similarly, the magnetic field components follow from the magnetic potential as: ܪ௫ = ݔ∂ߛ∂− = co s(ݖߞ) ݔ∂ߛ∂ ,  (17) 

௬ܪ = ݕ∂ߛ∂− = co s(ݖߞ) ݕ∂ߛ∂ ,  
(18) 

௭ܪ = ݖ∂ߛ∂− = siߞ− n(ݖߞ) ߛ − 2Ωℎ  

 

(19) 

 

 

 

 

2.3. Size-Dependent Governing Equations 

According to the extended form of Hamilton’s principle, the governing equations of the FG-

MEE nanoplate are derived from the stationary condition of the total energy functional, 

comprising the strain energy, the work of external loads, and the kinetic energy: 



∫ ௧)ߜ
0 Πௌ − Π௄ + Πௐ) ݀ݐ = 0  (20) 

Here, Πௌ, Πௐ, and Π௄denote the strain energy, external work, and kinetic energy, respectively. 

 

The first variation of the strain energy is expressed in terms of the stress–strain components as: δΠௌ = ∫ (σ௜௝  δε௜௝)௏  ܸ݀ = ∫ (σ௫௫δε௫௫ + σ௬௬δε௬௬ + ߬௫௬δγ௫௬ + τ௬௭δγ௬௭ + τ௫௭δγ௫௭ −௏ܦ௫δܧ௫ − ௬ܧ௬δܦ − ௭ܧ௭δܦ − ௫ܪ௫δܤ ௬ܪ௬δܤ− −    ܸ݀(௭ܪ௭δܤ
(21) 

 

Substituting the previously derived strain–displacement relations into the above expression 

yields the variational form: 

Πௌߜ = ∫  ௅0 ( 
௫ܰ௫ ݔ0߲ݑߜ߲ ௫௫௕ܯ− 2ݔ௕߲ݓ2߲ ௫௫௦ܯ− 2ݔ௦߲ݓ2߲ + ௬ܰ௬ ݕ0߲ݑߜ߲ ௬௬௕ܯ− 2ݕ௕߲ݓ2߲ ௬௬௦ܯ− +2ݕ௦߲ݓ2߲ ௫ܰ௬ ݕ0߲ݑ߲) + ݔ0߲ݒ߲ ) − ௫௬௕ܯ2 ݕ߲ݔ௕߲ݓ2߲ − ௫௬௦ܯ2 ݕ߲ݔ௦߲ݓ2߲ + ܳ௫௭ ݔ௦߲ݓ߲ + ܳ௬௭ ݕ௦߲ݓ߲ ) dx

+∫  ௅0 ∫ ஺ ௫coܦ−) s(ݖߞ) ߜ (ݔ߲߶߲) − ௬coܦ s(ݖߞ) ߜ (ݕ߲߶߲) + ௭siܦ n(ݖߞ) ௫coܤ−߶ߜ s(ݖߞ) ߜ (ݔ߲ߛ߲) − ௬coܤ s(ݖߞ) ߜ (ݕ߲ߛ߲) + ௭siܤ n(ݖߞ) ߛߜ )dAdx
 (22) 

 

In the above formulation, the stress resultants are defined through thickness integration as: ( ௜ܰ , ௜௕ܯ , (௜௦ܯ = ∫(1, ,ݖ ௜஺ߪ((ݖ)݂ ,ܣ݀  ݅ = ,ݔݔ) ,ݕݕ   (ݕݔ

 

(23) 

 

and the transverse shear resultants are given by: 

 ܳ௝ = ௝஺ߪ(ݖ)݃∫ ,ܣ݀  ݆ = ,ݖݔ)  (24) (ݖݕ

 

The virtual work corresponding to externally applied in-plane loads takes the form: ߜΠௐ= ∫  ௅0 ∫ ஺ ( ௫ܰ0 ௕ݓ)߲ + ݔ߲(௦ݓ ௕ݓ)ߜ߲ + ݔ߲(௦ݓ + ௬ܰ0 ௕ݓ)߲ + ݕ߲(௦ݓ ௕ݓ)ߜ߲ + 2+ݕ߲(௦ݓ ௫ܰ௬0 ௕ݓ)߲ + ݔ߲(௦ݓ ௕ݓ)߲ + ݕ߲(௦ݓ  ݔ݀ܣ݀(
(25) 

 

The variation of the kinetic energy is written as: 

 



Π௄ߜ = ∫  ௏ ܷ̇ߜܷ̇) + ܸ̇ߜܸ̇ + ܸ݀(ݖ)ߩ(ܹ̇ߜܹ̇

= ∫  ௅0
( 
   
   
   

0ܫ ݐ0߲ݑ߲) ݐ0߲ݑߜ߲ + ݐ0߲ݒ߲ ݐ0߲ݒߜ߲ + ௕ݓ)߲ ݐ߲(௦ݓ+ ௕ݓ)ߜ߲ ݐ߲(௦ݓ+ )
1ܫ− ݐ0߲ݑ߲) ݐ߲ݔ௕߲ݓߜ2߲ + ݐ߲ݔ௕߲ݓ2߲ ݐ0߲ݑߜ߲ + ݐ0߲ݒ߲ ݐ߲ݕ௕߲ݓߜ2߲ + ݐ߲ݕ௕߲ݓ2߲ ݐ0߲ݒߜ߲ 1ܬ−( ݐ0߲ݑ߲) ݐ߲ݔ௦߲ݓߜ2߲ + ݐ߲ݔ௦߲ݓ2߲ ݐ0߲ݑߜ߲ + ݐ0߲ݒ߲ ݐ߲ݕ௦߲ݓߜ2߲ + ݐ߲ݕ௦߲ݓ2߲ ݐ0߲ݒߜ߲ 2ܫ+( ݐ߲ݔ௕߲ݓ2߲) ݐ߲ݔ௕߲ݓߜ2߲ + ݐ߲ݕ௕߲ݓ2߲ ݐ߲ݕ௕߲ݓߜ2߲ ) + 2ܭ ݐ߲ݔ௦߲ݓ2߲) ݐ߲ݔ௦߲ݓߜ2߲ + ݐ߲ݕ௦߲ݓ2߲ ݐ߲ݕ௦߲ݓߜ2߲ 2ܬ+( ݐ߲ݔ௕߲ݓ2߲) ݐ߲ݔ௦߲ݓߜ2߲ + ݐ߲ݔ௦߲ݓ2߲ ݐ߲ݔ௕߲ݓߜ2߲ + ݐ߲ݕ௕߲ݓ2߲ ݐ߲ݕ௦߲ݓߜ2߲ + ݐ߲ݕ௦߲ݓ2߲ ݐ߲ݕ௕߲ݓߜ2߲ ) ) 

