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Abstract 

This paper introduces a mathemaƟcal 

framework for modeling the temporal 

evoluƟon of perceived diĸculty in sequenƟal 

problem-solving processes. The study is 

moƟvated by the observaƟon that 

suĸciently complex tasks exhibit a 

characterisƟc progression in which diĸculty 

is iniƟally high, remains elevated for a 

period, and then decreases rapidly following 

a criƟcal transiƟon point. To formalize this 

behavior, a conƟnuous model based on 

logisƟc decay is proposed to represent 

perceived diĸculty as a funcƟon of Ɵme or 

progress. The model deĮnes a criƟcal 

transiƟon parameter that captures the onset 

of rapid reducƟon in diĸculty, corresponding 

to a breakthrough phase in problem solving. 

A complementary funcƟon is derived to 

represent perceived ease, demonstraƟng a 

symmetric but inverse relaƟonship with 

diĸculty. The analyƟcal properƟes of the 

model are examined, including boundary 

behavior, monotonicity, and convergence. 

The proposed framework provides a 

generalized theoreƟcal structure that can be 

applied across domains where problem 

solving processes exhibit nonlinear 

progression. The model contributes to the 

mathemaƟcal understanding of cogniƟve 

dynamics and oīers a foundaƟon for further 

analyƟcal and applied invesƟgaƟons. 
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1. IntroducƟon 

The study of temporal dynamics in problem 

solving has long aƩracted aƩenƟon within 

mathemaƟcs and related disciplines, 

parƟcularly in the context of nonlinear 

processes and convergence behavior. Many 

real world and abstract problem-solving 

tasks exhibit nonuniform progression, where 

eīort and perceived complexity are not 

evenly distributed over Ɵme. Instead, such 

processes oŌen display an iniƟal phase of 

sustained diĸculty followed by a rapid 

transiƟon toward resoluƟon. 

Despite the ubiquity of this phenomenon, 

there is limited formal mathemaƟcal 

treatment that captures the evoluƟon of 

perceived diĸculty as a conƟnuous funcƟon 

of Ɵme or progress. ExisƟng models in 

opƟmizaƟon and dynamical systems 

frequently describe convergence in terms of 

error reducƟon or objecƟve minimizaƟon, 

yet they do not explicitly account for the 

structural paƩern in which diĸculty remains 

high before undergoing a sudden decline. 

In this work, we introduce the Problem-

Solving Ease Principle, proposed by 

Nnaemeka Ugwumba, as a formal 

theoreƟcal construct describing this 

behavior. The principle states that in 

suĸciently complex tasks, perceived 

diĸculty begins at a high level, persists unƟl 

a criƟcal transiƟon point is reached, and 

subsequently decreases rapidly, approaching 

negligible levels as the task nears 

compleƟon. The complementary noƟon of 

perceived ease follows an inverse trajectory, 

increasing from an iniƟally low value toward 

a maximum. 

To capture this structure mathemaƟcally, we 

develop a conƟnuous model based on 

logisƟc transiƟon funcƟons. The choice of a 

logisƟc form is moƟvated by its well-known 

properƟes in modeling phase transiƟons and 

nonlinear growth or decay processes. Within 

this framework, a criƟcal parameter is 

introduced to represent the transiƟon point 

at which the rate of change in perceived 

diĸculty is maximized. 
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The contribuƟons of this paper are as 

follows. First, we provide a formal deĮniƟon 

of the Problem-Solving Ease Principle as a 

generalizable mathemaƟcal concept. 

Second, we derive a parametric model that 

characterizes the temporal evoluƟon of 

perceived diĸculty and its complementary 

ease funcƟon. Third, we analyze key 

properƟes of the model, including 

monotonicity, limiƟng behavior, and the role 

of the transiƟon parameter. Finally, we 

discuss the broader implicaƟons of the 

model as a unifying framework for 

understanding nonlinear progression in 

sequenƟal processes. 

The remainder of the paper is organized as 

follows. SecƟon two reviews related 

mathemaƟcal formulaƟons relevant to 

logisƟc funcƟons and nonlinear transiƟon 

models. SecƟon three presents the formal 

development of the proposed model. 

SecƟon four provides analyƟcal results and 

graphical interpretaƟon. SecƟon Įve 

discusses implicaƟons and potenƟal 

extensions. SecƟon six concludes the paper. 

2. Literature Review 

The mathemaƟcal modeling of nonlinear 

transiƟons has been extensively studied 

across mulƟple domains, parƟcularly in the 

context of growth processes, dynamical 

systems, and convergence analysis. Among 

the most widely used funcƟonal forms for 

describing such behavior is the logisƟc 

funcƟon, which provides a conƟnuous 

representaƟon of systems characterized by 

iniƟal resistance, rapid transiƟon, and 

eventual stabilizaƟon. 

