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Abstract: For trajectory tracking control problem of a 7-DOF redundant hydraulic manip-
ulator, an adaptive fuzzy sliding mode control method based on a novel fast reaching law
is proposed. Based on the kinematic analysis of the manipulator, the dynamic equation of
the manipulator is constructed by using the Lagrange dynamic equation. A trajectory
planning method for the manipulator integrating seventh-order polynomial interpolation
and genetic algorithm optimization is proposed. Taking the planned trajectory as the ex-
pected trajectory, the sliding mode controller is designed to achieve trajectory tracking
control of the manipulator. A sliding mode disturbance observer is used to observe the
system modeling error, and an adaptive fuzzy logic system is designed to estimate the
observation error of the disturbance observer. The sliding mode control law is deduced
based on the fast reaching law, which can achieve global fast convergence of the sliding
mode function while reducing the chattering of the controller. The simulation results
show that the proposed control method has good tracking performance and strong ro-
bustness.

Keywords: redundant hydraulic manipulator, Trajectory tracking control, Sliding mode
disturbance observer, Adaptive fuzzy logic system, Trajectory planning, Fast reaching law

1. Introduction

The 7-DOF redundant hydraulic manipulator adopts hydraulic transmission, which
offers the advantages of high strength and high rigidity, and features simple operation
and fast movement. This manipulator can operate stably under complex working condi-
tions, thereby effectively enhancing production efficiency and alleviating labor intensity.
However, as a complex nonlinear and coupled system, this kind of manipulator is subject
to external disturbances and unmodeled dynamics during actual operation, which in-
creases the difficulty of its precise control. To address this problem, many scholars have
proposed control methods such as PID control [1], fuzzy control [2], sliding mode control
[3], and adaptive control [4]. However, in the face of complex external disturbances and
unmodeled dynamics, using the aforementioned methods alone can hardly meet the con-
trol requirements of interference suppression capability, and cannot meet the stringent
performance standards of modern industry for manipulator trajectory tracking control.

A.De Luca et al. proposed a PD control method incorporating online gravity estima-
tion compensation to address the stability issue in flexible manipulator control, effectively
enhancing the dynamic response performance [5]. Z. Song et al. integrated computed
torque control with fuzzy control to approximate unmodeled uncertainty, and verified
the stability of the closed-loop system and desired tracking accuracy via Lyapunov theory
[6]. M. Zhihong et al. proposed a terminal sliding mode controller, which achieved accu-
rate trajectory tracking within finite time for the second-order system of multi-joint



manipulators and exhibited strong anti-interference ability [7]. M. . Azeez et al. proposed
a PID controller that improved trajectory tracking performance and robustness by lever-
aging Lyapunov stability theory and Golden Jackal optimization algorithm [8]. D. T. Tran
et al. combined a terminal sliding mode controller with a linear extended state observer,
and achieved control efficiency improvement and chattering suppression via uncertainty
estimation [9]. L. Yang et al. designed a non-singular fast terminal sliding mode controller,
which met the high-performance control requirements for manipulator trajectory tracking
and effectively suppressed system disturbances [10]. K. Gou et al. proposed a novel slid-
ing mode control strategy based on a nonlinear observer, which effectively improved the
anti-interference capability of the system [11].

In order to achieve accurate trajectory tracking control of a 7-DOF redundant hydrau-
lic manipulator, this paper proposes an adaptive fuzzy sliding mode control method
based on a novel fast reaching law. This paper is structured as follows: In Section II, the
kinematics analysis of the 7-DOF redundant hydraulic manipulator is conducted, includ-
ing the forward kinematics, inverse kinematics and Jacobian matrix derivation of the ma-
nipulator. In Section III, the dynamic model of the manipulator is established via the La-
grange method on the basis of kinematics modeling, and the relationship between the
output force of hydraulic cylinders and joint torque of the manipulator is analyzed. In
Section 1V, a trajectory planning method for the manipulator that integrates seventh-or-
der polynomial interpolation and genetic algorithm optimization is proposed. In Section
V, an adaptive fuzzy sliding mode control method is proposed for trajectory tracking
control of the manipulator, which mainly includes the design of a sliding mode disturb-
ance observer, a fuzzy logic system and a fast reaching law.

2 Kinematics Analysis Of A 7-Dof Redundant Hydraulic Manipulator

The basic structure of the 7-DOF redundant hydraulic manipulator is shown in Fig.
1. This manipulator primarily consists of a fixed base, shoulder rotation arm, upper arm,
elbow arm, lower arm, wrist pitch arm, wrist yaw arm, and wrist rotation arm. The first
to the seventh joints correspond sequentially to the rotary joints from the rotary base to
the rotary end-effector. The first and seventh joints are driven by hydraulic motors, while
the second to the sixth joints are driven by hydraulic cylinders. The first joint controls the
end-effector orientation, the second to the fourth joints enable manipulator extension or
retraction as well as end-effector lifting, lowering and distance adjustment relative to the
target position. The fifth to the seventh joints adjust the end-effector pose to reach the
target point.

Elbow Arm
Upper Arm
Wrist Pitch Arm
Wrist Yaw Arm

Hydraulic Motor . .
4 Wrist Rotation Arm

Fixed Base
Shoulder Rotation Arm

Figure 1. Structure diagram of the 7-DOF manipulator

A. Forward Kinematics Analysis of the Manipulator



For the forward kinematics analysis of the manipulator, the modified D-H method is
employed [12]. Compared to the standard D-H method, this approach features clearer
coordinate system definitions and avoid coordinate ambiguity. Meanwhile, it renders the
coordinate transformation matrix between adjacent links dependent on the current joint
parameters, thus being more suitable for modeling manipulators with complex configu-
rations.