   
   
   dx (26) 

 

where the superposed dot denotes differentiation with respect to time. The associated inertia 

coefficients are defined by: (0ܫ, ,1ܫ ,1ܬ ,2ܫ ,2ܬ (2ܭ = ∫(1, ,ݖ ,(ݖ)݂ ,2ݖ ,(ݖ)݂ݖ ஺(ݖ)ߩ((ݖ)2݂  (27) ܣ݀ 

 

By substituting the above expressions into the stationary condition of the total potential and 

collecting the coefficients of independent virtual displacements, the Euler–Lagrange equations 

governing the motion of the MEE–FG nanoplate are obtained as: 

 ߲ ௫ܰ௫߲ݔ + ߲ ௫ܰ௬߲ݕ = 0ܫ 2ݐ0߲ݑ2߲ − 1ܫ 2ݐ߲ ݔ௕߲ݓ3߲ − 1ܬ  (28) 2ݐ߲ ݔ௦߲ݓ3߲

 ∂ ௫ܰ௬∂ݔ + ∂ ௬ܰ௬∂ݕ = 0ܫ 2ݐ∂0ݒ2∂ − 1ܫ  ݕ∂௕ݓ3∂ 2ݐ∂ − 1ܬ  ݕ∂௦ݓ3∂  (29) 2ݐ∂

2ݔ௫௫௕߲ܯ2߲  + ݕ߲ݔ௫௬௕߲ܯ2߲2 + 2ݕ௬௬௕߲ܯ2߲ − (ܰா + ܰு)∇2(ݓ௕ + =(௦ݓ 0ܫ ௕ݓ)2߲ + 2ݐ߲(௦ݓ + 1ܫ ( 2ݐ߲ݔ0߲ݑ3߲ + (2ݐ߲ݕ0߲ݒ3߲ − 2∇2ܫ 2ݐ௕߲ݓ2߲ − 2∇2ܬ 2ݐ௦߲ݓ2߲  

(30) 

2ݔ௫௫௦߲ܯ2߲  + ݕ߲ݔ௫௬௦߲ܯ2߲2 + 2ݕ௬௬௦߲ܯ2߲ + ߲ܳ௫௭߲ݔ + ߲ܳ௬௭߲ݕ − (ܰா +ܰு)∇2(ݓ௕ + =(௦ݓ 0ܫ ௕ݓ)2߲ + 2ݐ߲(௦ݓ + 1ܬ ( 2ݐ߲ݔ0߲ݑ3߲ + (2ݐ߲ݕ0߲ݒ3߲ − 2∇2ܬ 2ݐ௕߲ݓ2߲ − 2∇2ܭ 2ݐ௦߲ݓ2߲  

(31) 

 



∫ (cos(ݖߞ) ݔ௫߲ܦ߲ + cos(ݖߞ) ݕ௬߲ܦ߲ + ߞ sin(ݖߞ)ܦ௭)݀ܣ஺ = 0 (32) 

∫ (cos(ݖߞ) ݔ௫߲ܤ߲ + cos(ݖߞ) ݕ௬߲ܤ߲ + ߞ sin(ݖߞ) ஺ܣ݀(௭ܤ = 0 (33) 

 

2.4. Nonlocal Strain–Gradient Constitutive Modeling 

In the context of the mechanical properties of MEE materials at nanoscale dimensions, it is 

noted that the classical local theory of elasticity is not sufficient to characterize the mechanical 

properties of the material, as the stress state not only depends upon the strain at the particular 

point but also upon the interatomic interaction, as well as the strain variations. In the context of 

the nonlocal strain gradient theory, the material constitutive relation takes into account the 

material properties, including the effects of the strain gradient, as well as the effects of the 

nonlocal interaction. In the context of the mechanical properties of the MEE material, it is noted 

that the size-dependent theory of the material properties should be considered simultaneously 

with the effects of the electric field and the magnetic field. In the context of the size-dependent 

theory of the material properties, the constitutive relation of the material is derived using the 

differential operator, where the operator is applied to the stress state of the material, as well as 

the other material properties, so that the material properties can be accurately represented [58]. 

 (1 − (݁1ܽ)2∇2)(1 − (݁0ܽ)2∇2)σ௜௝= (1 − ௜௝௞௟ε௞௟ܥ)(2∇2(1ܽ݁) − ݁௠௜௝ܧ௠ − −(௡ܪ௡௜௝ݍ ݈2(1 − ௜௝௞௟ε௞௟ܥ)(2∇2(0ܽ݁) − ݁௠௜௝ܧ௠ −  (௡ܪ௡௜௝ݍ

(34) 

 (1 − (݁1ܽ)2∇2)(1 − =௜ܦ(2∇2(0ܽ݁) (1 − (݁1ܽ)2∇2)(݁௜௞௟ε௞௟ − ௠ܧ௜௠ݏ − ݀௜௡ܪ௡)− ݈2(1 − (݁0ܽ)2∇2)(݁௜௞௟ε௞௟ − ௠ܧ௜௠ݏ − ݀௜௡ܪ௡) (35) 

 (1 − (݁1ܽ)2∇2)(1 − =௜ܤ(2∇2(0ܽ݁) (1 − ௜௝௞ε௞௟ݍ)(2∇2(1ܽ݁) − ݀௜௠ܧ௠ − χ௜௡ܪ௡)− ݈2(1 − ௜௝௞ε௞௟ݍ)(2∇2(0ܽ݁) − ݀௜௠ܧ௠ − χ௜௡ܪ௡) 

(36) 

 

 

Neglecting the higher-order spatial derivatives of order ܱ(∇4)and adopting the commonly 

employed assumption ݁0 = ݁1, together with the Laplacian definition ∇2= ∂2/ 2ݔ∂ + ∂2/  ,2ݕ∂

the coupled operator expressions can be recast into a reduced and more tractable form as: 

 



(1 − μ∇2)σ௜௝ = (1 − η∇2)(ܥ௜௝௞௟ε௞௟ − ݁௠௜௝ܧ௠ −  ௡) (37)ܪ௡௜௝ݍ

 (1 − μ∇2)ܦ௜ = (1 − η∇2)(݁௜௞௟ε௞௟ − ௠ܧ௜௠ݏ − ݀௜௡ܪ௡) (38) 

 (1 − μ∇2)ܤ௜ = (1 − η∇2)(ݍ௜௝௞ε௞௟ − ݀௜௠ܧ௠ − χ௜௡ܪ௡) (39) 

 

In this formulation, the parameters ߤ = (݁0ܽ)2and ߟ = ݈2correspond to the nonlocal interaction 

coefficient and the intrinsic strain-gradient length-scale parameter, respectively. The former 

governs the intensity of long-range interatomic effects, whereas the latter characterizes the 

material’s internal resistance associated with higher-order deformation gradients. 

