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b

a

b
c

a*

*b
c*

*b

1
8

 m
m

a b

Cu

C

N

O

F
D

Figure S1: Single-crystal mount and crystal structure
of CuF2(D2O)2(pyz). a Photograph of the sample used in
our scattering experiments. b Representation of the stacking
of square-lattice planes in the crystal structure, viewed along
the b axis and with the zero-field magnetic structure repre-
sented by the red arrows.

S1. CRYSTAL AND EXPERIMENTAL
GEOMETRY

Large single crystals of CuF2(D2O)2(pyz) were grown
as detailed in the Methods section. Powder X-ray diffrac-
tion on crushed crystals was used to determine their
phase purity and to perform an initial Rietveld struc-
tural refinement, as described in Ref.S1 A further refine-
ment of the crystal structure was performed on elastic
scattering cuts from our time-of-flight data; this verified
the monoclinic P21/c space group with lattice parame-
ters a = 7.56 Å, b = 7.44 Å, c = 6.82 Å, α = γ = 90.00◦

and β = 113.66◦.
Figure S1a shows a photograph of our single-crystal

sample aligned on an aluminium sample holder with the
b∗c∗ plane [(0 K L) plane] horizontal and the magnetic
field along the a axis ([100] axis). Figure S1b shows a
real-space representation of the crystal viewed along the
b axis ([010] axis). The square lattice of interacting Cu2+

ions is the bc plane of CuF2(D2O)2(pyz), with the weak
interplane interactions along the a axis. The zero-field
magnetic structure of the material, which includes a tilt-
ing of the spins out of the bc plane and towards the a

axis, is shown by the red arrows.

Elastic cuts through our LET data in the (0,K, L),
(H,K, 1) and (H, 1, L) planes are shown in Fig. S2.
The match between the nuclear Bragg peaks and the
reciprocal-lattice grid reflects the accuracy of our crys-
tal alignment and refined structural parameters. This
demonstration is important to determine the monoclinic
angle β accurately; this angle enters the neutron scatter-
ing cross-section in the dipole projection factor and hence
impacts the magnetic intensity resulting from integrating
the signal in the out-of-plane direction.

S2. INELASTIC NEUTRON SCATTERING

In our LET experiment we chose the three incident
energies Ei = 2.67, 5.50 and 13.85 meV in order to ex-
plore the full bandwidth of the magnetic excitations in
CuF2(D2O)2(pyz). In the main text we focused on our
Ei = 5.50 meV data, which provided the best compro-
mise between energy resolution and energy range. For
completeness, here we present further analysis of our
Ei = 2.67 and 13.85 meV measurements, highlighting
the field-dependence of selected momentum-energy slices
in Figs. S3 and S4.

It is evident in Fig. S3 that the momentum-energy cov-
erage at Ei = 2.67 meV is significantly smaller than that
at Ei = 5.50 meV, making this incident energy too low
to capture the Larmor-shadow mode (LSM). However, it
is sufficient to capture the entire one-magnon bandwidth,
and indeed with a FWHM energy resolution significantly
sharper than for Ei = 5.5 meV. Nevertheless, we find that
the one-magnon excitations remain resolution-limited.

Turning to Ei = 13.85 meV, the considerably larger
momentum-energy coverage allows us to follow the evolu-
tion of all spectral features, including the LSM, through
multiple Brillouin zones. Figure S4 confirms that this
mode is a ubiquitous feature of the dynamical response.
This dataset also illustrates the absence of significant
phonon contributions below E ≈ 5 meV, whereas the
mode around E = 6 meV, whose intensity increases with
momentum transfer for the (0,K,K) and (0, 0,K) slices,
is an optical phonon.

Measurements with variable Ei also confirm our state-
ment that the band of intensity around 1.2 meV in Fig. 2
of the main text is a consequence of scattering from the
LET magnet. It is simply absent at lower Ei, where the
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Figure S2: Quality of single-crystal alignment on LET. Elastic neutron scattering intensity from our CuF2(D2O)2(pyz)
crystal for incident energy Ei = 13.85 meV, sliced in the a-c (0,K, L), (H,K, 1) and (H,−1, L) planes, respectively, covering
several repeated Brillouin zones.
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Figure S3: Field-dependence of magnetic excitations
measured on LET with Ei = 2.67 meV. Momentum-
energy slices through the data are shown with the momentum
transfer K (measured in r.l.u.) varying along a-d (0,K, 0),
e-h (0,−0.5 +K, 0.5 +K), and i-l (0,K,K).

low-energy signal visible in Fig. S3 that seemingly dis-
perses from the elastic line is a different type of spurion
that arises from multiple scattering within the magnet.
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Figure S4: Field-dependence of magnetic excitations
measured on LET with Ei = 13.85 meV. Momentum-
energy slices shown along the same directions as in Fig. S3.

At higher Ei, the reflected neutrons arrive more quickly
at the detector and the spurion appears at a low energy
indistinguishable from the elastic line. We reiterate that
the invariance of this feature with changing applied field
and its absence in our TASP data also mark it unam-



3

0 T 3 T 6 T 9 Ta b  c  d

In
te

n
si

ty
 (

ar
b
. u

ni
ts

)

(H, - 0.5, 0.5) (H, - 0.5, 0.5) (H, - 0.5, 0.5) (H, - 0.5, 0.5)

E
 (

m
eV

)

- 0.50 - 0.25 0.00 0.25 0.50 - 0.50 - 0.25 0.00 0.25 0.50 - 0.50 - 0.25 0.00 0.25 0.50 - 0.50 - 0.25 0.00 0.25 0.50
0

1

2

3

4

0

100

Figure S5: Out-of-plane dispersion of magnetic excitations measured on LET with Ei = 5.50 meV. Field-dependence
of flat excitations along the (H, 0, 0) direction, centred around the (0,−0.5, 0.5) ≡ (π, 0) point of the square-lattice Brillouin
zone of CuF2(D2O)2(pyz). Green arrows at E = 1.2 meV indicate again the field-independent spurious scattering signal that
is present in our Ei = 5.50 meV data (Fig. 2 of the main text) but absent at Ei = 2.67 meV (Fig. S3) and 13.8 meV (Fig. S4).
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Figure S6: Field-dependence of zone-boundary excita-
tions measured on TASP. a One-magnon dispersion along
the zone boundary from (0, 0.5, 0.5) ≡ (π, 0) to (0, 1, 0.5) ≡
(π/2, π/2) at 0 T. b Zone-boundary one-magnon dispersion
at 12 T.

biguously as a spurion.