The logisƟc funcƟon was originally 

introduced by Pierre François Verhulst in the 

nineteenth century as a model for 

populaƟon growth under constrained 

condiƟons. Its mathemaƟcal structure 

captures a transiƟon from slow iniƟal change 

to rapid growth and eventual saturaƟon, 

making it suitable for represenƟng systems 

with bounded dynamics. Over Ɵme, the 

logisƟc funcƟon has been generalized and 

applied in diverse areas including 

epidemiology, physics, and learning theory. 

In mathemaƟcal terms, the logisƟc funcƟon 

is commonly expressed as: 

𝑓(ݐ) = 1ܮ + ݁−௞(௧−௧0) 

 

where ܮdenotes the upper bound, ݇controls 

the rate of change, and 0ݐrepresents the 
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inŇecƟon point. The symmetry and 

smoothness of this funcƟon have made it a 

central tool in the study of nonlinear 

systems. 

Beyond classical growth models, logisƟc type 

funcƟons have been used to describe 

transiƟon phenomena in dynamical systems. 

In parƟcular, the concept of an inŇecƟon 

point as a criƟcal transiƟon parameter aligns 

with broader studies in phase transiƟon 

theory and bifurcaƟon analysis. These areas 

examine how small changes in system 

parameters can lead to signiĮcant qualitaƟve 

shiŌs in system behavior, a concept that is 

closely related to the transiƟon from high 

diĸculty to rapid resoluƟon proposed in this 

study. 

In the context of learning and opƟmizaƟon, 

similar paƩerns have been observed in 

convergence processes. IteraƟve algorithms 

oŌen exhibit slow iniƟal progress, followed 

by accelerated improvement once a 

favorable region of the soluƟon space is 

reached. While such behavior is typically 

described in terms of error reducƟon, the 

structural similarity to logisƟc transiƟons 

suggests the presence of an underlying 

mathemaƟcal paƩern governing the 

progression. 

From an interdisciplinary perspecƟve, 

research in cogniƟve modeling and skill 

acquisiƟon has also idenƟĮed nonlinear 

progression paƩerns. For example, studies 

on learning curves indicate that performance 

improvements are not uniform over Ɵme but 

instead follow sigmoidal trajectories 

(Heathcote et al., 2000). Although these 

studies are primarily empirical, they provide 

supporƟng evidence that nonlinear 

transiƟon models can capture fundamental 

aspects of sequenƟal processes. 

Despite the widespread use of logisƟc 

funcƟons, there remains a gap in the 

literature concerning their applicaƟon as a 

general framework for modeling perceived 

diĸculty in problem solving. ExisƟng work 

typically focuses on measurable quanƟƟes 

such as populaƟon size, error rates, or 

performance metrics, rather than abstract 

constructs like diĸculty. Moreover, the 

interpretaƟon of the inŇecƟon points as a 

breakthrough moment in problem solving 

has not been formally developed within a 

mathemaƟcal framework. 

This paper addresses this gap by introducing 

the Problem-Solving Ease Principle as a 

theoreƟcal construct and embedding it 

within a logisƟc modeling framework. Unlike 



Page 5 of 22 
 

tradiƟonal applicaƟons, the present 

approach interprets the logisƟc transiƟon 

not merely as a growth or decay process, but 

as a structural representaƟon of the 

temporal evoluƟon of diĸculty and ease. 

3. TheoreƟcal Development of the Problem-

Solving Ease Principle 

3.1 Formal DeĮniƟon 

We begin by formally deĮning the principle 

introduced in this study. 

DeĮniƟon 1 (Problem Solving Ease 

Principle) 

Let ݐ ∈ [0, ܶ]denote the progression 

variable of a sequenƟal problem-solving 

process. Let (ݐ)ܦrepresent a conƟnuous 

funcƟon describing perceived diĸculty. The 

Problem-Solving Ease Principle, proposed by 

Nnaemeka Ugwumba, states that: 

ݐ is iniƟally high at(ݐ)ܦ .1 = 0,  

 remains relaƟvely stable over an(ݐ)ܦ .2

iniƟal interval,  

 undergoes a rapid decrease in(ݐ)ܦ .3

the vicinity of a criƟcal transiƟon 

point ݐ௖ ∈ (0, ܶ),  

(ݐ)ܦ .4 → 0as ݐ → ܶ.  

The complementary funcƟon (ݐ)ܧ, 

represenƟng perceived ease, saƟsĮes: (ݐ)ܧ = ௠௔௫ܧ −  (ݐ)ܦ

 

and exhibits inverse behavior. 

3.2 LogisƟc Diĸculty Model 

To formalize DeĮniƟon 1, we deĮne the 

perceived diĸculty funcƟon as: 

(ݐ)ܦ = 01ܦ + ݁௞(௧−௧೎) 

 

where: 

0ܦ • > 0is the iniƟal diĸculty level,  

• ݇ > 0is the transiƟon rate 

parameter,  

௖ݐ • ∈ (0, ܶ)is the criƟcal transiƟon 

point.  