 

Based on these definitions, the constitutive relations of the functionally graded MEE nanoplate 

can be expressed explicitly in operator form as: 

 (1 − μ∇2)σ௫௫ = (1 − η∇2)(̃ߝ11ܥ௫௫ + ௬௬ߝ12ܥ̃ − ௭ܧ31̃݁ −  ௭) (40)ܪ31ݍ̃

 (1 − μ∇2)σ௬௬ = (1 − η∇2)(̃ߝ12ܥ௫௫ + ௬௬ߝ11ܥ̃ − ௭ܧ31̃݁ −  ௭) (41)ܪ31ݍ̃

 (1 − μ∇2)σ௫௬ = (1 − η∇2)̃ߛ66ܥ௫௬ (42) 

 (1 − μ∇2)σ௫௭ = (1 − η∇2)(̃ߛ55ܥ௫௭ − ௫ܧ15̃݁ −  ௫) (43)ܪ15ݍ̃

 (1 − μ∇2)σ௬௭ = (1 − η∇2)(̃ߛ55ܥ௬௭ − ௬ܧ15̃݁ −  ௬) (44)ܪ15ݍ̃

 (1 − μ∇2)ܦ௫ = (1 − η∇2)(݁̃15ߛ௫௭ + ௫ܧ11ݏ̃ −  ௫) (45)ܪ11̃݀

 (1 − μ∇2)ܦ௬ = (1 − η∇2)(݁̃15ߛ௬௭ + ௬ܧ11ݏ̃ −  ௬) (46)ܪ11̃݀

 (1 − μ∇2)ܦ௭ = (1 − η∇2)(݁̃31ߝ௫௫ + ௬௬ߝ31̃݁ + ௭ܧ33ݏ̃ −  ௭) (47)ܪ33̃݀

 (1 − μ∇2)ܤ௫ = (1 − η∇2)(̃ߛ15ݍ௫௭ + ௫ܧ11̃݀ −  ௫) (48)ܪ11̃߯

 



(1 − μ∇2)ܤ௬ = (1 − η∇2)(̃ߛ15ݍ௬௭ + ௬ܧ11̃݀ −  ௬) (49)ܪ11̃߯

 (1 − μ∇2)ܤ௭ = (1 − η∇2)(̃ߝ31ݍ௫௫ + ௬௬ߝ31ݍ̃ + ௭ܧ33̃݀ −  ௭) (50)ܪ33̃߯

 

Under the plane-stress assumption, the effective reduced material coefficients of the FG–MEE 

nanoplate can be obtained by eliminating the out-of-plane stress components and rewriting the 

coupled constitutive tensors in terms of in-plane quantities. Accordingly, the modified elastic, 

piezoelectric, and piezomagnetic parameters are expressed as: 

11ܥ̃  = 11ܥ − 33ܥ132ܥ , 11ݏ̃  = ,11ݏ  ݁̃31 = ݁31 − 33ܥ13݁33ܥ , 31ݍ̃  = 31ݍ − 33ܥ33ݍ13ܥ  

(51) ݀̃11 = ݀11,  ߯̃11 = χ11,  ݀̃33 = ݀33 − 33ܥ33ݍ33݁ , 33ݏ̃  = 33ݏ − 33ݏ̃ 33ܥ332݁ = 33ݏ −  33ܥ332݁

 

Subsequently, by integrating the size-dependent constitutive relations through the plate 

thickness, the membrane force–strain and bending moment–curvature relations of the nonlocal 

refined FG–MEE nanoplate are derived in operator form as: 

 

(1 − (2∇ߤ { ௫ܰ௫௬ܰ௬௫ܰ௬} = (1 −  (2∇ߟ
11ܣ) 12ܣ 21ܣ0 22ܣ 00 0    }(66ܣ

ݕ0߲ݑ߲ݕ0߲ݒ߲ݔ0߲ݑ߲    + ݔ0߲ݒ߲ }   
   + 11ܤ) 12ܤ 21ܤ0 22ܤ 00 0    }(66ܤ

   {ݕ߲ݔ௕߲ݓ2߲2−2ݕ௕߲ݓ2߲−2ݔ௕߲ݓ2߲−   
   + 

11௦ܤ) 12௦ܤ 21௦ܤ0 22௦ܤ 00 0 66௦ܤ ){   
2−2ݕ௦߲ݓ2߲−2ݔ௦߲ݓ2߲−       {ݕ߲ݔ௦߲ݓ2߲

   + 31௘0ܣ31௘ܣ) )߶ + 31ܣ)
௠31ܣ௠0 ߛ( − ( ௫ܰா + ௫ܰு௬ܰா + ௬ܰு0 )

) 
   
 

 

 

(52) 

 



(1 − (2∇ߤ ௫௬௕ܯ௬௬௕ܯ௫௫௕ܯ} } = (1 −  (2∇ߟ
11ܤ) 12ܤ 21ܤ0 22ܤ 00 0    }(66ܤ

ݕ0߲ݑ߲ݕ0߲ݒ߲ݔ0߲ݑ߲    + ݔ0߲ݒ߲ }   
   + 11ܦ) 12ܦ 21ܦ0 22ܦ 00 0    }(66ܦ

   {ݕ߲ݔ௕߲ݓ2߲2−2ݕ௕߲ݓ2߲−2ݔ௕߲ݓ2߲−   
   + 

11௦ܦ) 12௦ܦ 21௦ܦ0 22௦ܦ 00 0 66௦ܦ ){   
2−2ݕ௦߲ݓ2߲−2ݔ௦߲ݓ2߲−       {ݕ߲ݔ௦߲ݓ2߲

   + 31௘0ܧ31௘ܧ) )߶ + 31ܧ)
௠31ܧ௠0 ߛ( − ௕௫ாܯ) ௕௬ாܯ௕௫ுܯ+ ௕௬ு0ܯ+ ) 

 

(53) 

 

 

(1 − (2∇ߤ {ܳ௫௭ܳ௬௭} = (1 −  )(2∇ߟ
44௦ܣ)  00 55௦ܣ ){ 

ݕ௦߲ݓ߲ݔ௦߲ݓ߲  } 
 

 

15௘ܣ− { 
 {ݕ߲߶߲ݔ߲߶߲ 

 − 15௠ܣ { 
 {ݕ߲ߛ߲ݔ߲ߛ߲ 

 
)  