A simplified model is firstly established according to the basic structure of the manipu-
lator, followed by the construction of its link coordinate system via the improved D-H
method. The link coordinate system of the manipulator is shown in Fig. 2. The origin of
the base coordinate system {0} is located at the center of the base bottom surface, with Z0
pointing vertically upward. For the link coordinate systems {i} (i=1,2,--,6), the origin is set
at the centers of the i-th joints, Zi is aligned with the joint axes, Xi is the common normal
of Zi and Zi+1, and Yi is determined by the right-hand rule. The origin of the tool coordi-
nate system {7} is located at the tool center, with the direction of the axes shown in the Fig.
2.
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Figure 2. Link coordinate systems of the manipulator

After establishing the link coordinate systems of the manipulator, the D-H parameter
can be obtained as shown in Table [.In Table I, the four parameters link twista;_,, link
lengtha;_4, joint angleq;, and link offset di collectively describe the relative position and
attitude relationship between adjacent link coordinate systems.

Tab.1 D-H parameter of the manipulator

i oai-1/° ai-1/mm qi/° di/mm
1 0 0 ql 143

2 90 270 q2 0

3 0 870 q3 0

4 0 1787 q4 0

5 0 1020 q5 0

6 90 210 q6 130
7 90 0 q7 760

The coordinate transformation matrix from link coordinate system {i} to {i-1}, denoted
as A (i=1,2,-,7), is defined as

cq; —sq; 0 a4
i-14 = $qiCQi—y  CqiCA—y  —SQg  —SQ;_q1d; 1)
$qiS@i—1  €q;SA;—y CAjq ca;_q1d;
0 0 0 1



where cq; denotescos q;, ca; denotes cos a;, sq; denotes singq;, sa; denotes sin a;.

Using (1), the transformation matrix9Aof the manipulator coordinate system {7} relative
to the base coordinate system {0} can be derived as
nx OX ax px

0A=0A1A2A3A4A5A6A= ny 03’ ay py 2
7 142 24X 340442541 6417 n, 0, a, [ ()
o 0 0 1

where
Ny = (€q1€q2345C96 — 5915G6)Cq7 + €Cq1SG23455q7
Ny = (541€q2345Cq6 + €q15G6)Cq7 + $q15G23455q7

Nz = Sq2345€q6Cq7 — C(q23455q7

0x = —(€q1€q2345€q6 — 5415G6)Sq7 + €q15G2345€q7
0y = —(541€q2345¢q6 + €q15G6)Sq7 + 5415G2345¢q7
0; = —C(2345Cq7 — $42345€q65Sq7,0x = —Sq1Cqs — Cq1C(q23455(6
Ay = —S5q1Cq23455q¢ + €q1Cq6,0; = —5(23455(s

Px = cq1(ay + azcq; + a3¢qz3 + a4Cqz34 + AsCqr345 — dSqa345)
Py = sq1(ay + aycqy + a3cqas + A4Cqa34 + A5Cqr345 — d6Sq2345)
Pz = dqi + deCqa3as + 025G, + A35qz3 + A4Sqr34 + A5SQ2345

where ¢qy3, Sq23, C€qa34, Sq231, Cq2315, Sq2345 respectively represent cos(q, + qs),
sin(qz +q3), cos(qz +qs + q4), sin(qz + qs + q4), cos(qz + qs + qs + gs), sin(q, +qs +
qs t+qs)

B. Inverse Kinematic Analysis of the Manipulator

The manipulator has three parallel adjacent joint axes and satisfies the Peiper crite-
rion, thus admitting a closed-form inverse kinematics solution [13]. Based on this criterion,
an analytical algorithm with a dynamic pose constraint matrix is adopted. By fixing the
DOF of the second joint (i. e., the joint angle is set as a constant), the redundant manipu-
lator is reduced to a 6-DOF manipulator for solving inverse kinematics.

The dynamic pose matrix }4;is obtained by left-multiplying (2) by matrix J47*. The
dynamic pose matrix 74; can be derived from the end-effector pose . By matching each
corresponding element in matrix 7A; with matrix 74y, the joint angles q;, q¢, and gy, as
well as angles g3, q;34 and angle g,345, can be calculated as

q1 = atan(py - d7ay/px - d7ax)
g6 = acos(s;a, — c1ay)
q; = atan(slox — ¢ 0y/ciny — slnx)
Q23 = asin[(0? + U? + a% — a2)/2a;V0Z + U%| — ¢
{q23 = - — asin[(0% + U? + a — a})/2asV0% + U2] — ¢ ®)
G234 = atan (((0 + a35QZ3)/a4)/((U = a3cq23)/a4))
{%345 = atan((0,57/cs — n,¢7/c6)/(0,¢7 +1,57))  cosqe # 0

q2345 = atan((az/s6)/(ozc7 + nzS7)) cosqe =10

where 0 = p, — a;S; — A55p345 — di — d6Ca345
U=c1py +51py — Q1 — A3¢; — As5Cz345 + deSz3459 = arctan(0/U)

The second joint serves as the constrained joint, and its angle is held as a constant.
Using (3), the joint angle g3 can be obtained as

43 = dz23 — Q2 “)

The joint angles g, and qs are obtained by



q4 = 4234 — Q23

s = 42345 — 42 — (43 — Q4 ®)

The kinematic inverse solution analysis yields four sets of inverse solutions for the
manipulator, which need to be selected according to the joint angle limits. If any joint
angle exceeds the limit, the solution is defined as invalid, and feasible solutions can be
obtained by adjusting the angle of redundant joint. When multiple solutions exist, the one
with the shortest path and lowest energy consumption is selected [14].

C. Jacobian Matrix of the Manipulator

When the manipulator operates at a desired velocity in the Cartesian space, it is prone
to singular configurations that cause joint velocities tend to infinity. The Jacobian matrix
establishing the mapping relationship between the end effector velocity and joint veloci-
ties, provides a core basis for solving this problem. The Jacobian matrix of the 7-DOF re-
dundant hydraulic manipulator is a 6x7 non-invertible matrix and direct derivation ac-
cording to the definition is complex, thus the vector product method is adopted for deri-
vation [15].