To investigate the out-of plane dispersion (i.e. along
the a∗ direction) we prepared additional slices through
the Ei = 5.50 meV dataset to focus specifically on
(H,−0.5, 0.5), which is centred on the zone-boundary
(π, 0) point in square-lattice units. As Fig. S5 makes
clear, both the zone-boundary one-magnon mode and the
LSM have minimal dispersion at all magnetic fields mea-
sured. This is particularly clear at 6 T and 9 T, where the
energies remain completely constant despite the momen-
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Figure S7: Field-dependence of the Larmor mode. En-
ergy of the gapped one-magnon branch at the M point, shown
as a function of the magnetic field applied in our LET exper-
iment. This gap measures the Larmor energy, EL = gµBµ0B.

tum transfer spanning an entire Brillouin zone. These
results justify our assumption that the magnetic interac-
tions in CuF2(D2O)2(pyz) are strictly two-dimensional.

Figure S6 complements Fig. 4 of the main text, which
showed the detailed dependence on magnetic field of the
spectra measured on TASP at (0, 0.5, 0.5) ≡ (π, 0) and
(0, 1, 0.5) ≡ (π/2, π/2), by presenting momentum scans
performed at 0 T and 12 T that connect these points. It
is clear that a magnetic field of 12 T causes a significant
decrease in the energy of the zone-boundary one-magnon
branch, and also a significant sharpening of this branch.
The reduction in linewidth is present not only at (π, 0),
where increasing magnetic field eliminates the scattering
anomaly, but in a less pronounced form for all momenta
along the zone boundary. The LSM is not visible in these
TASP datasets because it has not formed at 0 T and lies
outside the available energy range at 12 T.

Figure S7 complements Fig. 2 of the main text, by
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presenting the energy of the gapped mode at the M point
(0,−1, 0) as a function of the magnetic field. Because
of the unit-cell doubling in the ordered phase, this gap
constitutes a measurement of the Larmor mode, and a
fit to the linear field-dependence allows us to extract a
g-factor for this field direction of ga ≈ 2.4.

S3. CYLINDER MATRIX-PRODUCT-STATES
CALCULATIONS

Matrix-product states (MPS) provide an Ansatz that
allows a highly efficient representation of the quantum
many-body states of a 1D Hamiltonian. The MPS is for-
mulated using rank-three tensors at each lattice site and
the accuracy of the Ansatz is determined by the bond
dimension, χ. MPS methods can be extended to 2D sys-
tems by wrapping the lattice in a cylindrical geometry,
keeping periodic boundary conditions in the wrapping
direction and open boundary conditions at the edges of
the cylinder. Calculation of the dynamical spin structure
factor (DSSF) proceeds in two steps, (i) determining the
ground state of the Hamiltonian and (ii) time-evolving
the system by applying the appropriate spin operators
to this state. The ground state is obtained using the
density-matrix renormalization group (DMRG), which is
an iterative variational algorithm. Time-evolution of the
state resulting from the action of a spin operator on the
ground state is effected by the time-dependent variational
principle (TDVP). The two-site variant of the TDVP al-
gorithm trotterizes the projectors to the tangent space
of the MPS for every adjacent pair of sites, and ap-
plying these projectors results in an effective two-site
Hamiltonian. The exponential of the effective Hamilto-
nian (e−i 1

2Heffδt) acts on the MPS to give the local time-
evolution, which is iterated over all sites from the left to
the right end of the MPS and then back. The result is
the new state time-evolved by one time step, δt. The
final time to which the state is evolved is denoted by tf
and the number of steps by N (i.e. tf = Nδt).

A. Ground-state order

We perform our calculations in the laboratory frame
(x0, y0, z0) defined in the main text, where the external
magnetic field is aligned in the z0 direction. This allows
us to distinguish the component Sz0z0 of the DSSF in-
volving spin fluctuations parallel to the field, denoted ∥B,
from the components perpendicular to the field (⊥B). In
order to reproduce both the INS results and the known
ordered moment of the SLHAF, m0 = 0.61µ0, we include
a small symmetry-breaking staggered field in the x0 di-
rection, and hence model the spin Hamiltonian

H = J
∑
⟨i,j⟩

Si ·Sj+hz

∑
i,j

Sz0
i,j+hx

∑
i,j

,(−1)
i+j

Sx0
i,j , (S1)

where J is the nearest-neighbour spin-spin interaction,
hz the external magnetic field and hx the staggered field.
To access the complete spectra for the two different high-
symmetry lines in the Brillouin zone shown in Fig. 2 of
the main text, we wrapped the square lattice onto the
cylinder in two different ways, namely horizontal and di-
agonal (i.e. a 45◦ tilt of the lattice). MPS calculations
were performed at the magnetic fields corresponding to
the LET measurements, B = 0, 3, 6 and 9 T, using a
cylinder of length L = 100 and circumferences of w = 4
and 6, with bond dimension χ = 400.
The staggered field required to obtain the staggered

and uniform magnetizations computed by ED and by
QMC simulationsS2 within a tolerance of 10−2 was de-
termined to be hx = 0.01J . As expected, the presence of
this tiny field made no difference to the excitation ener-
gies (within the effective energy resolution), but led to a
discernible reduction in the spectral intensity of the one-
magnon branch in the Sx0x0 channel, with a concomitant
increase in Sy0y0 ; after multiplication of each with their
respective polarization factors we reproduce the results
measured by INS.