3.3 Fundamental ProperƟes 

We now establish key mathemaƟcal 

properƟes of the model. 

Theorem 1 (Monotonic Decrease of 

Diĸculty) 

The funcƟon (ݐ)ܦis strictly decreasing for all ݐ ∈ [0, ܶ]. 

Proof 
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DiīerenƟate (ݐ)ܦwith respect to ݐܦ݀݀ :ݐ =  0݁௞(௧−௧೎)(1+݁௞(௧−௧೎))2ܦ݇−

 

Since: 

0ܦ • > 0,  

• ݇ > 0,  

• ݁௞(௧−௧೎) > 0for all ݐ,  

it follows that: ݀݀ݐܦ <  ݐ∀0

 

Thus, (ݐ)ܦis strictly decreasing. 

Theorem 2 (LimiƟng Behavior) 

The funcƟon (ݐ)ܦsaƟsĮes: 

lim⁡௧→0 (ݐ)ܦ = 01ܦ + ݁−௞௧೎ ≈ ்→lim⁡௧ 0ܦ (ݐ)ܦ = 0 

 

Proof 

As ݐ → 0, the exponent ݇(ݐ − (௖ݐ →  ,௖ݐ݇−

which is negaƟve. Hence: ݁௞(௧−௧೎) ≪ 1 

 

and: 

(ݐ)ܦ ≈ 01ܦ =  0ܦ

 

As ݐ → ݐ)݇ ,ܶ − (௖ݐ → +∞, so: ݁௞(௧−௧೎) → ∞ 

 

thus: (ݐ)ܦ → 0 

Theorem 3 (InŇecƟon Point and Maximum 

Rate of Change) 

The funcƟon (ݐ)ܦhas a unique inŇecƟon 

point at ݐ =  ௖, where the magnitude of theݐ

rate of change is maximized. 

Proof 

Compute the second derivaƟve: ݀22ݐ݀ܦ = 0݁௞(௧−௧೎)(݁௞(௧−௧೎)ܦ2݇ − 1)(1+݁௞(௧−௧೎))3  

 

At ݐ = ௖: ݁௞(௧−௧೎)ݐ = 1 

 

Thus: ݀22ݐ݀ܦ = 0 
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To verify it is an inŇecƟon point, observe 

that: 

• For ݐ < ௖, ݁௞(௧−௧೎)ݐ < 1 ⇒ ௗ2஽ௗ௧2 < 0 

• For ݐ > ௖, ݁௞(௧−௧೎)ݐ > 1 ⇒ ௗ2஽ௗ௧2 > 0 

Hence, the concavity changes at ݐ =  ,௖ݐ

conĮrming an inŇecƟon point. 

Furthermore, the magnitude of the Įrst 

derivaƟve is maximized at this point, 

indicaƟng the fastest rate of decrease in 

diĸculty. 

3.4 Ease FuncƟon Analysis 

DeĮne: (ݐ)ܧ = 0ܦ −  (ݐ)ܦ

 

SubsƟtuƟng: 

(ݐ)ܧ = 0ܦ − 01ܦ + ݁௞(௧−௧೎) 

(ݐ)ܧ = 0݁௞(௧−௧೎)1ܦ + ݁௞(௧−௧೎) 

 

Theorem 4 (Monotonic Increase of Ease) 

The funcƟon (ݐ)ܧis strictly increasing for all ݐ ∈ [0, ܶ]. 

Proof 

Since: 

(ݐ)ܧ = 0ܦ −  (ݐ)ܦ

 

and (ݐ)ܦis strictly decreasing, it follows 

directly that: ݀݀ݐܧ = − ݐܦ݀݀ > 0 

 

Thus, (ݐ)ܧis strictly increasing. 

3.5 Structural InterpretaƟon 

The model establishes a dual structure: 

  decreasing sigmoid :(ݐ)ܦ •

  increasing sigmoid :(ݐ)ܧ •

The intersecƟon point occurs at: 

(௖ݐ)ܦ = (௖ݐ)ܧ = 02ܦ  

 

This point represents the criƟcal transiƟon 

threshold, where the process shiŌs from 

diĸculty-dominated to ease-dominated 

progression. 

3.6 Summary of TheoreƟcal Results 

The Problem-Solving Ease Principle admits a 

rigorous mathemaƟcal representaƟon with 

the following properƟes: 

a. ConƟnuous and diīerenƟable structure  

b. Strict monotonic behavior  
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c. Well-deĮned limiƟng values  

d. Unique inŇecƟon point  

e. Symmetric duality between diĸculty and 

ease  

4. Graphical Analysis and Model 

VisualizaƟon 

4.1 VisualizaƟon of Diĸculty and Ease 

Dynamics 

To illustrate the behavior of the proposed 

model, the temporal evoluƟon of perceived 

diĸculty and its complementary ease 

funcƟon is presented. The curves are 

generated using the logisƟc formulaƟon 

deĮned in SecƟon 3, with parameters chosen 

to highlight the structural properƟes of the 

model. 