For the i-th joint of the manipulator, the following relationship holds:

Ui
(.L)i] -

where v; denotes the linear velocity component of the end-effector due to the i-th

Zx 'Y
; 6
7 |4 (6

joint motion, w; denotes the angular velocity component of the end-effector due to the i-
th joint motion, Zi represents of the unit vector of the Z-axis of coordinate system {i} in the
base coordinate system {0}, which can be obtained from the matrix %A. ‘P? = 9R 'P,, and

'P? denotes the representation of the position vector of the origin of the tool coordinate
system relative to coordinate system {i} expressed in the base coordinate system {0}. 9R
denotes the attitude transformation matrix of coordinate system {i} relative to the base
coordinate system {0}, which can be obtained from the matrix %A. ‘P, denotes the posi-
tion vector of the origin of the tool coordinate system relative to the coordinate system {i},
which can be calculated from the matrix %A. ¢; denotes the angular velocity of the i-th
joint.

Using (6), one can obtain

[:fl] =Jiai Ji=|"" (ER iP7)] Q)

where J; is the i-th column of the Jacobian matrix. The Jacobian matrix of the manip-
ulator can be expressed as

] = []1!]21'“1]7] (8)

The singularity analysis of the Jacobian matrix based on the vector product method
provides a crucial theoretical basis for avoiding singular configurations and preventing
joint velocities from approaching infinity in manipulator trajectory planning.

3 Dynamic Analysis Of The 7-Dof Redundant Hydraulic Manipulator

A. Dynamic Model of the Manipulator



Based on the kinematic analysis, the dynamic analysis of the manipulator is per-
formed using the Lagrange method from the energy perspective [16]. The total kinetic
energy of the manipulator can be expressed as

0% a(sa)”
dq; b dgy

2% Bt [Memain 7 )|dse =2amH@a @

where ¢; denotes the angular velocity of the j-th joint, Ii is the pseudo-inertia matrix
of the i-th link, and the pseudo-inertia matrices of each link are shown in Appendix | .
The element in the j-th row and k-th column of the inertia matrix H(q) is expressed as

2% . a(%a)"
hi = 7_ .oqtr ( 1. L3
Jk Zt—max{],k} a4, { oq

The total potential energy of the manipulator can be expressed as
V= -l mg A T (10)

where mi denotes the mass of the i-th link of the manipulator, and the mass of each
link is shown in Appendix I. g =[0,0,—g, 0]” represents the vector for gravitational ac-
celeration in the coordinate system {0}, and g is the acceleration due to gravity. ¢ =
[ e, Ven Zei 1]T is the homogeneous coordinate of the centroid of the i-th link in the
coordinate system{i}, and the coordinates of the centroid of each link are shown in Ap-
pendix | .

The Lagrange function of the manipulator is L = K —V, and substituting the La-
grange function into the Lagrange equations of motion

SR _R_q (11)
where 7; is the driving torque of the j-th joint.
The dynamic equation can be obtained as

H(Q)§+C(q9q+G(q =T (12)

where C(q,q) € R”*! is the centrifugal force and Coriolis force term, G(q) € R”*! is
the gravitational force term, T = [1y,7,,,T,]7 is the joint driving torque vector.

The j-th row and k-th column element of the centrifugal force and the Coriolis force
term C(q,q) is expressed as

_v7 1 (ahjk ohy; ahik) .
Cj = Xhoq s (52 4 P Dk o 13
jie = Yk=13 9q; ' oax  oq; qai 13)

Similarly, the j-th element of the gravity term G(q) as
9j = = Shaamed" 35 Fro (14)
B. Relation Between Cylinder Force and Joint Torque

Hydraulic cylinders output force along their own axes, while the dynamic equation
requires joint torque as input. Since the second to the sixth joints of the manipulator are
driven by hydraulic cylinders, it is necessary to establish the relationship between the hy-
draulic cylinder output force and joint torque.



Figure 3. Structural schematic of the second joint.

The structural schematic of the second joint is shown in Fig. 3. The upper arm hy-
draulic cylinder force generates the torque at the second joint

Ty, =Top XFZ (15)

where ryp = Py — P, denotes the force arm of the upper arm actuated by the upper
arm hydraulic cylinder, and is defined in the link coordinate system {2}. PB denotes the
position vector of connection point B between the end of the hydraulic cylinder piston rod
and the upper arm, defined in the link coordinate system {2}. Po denotes the position vec-
tor of the rotation center of the second joint, defined in the link coordinate system {2}.
F, = F,(Pg — P,) denotes the force vector generated by the upper arm hydraulic cylinder
in the link coordinate system {2}. PA denotes the position vector of connection point A
between the end of the hydraulic cylinder and the rotary base in the link coordinate sys-
tem {2}.

Figure 4.Structural schematic of the third joint.
The structural schematic of the third joint is shown in Fig. 4. The elbow arm hydrau-
lic cylinder force generates the torque at the third joint
T3 =Top X F3 (16)
® 0

Figure 5 Structural schematic of the fourth joint.
The structural schematic of the fourth joint is shown in Fig. 5. The lower arm hydraulic

cylinder force generates the torque at the fourth joint
Ty =Top X F,4 (17)

Figure 6 Structural schematic of the fifth joint.



The structural schematic of the fifth joint is shown in Fig. 6. The wrist pitch arm
hydraulic cylinder force generates the torque at the fifth joint
Ts =Top X F5 (18)
where 1o, = P, — P, denotes the force arm of the wrist pitch arm actuated by the
wrist pitch arm hydraulic cylinder, defined in the link coordinate system {5}. PD denotes the
position vector of connection point D between the end of the hydraulic cylinder piston rod
and the wrist pitch arm, defined in the link coordinate system {5}.

