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Abstract

Precipitation prediction is critical for water-related hazard preparedness, and deep learning
has shown strong potential. However, conventional mean squared error (MSE) training
oversmooths high-frequency variability, producing blurred precipitation fields. Although
frequency-domain losses such as Fourier Amplitude and Correlation Loss (FACL) enhance
global spectral consistency, they lack constraints on local phase coherence. To address this, we
develop the Wavelet-Fourier Composite Loss (WFCL), integrating Wavelet Amplitude and
Correlation Loss (WACL) based on the Dual-Tree Complex Wavelet Transform with FACL
to jointly enforce global spectral alignment and localized phase coherence. Experiments with
a U-Net show WFCL -consistently outperforms MSE and FACL, maintaining stable
performance across 1-3 day lead times (2018-2023). It reduces lead-time-averaged Learned
Perceptual Image Patch Similarity from 0.1980 to 0.1067 relative to MSE and improves Local
Phase Coherence by about 21%. In addition, for 1-day prediction, WFCL reduces Regional
Histogram Distance by approximately 24% locally and 52% globally compared with FACL.

Keywords: Precipitation Prediction, Deep Learning, High-Frequency Preservation, Composite

Loss Function, Wavelet-Fourier Composite Loss (WFCL)
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Introduction

Precipitation is a key variable in climate and hydrological systems, influencing floods,
landslides, and water availability across agricultural and urban environments (Chen & Wang,
2022; Abbas et al., 2022; Marengo et al., 2020; Hrour et al., 2020). Recent climate change has
intensified both the frequency and magnitude of precipitation, particularly over mid- and high-
latitude regions, driven by enhanced moisture transport, prolonged weather systems, and the
increased moisture-holding capacity of a warmer atmosphere (IPCC, 2021; Trenberth, 2011;
Ham et al., 2023). Global analyses for the period 1891-2019 indicate statistically significant
precipitation increases across approximately 32% of regions, consistent with recent extreme
events such as the 2021 European floods and the heavy rainfall associated with Typhoon Yagi
in 2024 (Staal & Koren, 2023; Mohr et al., 2022; Nazeri Tahroudi, 2025; Leelawat et al., 2025).
Therefore, the increasing intensity and variability of precipitation highlight the need for
accurate regional precipitation prediction to support disaster risk management and climate

adaptation.

Numerical weather prediction (NWP) models have been widely used for operational
precipitation forecasting, but challenges remain in accurately representing precipitation at
regional and convective scales (Vasic¢ et al., 2007; Pedder et al., 2000; Bannister et al., 2020).
These challenges arise from the uncertainties in physical parameterizations, including cloud
microphysics and topographic gravity waves, which constrain forecast skill across multiple
spatial scales (Yano et al., 2018; Lee et al., 2018; Liu et al., 2024). In recent years, data-driven
deep learning models have rapidly advanced as an alternative approach to address these
challenges, as they can effectively capture the complex spatiotemporal structures of
precipitation through learning from large-scale observational data, offering both high
computational efficiency and improved predictive accuracy (Purohit et al., 2024; Muhammad
& Kareem, 2025; Yen et al., 2019; Sadeghi et al., 2019). Early studies on precipitation
forecasting using deep learning approaches (e.g., convolutional long short-term memory
(ConvLSTM) and generative adversarial network (GAN)-based models) demonstrated
competitive skill relative to NWP models at short to medium lead times (Shi et al., 2015; Li et
al., 2024; Chen et al., 2022; Wang et al., 2023).