(55) 

 

(1 − (2∇ߤ ௫௬௦ܯ௬௬௦ܯ௫௫௦ܯ} } = (1 − (2∇ߟ

( 
   
11௦ܤ)  12௦ܤ 21௦ܤ0 22௦ܤ 00 0 66௦ܤ ){   

ݕ0߲ݑ߲ݕ0߲ݒ߲ݔ0߲ݑ߲    + ݔ0߲ݒ߲ }   
   + 11௦ܦ) 12௦ܦ 21௦ܦ0 22௦ܦ 00 0 66௦ܦ ){   

   {ݕ߲ݔ௕߲ݓ2߲2−2ݕ௕߲ݓ2߲−2ݔ௕߲ݓ2߲−   
   +

11௦ܪ) 12௦ܪ 21௦ܪ0 22௦ܪ 00 0 66௦ܪ ){   
2−2ݕ௦߲ݓ2߲−2ݔ௦߲ݓ2߲−       {ݕ߲ݔ௦߲ݓ2߲

   + 31௘0ܨ31௘ܨ) )߶ + 31ܨ)
௠31ܨ௠0 ) ߛ − ௦௫ாܯ) ௦௬ாܯ௦௫ுܯ+ ௦௬ு0ܯ+ )

) 
   
 

 (54) 



∫ ஺ ((1 − (2∇ߤ {௬ܦ௫ܦ} co s(ݖߞ))dA = (1 −  (2∇ߟ
15௘ܧ ) { 

ݕ௦߲ݓ߲ݔ௦߲ݓ߲  } 
 − 11௘ܨ { 

 {ݕ߲߶߲ݔ߲߶߲ 
 − 11௠ܨ { 

 {ݕ߲ߛ߲ݔ߲ߛ߲ 
 
)  

(56) 

 ∫ ஺ ((1 − siߞ௭ܦ(2∇ߤ n(ݖߞ))dA = (1 − (2∇ߟ 31௘ܣ) ݔ0߲ݑ߲) + ݕ0߲ݒ߲ ) − 31௘ܧ ௕ݓ2∇ − 31௘ܨ ௦ݓ2∇ − 33௘ܨ ߶ −  (ߛ33௠ܨ

(57) 

 ∫ ஺ ((1 − (2∇ߤ {௬ܤ௫ܤ} co s(ݖߞ)) dA = 

(1 − 15௠ܧ )(2∇ߟ { 
ݕ௦߲ݓ߲ݔ௦߲ݓ߲  } 

 − 11௠ܨ { 
 {ݕ߲߶߲ݔ߲߶߲ 

 − ܺ11௠ { 
 {ݕ߲ߛ߲ݔ߲ߛ߲ 

 
)  

(58) 

 ∫ ஺ ((1 − siߞ௭ܤ(2∇ߤ n(ݖߞ))dA = (1 − 31௠ܣ) (2∇ߟ ݔ0߲ݑ߲) + ݕ0߲ݒ߲ ) − ௕ݓ31௠∇2ܧ − ௦ݓ31௠∇2ܨ − ߶33௠ܨ − ܺ33௠ߛ) 

(59) 

 

The sectional stiffness coefficients appearing in the above operator equations are introduced 

below in explicit integral form: 
 

11ܣ) 11ܤ 11ܦ 11௦ܤ 11⁡⁡௦ܦ 12ܣ11௦ܪ⁡⁡ 12ܤ 12ܦ 12௦ܤ 12௦ܦ 66ܣ12௦ܪ⁡⁡⁡ 66ܤ ⁡66ܦ 66௦ܤ 66⁡௦ܦ 66௦ܪ⁡⁡ ) 

= ∫ ஺ ((1, ,ݖ ,2ݖ ,(ݖ)݂ ,(ݖ)݂ݖ ((ݖ)2݂ {ܿ̃11ܿ̃12ܿ̃66})dA 

(60) 

31௘ܣ)  , 31௘ܧ , 31௘ܨ ) = ∫  ⁡஺ (1, ,ݖ siߞ31̃݁((ݖ)݂ n(ݖߞ) dA (61) 

31௠ܣ)  , 31௠ܧ , (31௠ܨ = ∫  ⁡஺ (1, ,ݖ siߞ31ݍ̃((ݖ)݂ n(ݖߞ) dA (62) 

 



15௘ܣ) , 15௘ܧ ) = ∫ ஺ (1, 31cõ݁((ݖ)݃ s(ݖߞ) dA (63) 

15௠ܣ)  , (15௠ܧ = ∫ ஺ (1, 31coݍ̃((ݖ)݃ s(ݖߞ) dA (64) 

11௘ܨ)  , 33௘ܨ ) = ∫ ஺ 11ݏ̃) cos2(ݖߞ) , 2ߞ33ݏ̃ sin2(ݖߞ))dA (65) 

,11௠ܨ)  (33௠ܨ = ∫  ஺ (݀̃11 cos2(ݖߞ) , 2ߞ33̃݀ sin2(ݖߞ))dA (66) 

 ( 1ܺ1௠ , ܺ33௠) = ∫  ஺ (߯̃11 cos2(ݖߞ) , 2ߞ33̃߯ sin2(ݖߞ))dA (67) 

44௦ܣ)  , 55௦ܣ ) = ∫  ஺  dA (68)((ݖ)44݃2ݍ̃)

 

Applied electro-magnetic actuation generates additional in-plane force resultants and bending 

moments in the FG–MEE nanoplate, which are incorporated into the membrane–bending 

relations given in Eqs. (51)–(53). The electrically and magnetically induced in-plane forces can 

therefore be expressed as: 

 

௫ܰா = ௬ܰா = −∫ (݁̃31 2ℎܸ ) ஺,ܣ݀ ⁡⁡⁡⁡⁡⁡⁡⁡ ௫ܰு = ௬ܰு = −∫ 31ݍ̃) 2Ωℎ ஺ܣ݀(  (69) 

 

Similarly, the bending moments associated with the electric and magnetic potentials take the 
form: ܯ௕௫ா = ௕௬ாܯ = −∫ (݁̃31 2ℎܸ (ݖ ௕௫ுܯ⁡⁡⁡⁡⁡⁡⁡,ܣ݀ = ௕௬ுܯ = −∫ 31ݍ̃) ℎߗ2 (ݖ ஺஺ܣ݀  (70) 

 

and the corresponding shear-related moment components are given by: ܯ௦௫ா = ௦௬ாܯ = −∫ (݁̃31 2ℎܸ ஺ܣ݀((ݖ)݂ ௦௫ுܯ⁡⁡⁡⁡⁡, = ௦௬ுܯ = −∫ 31ݍ̃) 2ℎܸ ஺ܣ݀((ݖ)݂ ⁡ (71) 