B. Dynamical spin structure factor

Because the magnetic order of the ground state is
uniform in ⟨Sz0⟩ and staggered in ⟨Sx0⟩, the magnetic
unit cell contains nc = 2 sites. We compute the time-
dependent spin-spin correlations starting from each of
these sites and take the Fourier transform

Sαβ(k, ω) =
1

nc

∑
a,b

e−ik·(ra−rb)Sαβ
a,b(k, ω), (S2)

with ra and rb the relative positions of sites a and b
within the unit cell and

Sαβ
a,b(k, ω) =

1

Nc

∑
R

∫ ∞

−∞
ei(ωt−k·R)Cα,β

R,0(t)dt, (S3)

Cα,β
R,0(t) = ⟨Sα

a,R(t)Sβ
b,0(0)⟩ − ⟨Sα

a,R(0)⟩⟨Sβ
b,0(0)⟩,

where Nc is the number of unit cells, R the spatial po-
sition of each cell and α = β ∈ {x0, y0, z0} are the spin
components. The spread of the time-dependent spin-spin
correlations limits the maximum time up to which a state
can be evolved. The long cylinders we choose set an up-
per limit of tf = 32/J before a spin operation at the
centre of the cylinder can reach the open boundaries.
Setting this cut-off prevents Friedel oscillations, which
would introduce uncontrolled numerical artifacts in the
spectra. To avoid the Gibbs oscillations that arise due
to the finite evolution time, it is standard to multiply

Cα,β
R,0(t) by a Gaussian filter in time when performing the

Fourier transform. This filter function is expressed as

f(t) =
1√
2πσ2

t

e−t2/2σ2
t ,

where we set σt =
1
2 tf .
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Figure S8: DSSF along MXM calculated by MPS for
the three separate spin channels. The DSSF components
Sx0x0 (a-d), Sy0y0 (e-h) and Sz0z0 (i-l) with polarization fac-
tor are shown for the four magnetic fields of the LET experi-
ment and for the (0,−0.5 +K, 0.5 +K) direction.

C. Spin channels and polarization factor

The external magnetic field fixes the direction z0 (cor-
responding to the crystalline a axis) and the staggered
field is applied in the x0 direction, meaning that the or-
dered moments have no component along y0, which then
corresponds to the c∗ axis. The polarization factor in
the INS cross-section modulates the components of the
DSSF according to

Pα(Q) =

(
1− Q2

α

Q2

)
, (S4)

where Q = Ha∗ + Kb∗ + Lc∗ and the components are
expressed in the laboratory frame, meaning that α ∈
{x0, y0, z0}, corresponding to the (c∗,−b∗, a) directions
in the crystal. The total INS cross section then satisfies

I(Q, ω) ∝
∑
α

Pα(Q)Sαα(Q, ω), (S5)
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Figure S9: DSSF along ΓMΓ calculated by MPS for
the three separate spin channels. The DSSF components
Sx0x0 (a-d), Sy0y0 (e-h) and Sz0z0 (i-l) are shown for the four
magnetic fields of the LET experiment and for the (0,K, 0)
direction (Figs. 2(a-h) of the main text). The polarization
factor is not included because it is uniformly unity for Sx0x0

and Sz0z0 , and uniformly zero for Sy0y0 .

where Sαα(Q, ω) is defined in Eq. (S2).

The separate spin channels Sx0x0 , Sy0y0 and Sz0z0 ob-
tained from MPS are shown in Fig. S8 for the (0,−0.5+
K, 0.5 + K) direction, which corresponds to the exper-
imental measurements shown in Figs. 2i-l of the main
text, while the sum of these three components is shown
in Figs. 2m-p. We observe that each channel contains
only one magnon branch and one LSM, but that these
are not of the same character, with the exact EL-shifted
copy of a given branch in Sx0x0 and Sy0y0 (which are the
same up to polarization factors) appearing in Sz0z0 and
conversely. In Fig. S9 we separate the spin channels for
the DSSF in the (0,K, 0) direction, which corresponds to
the measurements shown in Figs. 2a-d of the main text,
with the sum of the three components in Figs. 2e-h. Here
we do not include the polarization factor, which is inde-
pendent of K; this factor multiplies the Sy0y0 channel by
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Figure S10: Characteristics of the LSM at different staggered magnetic fields. DSSF components Sx0x0 (a-d), Sy0y0

(e-h), Sz0z0 (i-l) and their sum combined with the INS polarization factor, denoted Stot (m-p), shown for the XMX direction
(specifically, (0,−0.5+K, 0.5+K)) at different hx values and a fixed longitudinal field of B = 3 T. We use a logarithmic colour
scale to highlight the LSM. The magnitude of staggered field is increased from top to bottom, taking the values hx = 0.01J
(a,e,i,m), 0.25J (b,f,j,n), 0.5J (c,g,k,o) and J (d,h,l,p). The two-magnon continuum is represented by the green shading (based
on the boundary points represented by the small stars). The bound state is visible most prominently in the Sx0x0 channel and
lies outside the two-magnon continuum for the full range of kx at hx = J .

zero, such that it makes no contribution to the DSSF,
but we show it for for completeness. Again we observe
the same branches in Sx0x0 and Sy0y0 and the channel-
switching nature of the processes forming the two LSMs.

We stress that, when comparing our MPS results with
INS in Fig. 2 of the main text, the same scale factor
is used at all four applied magnetic fields. We remark
also that, in making this type of comparison, we have
not modelled the instrumental resolution function in de-
tail, but instead choose the width of the Gaussian filter
in our MPS calculations (Sec. S3B) to achieve an ap-
proximate linewidth match; again only one value of σt is
used throughout. These comparisons provide a complete
validation of the SLHAF as the model and for the orien-

tation of the canted magnetic structure with respect to
the crystal axes, specifically that they rotate in the ac∗

plane as the field is increased.

D. Nature of the Larmor-Shadow Mode

In the main text we showed that the primary hall-
marks of the LSM observed by INS and MPS are its
shift by the Larmor energy from the one-magnon branch
and its very sharp (albeit intrinsic) linewidth. However,
this mode lies within the boundaries of the conventional
two-magnon continuum, and hence it is expected to be
an anomalously narrow resonance, or quasi-bound state,
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rather than being a true bound state. One way to inves-
tigate how the resonance we observe is related to a true
bound state is to increase the staggered-field parameter
(hx) in our MPS calculations based on the Hamiltonian
of Eq. (S1).