  

 

Figure 1. Temporal evoluƟon of perceived diĸculty 

and ease based on the proposed logisƟc model. The 

transiƟon point marks the shiŌ from diĸculty-

dominated to ease-dominated progression. 

As shown in Figure 1, the diĸculty funcƟon 

exhibits a strictly decreasing sigmoidal 

behavior, while the ease funcƟon increases 

in a complementary manner. The two curves 

intersect at the criƟcal transiƟon point, 

where both funcƟons aƩain equal 

magnitude. This intersecƟon represents the 

threshold at which the progression shiŌs 

from a diĸculty dominated regime to an 

ease dominated regime. 
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4.2 InŇecƟon Point and TransiƟon Analysis 

A key feature of the proposed model is the 

existence of a unique inŇecƟon point 

corresponding to the criƟcal transiƟon 

parameter. This point represents the 

moment at which the rate of decrease in 

diĸculty is maximized. 

    

 

Figure 2. InŇecƟon points of the diĸculty funcƟon 

where the rate of decrease is maximized. 

Figure 2 conĮrms the analyƟcal result 

established in Theorem 3. The inŇecƟon 

point occurs precisely at the transiƟon 

parameter, where the curvature of the 

funcƟon changes sign. This behavior signiĮes 

the transiƟon from a regime of slow variaƟon 

to one of rapid change, providing a clear 

mathemaƟcal interpretaƟon of the 

breakthrough phase in the problem-solving 

process. 

 

4.3 Rate of Change and Dynamic Behavior 

To further examine the dynamic properƟes 

of the model, the Įrst derivaƟve of the 

diĸculty funcƟon is analyzed. This provides 

insight into how the rate of change evolves 

throughout the progression. 

    

 

Figure 3. First derivaƟve of the diĸculty funcƟon 

showing maximum rate of change at the transiƟon 

point. 

As illustrated in Figure 3, the magnitude of 

the rate of change reaches its maximum at 

the transiƟon point. This aligns with the 

theoreƟcal result that the inŇecƟon point 

corresponds to the most rapid decrease in 

perceived diĸculty. The symmetric structure 

of the derivaƟve further reinforces the 

consistency of the logisƟc formulaƟon. 

4.4 IllustraƟve Examples and ApplicaƟons 

To demonstrate the applicability of the 

proposed model, several illustraƟve 
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examples are presented. These examples 

show how the diĸculty and ease funcƟons 

evolve under diīerent parameter seƫngs 

and how the transiƟon point inŇuences the 

progression of the system. 

Example 1: EvaluaƟng Diĸculty at a Given 

Time 

Problem 

Let 0ܦ = 10, ݇ = 1, and ݐ௖ = 5. 

Compute the perceived diĸculty at ݐ = 3. 

SoluƟon 

The model is: 

(ݐ)ܦ = 01ܦ + ݁௞(௧−௧೎) 

 

SubsƟtute values: 

(3)ܦ = 101 + ݁1(3−5) 

(3)ܦ = 101 + ݁−2 ݁−2 ≈ (3)ܦ 0.1353 = 101 + 0.1353 = (3)ܦ 101.1353 ≈ 8.81 

InterpretaƟon 

The diĸculty remains high before the 

transiƟon point, conĮrming the model 

behavior. 

Example 2: Diĸculty at the TransiƟon Point 

Problem 

Using the same parameters, compute ܦ(ݐ௖). 

SoluƟon 

At ݐ = ௖ݐ = 5: 

(5)ܦ = 101 + ݁0 = 102 (5)ܦ  = 5 

InterpretaƟon 

At the transiƟon point, diĸculty reduces to 

half of its iniƟal value. 

Example 3: CompuƟng Ease FuncƟon 

Problem 

Find the ease at ݐ = 7using the same 

parameters. 

SoluƟon (ݐ)ܧ = 0ܦ −  (ݐ)ܦ

 

First compute (7)ܦ: 

(7)ܦ = 101 + ݁(7−5) = 101 + ݁2 ݁2 ≈ (7)ܦ 7.389 = 108.389 ≈ 1.19 
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Now: (7)ܧ = 10 − 1.19 = 8.81 

InterpretaƟon 

Ease becomes dominant aŌer the transiƟon 

point. 

Example 4: Eīect of TransiƟon Rate 

Problem 

Compare diĸculty at ݐ = 6for: 

• Case A: ݇ = 1 

• Case B: ݇ = 3 

SoluƟon 

Case A: 

(6)ܦ = 101 + ݁1 

(6)ܦ = 101 + 2.718 = 103.718 ≈ 2.69 

 

Case B: 

(6)ܦ = 101 + ݁3 ݁3 ≈ (6)ܦ 20.085 = 1021.085 ≈ 0.47 

InterpretaƟon 

A larger ݇produces a sharper transiƟon. 