However, deep learning models have suffered similar problem in NWP models; it has shown

promising performance at large scales, while representing sub-synoptic and mesoscale
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precipitation features remains challenging (Duncan et al., 2022). It is associated with the
training strategy that many existing studies rely on pixel-wise loss functions such as mean
squared error (MSE), which penalize both intensity and spatial displacement errors. As a result,
spatially realistic but slightly displaced forecasts are penalized twice, suffering the so-called
double-penalty problem (Subich et al., 2025; Zhao et al., 2024; Guilloteau et al., 2023). This
indicates that the training objectives dominated by MSE discourage the representation of small-
scale and high-frequency variability, leading to spatially smoothed predictions and systematic
underestimation of localized convective extremes (Cao et al., 2025; Muller & Yukari, 2020).
From a spectral perspective, this manifests as reduced spectral amplitude when phase alignment
is imperfect, ultimately weakening sharp rainfall gradients and localized extreme precipitation
signals (Dunstan et al., 2025; Subich et al., 2025). In practical forecasting, predictions that
preserve the intensity and structural organization of extreme precipitation even with slight
spatial tolerance are often more valuable than weak and smoothed but perfectly aligned
forecasts. This perspective aligns with recent deep learning-based nowcasting studies that
prioritize intensity realism and spatial coherence over strict pixel-level accuracy (Ravuri et al.,
2021), indicating that modest tolerance in spatial coherence errors can be accommodated when

intensity and spatial coherence are treated as distinct structural attributes.

To address these limitations, the Fourier Amplitude and Correlation Loss (FACL) was
introduced to decouple amplitude and phase information that are entangled in conventional
MSE-based losses. Specifically, the Fourier Amplitude Loss (FAL) regularizes the Fourier
amplitude spectrum to constrain spectral energy distribution, while the Fourier Correlation
Loss (FCL) enforces phase alignment between predictions and observations (Yan et al., 2024).
However, because FACL operates on global frequency representation with limited capacity to
capture local phase coherence, hindering a balanced treatment of global and local structures
(Shietal., 2025; Wirsing, 2020). Local phase coherence plays a critical role in preserving sharp
spatial structures. Sharp boundaries and localized features exhibit consistent phase alignment
across scales, whereas blurring induces scale-dependent phase shifts that weaken structural
clarity (Wang & Simoncelli, 2003; Tao & Orchard, 2000). Since perceptual sharpness
fundamentally depends on phase alignment, phase inconsistencies across different spatial
scales in the observed field can disrupt this alignment. The human visual system is particularly

sensitive to such cross-scale phase discrepancies and tends to interpret them as blur. (Wang &
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Simoncelli, 2003; Caelli & Bevan, 1982). Consequently, explicitly accounting for local phase

alignment is necessary to mitigate blurring and enhance spatial sharpness.

Given the limitations of global frequency-based loss and the importance of local phase
coherence, this study aims to develop a composite loss framework that jointly captures global
and local phase characteristics for improved precipitation prediction. To this end, we introduce
the Dual-Tree Complex Wavelet Transform (DTCWT) to extract multi-scale, directionally
localized amplitude and phase representations, from which a wavelet-domain amplitude-phase
term is constructed (Kingsbury, 1998; Abbas & Tran, 2008). This term is then additively
combined with the global FACL term to form the final loss function named as the Wavelet-
Fourier Composite Loss (WFCL). To evaluate the effect of the proposed loss, we conduct
precipitation prediction experiments within an identical U-Net architecture with FACL, or
WECL losses, systematically comparing its performance with the baseline (i.e., MSE) loss
function. Performance is assessed using perceptual and structural metrics, along with extreme

precipitation case studies, with particular emphasis on spatial sharpness and phase coherence.

Results

Evaluation of 1-day lead prediction skill and spatial-frequency analysis

In the comparative evaluation at a 1-day lead time, FACL outperforms the baseline MSE
model in terms of structural quality and spatial forecasting skill, indicating improved
representation of coherent precipitation patterns (Table 1). However, this advantage comes at
the expense of extreme event detection, as FACL underperforms MSE in the CSI-R95p metric.
In contrast, WFCL delivers consistent improvements across both structural fidelity and extreme
precipitation detection. WFCL increases CSI-R95p from the MSE baseline value of 0.1446 to
0.1448, thereby overcoming the extreme-event weakness observed in FACL. At the same time,
WEFCL outperforms FACL across all other major metrics. Specifically, LPIPS is reduced from
0.1980 to 0.1067 (about 46%), and RHD decreases from 2.99 to 1.05 (about 65%), indicating
substantial improvements in perceptual quality and spatial localization accuracy. Furthermore,
FSS increases from 0.7437 to 0.8801, confirming enhanced spatial coherence. Collectively,
these results demonstrate that WFCL not only refines structural representation but also
significantly strengthens both localization accuracy and perceptual fidelity. To further examine

the influence of decomposition depth on model performance, additional experiments were
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conducted across different DTCWT levels (Level 1-3), and the results are summarized in Table