The first step of this analysis is to determine the
boundaries of the two-magnon continuum. A robust cal-
culation of the one-magnon dispersion on a dense grid
of evenly spaced momenta in (kx, ky) would lead di-
rectly to the continuum boundaries for two noninteract-
ing magnons. An unbiased calculation of the magnon
dispersion can be effected by following the intensity max-
imum in the MPS DSSF. However, the finite circumfer-
ence of the cylinder restricts this exercise to a limited
number of ky values, specifically ky = 0, π/2, π and
3π/2 for w = 4 and in addition ky = π/3, 2π/3, 4π/3
and 5π/3 with w = 6. To obtain an adequately dense
grid in ky, we interpolate between the available values
over the range from 0 and 2π by describing the magnon
dispersion as a sum of cosines,

ω(kx, ky) =

5∑
n=0

an(kx) cos(nky),

fitted to the DSSF data. The upper and lower boundaries
of the two-magnon continuum are then given by

ωu(Kx,Ky) = max[ω(kx1
, ky1

) + ω(kx2
+ π, ky2

+ π)],

ωl(Kx,Ky) = min[ω(kx1
, ky1

) + ω(kx2
+ π, ky2

+ π)],

where Kx = kx1 + kx2 mod 2π and Ky = ky1 + ky2

mod 2π. We estimate the uncertainties in this procedure
from the fact that width-4 and width-6 cylinders share
two wavevectors, and the differences in magnon energies
at these two points lie within 0.025J for all values of kx.
These differences are finite-size effects, and taking the un-
certainty in the magnon dispersion relation to be 0.025J
sets the error bars on the upper and lower boundaries of
the two-magnon continuum as 0.05J .

Figure S10 shows the separate spectral functions in all
three spin channels for four representative values of hx.
Considering first the one-magnon branches, the hx value
we used to model CuF2(D2O)2(pyz) (Figs. S10a,e,i) has
no effect other than to remove the U(1) rotational sym-
metry. Increasing hx causes the progressive opening of a
full gap, a flattening of the bandwidth and an increase in
the band centre, which together cause a progressive rais-
ing and narrowing of the two-magnon continuum. By
comparing its location to the boundaries of this contin-
uum, one may trace the evolution of the LSM in the
⊥B spin channels from a rather sharp resonance within
the continuum at small hx to a well defined (resolution-
limited) and separate mode lying completely below the
continuum as hx approaches J .
In that limit, hx dominates both B and J to enforce

a ground state with staggered spin orientation in the x0

direction. One-magnon excitations can arise only due to
the action of Sy0 or Sz0 in flipping the spins of this state,

and hence appear only in the Sy0y0 and Sz0z0 channels.
The bound state is a distinct and stable mode arising
from two spin-flips that are adjacent, giving them an en-
ergy J lower than two independent spin-flips. Although
this mode appears in both Sx0x0 and Sy0y0 , the absence of
an intense one-magnon branch in Sx0x0 makes it straight-
forward to track the evolution of the bound state into a
resonance with decreasing hx in this channel.

S4. SPIN-WAVE THEORY

Spin-wave theory (SWT) provides a systematic frame-
work in which to interpret the properties of ordered
magnetic systems. Despite the technical complexities
inherent to any expansion beyond the lowest orders,
this framework nevertheless affords considerable insight
into the microscopic spin-fluctuation processes underly-
ing many of the physical properties displayed even by
systems with strong quantum fluctuations. With a view
to obtaining deeper insight into the origin of the LSM, we
applied SWT including 1/S corrections to calculate the
zero-temperature DSSF of the quasi-2D square-lattice
Heisenberg antiferromagnet (SLHAF) following the ap-
proach of Ref.S3 It is straightforward to adapt this calcu-
lation to the geometry of our CuF2(D2O)2(pyz) experi-
ments and hence to compare its output with our INS and
cylinder MPS results.

A. General geometrical considerations

We consider the Hamiltonian

H = J
∑
⟨ij⟩

Si ·Sj + J ′∑
⟨ij⟩z

Si ·Sj − gµBB
∑
i

Sz0
i , (S6)

with the magnetic field applied along the z0 direction
in the laboratory frame (z0 ≡ [100] matches the a axis
in our sample alignment, with the b∗c∗ plane horizon-
tal). Here g is the gyromagnetic ratio of the Cu2+ mag-
netic moments in the field direction and in addition to
the nearest-neighbour J in the crystallographic bc plane
we consider an interplane interaction J ′ parametrized by
α = J ′/J (0 ≤ α ≤ 1). Both interactions are antifer-
romagnetic and α in CuF2(D2O)2(pyz) is demonstrably
very small, but sufficient to stabilize long-range magnetic
order at the Néel temperature, TN = 2.6 K.
To calculate the spin components in the Cartesian lab-

oratory frame (x̂0, ŷ0, ẑ0), we assume a canted antiferro-
magnetic order for any B > 0, as shown in Fig. S11.
This order is associated with the propagation vector
Qm = (π, π, π) and with a field-dependent canting angle,
θ, by which the spins tilt uniformly out of the spin-flop
plane, which is that perpendicular to B. The wavevector
Q0 = (0, 0, 0) corresponding to the uniform magnetiza-
tion can be viewed as a secondary propagation vector.
The U(1) symmetry of this system corresponds to one
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ŷ

Figure S11: Canted magnetic structure. Depiction of
the assumed magnetic order within the laboratory frame,
(x̂0, ŷ0, ẑ0), which defines the local frame, (x̂, ŷ, ẑ).

remaining degree of freedom, the spin projection in the
x0y0 (b∗c∗) plane, which we express as ϕ measured from
the x0 axis and assume to be independent of θ.
In CuF2(D2O)2(pyz) at zero field the spins are aligned

along [0.7, 0, 1] in real space, meaning that there is no

ordered component along b̂ ≡ [0, 1, 0], which coincides

with b̂∗. Thus we assume that, just after the spin-flop
(B = 0+), the spins align perpendicular to the field di-

rection (â) and perpendicular to b̂∗, i.e. that the spins
point initially along ĉ∗ ≡ (0, 0, 1) and tilt gradually
towards â with increasing field. To maintain a right-
handed coordinate system, we set x̂0 along c∗ ≡ (0, 1, 0)
(ϕ = 0) and thus ŷ0 along −b∗ ≡ (0, 0, 1̄). Finally, based
on the parameters we use to model CuF2(D2O)2(pyz)
(J = 0.934 meV, α = 0.01, Bsat,a = 28.6 T, ga = 2.4),
we expect θ to range from 0 to θmax ≈ arcsin(0.4) = 23.6◦

at fixed ϕ = 0.
The relationship between spin components in the local

and laboratory frames isS3

Sz0
i = sin θSz

i − eiQm·ri cos θSx
i , (S7)

Sy0

i = eiQm·ri cos θ sinϕSz
i + cosϕSy

i + sin θ sinϕSx
i ,

Sx0
i = eiQm·ri cos θ cosϕSz

i + sinϕSy
i + sin θ cosϕSx

i ,

which for ϕ = 0 yields

Sz0
i = sin θSz

i − eiQm·ri cos θSx
i , (S8)

Sy0

i = Sy
i ,

Sx0
i = eiQm·ri cos θSz

i + sin θSx
i .