Example 5: Finding Time for a Given 

Diĸculty 

Problem 

Find ݐsuch that (ݐ)ܦ = 2, given: 0ܦ = 10, ݇ = ௖ݐ ,1 = 5 

SoluƟon 

2 = 101 +  (5−ݐ)݁

 

Rearrange: 1 + (5−ݐ)݁ = (5−ݐ)݁ 5 = 4 

 

Take natural log: ݐ − 5 = ln⁡(4) ݐ = 5 + ln⁡(4) ln⁡(4) ≈ ݐ 1.386 ≈ 6.386 

InterpretaƟon 

This shows how the model can be inverted to 

predict progression Ɵme. 

These examples illustrate the Ňexibility and 

analyƟcal tractability of the proposed model. 

The ability to compute both forward and 
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inverse relaƟonships highlights its potenƟal 

for broader mathemaƟcal applicaƟons. 

4.5 Applied ProposiƟons Based on the 

Model 

The illustraƟve examples presented in the 

previous subsecƟon can be formalized into 

general results. In this secƟon, these 

observaƟons are expressed as applied 

proposiƟons derived directly from the 

theoreƟcal framework. 

ProposiƟon 1 (Midpoint Property) 

For the diĸculty funcƟon: 

(ݐ)ܦ = 01ܦ + ݁௞(௧−௧೎) 

 

the value at the transiƟon point saƟsĮes: 

(௖ݐ)ܦ = 02ܦ  

 

Proof 

SubsƟtute ݐ =  :௖ݐ

(௖ݐ)ܦ = 01ܦ + ݁0 = 02ܦ  

ProposiƟon 2 (Symmetry of Diĸculty and 

Ease) 

The funcƟons (ݐ)ܦand (ݐ)ܧsaƟsfy: 

(ݐ)ܦ + (ݐ)ܧ =  0ܦ

for all ݐ ∈ [0, ܶ]. 

Proof 

By deĮniƟon: (ݐ)ܧ = 0ܦ −  (ݐ)ܦ

Thus: (ݐ)ܦ + (ݐ)ܧ =  0ܦ

ProposiƟon 3 (TransiƟon Rate Eīect) 

The parameter ݇controls the steepness of 

the transiƟon such that: 

• Larger ݇ results in a sharper transiƟon  

• Smaller ݇results in a smoother 

transiƟon  

JusƟĮcaƟon 

From the derivaƟve: ݀݀ݐܦ =  0݁௞(௧−௧೎)(1+݁௞(௧−௧೎))2ܦ݇−

The magnitude is directly proporƟonal to ݇, 

hence the rate of change increases with ݇. 

ProposiƟon 4 (InverƟbility of the Model) 

For any (ݐ)ܦ ∈ (0,  can beݐ the Ɵme ,(0ܦ

expressed as: 

ݐ = ௖ݐ + 1݇ ln⁡ ( (ݐ)ܦ0ܦ −1) 
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Proof 

Start with: 

(ݐ)ܦ = 01ܦ + ݁௞(௧−௧೎) 

Rearrange: 

1 + ݁௞(௧−௧೎) =  (ݐ)ܦ0ܦ

݁௞(௧−௧೎) = (ݐ)ܦ0ܦ − 1 

Take logarithm: 

ݐ)݇ − (௖ݐ = ln⁡ ( (ݐ)ܦ0ܦ −1) 

ݐ = ௖ݐ + 1݇ ln⁡ ( (ݐ)ܦ0ܦ −1) 

ProposiƟon 5 (AsymptoƟc Behavior) 

The funcƟon saƟsĮes: (ݐ)ܦ → 0as ݐ → (ݐ)ܧ ∞ → ݐ 0asܦ → ∞ 

JusƟĮcaƟon 

Follows directly from exponenƟal 

dominance in the denominator. 

These proposiƟons formalize the 

computaƟonal examples and establish 

general properƟes that can be applied across 

diīerent parameter conĮguraƟons. They 

further demonstrate the analyƟcal Ňexibility 

of the model and its suitability for broader 

mathemaƟcal applicaƟons. 

4.6 Numerical SimulaƟon and Parameter 

SensiƟvity Analysis 

To complement the analyƟcal results, 

numerical simulaƟons are conducted to 

examine the behavior of the model under 

varying parameter conĮguraƟons. The 

objecƟve is to analyze the sensiƟvity of the 

system to changes in key parameters. 