Figure 7 Structural schematic of the sixth joint.
The structural schematic of the sixth joint is shown in Fig. 7. The wrist yaw arm hydraulic
cylinder force generates the torque at the sixth joint
Te =Top X Fg 19)

4 Trajectory Planning Of The 7-Dof Redundant Hydraulic Manipulator
A. Seventh-Order Polynomial Trajectory Planning
Polynomial interpolation is a commonly used method for manipulator joint space
trajectory planning [17], and it employs polynomial functions to describe the manipula-
tor motion process from the start point to the end point. Among the commonly used 3rd-
order, 5th-order and 7th-order polynomial interpolations, the 7th-order polynomial can
satisfy higher order derivative continuity conditions (e.g., jerk continuity), and thus ex-
hibits superior trajectory stability and motion performance to the 3rd-order and 5th-or-
der polynomials. Therefore, the 7th-order polynomial is adopted for joint trajectory plan-
ning, and the expression of the 7th-order polynomial for one joint is defined as follows
O(t) = ap + ayt + ayt? + ast® + a,t* + ast® + agt® + a,t’ (20)
where ay, a,,,a; denotes the coefficients of the seventh-order polynomial, and t
denotes time.Taking the derivative of (20) gives the joint angular velocity

0(t) = a; + 2a,t + 3ast? + 4a,t3 + 5ast* + 6a4t® + 7a,t® 21
Taking the derivative of (21) gives the joint angular acceleration

6(t) = 2a, + 6ast + 12a,t? + 20ast> + 30ast* + 42a,t° (22)
Taking the derivative of (22) gives the joint jerk

6(t) = 6as + 24a,t + 60ast? + 120ast> + 210a,t* (23)

At the initial time t0, the joint angle is denoted by6,. At the final time tf, the joint
angle is denoted by 6;. The seventh-order polynomial must satisfy the constraints for
the joint angle, angular velocity, angular acceleration, and angular jerk at the start and
end points



9];:

9f=
<

90 = Qy

2 3 4 5 6 7

Qo + Qyty + Ayt + ast? + agtf + ast? + agtf + ast]
90 = al

a; + 2ayt; + 3astf + 4ayst? + Sastf + 6agt; + 7astf

éo = 2a2 (24)

b = 2a, + 6ast; + 12a,t? + 20ast? + 30aqt} + 42a5tf

é’o = 6a3

b; = 6as + 24a,t; + 60ast? + 120aqt} + 210a,t}

Ay

as

Qe

a

where 6, and 6; denote the joint angular velocity at the initial time and final
time of the path segment, respectively. 8, and &; denote the joint angular accelera-
tion at the initial time and final time of the path segment, respectively. 8, and 8; de-
note the joint jerk at the initial time and final time of the path segment, respectively.
Using (24), the coefficients of the 7th-order polynomial function can be obtained as
ay = 6o
a, = 6,
a, =6,/2
as; =8,/6
_ (2109f—21060)—(909f+12090)tf+(15éf—3090)t}—(§f+450)t;
- 6t}

25
—(168607—16860)+(786 £ +9000 )t f—(148 1 —2080 )t 7 +(6 r+26,)t 7 25)

5
th

_ (4200-42009)— (2040 7+2168 )t 7+(398 ;—4580)tF—(36 s +46,)t
6t8
f

_ —(21005-21000)+(600 1+6000)t 1 ~(128 ;~1280 )¢ F+(6 7 +6,)t }
- 6t7
f

B. Genetic Algorithm Trajectory Optimization

To improve the manipulators working efficiency, ensure the smoothness of the en-
tire trajectory, minimize motion energy consumption, and avoid singular configura-
tions during movement, the total operation time, trajectory smoothness, energy con-
sumption, and singularity avoidance are taken as the core optimization objectives. The
objective function for total operation time S1, the objective function for trajectory
smoothness 52, and the objective function for energy consumption S3 are defined re-
spectively as

7
[P gy ae (26)
Z}Z:l tk
where tk denotes the time of the k-th path segment. 8;,(t)denotes the jerk of the i-
th joint in the k-th path segment. 8 (t)denotes the angular acceleration of the i-th joint

Y74t
Sy = R G (eyat
2}7(=1 273

S =Yie1te S2=Xko S3 =Yk

in the k-th path segment.

The objective function for avoiding singularities 5S4 is defined as
1
S, = P S 7)
max{u=o.01,22=1tk Jo /(@7 (@)]at}

where u denotes the threshold constant for singularity detection, J(q) represents

the Jacobian matrix of the manipulator as shown in (8).

To balance the above four objective functions, a weighted sum method is adopted
to construct the total objective function, where different weight coefficients are assigned
to each objective to balance their importance, and the total objective function is ex-
pressed as

f=w-Si+wy,-S;+w;-S;4+w,-S, (28)

where w1, w2, w3, w4 denote the normalized weights of the total operation time
S1, trajectory smoothness S2, energy consumption S3, and singularity avoidance 54, re-
spectively.



The motion of the manipulator is constrained by its physical structure, and the
constraints imposed on the joint angles, angular velocities, angular accelerations, and
angular jerks of each joint are expressed as
19: (O] < dimax GO < Gimax 1§ (O] < Gimax  (29)
where Gmax,Gmax and Gpmq, denote the maximum angular velocity, maximum angu-
lar acceleration, and maximum joint jerk of the i-th joint, respectively.

Proposed by John Holland based on the laws of natural evolution, the genetic al-
gorithm is an optimal solution search algorithm that simulates the process of natural
selection and genetic variation [18]. Evolving iteratively via three core operations (se-
lection, crossover, and mutation), it features gradient-free search, high efficiency in ex-
ploring complex solution spaces, excellent robustness, and global optimization capabil-
ity, making it widely applicable to multi-constraint and nonlinear engineering optimi-
zation scenarios. Therefore, this paper applies GA to the trajectory optimization of the
manipulator, by encoding joint-space trajectory parameters, designing fitness function,
and implementing genetic operations, it achieves multi-objective collaborative optimi-
zation of total operation time, trajectory smoothness, energy consumption, and singu-
larity avoidance.

C. Simulation Verification

In the simulation, the trajectory of the manipulator consists of 8 waypoints, form-
ing 7 path segments. The angular velocity qi, angular acceleration ¢;, and angular ac-
celeration ¢§; at each waypoint are constrained to zero. The joint angle range, angular
velocities, angular accelerations, and angular jerk for each joint are specified as con-

straints in Table [ . The positions Xj,Yj,Zj and orientations «;, f;, §; of the manipu-
lator end-effector at the 8 waypoints are detailed in Tables Il and V.
Tab II: Joint constraints of the manipulator
. . Acceler-
Joint angle ranges Velocity ation Jerk
1 (-3.14,3.14) 2.61 3.52 3.32
2 (-1.55,-0.87) 2.61 3.52 3.32
3 (0.69,1.39) 3.14 3.52 3.32
4 (-0.08,1.13) 3.14 3.52 3.32
5 (-0.24,1.406) 3.35 3.52 3.32
6 (1.02,2.41) 3.35 3.52 3.32
7 (-3.14,3.14) 3.35 3.52 3.32
In the Table Il the unit of joint angle is rad, the unit of velocity is rad/s, the unit of

acceleration is rad/s2, the unit of jerk is rad/s3.
Tab III: Manipulator end pose of each waypoint