 

The thermal force resultants associated with each layer are evaluated through the following integral 

expressions [59]: 



௫்ܰ = ܾ∫ ௙ܿ௔௖௘11ߙ௙௔௖௘∆ܶ +∫ ܿ௖௢௥௘11ߙ௖௢௥௘∆ܶ⁡ℎ2−ℎ2 ∫ ௙ܿ௔௖௘11ߙ௙௔௖௘∆ܶ⁡ℎ2+ℎ೛ℎ2
−ℎ2−ℎ2−ℎ೛  

 

(72a) 

  

௬்ܰ = ܽ∫ ௙ܿ௔௖௘11ߙ௙௔௖௘∆ܶ +∫ ܿ௖௢௥௘11ߙ௖௢௥௘∆ܶ⁡ℎ2−ℎ2 ∫ ௙ܿ௔௖௘11ߙ௙௔௖௘∆ܶ⁡ℎ2+ℎ೛ℎ2
−ℎ2−ℎ2−ℎ೛  

 

(72b) 

 

In this expressions, ௙ܿ௔௖௘11, and ܿ௖௢௥௘11 denote the effective elastic coefficients of the face and 

core layers, respectively. The parameters, ߙ௙௔௖௘, and ߙ௖௢௥௘  correspond to the thermal expansion 

coefficients of the face and core regions, as reported in [10,33].  Considering the square 

geometry of the nanoplate, the thermal force resultants reduce to ௫்ܰ =⁡ ௬்ܰ =⁡்ܰ. 

Finally, by substituting Eqs. (51)–(58) together with Eqs. (69)–(71) into the governing relations 

provided in Eqs. (28)–(33), the resulting nonlocal equations of motion of the FG–MEE 

nanoplate can be formulated directly in terms of the displacement variables. 

 

(1 − 11ܣ)(2∇ߟ⁡ 2ݔ0߲ݑ2߲ + 12ܣ) + (66ܣ ݕ߲ݔ0߲ݒ2߲ + 66ܣ 2ݕ0߲ݑ2߲ − 11ܤ 3ݔ௕߲ݓ3߲ − 12ܤ) + (66ܤ2 11௦ܤ−2ݕ߲ݔ௕߲ݓ3߲ 3ݔ௦߲ݓ3߲ − 12௦ܤ) + 66௦ܤ2 ) 2ݕ߲ݔ௦߲ݓ3߲ + 31௘ܣ ݔ߲߶߲ + 31௠ܣ ݔ߲ߛ߲ )
+ (1 − (2∇ߤ 0ܫ−) 2ݐ0߲ݑ2߲ + 1ܫ 2ݐ߲ݔ௕߲ݓ3߲ + 1ܬ (2ݐ߲ݔ௦߲ݓ3߲ = 0 

(73) 

 

(1 − (2∇ߟ 22ܣ) 2ݕ0߲ݒ2߲ + 12ܣ) + (66ܣ ݕ߲ݔ0߲ݑ2߲ + 66ܣ 2ݔ0߲ݒ2߲ − 22ܤ 3ݕ௕߲ݓ3߲ − 12ܤ) + (66ܤ2 22௦ܤ−ݕ2߲ݔ௕߲ݓ3߲ 3ݕ௦߲ݓ3߲ − 12௦ܤ) + 66௦ܤ2 ) ݕ2߲ݔ௦߲ݓ3߲ + 31௘ܣ ݕ߲߶߲ + 31௠ܣ ݕ߲ߛ߲ ) 

+(1 − (2∇ߤ 0ܫ−) 2ݐ0߲ݒ2߲ + 1ܫ 2ݐ߲ݕ௕߲ݓ3߲ + 1ܬ (2ݐ߲ݕ௦߲ݓ3߲ = 0 

(74) 

 

(1 − (2∇ߟ
( 
   
11ܤ 3ݔ0߲ݑ3߲ + 12ܤ) + (66ܤ2 2ݕ߲ݔ0߲ݑ3߲ + 22ܤ 3ݕ0߲ݒ3߲ + 12ܤ) + (66ܤ2 11ܦ−ݕ2߲ݔ0߲ݒ3߲ 4ݔ௕߲ݓ4߲ − 12ܦ)2 + (66ܦ2 2ݕ2߲ݔ௕߲ݓ4߲ − 22ܦ 4ݕ௕߲ݓ4߲ + 31௘ܧ 11ௌܦ−߶2∇ 4ݔ௦߲ݓ4߲ − 12ௌܦ)2 + 66ௌܦ2 ) 2ݕ2߲ݔ௦߲ݓ4߲ − 22ௌܦ 4ݕ௦߲ݓ4߲ + ߛ31௠∇2ܧ ) 

   

+(1 −  )(2∇ߤ
0ܫ− ௕ݓ)2߲ 2ݐ߲(௦ݓ+ − 1ܫ ( 2ݐ߲ݔ0߲ݑ3߲ + (2ݐ߲ݕ0߲ݒ3߲ + 2∇2ܫ 2∇2ܬ+2ݐ௕߲ݓ2߲ 2ݐ௦߲ݓ2߲ − (ܰா ௕ݓ)2∇(்ܰ+ (௦ݓ+ ) = 0

 (75) 

 



(1 − (2∇ߟ
( 
   

11௦ܤ 3ݔ0߲ݑ3߲ + 12௦ܤ) + 66௦ܤ2 ) 2ݕ߲ݔ0߲ݑ3߲ + 22௦ܤ 3ݕ0߲ݒ3߲ + 12௦ܤ) + 66௦ܤ2 ) 11௦ܦ−ݕ2߲ݔ0߲ݒ3߲ 4ݔ௕߲ݓ4߲ − 12௦ܦ)2 + 66௦ܦ2 ) 2ݕ2߲ݔ௕߲ݓ4߲ − 22௦ܦ 4ݕ௕߲ݓ4߲ + 31௘ܨ) − 15௘ܧ )∇2߶ 11௦ܪ− 4ݔ௦߲ݓ4߲ − 12௦ܪ)2 + 66௦ܪ2 ) 2ݕ2߲ݔ௦߲ݓ4߲ 22௦ܪ− 4ݕ௦߲ݓ4߲ + 31௠ܨ) − ߛ15௠)∇2ܧ + 44௦ܣ  (௦ݓ2∇
   