4.6.1 SimulaƟon Setup 

The model: 

(ݐ)ܦ = 01ܦ + ݁௞(௧−௧೎) 

is evaluated over a conƟnuous interval of ݐfor diīerent values of: 

• ݇(transiƟon rate)  

  ௖(transiƟon point)ݐ •

 (iniƟal diĸculty)0ܦ •

4.6.2 Eīect of TransiƟon Rate ࢑ 

Increasing ݇results in a steeper transiƟon, 

compressing the change in diĸculty into a 

narrower interval around ݐ௖. Conversely, 

smaller values of ݇produce a more gradual 

transiƟon. 
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4.6.3 Eīect of TransiƟon Point ࢚ࢉ 

The parameter ݐ௖determines the horizontal 

shiŌ of the curve. Larger values delay the 

onset of rapid decrease, while smaller values 

cause the transiƟon to occur earlier. 

4.6.4 Eīect of IniƟal Diĸculty ࡰ૙ 

The parameter 0ܦscales the funcƟon 

verƟcally without altering its shape. This 

conĮrms that the model preserves structural 

properƟes independent of magnitude. 

4.6.5 Stability ObservaƟon 

The simulaƟons indicate that the model 

maintains its qualitaƟve behavior across a 

wide range of parameter values, 

demonstraƟng structural stability. 

The numerical analysis conĮrms the 

robustness of the proposed framework and 

provides addiƟonal support for its general 

applicability. The consistency observed 

across diīerent parameter seƫngs 

reinforces the validity of the Problem-Solving 

Ease Principle as a fundamental 

mathemaƟcal structure. 

5. Discussion 

The results obtained in this study establish 

the Problem-Solving Ease Principle, 

proposed by Nnaemeka Ugwumba, as a 

mathemaƟcally consistent and structurally 

robust framework for describing the 

temporal evoluƟon of perceived diĸculty in 

sequenƟal processes. The formulaƟon based 

on logisƟc transiƟon funcƟons provides both 

analyƟcal clarity and conceptual depth, 

enabling a uniĮed interpretaƟon of 

nonlinear progression. 

A central outcome of the analysis is the 

idenƟĮcaƟon of a criƟcal transiƟon point 

that governs the overall behavior of the 

system. This transiƟon point, characterized 

as the inŇecƟon point of the diĸculty 

funcƟon, represents the stage at which the 

rate of change is maximized. From a 

mathemaƟcal perspecƟve, this aligns with 

classical properƟes of sigmoidal funcƟons, 

where the inŇecƟon points separate regimes 

of concave and convex behavior. However, 

the present study extends this interpretaƟon 

by assigning a structural role to the transiƟon 

point as a boundary between two 

qualitaƟvely disƟnct phases of progression. 

The duality between diĸculty and ease 

further reinforces the coherence of the 

model. The complementary relaƟonship 

between the two funcƟons ensures that the 

system preserves a form of symmetry, with 
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one quanƟty decreasing as the other 

increases. This symmetry is not merely 

algebraic but reŇects an underlying 

conservaƟon of progression, in which the 

reducƟon of diĸculty corresponds directly 

to the emergence of ease. Such a 

formulaƟon provides a more comprehensive 

representaƟon than models that consider 

only a single variable. 

When viewed in relaƟon to exisƟng 

mathemaƟcal frameworks, the proposed 

model shares structural similariƟes with 

logisƟc growth and decay processes. 

However, it diīers in its interpretaƟon and 

domain of applicaƟon. TradiƟonal logisƟc 

models are typically used to describe 

populaƟon dynamics, resource limitaƟons, 

or growth processes bounded by capacity 

constraints. In contrast, the present 

framework interprets the logisƟc structure 

as a representaƟon of transiƟon dynamics 

within a problem-solving context. This shiŌ 

in interpretaƟon consƟtutes a conceptual 

contribuƟon, as it expands the applicability 

of logisƟc funcƟons beyond their 

convenƟonal domains. 

The connecƟon to convergence theory is also 

noteworthy. Many iteraƟve processes in 

mathemaƟcs exhibit nonuniform 

convergence, where progress is slow in early 

stages and accelerates as the soluƟon space 

is beƩer understood. The proposed model 

captures this behavior through its sigmoidal 

structure, suggesƟng that the Problem-

Solving Ease Principle may serve as a 

generalized abstracƟon of convergence 

paƩerns. In this sense, the framework 

provides a bridge between conƟnuous 

dynamical models and discrete iteraƟve 

processes. 

From a broader perspecƟve, the model can 

be interpreted as a representaƟon of phase 

transiƟon behavior in abstract systems. The 

existence of a criƟcal point at which the 

system undergoes rapid change is a deĮning 

feature of many nonlinear systems. By 

formalizing this behavior within the context 

of perceived diĸculty, the study introduces a 

new lens through which such transiƟons can 

be analyzed. This opens the possibility of 

extending the framework to other domains 

where similar paƩerns are observed. 