394213 3948.44 3662.69 3231.14
131.973 960.163 154243 1865.5
211.427 772583 843.161 802.674
-96.933 -114.95 -114.06 -112.49
-145.6  -143.48 -150.33 -158.53
-167.85 -145.76 -148.38 -166.87

Tab IV: Manipulator end pose of each waypoint

TR s ey g




m

Xj
Yj
Zj

a;

B;
0,

J

3087.14
2676.88
920.016
-126.76
-151.08
-143.58

2629.45
2723.12
229.399
-127.51
-169.67
-162.08

2355.02
3011.92
432.207
-138.99
-172.27
-154.25

1917.17
3584.58
1183.59
-162.75
-165.34
-125.72

In Tables Il and IV: Xj, Yj, Zj represent the coordinates of the origin of the tool
coordinate system relative to the base coordinate system at the j-th waypoint, with
units in mm. «a;, B;, §; represent the roll angle, pitch angle, and yaw angle of the
manipulator at the j-th waypoint, respectively, with units in rad.

Inverse kinematics solutions are derived based on the manipulator end-effector
pose at each waypoint. Firstly, the redundant joint angle is selected via the genetic
algorithm, then substituted into the inverse kinematics solving process, and the cor-
responding joint angles for each waypoint are finally obtained as shown in Tables V

and VI.
Tab V: Manipulator joint angle at each waypoint
' aypoint =1 = -3 =4
Joint
1 0 0.1745 0.3491 0.5236
2 -1.2217  -1.3089 -1.3963 -1.3089
3 1.0472 09599 0.8727 0.7854
4 0.5236  0.3491 0.4363 0.5236
5 0.6109 0.6981 0.7854 1.0472
6 1.7453 19199 1.8326 1.5708
7 0 0.0873 0.1745 0.1745

Tab VI: Manipulator joint angle at each waypoint

W 56 T 8
Joint
1 06981 07854 0.8727 1.0472
> - 13089 -1.3963 -1.3089
1.3089
3 09599 1.0472 09599 0.7854
4 01745 03491 04363 05236
5 0.8727 1.0472 09599 0.5236
6 16581 1.6581 17453 1.7453
7 02618 01745 00873 0

In Tables V and VI, the unit of joint angle is rad.

In the simulation, the iteration of the genetic algorithm is set to 500. Real num-
ber encoding is adopted, with a crossover operation probability Pc=0.9 and a muta-
tion operation probability Pm=0.1. The objective function is set as the fitness func-
tion with coefficients w1=0.3, w2=0.2, w3=0.2 and w4=0.2. The objective functions
and fitness function optimized by the genetic algorithm are S1=13.87, 52=3.0977,
53=10.4797, 54=1.2761, and £=7.1317 respectively. The optimized travel times for each
path segment are t1=1.82s, t2=1.78s, t3=2.20s, t4=2.12s, t5=1.92s, t6=1.69s and t7=2.34s.
By substituting the time duration of each path segment into (25), the coefficients of
the seventh-order polynomial can be obtained. These coefficients are then



substituted into (20) to yield the optimized seventh-order polynomial interpolation

trajectory. The optimized 7th-order polynomial interpolation trajectory is shown in
Fig. 8.
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Figure 8 Optimized 7th-order polynomial interpolation trajectories of each joint.

In Fig. 8,w;, a; and ¢; denote angular velocity, angular acceleration, and angular
jerk, respectively, with the corresponding units of rad/s, rad/s2 and rad/s3.

To demonstrate the superiority of the proposed trajectory planning method, a com-
parative analysis is conducted with the manipulator trajectory without optimization. In
the manipulator trajectory without optimization, a fixed time interval of 2.5s is used be-
tween each path segment. The trajectories for each joint are obtained by (20) and (25). The
redundant joint angle g2 is set to -1.2217 rad. The constraint conditions are consistent with
those in the optimized manipulator trajectory. For the seventh-order polynomial trajecto-
ries without optimization, the objective functions are S51=21, 52=6.6975, 53=23.2836,
54=9.3051. The trajectory of the seventh-order polynomial interpolation without optimiza-
tion for each j]ozint is shown in Fig. 9.
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Figure 9 The 7th-order polynomial interpolation trajectories of each manipulator joint
without optimization.

The comparison using Fig. 8 and Fig. 9 shows that the 7th-order polynomial joint
trajectory curves optimized by genetic algorithm are smoother than the trajectory curves
without optimization, and the impact (i. e., joint jerk) is also reduced to a certain extent.
Comparing with the objective functions of the trajectory without optimization, the total
operation time S1, trajectory smoothness S2, energy consumption S3 and singularity
avoidance 54 all decrease significantly through optimization. In summary, the optimized
7th-order polynomial interpolation trajectory enables the manipulator to achieve shorter
operation time, smoother motion, lower energy consumption, and more reasonable joint
postures, thus verifying the superiority of the proposed trajectory planning method.

5 Design Of Manipuulator Trajectory Tracking Controller

The motion of the manipulator is affected by modeling error such as unmodeled
joint friction, and the actual dynamic model of the manipulator considering modeling
error is expressed as

D(q)-q+H(qq) - q+6G(q)+F(qq=T (30)

where F(q,q) represents bounded modeling error including unmodeled joint fric-
tion, etc.

For the 7-DOF hydraulic redundant manipulator described in (1), the trajectory
tracking error of each joint is defined as

7:(1) = q;(8) — qia () €2y

where q;4(t) is the expected trajectory of each joint, i=1,2,-,7. In this paper, the ex-
pected trajectory of each joint is consistent with the optimized planned trajectory in Sec-
tion IV.