S1.

Figure 1 further illustrates how these structure-preserving behaviors appear in perceptual
representations, presenting global LPIPS maps and corresponding difference maps at a 1-day
lead time. FACL provides overall improvements relative to MSE (Figure la); however,
relatively high LPIPS values persist in regions dominated by strongly organized tropical
precipitation, particularly over the equatorial Pacific and the western Pacific warm pool, where
deep convection and pronounced rainband structures are prevalent (Chen & Houze, 1997,
Houze et al., 2000). These regions appear especially sensitive to phase alignment and spatial
coherence, indicating that preserving global precipitation features such as its amplitude and
phase solely based on the Fourier Transform does not fully resolve perceptual discrepancies in
localized precipitation structures. In contrast, WFCL yields further improvements over tropical
regions and parts of the Atlantic, where precipitation is frequently governed by large-scale
convective systems and linear or banded rainfall structures. The LPIPS difference maps further
highlight these improvements of the WFCL-based model (Figure 1b); WFCL exhibits coherent
and positive LPIPS reductions relative to MSE and FACL across most regions, with especially
pronounced improvements over the tropical belt and adjacent oceanic areas. These patterns
underscore the added value of incorporating local phase coherence alongside global spectral

constraints for more faithful reconstruction of precipitation morphology.

Table 1. Comparison of the quantitative performance of models trained with different loss
functions at a 1-day lead time. The best score for each metric is highlighted in bold, and arrows
denote whether higher (1) or lower (|) values indicate better performance. LPC values are
multiplied by 10* for readability, as the original LPC magnitudes are on the order of 10,

. Perceptual / Structural Localization Eg\iil?se Sgligil
LPIPS| CPBD?  LPC(x10%)} RHD| CSI-R95p7 FSS1

MSE 0.1980 85.85 2.82 2.99 0.1446 0.7437

FACL 0.1543 87.33 1.61 2.11 0.1374 0.8695
WFCL 0.1067 89.52 1.27 1.05 0.1448 0.8801
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Figure 1. Comparison of perceptual differences and 1-day lead precipitation predictions
between the MSE, FACL, and WFCL models for the base time of 2018-05-01. (a) Global
LPIPS maps of the MSE, FACL, and WFCL models, where lower values indicate better
perceptual similarity to the reference. (b) LPIPS difference maps for MSE-FACL, MSE-WFCL,
and FACL-WFCL, where positive values indicate superior performance of the latter model.

Beyond perceptual metrics, we assess how the proposed loss formulation translates into
physically meaningful precipitation structures at the global scale. Figure 2 presents the full
global precipitation fields alongside regional insets. At the global scale, the Ground Truth
exhibits zonal tropical precipitation bands and localized high-intensity features, especially over
the equatorial Pacific and tropical Atlantic. Relative to the Ground Truth, the MSE-based
model produces overly smoothed fields with weakened structural coherence. FACL partially
improves large-scale organization but still exhibits noticeable smoothing of mesoscale features.
In contrast, WFCL preserves sharper precipitation gradients and better maintains the spatial

localization of intense rainfall structures across the global domain.