+(1 −  )(2∇ߤ
0ܫ− ௕ݓ)2߲ 2ݐ߲(௦ݓ+ − 1ܬ ( 2ݐ߲ݔ0߲ݑ3߲ + (2ݐ߲ݕ0߲ݒ3߲ + 2∇2ܬ 2∇2ܭ+2ݐ௕߲ݓ2߲ 2ݐ௦߲ݓ2߲ − (ܰா ௕ݓ)2∇(்ܰ+ (௦ݓ+ ) = 0

 (76) 

 

(1 − (2∇ߟ 31௘ܣ) ݔ0߲ݑ߲) + ݕ0߲ݒ߲ ) − 31௘ܧ ௕ݓ2∇ − 31௘ܨ) − 15௘ܧ 11௘ܨ+௦ݓ2∇( ∇2߶ + ߛ11௠∇2ܨ − 33௘ܨ ߶ − ߛ33௠ܨ ) = 0 (77) 

 

(1 − (2∇ߟ 31௠ܣ) ݔ0߲ݑ߲) + ݕ0߲ݒ߲ ) − ௕ݓ31௠∇2ܧ − 31௠ܨ) − ߶11௠∇2ܨ+௦ݓ15௠)∇2ܧ + ܺ11௠∇2ߛ − ߶33௠ܨ − ܺ33௠ߛ ) = 0 (78) 

 

The FG–MEE nanoplate is assumed to be subjected to externally applied electric voltage and 

magnetic potential, while transverse shear loading is neglected in the present formulation. 

Under these conditions, the in-plane shear force resultant satisfies ௫ܰ௬ = 0. Accordingly, the 

normal in-plane force components induced by the applied electro–magnetic fields can be 

written as: 

 ௫ܰ0 = ௬ܰ0 = ܰா +்ܰ  ܰா = −∫ (݁̃31 2ℎܸ ) ஺ܣ݀ ,⁡⁡⁡⁡்ܰ = −∫ 31ݍ̃) 2Ωℎ ஺ܣ݀(  
(79) 

 

 

3. Analytical Solution 

In this section, the previously established nonlocal governing equations are solved analytically. 

To investigate the wave propagation characteristics of the FG–MEE nanoplate, the mechanical 

displacements and electric–magnetic potentials are assumed to follow harmonic exponential 

distributions of the form: 

 



{  
,ݔ)0ݑ   ,ݕ ,ݔ)0ݒ(ݐ ,ݕ ,ݔ)௕ݓ(ݐ ,ݕ ,ݔ)௦ݓ(ݐ ,ݕ ,ݔ)߶(ݐ ,ݕ ,ݔ)ߛ(ݐ ,ݕ (ݐ }  

  =
{   
   ܷexp⁡[݅(݇1ݔ + ݕ2݇ − ݔexp⁡[݅(݇1ܸ[(ݐ߱ + ݕ2݇ − ݔ௕ܹexp⁡[݅(݇1[(ݐ߱ + ݕ2݇ − ݔ௦ܹexp⁡[݅(݇1[(ݐ߱ + ݕ2݇ − ݔexp⁡[݅(݇1߶[(ݐ߱ + ݕ2݇ − ݔexp⁡[݅(݇1ߓ[(ݐ߱ + ݕ2݇ − [(ݐ߱ }   

   
 (80) 

 

where ܷ, ܸ, ௕ܹ , ௦ܹ, Φ, and ߓ denote the unknown amplitude parameters. The quantities ݇1and ݇2represent the wave numbers associated with the propagation directions along the ݔ- and ݕ-

axes, respectively, and ߱ is the circular frequency of the propagating wave. 

 

Substituting Eq. (80) into Eqs. (73)–(78) yields the following eigenvalue problem: ([ܭ]6×6 −ω2[ܯ]6×6){Δ} = {0} (81) 
 

The vector of unknown generalized amplitudes appearing in Eq. (81) is defined as: {Δ} = {ܷ, ܸ, ௕ܹ , ௦ܹ, ߶, ்{ߓ  (82) 
 

The explicit forms of the stiffness and mass matrices, whose elements are functions of the 

sectional rigidity coefficients and inertia terms, are provided in Appendix. The dispersion 

relation governing the wave propagation characteristics of the system is obtained by enforcing 

the vanishing determinant condition: |[ܭ]6×6 −ω2[ܯ]6×6| = 0 (83) 
 

The detailed matrix components of [ܭ]and [ܯ] are presented in Appendix. 

 

4. Results and Discussion 

4.1 Effect of Porosity Distribution and Material Gradation 

Figures 3 and 4 illustrate the impact of the porosity index and the distribution pattern on the 

dimensionless fundamental frequency parameter 11ߣ for varying temperature rises and distinct 

configurations of the porous functionally graded medium. As the porosity index increases, the 

dimensionless fundamental frequency parameter 11ߣ decreases, regardless of the model of the 

porous functionally graded medium used in the analysis. This phenomenon is attributed to the 

degradation in the effective stiffness, resulting in the degradation of the load-bearing capacity 

of the functionally graded medium due to the increasing volume fraction of the voids. However, 

the rate at which the dimensionless fundamental frequency parameter 11ߣ is affected by the 



porosity index is highly dependent on the distribution pattern used in the analysis. Of the 

configurations used in the analysis, FOAM I is found to have the maximum degradation in the 

effective stiffness, resulting in the early tendency towards zero frequency at higher porosity 

levels, even at lower temperature rises. On the contrary, FOAM II and FOAM III have relatively 

smoother degradation in the dimensionless fundamental frequency parameter 11ߣ, signifying 

the balanced degradation in the effective stiffness in the direction of the thickness. 

Moreover, the impact of the material gradation index p is found to modulate the response of the 

dimensionless fundamental frequency parameter 11ߣ, where the material gradation index is 

found to result in the degradation in the effective stiffness due to the degradation in the material 

properties, where the material properties tend towards the properties of the compliant material 

over the entire range of the thickness due to the increased value of the gradation index ݌. This 

phenomenon is found to have been highlighted in Figure 4, where the impact of the porosity 

index is found to have been amplified at higher temperature rises, resulting in the degradation 

in the dimensionless fundamental frequency parameter 11ߣ. The degradation in the 

dimensionless fundamental frequency parameter 11ߣ is found to result in the degradation in the 

effective stiffness, leading the structure towards instability due to the in-plane compressive 

stresses, resulting in the decrease in the dimensionless fundamental frequency parameter 11ߣ 

with the increase in the temperature rise Δܶ. Moreover, the impact of the porosity index is found 

to have been more significant at higher temperature rises, signifying the role of the porosity 

distribution in the determination of the thermo-vibrational stability of the porous functionally 

graded medium. 