The trajectory tracking control objective is to rationally design the control inputs
7;(i = 1,2, ...,7) such that the angles of each joint q;(t) converge to their desired trajec-

tories q;4(t), thereby the trajectory tracking error 4.(1) of each joint is minimized to
zero.
Define the sliding mode vector of the manipulator system as
s=4+Cq=q-qa+Cq (32)
where, Cis a 7th-order positive definite diagonal matrix and



s = [51,52,53,54, S5, 56, 7174 = [d41, G2, 43, 44, 45, 6, G717 4a
= [414, 420, 430> G4 d5a> Gear d7al”
4 = [d1, 42, 3 G4, G5, Go 71"

Considering the modeling errors such as joint friction existing in the actual manip-
ulator system, to ensure that the proposed trajectory tracking controller has high control
accuracy, a sliding mode disturbance observer is designed to estimate the modeling er-
rors of the system. Meanwhile, an adaptive fuzzy logic system is used to design a com-
pensation system for the estimation error of the disturbance observer.

A. Design of Sliding Mode Disturbance Observer and Adaptive fuzzy system

The sliding function (31) is rewritten ass = q — q,, by defining q, = q; — Cq. Note
that the inertia matrix D(q) is invertible, taking the derivative of s and using (30) yields

$=§—§,=-D'(HG+6)—§,+D'T-D'F (33)
(33) can be expressed as
Si=n—Gp+ 4+ f; 1=12,..7 (34)
where n;, §;, and %; represent the i-th element of vectors —D7'(Hq + G +
F),4, and D7'T respectively, f; is the i-th element of the modeling error vector
—D7'F. f; is assumed to be bounded by |f;| < D;, here D; is a positive constant.

Define the auxiliary sliding variable a,(1) as [19]

0;(t) = s:(O) +z;(t) 2, (8) = Gir —i =T —w;  (35)

where (i=1,2,-,7), zi is the internal variable of the i-th sliding mode disturbance
observer, u; is the injection term of the i-th sliding mode disturbance observer.

The injection term u;(¢) for the i-th sliding mode disturbance observer is defined
as u;(t) = g;sign(oy), here ¢; is a positive constant satisfying &; > D;.

Using (34) and (35), one can obtain d;(t) = s; + Z; = f; — u;. Then, one can further
derive that o0;6; < |lo;|(|f;| — &) < 0. This means that the auxiliary sliding variable
0;(t) can converge to zero within a finite time.

According to the principle of equivalent control, the equivalent control of the
sliding mode disturbance observer injection term can accurately estimate the un-
known disturbance f;(t). The equivalent control u.q;(t) can be calculated as the
first-order low-pass filtered average of the disturbance observer injection term u;(t)

Viueq,i(t) + ueq,i(t) = u;(¢) (36)

where y; is a small filter time constant.

Therefore, the sliding mode disturbance observer F for the system modeling er-
ror F(q,q) can be expressed as

F=-Du,, (37)

where

F =[Py BT Ueq = [tegr Ueqas s theq]

Due to observation errors F(q,q) = F(q,q) — F during the operation of the dis-
turbance observer, to suppress the adverse effect of observation error in the disturb-
ance observer on the trajectory tracking control accuracy of the manipulator, an adap-
tive fuzzy logic system is employed to design an observation error estimator.

The fuzzy logic system Fi(x;[) G = 1,2,3,..,7) and adaptive law of parameter
column vector ! are designed as

Ry =alat)  #i=—ts&@) 69

where &;(x;) = (fil(xi),fiz(xi), ...,Eil(xl-))T is the fuzzy basis vector, and p; is a
positive constant.

The 1-th element in the fuzzy basis vector §;(x;) is

H?=1”A{'i(x%)
§(x) = L (39)
1(%; Sy Sy Sy Ty g, ()
A



where n represents the element number of the input x;, u j; represents the
i

membership function, A{ ‘(i = 1,2,...,N;) represents the fuzzy set, N; is the number
of fuzzy rules, x! denotes the I-th element of the input x;. The input x} is fuzzyfied
using Gaussian membership function

1__J
1 — X6
rax) =ep(=C0% - 40)
J1

where o] is a positive constant, cl.] ! is used to determine the center of the

Gaussian membership function, j, = 1,2,...,N, here N denotes the number of fuzzy

rules. At this time, the parameter vectors are o} = (ail,aiz,...,ai“,...,aiN), ¢l =

(cl-l, c?, ...,Cijl, ,cLN)
B. Design of Sliding Mode Controller
Considering the advantages of the double power reaching law [20] in terms of
fast sliding variable convergence and control input chattering elimination, a novel fast
reaching law based on the double power reaching law is proposed to achieve global
fast convergence of the sliding variable while reducing the chattering of the controller
o {_k1i|5i|/1”5ign(5i) — kalsi|Misign(s;) — kgisi, Isil = 1 @1
b kalsiPeisign(s;) — kol F2isign(sy) — kasy, || < 1

where, kqi;, k,; and ks; are positive constants, and kq; >k, Ay > pq > 1,
0< Ay < py <1

The proposed fast reaching law consists of the reaching term —k;|s;|*isign(s;)
or  —kyls;|*isign(s;) and the reaching term  —ky|s;|*isign(s;) or
—k,ils;|#2isign(s;). When the sliding variable s; is far away from the sliding surface
(i. e., |s;| = 1), the reaching speed of the sliding variable is primarily determined by
the reaching term —ky;|s;|*isign(s;). Since A,; > uy; > 1, the sliding variable can
achieve greater convergence effects when it is far away from the sliding surface. As
the sliding variable is near to the sliding surface (i. e., |s;| < 1), its reaching speed is
primarily determined by the reaching term —k;;|s;|*2isign(s;). Since 0 < A,; < py; <
1, the sliding function can also achieve significant reaching effects when it is near to
the sliding surface. Moreover, the reaching term —k3;s; plays the role in accelerating
the reaching phase.