The regional insets make these structural differences more apparent. Over the Western—
Central Tropical Pacific (130°E-210°E, 15°S-25°N; red box), WFCL better captures clustered
convective cells and organized rainbands, reducing local RHD by approximately 60% relative
to MSE. Over the Western North Atlantic (270°E-350°E, 10°S—-30°N; green box), it more

clearly resolves narrow frontal rainbands and localized intensity maxima, yielding an

6



168  approximately 40% reduction in local RHD. Together, these results indicate that WFCL
169  enhances forecast realism by improving the spatial organization and localization of

170  precipitation across dynamically distinct regimes.

(a) Ground Truth

90°N — - — v
corn v o g
30°N $.  % y y _ ey % ,_\} S

0° »s#%t-? b &2 & _‘v\-_) 'f'v"):—‘. :
30°S .,,"_/ . Y T " a8
60°S g ~ EE ‘ b
90°S + =

0° 60°E 120°E 180° 120°W 60°W
(b) MSE

90°N RHD=2874

60°N o =%

0° 60°E 120°E 180° 120°W 60°W

(c) FACL
90°N RHD=2.343

60°N Joa
30°N {7

0° Jguil
30°5 1 L *
60°S
90°s

RHD=0.748
A “,‘ " m
/ ‘"x:;!.s;:. =

0° 60°E 120°E 180° 120°W 60°W

(d) WFCL
RHD=1.128 : RHD=0.810 R p=0,649

90°N

A e v

S : —
0° 60°E 120°E 180° 120°W 60°W

171 Precipitation (mm/day)

172 Figure 2. Comparison of 1-day lead precipitation predictions produced by different loss
173 functions on 1 May 2018. The top row represents global precipitation fields, and the bottom
174  row displays zoomed-in regions over the Western-Central Tropical Pacific (130°E-210°E,
175  15°S-25°N; red box) and the Western North Atlantic (270°E-350°E, 10°S-30°N; green box).
176  All precipitation is expressed as daily totals (mm/day).

177 We next examine whether these structural enhancements are reflected in localized phase
178  information. Figure 3a-d shows LPC patterns across three representative regions: Region 1

179 (30°-60°N, 70°-105°E), Region 2 (15°S—15°N, 120°-180°E), and Region 3 (15°-30°S, 80°—
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105°W). In Region 1, localized phase structures that are largely suppressed in MSE and FACL
are distinctly captured by WFCL. In Regions 2 and 3, the proposed model exhibits phase
patterns that more closely match those of the Ground Truth than either baseline. Across all
three regions, MSE and FACL show weak phase alignment and blurred boundaries, whereas
WECL preserves coherent linear features and sharp gradients. These results indicate that
directional high-frequency phase information extracted by the DTCWT play a key role in
representing fine-scale precipitation variability beyond what is achieved by global spectral

constraints alone.

Because localized phase enhancement could potentially introduce amplitude imbalance, we
further examine frequency-dependent amplitude fidelity using the radial amplitude-ratio
profiles (Figure 3e), where frequency increases from low to high spatial wavenumbers. The
MSE and FACL models show systematic attenuation in the mid- to high-frequency bands,
consistent with their smoother spatial predictions. In contrast, WFCL maintains amplitude
ratios close to 0 dB across frequencies, indicating minimal spectral distortion and improved
retention of high-frequency variance associated with convective intensity. Together with the
LPC results, these findings indicate that the proposed loss balances phase alignment and
amplitude fidelity, enabling more accurate representation of sharp, small-scale precipitation

structures.
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Figure 3. Comparison of predicted 1 day-lead precipitation fields across three representative
regions: Region 1 (30°-60°N, 70°-105°E), Region 2 (15°S-15°N, 120°-180°E), Region 3 (15°-
30°S, 80°-105°W). Panels (a-d) show the Local Phase Coherence (LPC) for each model with
red boxes marking Region 1-3, and panel (e) presents their corresponding radial amplitude-
ratio profiles.