The Fourier transform Sα
k = (1/

√
N)

∑
i e

−ik·riSα
i then

leads to

Sz0
k = sin θSz

k − cos θSx
k−Qm

,

Sy0

k = Sy
k, (S9)

Sx0

k = cos θSz
k−Qm

+ sin θSx
k.

We define the component αβ of the DSSF as

Sαβ(k, ω) =

∫
dt

2π
eiωt⟨Sα

k (t)S
β
−k(0)⟩ (S10)

and obtain the diagonal components in the laboratory

frame in the form

Sz0z0(k, ω) = sin2 θ Szz(k, ω) + cos2 θ Sxx(k−Qm, ω),

Sy0y0(k, ω) = Syy(k, ω), (S11)

Sx0x0(k, ω) = cos2 θ Szz(k−Qm, ω) + sin2 θ Sxx(k, ω),

where following previous studiesS3–S5 we have neglected
components off-diagonal in the local frame.

For an explicit definition of terminology, we remark
that spin fluctuations appearing in the xx and yy re-
sponse functions are transverse to the ordered moments
and typically are dominated by one-magnon excitations.
In the laboratory frame, these terms appear at wavevec-
tor k in the ⊥ B (in-plane) channel, while spin fluctu-
ations in xx also appear at wavevector k − Qm in the
∥B (out-of-plane) channel. The situation is reversed for
spin fluctuations appearing in zz, which are longitudinal
with the ordered moment, are usually dominated by two-
magnon excitations and appear at wavevector k (k−Qm)
in the ∥B (⊥B) channel. In the main text we defined the
notation for these channels as Sαα

⊥B and Sαα
∥B , where the

superscript indicates components in the local frame and
the subscripts refer to their projection in the laboratory
frame.

After applying the magnetic form and projection fac-
tors, the scattered intensity at transferred momentum Q
and energy E = ℏω is

I(Q, ω) = r20|f(Q)|2
{
g2aSz0z0(Q, ω) (S12)

+[1− (Qc∗/|Q|)2] g2c∗Sx0x0(Q, ω)

+[1− (Qb∗/|Q|)2] g2b∗ Sy0y0(Q, ω)
}
,

where Q = Ha∗ + Kb∗ + Lc∗, |f(Q)|2 is the squared
form factor of Cu2+, (ga, gb∗ , gc∗) are the relevant pro-
jections of the gyromagnetic tensor and r20 sets the units
of measurement. Finally, to express the components
of the DSSF in conventional reciprocal-space units, we
account for the centred nature of the b∗c∗ plane in
CuF2(D2O)2(pyz) by defining the unit vectors of the re-
ciprocal square lattice in terms of the crystalline recip-
rocal lattice as ex = 1

2 (b
∗ + c∗) and ey = 1

2 (b
∗ − c∗),

leading to kx = π(K +L), ky = π(K −L) and kz = πH,
all of which repeat mod 2π.

B. Magnon-magnon interactions

We begin our calculations of the magnon dispersion
and DSSF with a general introduction to the treatment of
magnon-magnon interactions within SWT. Quite gener-
ally, interactions between magnons act to alter the quasi-
particle dispersion and linewidth, causing energy renor-
malization, spontaneous decay and thermal decay, which
lead to shifted and broadened lineshapes in the DSSF, as
well as to changes in thermomagnetic quantities. These
effects modify the structure and intensity of the multi-
magnon continuum, including the van Hove singularities,



9

and can in principle create quasiparticle bound states be-
low or even inside the multimagnon continuum.

In the SLHAF, magnon interactions originate from
the expansion of Eq. (S6) in terms of Holstein-Primakoff
bosons.S6 At zero field,S7,S8 the first non-trivial correc-
tions originate from quartic and sextic terms in the ex-
pansion, defined in Ref.S3 as Ĥ4 and Ĥ6. These terms
yield corrections of order 1/S2 (and higher) compared
to linear SWT (harmonic order, O(1)), as we summa-
rize in Table S1. The impact of these interactions on the
zero-field one-magnon dispersion has been studied per-
turbatively up to order 1/S3,S9 which revealed an upward
renormalization of magnon energies by approximately
18% and a weak (3%) modulation of the dispersion along
the Brillouin-zone boundary (associated with the slow
convergence of the 1/S expansion around k = (π, 0)).
The zero-field two-magnon continuum, which carries siz-
able spectral weight due to the 40% zero-point moment
reduction, has been computed perturbatively to order
1/S2.S10 Beyond this, high-order numerical calculations
for the multimagnon continuum,S11,S12 which are made
challenging by the gapless nature of the system, have
been shown to account for the anomalous transverse and
longitudinal multimagnon lineshapes observed in INS ex-
periments at k = (π, 0),S13 suggesting significant attrac-
tive magnon-magnon interactions.

When an applied magnetic field causes spin
canting,S3–S5,S14 the magnon-magnon interactions
are dominated by cubic and quartic terms (Ĥ3 and

Ĥ4). Nontrivial corrections to the magnon dispersion
in finite field then emerge already at order 1/S (Table
S1). To serve as a benchmark of our INS and MPS
results, here we provide a perturbative calculation of the
DSSF in this (low-field) regime, and hence include only

interaction terms arising from Ĥ3 and Ĥ4.