Based on the reaching law (41), the sliding mode disturbance observer (37), and
the adaptive fuzzy system (38), the the sliding mode controller can be obtained as

T =Dij, + Hq, + G+ F + F(q,q|R) + FRL (42)

where

F=[F,F,..,F;]T FRL=[rl,rl,1ls, .., 71,]"

F(q,qI0) = [F, Fy, .., F;]" = [011§1(q1, 41), 124202, G2), -, 17 §7(a7, 4]
_ {_klilsillliSign(Si) — kalsi|*“1isign(s;) — kzisi sl =2 1
—kyilsi|*2isign(s;) — kylsi|*2isign(s;) — kaisi, Isi] < 1
Theorem 1: For the manipulator system (30), if the sliding mode controller (42) is
adopted, with the sliding function designed in (32), the sliding mode disturbance ob-
server designed in (37), and the adaptive fuzzy system designed in (38), then the slid-
ing function can converge to zero in finite time.
Proof: The Lyapunov function is defined as
V =-s"Ds+- 37, /il o (43)
where #]; =1 — 1j;, n; is the ideal parameter vector.
When |[s;| = 1(i = 1,2,...,7), the derivative of the Lyapunov function V can be
obtained by using (33)



7 .
V= sTD$+%sTD's+ZﬁiTp,ﬁi
i=2
7 .
=s'(T-Hq,-G-F —Dijr)—sTHs+lsTDs+ZﬁiTpiﬁi
2 p=
(44)
Substituting the control law (42) into (44), and using the fact that s”(D — 2H)s =
0, one can obtain
V = s"(F(q,q[f) — F — KiAy;sign(s) — KoAysign(s) — K3s) + X7 i p; 1l (45)
Where Aﬂl = diag(lslllll, |Sz|112, ey |S7|117) A[,l.l = diag(lsllull, |Szl'u12, ey |S7|#17)
Kl = diag(kll, k12’ ey k17) Kz = diag(k21, kzz, ey k27) K3 = diag(k31, k32, ey k37)
The fuzzy approximation error is defined as ¢ = F(q, q|n*) — F(q, q). Substituting the
adaptive law (38) into (45), one can obtain
V=-s"(F(q.4)~F(q.91m)+F(q.q\n")~F(q.4|1")
7 .
+K, A, sign(s) + KzAmsign(s) - K.s)+ Z ﬁiTpiiii
i=2

_ T e _ T o _ T T
=—5 K5, —-s K,5,—s" K;s+s ¢

<-5"K,5,, —5 (K5, —¢) 46)
where §;; = [Is;|"11, [sz1%12, ..., Is71M7]781 = [Isy[#11, [sp]#12, ..., |5 |#17]"
§ = [Issl, szl s 157117 § = [lc, | |S,]s oo [, 17

Here ¢; is the i-th element of .

One can see from (46) that, if K;$§3; > ¢ then V < —87K,§,; — §7(K;$3; — ¢) <
0. By selecting ky; to satisfy that k;; > ¢;, then K;S§,;; = ¢ is satisfied. This indicates
that by appropriately selecting ki the sliding function can be reduced to |s;] <1
within a finite time.

When |s;| < 1, the derivative of the Lyapunov function V can be similarly ob-
tained
L=-s"K A,,sign(s)—s"K,A,,sign(s)—s"K;s+5'¢

_ T o =T T T
=—s Ks,,-5 K,5,,-s K;s+s5'¢

<-5'K,s,-5"(Ks,,—¢) 47)
where
Ay, = diag(]s; %21, [s,]%22, ..., [s,]*27)
Az = diag(|s,]#21, sz |22, ..., |s7]#27)
Sa2 = [Is11%22, |5, 1723, ..., |5, | *27]"
845 = [Is1]#21, s, |#22, ..., |57 |#27]"
One can infer from (47) that, if K;8;, > ¢ then V < —8"K,8,, — §"(K;$;, —¢) <
S

0. This indicates that the sliding function °/ can converge to the zero neighborhood

1
[s;| < (;—i)AZi within a finite time. It should be noted that since 0 < 1,; < 1, when the
1i
1

estimation error ' of the fuzzy logic system is sufficiently small, (:—i)lﬂ can be ap-
1i
proximated to be zero. In summary, L < 0 can be ensured by selecting sufficiently

large values of K;. According to Lyapunov stability theorem, the sliding function *
can converge to zero within finite time.
C. Analysis of simulation experiments
To verify the effectiveness of the proposed trajectory tracking control algorithm,
trajectory tracking control simulation for the manipulator are conducted in the
MATLAB simulation environment. The physical parameters of the manipulator have
been presented in Section 2, Section 3, and Section 4. In addition, the gravitational ac-
celeration is taken as g = ()'j—zm. It is assumed that the manipulator is initially located at



the first path point of the planned trajectory, and the initial angular velocity of each
joint is zero. To verify that the proposed method possesses good robustness, friction
torque is applied to each joint of the manipulator. [21] proposed a nonlinear friction
model that combines Coulomb, viscous, and Stribeck friction characteristics, which can
eliminate the adverse effects caused by the discontinuity of the traditional friction
model. This joint friction model is expressed as

F(q:) = ai[tanh(B1q;) — tanh(B2qi)] + az tanh(f3q:) + azq;  (48)

Where ¢; is the velocity of the i-th joint. @;, a,, and a3 represent different de-
grees of friction, which are positive constants. f;, 5, and B3 denote various shape
coefficients used to approximate different friction effects, and are also positive con-
stants.

The values of the parameters in the friction model for each joint of the manipula-
tor are shown in Tables VII and VIIL

Tab. VII Parameter values ¢, in joint friction models

Joint o a o,
1 0.4 0.2 0.02
2 0.4 0.2 0.02
3 0.4 0.2 0.02
4 0.4 0.2 0.02
5 0.4 0.2 0.02
6 0.4 0.2 0.02
7 0.4 0.2 0.02

Tab. VIII Parameter values f3i in joint friction models

]oint ﬂl ﬂz ﬂ3
1 2 0.4 1
2 5 1 1
3 3 0.6 1
4 4 0.5 1
5 1 0.65 1
6 3 0.55 1
7 4 0.45 1

For the friction model shown in (48), the friction torque of each joint is a function
of the angular velocity of each joint. Therefore, the input to the adaptive fuzzy logic
system should be determined by the joint angular velocities. In this paper, the input
to the fuzzy logic system is x; = [¢;], and six fuzzy sets are designed for each input
of the fuzzy logic system.