The overall findings suggest that the dynamic response of porous functionally graded MEE 

nanoplates depends on the combined influence of porosity level, its distribution pattern, and the 

gradation profile of the materials used. Therefore, an optimal design of the porosity distribution 

pattern can effectively alleviate the extent of stiffness degradation and the onset of thermal-

induced frequency collapse. 



 
Figure 3. Comparison of the variation of the dimensionless fundamental frequency parameter 11ߣ with 
porosity index ߙ = 0,0.25,0.5,0.75for material gradation index ݌ = 1; aspect ratio ℎ = ܽ/10; electric 
potential parameter ௠ܸ = 0; magnetic potential parameter ܪ௠ = 0; nonlocal parameter ݁0ܽ = 0; 
material length scale parameter ݈௠ = 0. (a) FOAM I; (b) FOAM II; (c) FOAM III. 

 

Figure 4. Variation of the dimensionless fundamental frequency parameter 11ߣwith porosity index ߙfor 
different temperature rises Δܶ = 0,400,800,1200; aspect ratio ℎ = ܽ/10; material gradation index ݌ =1; electric potential parameter ௠ܸ = 0; magnetic potential parameter ܪ௠ = 0. 



4.2 Effect of Temperature Rise 

Figures 5 and 6 show the variation of the dimensionless fundamental natural frequency 

parameter 11ߣ with an increase in temperature rise Δܶ for different gradation indices and 

porosity patterns. The dimensionless fundamental natural frequency parameter 11ߣ shows a 

monotonic decrease with an increase in Δܶ for different gradation indices and porosity patterns. 

This indicates that the nanoplates are more prone to thermal-induced stiffness degradation with 

an increase in Δܶ. 

The variation of the dimensionless fundamental natural frequency parameter 11ߣ with an 

increase in Δܶ for the porous nanoplates (ߙ = 0.7) shows that the sensitivity of the fundamental 

natural frequency parameter to an increase in Δܶ depends on the gradation index of the materials 

used in the nanoplates. Lower values of the gradation index ݌ show higher values of 11ߣ 

compared to higher values of the gradation index used in the nanoplates. This indicates that 

nanoplates with a higher volume fraction of the stiffer materials used in the nanoplates are more 

resistant to thermal-induced stiffness degradation compared to nanoplates with higher values of 

the gradation index used in the nanoplates. FOAM I shows a higher rate of decrease in the 

dimensionless fundamental natural frequency parameter 11ߣ compared to FOAM II and FOAM 

III nanoplates. This indicates that the distribution pattern used in FOAM I nanoplates 

accelerates the extent of stiffness degradation under thermal loading compared to FOAM II and 

FOAM III nanoplates. 

A comparative evaluation in terms of the solid configuration, i.e., ߙ = 0, reveals the overall 

impact of porosity and temperature. It is observed that, although there is a reduction in 

frequency in the case of the nanoplate in the solid configuration, there is a rapid reduction in 

frequency at a higher temperature level in comparison to other porous configurations. It can 

therefore be concluded that porosity not only reduces the baseline stiffness of the nanoplate, but 

there is also an overall increase in thermally induced softening effects. Hence, porous FG-MEE 

nanoplates are found to attain thermally induced instability at a faster rate in comparison to 

nanoplates in the solid configuration. 

In summary, it can be stated that there is a significant impact of temperature rise as a 

destabilizing factor in the dynamic response of FG-MEE nanoplates. The impact is found to 

increase with gradation index values and porosity levels. The incorporation of temperature-

dependent material properties and thermally developed in-plane forces is therefore essential in 

accurately modeling the size-dependent vibration response. 



 

Figure 5. Comparison of the variation of the dimensionless fundamental frequency parameter 11ߣwith 
temperature rise Δܶfor different material gradation indices ݌ = 0,1,2,10at porosity index ߙ = 0.7; 
aspect ratio ℎ = ܽ/10; electric potential parameter ௠ܸ = 0; magnetic potential parameter ܪ௠ = 0; 
nonlocal parameter ݁0ܽ = 0; material length scale parameter ݈௠ = 0. (a) FOAM I, (b) FOAM II, (c) 
FOAM III. 

 

Figure 6. Variation of the dimensionless fundamental frequency parameter 11ߣ with temperature rise Δܶ for different material gradation indices ݌ = 0, 1, 2, 10 at porosity index ߙ = 0(solid core); aspect 
ratio ℎ = ܽ/10; electric potential parameter ௠ܸ = 0; magnetic potential parameter ܪ௠ = 0; nonlocal 
parameter ݁0ܽ = 0; material length scale parameter ݈௠ = 0. 



4.3 Size-Dependent Behavior: Nonlocal and Strain-Gradient Effects 

Figure 7 illustrates the influence of the nonlocal parameter ݁0ܽon the dimensionless 

fundamental frequency parameter 11ߣ under increasing temperature rise for the solid 

configuration (ߙ = 0) with material gradation index ݌ = 1. A clear stiffness softening effect is 

observed as the nonlocal parameter increases. For all temperature levels, higher values of ݁0ܽsystematically reduce the frequency parameter, confirming that long-range interatomic 

interactions weaken the effective structural rigidity in the nonlocal framework. 

The influence of the nonlocal parameter becomes more pronounced at elevated temperature 

levels. As Δܶincreases, thermally induced in-plane compressive forces reduce the effective 

bending resistance of the nanoplate. When combined with nonlocal softening, this leads to an 

accelerated decay of 11ߣand an earlier approach toward thermally induced instability. The 

curves indicate that larger nonlocal length scales shift the onset of rapid frequency reduction 

toward lower temperature values, demonstrating the strong coupling between scale effects and 

thermo-mechanical loading. 

From the physical viewpoint, the nonlocal parameter is responsible for the stress attenuation 

phenomenon, where the stress at any point is affected not only by the strain at the same point 

but also by the surrounding stress field through the application of the nonlocal averaging 

procedure, leading to the attenuation of the stiffness of the material at the point of high strain 

gradients, particularly in the nano regime. As the thermal loading increases, the dynamic 

response is found to become highly sensitive to the geometric scale. 

Although the above figure focuses attention on the nonlocal effect, the hybrid NSGT approach, 

as utilized in the current study, inherently includes the effects of the two length scale parameters, 

namely, the softening tendency of the material due to the nonlocal effect, as well as the 

hardening tendency of the material due to the strain gradient effect. It is evident from the results 

that the softening tendency of the material, as the value of ݁0ܽ increases, is predominant over 

the overall response, while the interaction between the two length scale parameters is found to 

affect the final stability limit of the nanoplate, thereby confirming the fact that the 

thermomechanical vibration response of the nanoplate is highly sensitive to the consideration 

of the long-range interactions as well as the strain gradient effect in the continuum approach. 