C. Calculation of the magnon dispersion

The harmonic magnon dispersion of the quasi-2D SL-
HAF is given by diagonalizing the quadratic Hamilto-
nian, Ĥ2|k⟩ = εk|k⟩, which proceeds through the Bogo-
lioubov coefficients uk and vk. In our notation

εk = 2JS(2 + α)
√

(1 + γ̄k)(1− cos 2θ γ̄k), (S13)

γ̄k = (cos kx + cos ky + α cos kz)/(2 + α), (S14)

1st Order (HF) 2nd Order (SE)

Order 1/S2 (B = 0) ⟨Ĥ4⟩ and ⟨Ĥ6⟩ Ĥ4

Order 1/S3 (B = 0) ⟨Ĥ4⟩, ⟨Ĥ6⟩, ⟨Ĥ4Ĥ6⟩ Ĥ4 and Ĥ6

Order 1/S (B ̸= 0) ⟨Ĥ3⟩ and ⟨Ĥ4⟩ Ĥ3

Table S1: Interaction terms retained in the perturbative treat-
ment of the one-magnon dispersion of the SLHAF, without
and with an applied magnetic field. Hartree-Fock (HF) and
Self-Energy (SE) indicate the types of correction.

where k = (kx, ky, kz) spans the cubic Brillouin zone and
the classical canting angle is given by sin θ = B/Bsat =
gµBµ0B/4JS(2 + α).
For all B ≤ Bsat, 1/S corrections to the harmonic

dispersion include four terms, which we collect as the
self-energy

ΣB ̸=0(k, ω) = δεHF
k +δεθk+Σ31(k, ω)+Σ32(k, ω). (S15)

The first two terms are frequency-independent, corre-
sponding to the Hartree-Fock (mean-field) correction

from Ĥ4 and the canting-angle renormalization θ →
θ̄ arising from Ĥ3, while the other two terms are
frequency-dependent and correspond to one-loop (one-
bubble) magnon decay and source processes. As noted
in the previous subsection, these can be contrasted with
the corrections in zero field, which start at order 1/S2 and
take the form ΣB=0(k, ω) = δεHF

k +Σ41(k, ω)+Σ42(k, ω),

the first term being the Hartree-Fock correction from Ĥ4

and Ĥ6 and the other two being self-energy corrections
from one-loop (two-bubble) magnon decay and source

terms in Ĥ4 (Table S1).S6

Next we compare two different approaches that have
been adopted to calculate the magnon dispersion from
the generic self-energy of Eq. (S15). The first calculates
the corrected dispersion directly “on-shell” by inserting
the harmonic magnon dispersion into the one-loop dia-
grams, giving

ε̄k = εk + δεHF
k + δεθk +Σ31(k, εk) + Σ32(k, εk). (S16)

The second calculates the corrected dispersion self-
consistently “off-shell” as a solution of the Dyson equa-
tion, which yields

ε∗k = εk + δεHF
k + δεθk +Σ31(k, ε

∗
k) + Σ32(k, ε

∗
k). (S17)

Both ε̄k and ε∗k can acquire an imaginary part due to
spontaneous decays, which adds a layer of complexity
in solving the Dyson equation.S15 In the present case,
however, these decay processes are not allowed, which
simplifies the calculation.

Strictly speaking, the on-shell approach is restricted
to order 1/S;S4 however, at high fields (B >∼ 0.76Bsat) it
overestimates the decay of the one-magnon branch due to
van Hove singularities in the two-magnon continuum once
the former enters the latter. The off-shell approach regu-
larizes this deficiency, at the expense of being more costly
to calculate and breaking the consistency of the pertur-
bative expansion, in that only some of the terms at orders
higher than 1/S are included, which can violate the Gold-
stone theorem. However, at low fields the two dispersion
relations ε̄k and ε∗k are almost indistinguishable;S4 be-
cause the maximum field in our experiments was only
B/Bsat ≃ 0.4, well below the field-induced decay thresh-
old, for our present analysis we compute the renormal-
ized one-magnon dispersion on-shell (ε̄k), and this is the

meaning of our terminology 1/S-SWT.
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D. Calculation of the DSSF

To obtain the DSSF corresponding to the renormal-
ized single magnons, we first calculate its components in
the local frameS3 by introducing the one-magnon Green
functions

G0(k, ω) =
1

ω − εk + iδ
, (S18)

Ḡ(k, ω) =
1

ω − ε̄k + iδ
, (S19)

G∗(k, ω) =
1

ω − ε∗k + iδ
, (S20)

G(k, ω) =
1

ω − εk − Σ(k, ω)
, (S21)

where δ indicates a small positive number. Here G0 cor-
responds to the case of harmonic magnons, Ḡ and G∗

are the single-pole response functions calculated at the
on-shell (S16) and off-shell magnon energies (S17) and
G contains the full frequency-dependence of the magnon
propagator in Eq. (S15), for which we use the terminology
“one-magnon sidebands” (below). As discussed above,
the small canting angle at low fields should make Ḡ (S19)
the appropriate choice for analyzing our INS data, but
we will show below that G (S21) is required to capture
some of the properties of the LSM.

Within the 1/S-SWT framework, we calculate the one-
magnon spectral function as

Ā(k, ω) = − 1

π
ImḠ(k, ω), (S22)

which yields the transverse components of the DSSF in
the local frame as

S̄xx(k, ω) = πSΛ2
+(uk + vk)

2Ā(k, ω),

S̄yy(k, ω) = πSΛ2
−(uk − vk)

2Ā(k, ω), (S23)

where Λ± are intensity coefficients calculated for each
applied field (B) and interplane coupling (α) from the
numerical value of the Hartree-Fock averages.S3 Techni-
cally, these moment-reduction factors, by which trans-
verse spectral weight is transferred to the longitudinal
channel by quantum fluctuations, also extend beyond or-
der 1/S, but are straightforward to include. In addition
to the Λ± factors, the coefficients uk and vk are also cal-
culated from the harmonic magnon dispersion to main-
tain the sum-rule on the trace of the DSSF. For simplic-
ity, we proceed to the laboratory frame [Eq. (S11)] using
the unrenormalized canting angle θ (rather than θ̄, which
is almost identical at low fields).

Turning to the longitudinal component of the DSSF,
in the local frame this is dominated by two-magnon ex-
citations, which interact in principle through a one-loop
process in Ĥ4. However this process is of order 1/S2,
and hence lies beyond our calculation for the one-magnon
dispersion. At order 1/S, the longitudinal DSSF is given

rigorously by the density of states of two non-interacting
magnons,

Szz
0 (k, ω) =

1

2N

∑
p∈BZ

(upvp−k + vpup−k)
2 × (S24)

Im

∫
dω′

2πi
G0(p, ω′)G0(k− p, ω − ω′)

=
1

2N

∑
p∈BZ

(upvp−k + vpup−k)
2δ(ω − εp − εk−p).