Furthermore, to demonstrate the superiority of the control method proposed in
this paper, a comparative simulation with a traditional control method is conducted
in the aforementioned simulation environment. In the traditional control method, the
sliding mode disturbance observer designed in the proposed method is still used.
However, the traditional method does not employ the adaptive fuzzy logic system to
compensate for the approximation error of the disturbance observer. In addition, the
controller of the traditional control method is derived using the exponential reaching
law [22]. Meanwhile, to avoid chattering in the traditional controller, the saturation
function is used to replace the sign function in the control law to process the continu-
ity of the control input [22].

Fig. 10 and Fig. 11 respectively present the curves of the joint angles and joint
torques variations of the manipulator under the effect of the two control methods. It
can be seen from Fig. 10 that under the action of the controller proposed in this paper,
even in the presence of the unmodeled friction torques in the manipulator joints, the



manipulator can still accurately and quickly track the desired trajectory after starting
from the initial position of each joint, and maintain stable and accurate tracking
throughout the subsequent simulation period. Between two adjacent path segments,
due to changes in the planned trajectory, there is a short transition process near the
starting position of the subsequent path segment. The simulation results indicate that
the control method proposed in this paper possesses strong robustness with respect
to system uncertainty. From Fig. 11, it can be seen that due to the adoption of the
chattering-free fast reaching law, the output of the controller designed in this paper is
relatively smooth, with no obvious chattering in the control input.

To better compare the dynamic control performance of the two control algo-
rithms, two performance metrics £ andU are used to quantitatively evaluate the
dynamic control performance of the two algorithms. The definitions of the compre-
hensive error £ and the energy consumption U are as follows

CE = Xj1 Xlawildi(t)| EC = X Xl mln(t)] (49
where n is the number of sampling points, ¢; is the j-th sampling instant, and the weights
are w; =; and @, = ;

It can be computed from the simulation data in Fig. 10 that the comprehensive
error of the control method proposed in this paper is CE; = 5.3573rad, and the com-
prehensive error of the traditional control method is CE, = 6.2037rad. From the sim-
ulation data in Fig. 11, it can be obtained that the energy consumption of the control
method in this paperis EC; = 2.2522 x 10°N-m, while the energy consumption of the
traditional control algorithm is EC, = 2.2497 x 10°N-m. Thus, it is evident that the
performance metrics of the control method proposed in this paper are superior to
those of the traditional control method. The comparison results indicate that the con-
trol algorithm proposed in this paper can provide better control performance com-
pared to t}]uze traditional control algorithm.
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Figure 10 Trajectory tracking performance for each joint of the manipulator.
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Figure 11 Torque variation for each joint of the manipulator.

6. Conclusions

For trajectory tracking control problem of a 7-DOF redundant hydraulic manipulator,
an adaptive fuzzy sliding mode control method based on a novel fast reaching law is pro-
posed in this paper. The forward kinematics equation of the manipulator is established
using the improved D-H method, and the inverse kinematic solution is obtained via the
explicit equation method. Based on the forward kinematics analysis of the manipulator,
the velocity Jacobian matrix is derived using the vector product method, and the dynam-
ics model of the manipulator is established via the Lagrange method. Based on the inverse



kinematics the manipulator, a trajectory planning method is proposed that integrates 7th-
order polynomial interpolation with genetic algorithm optimization. On this basis, a tra-
jectory tracking controller is designed based on a sliding mode disturbance observer and
an adaptive fuzzy estimator. A first-order sliding mode disturbance observer is employed
to estimate modeling errors in the manipulator system, while an adaptive fuzzy logic sys-
tem is designed to estimate the observation error. A fast reaching law that dynamically
adapts to the changes of the sliding variable is proposed, and the sliding mode control
law for the manipulator trajectory tracking is designed based on this fast reaching law.
The stability of the closed-loop control system is analyzed using the Lyapunov function
method, and simulation results demonstrate that the proposed control method exhibits
excellent control performance.
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Appendix [ : Center of Mass and Inertia Parameters of Each Link

Link Mass Centroid Coordinates Inertia Tensor
%1 = —0.037 Iixx = 10.000 Iy, =0.001 [, = —0.788
Shoulder Rotation Arm  m1=158.026 Lyer = 0.000 Liyx =0.001 I, =12.755 I, =—0.010
17,1 = —0.070 Iiz = —0788 Iy, = —0010 I, = 7.157
%xep = —0.132 Ly = 4984 Ly, = —1.266 Ly, = —0.003
Upper Arm m2=60.595 2ye, = 0.542 Lyy =—1266 I,, =2182 I, =-0.007
27., = —0.001 Iz = —0.003 I, = —0.007 I;,, = 6.940
%3 = 0.884 Iyne = 1679 I3, = 0804 I, = —0.011
Elbow Arm m3=84.995 %y = —0.114 I3y, = 0804 I3y, = 17.312 I3, = —0.004
35 = 0.000 Iize = —0.011 I, = —0.004 I5,, = 18.492
x4 = 0.332 Lyxx = 2.076 Iy, = —0.050 I, = —0.009
Lower Arm ms=68.303 *yea = 0.017 Iy = —0.050 I, =8495 I, = 0.001
“500 = 0.002 Loz = —0.009 I, =0.001 I, = 10.322
Sxcs = 0.062 Isyx = 1.690  Isyy, = 0961 I5,, = —0.048
Wrist Pitch Arm ms=44.202 *yes = 0.187 Isyy = 0961 sy, = 2428 5y, = 0.209
SZCS = 0.061 ISZx = —0.048 ISZ_’y = 0.209 ISZZ = 3.138
loxx = 0271 gy = 0125 gy, = 0.042
Wrist Yaw Arm me=14.487 leyx = 0.125 gy, = 0355 Igy,, = 0.025




62,6 = 0.028

"x¢7 = 0.000 Iy = 0.645 Iy, = 0.001 I, = —0.002
Wrist Rotation Arm m=28.147 "Ye7 = 0.000 I7y, = 0.001 17y, = 0913 I, = 0.001
727 = 0.175 Iy, = =0.002 I, =0.001 I, = 0.783

In the appendix [ the unit of mass is kg, the unit of center of mass is m, and the unit of moment of inertia is kg-m?2.