 



 

Figure 7. Variation of the dimensionless fundamental frequency parameter 11ߣ with temperature rise Δܶ for different nonlocal parameters ݁0ܽ = 0,1 nm, 1.41 nm, 2 nm; aspect ratio ℎ = ܽ/10; porosity 
index ߙ = 0; material gradation index ݌ = 1. 

 

4.4 Influence of Magnetic Potentials 

Figures 8 and 9 show the impact of the applied magnetic potential ܪ௠ on on the 

thermomechanical vibration response of the nanoplate. The results show that magnetic 

actuation can offer an effective method to increase stiffness in the nanoplate. As can be seen in 

Figure 8 for the fully CoFe2O4 case (݌ = 0), an increase in ܪ௠ results in an increase in the 

dimensionless fundamental frequency parameter 11ߣ over the entire range of temperature. In 

addition, the critical temperature at which rapid degradation in frequency occurs shifts to larger Δܶ values as ܪ௠ is increased. This result reveals that magnetoelastic coupling can counteract 

thermally induced softening in the nanoplate. 

In addition, a different result is observed in Figure 9, where 11ߣ is plotted versus ܪ௠ for 

different temperature rise cases. It can be observed that a linear increase in frequency is 

observed for all temperature rise cases. It should be noted that even as the temperature rise 

reduces the overall value of frequency, magnetic actuation enhances bending rigidity in the 

nanoplate. 

From a physical perspective, the applied magnetic potential can induce magnetostrictive strains 

that can increase stiffness in the nanoplate. It should be noted that at elevated temperature, 

thermally induced in-plane compressive forces can reduce rigidity in the nanoplate. As a result, 

the magnetic potential can offer a counteractive effect to increase dynamic stability. 



 

Figure 8. Variation of the dimensionless fundamental frequency parameter 11ߣwith temperature rise Δܶfor different magnetic potentials ܪ௠ = 0,0.1,0.2,0.3; ; aspect ratio ℎ = ܽ/10; porosity index ߙ = 0; 
material gradation index ݌ = 0; electric potential parameter ௠ܸ = 0. 

 

 

Figure 9. Variation of the dimensionless fundamental frequency parameter 11ߣ with magnetic potential ܪ௠ for different temperature rises Δܶ = 0,400,800,1200; aspect ratio ℎ = ܽ/10; porosity index ߙ =0; material gradation index ݌ = 1; electric potential parameter ௠ܸ = 0. 

 

 

 



4.5 Influence of Electric Potential 

Figures 10 and 11 describe the role of the imposed electric potential ௠ܸ. Unlike magnetic 

actuation, the imposed electric potential introduces an effective softening term in the structural 

behavior. 

Figure 10 shows that increasing the imposed electric potential reduces the fundamental 

frequency parameter for the graded structure (݌ = 1). Moreover, the onset of fast frequency 

decay due to thermal loading occurs at a lower temperature as the imposed electric potential 

increases. This behavior is more pronounced for increasing temperature loading, indicating a 

strong interaction between thermal loading-induced stresses and electroelastic effects. 

Figure 11 presents the direct relationship between frequency behavior and the imposed electric 

potential. For all temperature loading cases, the parameter 11ߣ decreases linearly with 

increasing imposed electric potential. The rate of this reduction increases for increasing 

temperature loading. This behavior indicates that the softening mechanism induced by the 

imposed electric potential increases with temperature loading. 

Physically, the imposed electric field induces electroelastic coupling stresses that act as a 

reduction in the effective bending stiffness of the current material configuration. When these 

additional stresses act in conjunction with temperature loading-induced compressive stresses, a 

more rapid reduction in stiffness occurs, leading to earlier instability. 

 

 



 

Figure 10. Variation of the dimensionless fundamental frequency parameter 11ߣ with temperature rise Δܶ for different electric potentials ௠ܸ = 0,1,2,3; aspect ratio ℎ = ܽ/10; porosity index ߙ = 0; material 
gradation index ݌ = 1; magnetic potential parameter ܪ௠ = 0. 

 

Figure 11. Variation of the dimensionless fundamental frequency parameter 11ߣwith electric potential ௠ܸfor different temperature rises Δܶ = 0,400,800,1200; aspect ratio ℎ = ܽ/10; porosity index ߙ = 0; 
material gradation index ݌ = 1; magnetic potential parameter ܪ௠ = 0. 

 

5. Conclusions 

A comprehensive size-dependent thermomechanical vibration formulation for porous FG-MEE 

nanoplates has been developed in the context of nonlocal strain gradient theory. The model can 



capture the effects of temperature-dependent properties, porosity distribution, functional 

gradation, as well as the interplay between electro-magnetic fields. This would facilitate a 

comprehensive assessment of the relative effects of softening and stiffening mechanisms at the 

nanoscale. 

The results reveal that temperature elevation acts as a major destabilizing parameter, which 

reduces the effective stiffness due to material degradation as well as in-plane compressive stress 

caused by temperature elevation. The porosity parameter (α) has a significant influence in 

reducing the effective stiffness, thereby accelerating the onset of instability due to temperature 

elevation. The functional gradation parameter has a major influence in modulating the 

temperature sensitivity, as a lower gradation index leads to a higher level of stiffness as well as 

a slower rate of frequency degradation due to temperature elevation. 

The size-dependent parameters play a crucial role in determining the dynamic behavior of the 

nanoplate. The nonlocal parameter leads to a reduction in effective stiffness, while the strain 

gradient parameter leads to a stiffening effect. These two effects must be considered 

simultaneously while determining the frequency evolution behavior for a nanoplate.  

The results reveal that the magneto-electric coupling has a significant influence on dynamic 

behavior. The magnetic potential acts as a stiffening parameter, which increases the bending 

stiffness, delays the onset of instability due to temperature elevation, and acts as a stabilizing 

parameter. On the other hand, the electric potential acts as a softening parameter, which reduces 

the effective stiffness, decreases the frequency, as well as reduces the stability margin due to 

temperature elevation. The interplay between temperature elevation, electroelastic softening, as 

well as magnetoelastic stiffening determines the dynamic stability behavior of the nanoplate.  

The formulation presented here can be considered a comprehensive model for predicting as 

well as controlling the thermomechanical vibration behavior of porous FG-MEE 

nanostructures. The results reveal the feasibility of controlling the frequency behavior through 

electro-magnetic fields. However, one must consider the Curie temperature for the piezoelectric 

as well as piezomagnetic materials for functional reliability at high temperature. 
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