Despite these contribuƟons, certain 

limitaƟons must be acknowledged. The 

model assumes a smooth and conƟnuous 

progression, which may not fully capture 

situaƟons where abrupt disconƟnuiƟes or 

stochasƟc variaƟons are present. 
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AddiƟonally, the parameters of the model, 

parƟcularly the transiƟon rate and criƟcal 

point, are treated as Įxed quanƟƟes. In 

pracƟce, these parameters may vary 

depending on the structure of the problem 

or the characterisƟcs of the system under 

consideraƟon. 

Another limitaƟon lies in the abstract nature 

of the concept of perceived diĸculty. While 

the model provides a mathemaƟcally 

rigorous representaƟon, the interpretaƟon 

of diĸculty remains context dependent. 

Future work may explore methods for linking 

the abstract formulaƟon to measurable 

quanƟƟes, thereby enhancing the empirical 

applicability of the framework. 

5.1 ImplicaƟons of the Model 

The implicaƟons of the proposed framework 

extend beyond its immediate formulaƟon. 

The idenƟĮcaƟon of a universal transiƟon 

structure suggests that a wide class of 

sequenƟal processes may share a common 

underlying paƩern. This has potenƟal 

relevance for the analysis of opƟmizaƟon 

algorithms, learning systems, and other 

iteraƟve procedures where progress is 

nonlinear. 

Furthermore, the explicit characterizaƟon of 

the transiƟon point provides a basis for 

understanding when signiĮcant changes in 

system behavior are likely to occur. This 

insight may be useful in designing strategies 

that anƟcipate or exploit such transiƟons, 

parƟcularly in contexts where early stages of 

progression are characterized by high 

resistance. 

5.2 Future DirecƟons 

Future research may extend the present 

framework in several direcƟons. One 

potenƟal avenue is the introducƟon of Ɵme 

dependent parameters, allowing the model 

to capture more complex dynamics. Another 

direcƟon involves the incorporaƟon of 

stochasƟc elements to account for variability 

and uncertainty in progression. 

AddiƟonally, the extension of the model to 

mulƟdimensional seƫngs may provide a 

richer representaƟon of systems involving 

mulƟple interacƟng variables. Such 

generalizaƟons would further enhance the 

applicability of the Problem-Solving Ease 

Principle as a unifying mathemaƟcal 

framework. 
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6. Conclusion 

This paper introduced the Problem-Solving 

Ease Principle, proposed by Nnaemeka 

Ugwumba, as a formal mathemaƟcal 

framework for describing the temporal 

evoluƟon of perceived diĸculty in sequenƟal 

problem-solving processes. By modeling 

diĸculty as a logisƟc decay funcƟon and 

deĮning a complementary ease funcƟon, the 

study established a conƟnuous and 

analyƟcally tractable representaƟon of 

nonlinear progression. 

The theoreƟcal development demonstrated 

that the proposed model saƟsĮes key 

mathemaƟcal properƟes, including 

monotonicity, well deĮned limiƟng behavior, 

and the existence of a unique inŇecƟon point 

corresponding to a criƟcal transiƟon stage. 

These properƟes provide a rigorous 

foundaƟon for interpreƟng the dynamics of 

progression, parƟcularly the shiŌ from a 

regime of sustained diĸculty to one of rapid 

resoluƟon. 

The graphical analysis further conĮrmed the 

consistency of the model, illustraƟng the 

sigmoidal structure of both diĸculty and 

ease funcƟons and highlighƟng the 

signiĮcance of the transiƟon point. The 

alignment between analyƟcal results and 

visual representaƟons strengthens the 

validity of the framework. 

Beyond its formal structure, the model 

contributes a new perspecƟve on nonlinear 

processes by interpreƟng logisƟc transiƟons 

as representaƟons of diĸculty dynamics 

rather than tradiƟonal growth phenomena. 

This reinterpretaƟon extends the 

applicability of logisƟc funcƟons and 

provides a unifying lens for understanding a 

wide range of sequenƟal systems. 

While the present study is primarily 

theoreƟcal, it establishes a foundaƟon for 

future work aimed at extending the model to 

more complex and mulƟdimensional 

seƫngs. PotenƟal direcƟons include the 

incorporaƟon of variable parameters, 

stochasƟc eīects, and empirical validaƟon in 

applied contexts. 

In summary, the Problem-Solving Ease 

Principle provides a mathemaƟcally rigorous 

and conceptually meaningful framework 

that captures the intrinsic structure of 

progression in complex tasks. Its generality 

and analyƟcal clarity posiƟon it as a 

promising foundaƟon for further research in 

nonlinear dynamics and related Įelds. 
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Appendix A: Advanced MathemaƟcal 

Analysis of the Problem-Solving Ease 

Principle 

A.1 Higher Order DerivaƟve Analysis 

To further examine the structure of the 

diĸculty funcƟon: 

(ݐ)ܦ = 01ܦ + ݁௞(௧−௧೎) 

 

we compute higher order derivaƟves to 

analyze curvature behavior in greater detail. 