Although formally correct, this expression has the dis-
advantage that the transverse and longitudinal response
functions are calculated with magnon dispersions of dif-
ferent accuracies, which can become important when
comparing their features as functions of energy. This de-
ficiency is straightforward to correct, by calculating the
two-magnon density of states in the longitudinal com-
ponent using the renormalized one-magnon dispersions,
which at the on-shell level yields

S̄zz(k, ω) =
1

2N

∑
p∈BZ

(upvp−k+vpup−k)
2δ(ω−ε̄p−ε̄k−p).

(S25)
Taken together, an appropriate SWT treatment of our

CuF2(D2O)2(pyz) measurements combines the geometri-
cal considerations of Eqs. (S11) and (S12) with consistent
calculations of the transverse and longitudinal DSSFs
[Eqs. (S23) and (S25)] that both use the on-shell magnon
dispersion (ε̄k) at order 1/S [Eq. (S16)]. Because this ap-
proach goes beyond order 1/S only formally, but not in

execution, we refer to it as a “calculation at order 1/S.”
As already noted, we will find that the inclusion of one-
magnon sidebands in Sxx and Syy captures some of the
features of our MPS calculations, and we refer to this as
a “calculation at order 1/S with one-magnon sidebands.”
In SWT, continuous high-energy contributions (side-

bands) within the transverse channels reflect the off-
shell transfer of spectral weight from the one-magnon
pole to the two-magnon continuum by cubic vertices.
This effect can be captured by replacing Ā(k, ω) with
A(k, ω) = −1/π ImG(k, ω) in Eq. (S23) so that the
transverse components of the DSSF in the local frame
become

S̄xx
sb (k, ω) = −SΛ+(uk + vk)

2Im

[
1

ω − εk − Σ(k, ω)

]
,

S̄yy
sb (k, ω) = −SΛ−(uk − vk)

2Im

[
1

ω − εk − Σ(k, ω)

]
.

(S26)

This transfer also affects the longitudinal component,
which we describe by introducing a quasiparticle-residue
formulation for the one-magnon Green function,S15

G(k, ω) ≈ Zk

ω − ε̄k + iδ
+Ginc(k, ω) (S27)
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Figure S12: DSSF along MXM from 1/S-SWT. DSSFs corresponding to momentum transfer (0,−0.5+K, 0.5+K) in the
LET experiment, shown for all four applied magnetic fields. a-d Linear SWT including two-magnon states calculated using
the harmonic magnon dispersion. e-h 1/S-SWT, with both one- and two-magnon excitations calculated on-shell. i-l 1/S-SWT
with additional sidebands allowed for the one-magnon excitations; the vertical line of intensity around (0, 0, 1) is an artifact of
the off-shell calculation that is also present, but masked, in Ref.S3

with

Zk = Re

[
1− ∂Σ(k, ω)

∂ω

]−1

ω=ε̄k

. (S28)

The advantage of this formulation is that the quasipar-
ticle pole can be inserted directly into the longitudinal
DSSF,

S̄zz
sb (k, ω) =

1

2N

∑
p∈BZ

ZpZk−p(upvk−p + vpuk−p)
2

× δ(ω − ε̄p − ε̄k−p), (S29)

at the expense of neglecting the incoherent sidebands
(Ginc(k, ω) in Eq. (S27)).

E. Calculation and results

We computed the DSSF within 1/S-SWT by using and
improving the Matlab code developed in Ref.S3 for the
quasi-2D SLHAF. In all of these calculations, Hartree-
Fock averages for a given B and α were computed us-
ing Simpson’s Rule on a 10003 grid to obtain six-digit
accuracy. Unless otherwise noted, all self-energy calcu-



12

<latexit sha1_base64="9HpXLtTjWQOCRslGYKbfZY+dZEA=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvYSkh+qx6EVvFewHtKFstpt26WYTdidiKP0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpAIrsF1v63CxubW9k5xt7S3f3B4ZB+X2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWCyc3c7zwypXksHyBLmB+RkeQhpwSMNLDLdxKY1BwyXCUqcHB6MbArruMugNeJl5MKytEc2F/9YUzTiEmggmjd89wE/ClRwKlgs1I/1SwhdEJGrGeoJBHT/nRx+wyfG2WIw1iZkoAX6u+JKYm0zqLAdEYExnrVm4v/eb0Uwit/ymWSmgfpclGYCgwxngeBh1wxCiIzhFDFza2YjokiFExcJROCt/ryOmnXHK/u1O9rlcZ1HkcRnaIzVEUeukQNdIuaqIUoekLP6BW9WTPrxXq3PpatBSufOUF/YH3+ALq1k5g=</latexit> In
te

n
si

ty
(a

rb
.

u
)

Figure S13: DSSF along ΓMΓ from 1/S-SWT. As in Fig. S12 for momentum transfer (0,K, 0).

lations were performed using the Monte Carlo method
with NMC ≥ 105 and Brillouin-zone integrals for the two-
magnon density of states with N2M ≥ 104. In the follow-
ing we use a small Lorentzian broadening of δ = 0.05 meV
in our colour contour figures, δ = 0.03 meV for line
cuts that compare 1/S-SWT with MPS and INS and
δ = 0.005 meV to study the positions of van Hove singu-
larities.

The results of these calculations at the different levels
of approximation are presented in Figs. S12 and S13 for
the momentum-energy scans shown in Fig. 2 of the main
text. Other than the artifact of the off-shell calculation
appearing around the centre of the magnetic Brillouin
zone, the 1/S calculation with sidebands captures more
features of the INS and MPS data, and thus we adopt this
level of approximation in the discussion to follow. SWT

is particularly valuable for interpreting the DSSFs of the
different spin channels, and hence in Figs. S14 and S15 we
present the channel-resolved response functions for a field
corresponding to B = 9 T, with the polarization factor
and canting-angle corrections applied. These calculations
correspond to the MPS results shown in Figs. S8 and
Fig. S9.

F. Two-magnon resonance in the continuum

It is clear from Figs. S12-S15 that SWT at this level
does not capture the LSM we observe by INS and MPS.
As in Figs. 4d and 4h of the main text, the two-magnon
continuum within 1/S-SWT remains broadly distributed
in energy at all wavevectors. This reflects the fact that
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Figure S14: Channel-resolved DSSF along MXM from 1/S-SWT. DSSF components Sx0x0 (a-d), Sy0y0 (e-h), Sz0z0

(i-l) and their sum, denoted Stot (m-p), shown at the four magnetic fields of the LET experiment for momentum transfer

(0,−0.5 +K, 0.5 +K), calculated by 1/S-SWT with additional sidebands allowed for the one-magnon excitations.

1/S-SWT includes magnon interaction effects only at the
level of a self-energy of individual magnons, and does not
contain direct magnon-magnon interactions in the cal-
culation of the continuum. In this way our 1/S-SWT
calculation allows us to benchmark the type of physi-
cal processes that give rise to a resonance as sharp as
the LSM. As noted above, the effects of these magnon-
magnon interactions have been captured by a numeri-
cal high-order expansion,S11,S12 although to date this has
been performed only at zero field and not in a state with

canted magnetic order.
However, our 1/S–SWT calculations show that includ-

ing sidebands (Figs. S12i-l and S13i–l) does produce a
continuum edge across the full momentum range, which
matches the location of the LSM. Without sideband ef-
fects, the continuum arises only from the longitudinal
x0x0 and z0z0 channels, and is therefore suppressed very
strongly at (0, 0, 1) and (−2, 0, 0) by polarization factors
and the small canting angle, leaving it visible only near
(0, 1, 0) (Figs. S12e-h and S13e-h). Sidebands transfer
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Figure S15: Channel-resolved DSSF along ΓMΓ from 1/S-SWT. As in Fig. S14 for momentum transfer (0,K, 0).

spectral weight into the transverse y0y0 channel, which
is not suppressed at (0, 0, 1), thereby restoring a con-
tinuum edge across the full Q range. At (−2, 0, 0) this
transverse channel is again suppressed, as observed in ex-
periment. Physically, sidebands redistribute weight from
the one-magnon mode into the two-magnon continuum
in a way that produces a more isotropic spin response
than bare 1/S-SWT can capture.

Because this edge feature in the continuum tracks the
position of the LSM, we presume that it can be consid-
ered as providing a basis for the strong bootstrapping
effect of magnon-magnon interactions that results in the

p q f(p,q) Singularity Type
L ZB εZB +∆+ α(p̃2x + p̃2y)− βxq̃

2
x − βy q̃

2
y Logarithmic

L G ∆+ α(p̃2x + p̃2y) + c|q̃| Power-law
L L 2∆ + α(p̃2x + q̃2x + p̃2y + q̃2y) Step

Table S2: Nature of van Hove singularities involving the Lar-
mor mode in the two-magnon density of states, D2(k, ω), in
the low-field regime as a function of the independent momenta
p and q contributing to the density of states. L denotes Lar-
mor, ZB zone-boundary and G Goldstone.
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Figure S16: Van Hove singularities in the two-magnon
density of states. Comparison between the positions of
van Hove singularities in the SWT continuum and the LSM
predicted by MPS.

appearance of a sharp resonance within the continuum.
To trace the origin of this feature, we consider the pres-
ence and nature of van Hove singularities in the two-
magnon density of states of the SLHAF. We proceed for
simplicity by using harmonic magnons, but this aspect
of the analysis is the same for the renormalized disper-
sions ε̄k and ε∗k. At the low magnetic fields we consider,
the DSSF is dominated by three regions of the Brillouin
zone where the dispersion is either nearly massless or dis-
perses quadratically away from a flat region around an
extremum. Denoting small wavevectors away from the
extrema by k̃, these are: (i) the Larmor mode near k = 0
which is a local minimum (α > 0)

εLk ≈ ∆+ α(k̃2x + k̃2y), (S30)

where ∆ = gµBB is unaffected by quantum corrections
due to the Larmor theorem; (ii) the zone-boundary exci-
tations extending from k = (π, 0) to (π/2, π/2),

εZBk ≈ εZB − βxk̃
2
x − βyk̃

2
y, with εZB = 4JS, (S31)

which present a global maximum (βx,y > 0 at low fields);
(iii) the Goldstone mode near k = (π, π),

εGk ≈ c|k̃|, with c = 2
√
2JS, (S32)

which is a global minimum.
The two magnon density of states,

D2(k, ω) =
1

N

∑
p∈BZ

δ(ω − εp − εq=k−p), (S33)

Figure S17: High-field DSSF along MXM from
1/S-SWT. DSSFs corresponding to momentum transfer
(0,−0.5 + K, 0.5 + K) for fields in the vicinity of half sat-
uration, which are beyond the range of our experiment. a-d
Linear SWT including two-magnon states calculated using the
harmonic magnon dispersion. e-h 1/S-SWT with both one-
and two-magnon excitations calculated on-shell.

displays van Hove singularities when the function
f(p,q) = εp + εq=k−p has extrema. In general, local
minima and maxima give rise to step singularities, while
saddle points produce logarithmic divergences, which are
more pronounced. In Table S2 we follow Ref.S5 to clas-
sify the three types of singularity involving the Larmor
mode, in order of decreasing strength, as functions of
the independent momenta p and q ≡ k − p. All of
these singularities contribute at least a step discontinu-
ity to the continuum edge that tracks the position of the
LSM, with the strongest singularity (logarithmic) orig-
inating from the combination of a Larmor mode with
zone-boundary magnons. In this way even linear SWT
provides additional insight into the physics underlying
the emergence of a non-perturbative resonance in the
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continuum as strong as the Larmor-shadow mode. In
Fig. S16, we compare the spectral functions calculated
by 1/S–SWT with sidebands to our MPS results for the
two zone-boundary wavevectors of Fig. 5 at 3, 6 and 9 T,
which enables us to relate the positions of the van Hove
singularities in SWT with the actual position of the LSM.

Finally, in Fig. S17 we use our 1/S-SWT framework to
compute the spectral function at applied magnetic fields
around and above half saturation (Bsat/2 = 14.4 T). At

this field the Larmor mode in linear SWT transforms
in from a local minimum to a global maximum of the
magnon dispersion, and this change is clearly associated
with the disappearance of any enhanced density-of-states
effects in the two-magnon continuum. As noted in the
main text, we expect on this basis that the LSM ceases to
exist for fields above half saturation, which would be con-
sistent with the collapse of the shadow feature observed
in the honeycomb-lattice Heisenberg antiferromagnet.S16
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