Second DerivaƟve (Revisited) 
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2ݐ݀ܦ2݀  = 0݁௞(௧−௧೎)(݁௞(௧−௧೎)ܦ2݇ − 1)(1+݁௞(௧−௧೎))3  

 

This conĮrms: 

• NegaƟve curvature for ݐ < ௖ݐ  

• PosiƟve curvature for ݐ > ௖ݐ  

• Zero curvature at ݐ =  ௖ݐ

Third DerivaƟve ݀33ݐ݀ܦ= 0݁௞(௧−௧೎)(݁2௞(௧−௧೎)ܦ3݇ − 4݁௞(௧−௧೎) + 1)(1+݁௞(௧−௧೎))4  

InterpretaƟon 

The third derivaƟve provides insight into the 

rate of change of curvature. Around the 

transiƟon point, it characterizes the 

sharpness of the inŇecƟon and conĮrms that 

the transiƟon is smooth but rapidly varying. 

A.2 Proof of Maximum Rate of Change 

We formally show that the magnitude of the 

Įrst derivaƟve is maximized at ݐ =  .௖ݐ

Statement 

∣ ݐܦ݀݀ ∣  aƩains its maximum at ݐ = ௖ݐ  

Proof 

Let: 

𝑓(ݐ) = ݐܦ݀݀ =  0݁௞(௧−௧೎)(1+݁௞(௧−௧೎))2ܦ݇−

 

To Įnd extrema, diīerenƟate again: ݀𝑓݀ݐ = 2ݐ݀ܦ2݀  

 

Set: ݀22ݐ݀ܦ = 0 

 

From earlier: ݁௞(௧−௧೎) = 1 ⇒ ݐ = ௖ݐ  

 

Thus, the criƟcal point occurs at ݐ =  ௖. Sinceݐ

the derivaƟve changes symmetrically around 

this point, the magnitude is maximized here. 

A.3 Integral Analysis (CumulaƟve Diĸculty) 

We now consider the total accumulated 

diĸculty over Ɵme: 

ܫ = ∫ ்ݐ݀ (ݐ)ܦ
0  

SoluƟon 

ܫ = ∫ 01ܦ + ݁௞(௧−௧೎)்
0  ݐ݀
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Let: 

ݑ = ݁௞(௧−௧೎) ⇒ ݐ݀ = 1݇ ݑݑ݀  

 

Then: 

ܫ = 0݇ܦ ∫ 1)ݑ1 + (ݑ  ݑ݀

 

Using parƟal fracƟons: 11)ݑ + (ݑ = ݑ1 − 11 +  ݑ

 

Thus: 

ܫ = 0݇ܦ [ln⁡ ∣ ݑ ∣ −ln⁡ ∣ 1 + ݑ ∣] 

 

SubsƟtute back: 

ܫ = 0݇ܦ ln⁡ ( ݁௞(௧−௧೎)1 + ݁௞(௧−௧೎)) 

InterpretaƟon 

This integral represents the total perceived 

eīort over the duraƟon of the process. It 

shows that cumulaƟve diĸculty is 

dominated by early stages of progression. 

A.4 GeneralizaƟon to Scaled LogisƟc Form 

Consider a generalized form: 

(ݐ)ܦ =  ఈ(௞(௧−௧೎)݁+1)0ܦ

where ߙ > 0. 

ProperƟes 

ߙ • = 1: standard model  

ߙ • > 1: sharper decay  

• 0 < ߙ < 1: smoother transiƟon  

ImplicaƟon 

This extension allows the model to capture a 

broader class of nonlinear behaviors while 

preserving the fundamental structure of the 

Problem-Solving Ease Principle. 

A.5 Stability Under Parameter PerturbaƟon 

Let parameters be perturbed: ݇ → ݇ + ߳, ௖ݐ → ௖ݐ +  ߜ

ObservaƟon 

For small ߳,  :the funcƟon remains ,ߜ

• ConƟnuous  

• Monotonic  

• Sigmoidal  
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Conclusion 

The model is structurally stable, meaning 

small parameter changes do not alter its 

qualitaƟve behavior. 

A.6 FuncƟonal Symmetry 

We show that: (ݐ)ܦ + ௖ݐ2)ܦ − (ݐ =  0ܦ

Proof 

௖ݐ2)ܦ − (ݐ = 01ܦ + ݁௞(2௧೎−௧−௧೎)= 01ܦ + ݁௞(௧೎−௧) 

 

Using exponenƟal inversion: 

݁௞(௧೎−௧) = 1݁௞(௧−௧೎) 

 

SubsƟtute and simplify: (ݐ)ܦ + ௖ݐ2)ܦ − (ݐ =  0ܦ

InterpretaƟon 

This conĮrms mirror symmetry of the model 

about the transiƟon point. 
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