Robustness of model performance across multiple lead times

WEFCL consistently achieves the best performance at all lead times for LPIPS, indicating
stable preservation of perceptual structure (Figure 4). The detailed spatial distributions of
LPIPS at 2- and 3-day lead times, together with the inter-lead-time differences for each model,
are explicitly presented in Figure S2. A similar pattern is observed for RHD and CPBD, where
WEFCL exhibits the slowest degradation as lead time increases, suggesting robust suppression
of spatial displacement and sustained perceptual sharpness. LPC further support this stability,
with WFCL sustaining superior phase alignment throughout the forecast horizon. For CSI-

R95p, although MSE attains competitive scores through spatially smoothed yet stable intensity
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cores, WFCL achieves comparable performance while demonstrating greater stability at longer
lead times, particularly for the 3-day forecast. These results suggest that WFCL maintains
extreme-event detectability without sacrificing fine-scale structural detail, mitigating the trade-
off between pixel-level accuracy and structural sharpness (Yan et al., 2024). Consistently
higher FSS scores for WFCL across all lead times further indicate superior precipitation
coherence under spatial tolerance. Overall, WFCL delivers more stable and consistent
performance across lead times than MSE and FACL by effectively balancing pixel-wise

accuracy and structural realism.

Figure 5 presents a qualitative comparison across lead times for an extreme rainfall event
over the middle and lower reaches of the Yangtze River during the summer of 2020, a record-
breaking hydrological disaster in South-Central China (Wei et al., 2020; Jia et al., 2022).
During this period, ERAS5 shows daily precipitation of up to approximately 35 mm day! at 1°
spatial resolution in several affected regions, indicating an exceptionally intense and spatially
coherent rainfall system at the grid scale. The MSE model exhibits pronounced spatial
smoothing and fails to capture both the location and intensity of observed precipitation, while
FACL partially improves large-scale organization but remains affected by blurring and
systematic underestimation of localized rainfall intensity. In contrast, WFCL more faithfully
captures organized precipitation cells and localized intensity maxima, maintaining structural
coherence and variability even at a three-day lead time despite minor displacement. A similar
pattern is observed for the extreme precipitation event over the Tasman Sea and the western
coast of New Zealand in July 2021 (Figure S3), reinforcing the robustness of WFCL in
retaining high-frequency spatial information. These case studies emphasize the critical role of
structural realism in event-scale precipitation forecasting for impact-oriented risk assessment

and early warning (Zoccatelli et al., 2011; Bolla et al., 1996).

10
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Figure 4. Performance comparison of the MSE, FACL, and WFCL models across six
evaluation metrics (LPIPS, CPBD, LPC, RHD, CSI-R95p, and FSS) over lead times ranging
from 1 to 3 days. The arrows in parentheses indicate the direction of performance improvement
for each metric, enabling a comprehensive assessment of lead-time-dependent changes in
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perceptual quality, spatial error, and extreme precipitation detection skill.
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Figure 5. Comparison of predictive performance across models and lead times for the heavy
precipitation event in South-Central China (100°E—125°E, 25°N—40°N) on May 29, 2020.
Rows display the Ground Truth and model predictions, while columns correspond to increasing
lead times.

Discussion

In this study, we propose WFCL, a structure-aware loss designed to overcome the spatial
smoothing induced by MSE and the limited ability of FACL to capture localized structures.
WEFCL integrates FACL with WACL to jointly enforce global spectral consistency and local
phase coherence. Based on global metrics averaged over 1-3day lead times, WFCL

significantly improves fine-scale structural reconstruction. Quantitative analysis shows that,
relative to MSE, WFCL reduces LPIPS by approximately 46%, decreases RHD by 65%, and

improves CPBD by 5%, indicating an overall enhancement in perceptual quality and spatial
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reconstruction. WFCL also consistently achieves lower LPC values, suggesting strengthened
local phase alignment while preserving amplitude, and improved CSI-R95p scores confirm
enhanced detection capability for extreme precipitation fields. A spatial-scale evaluation on 1
May 2018 further illustrates these improvements. Relative to FACL, WFCL reduces RHD by
about 24% at the local scale over parts of the Pacific and Atlantic Oceans, and this localized
enhancement propagates to the global scale, yielding an overall improvement of approximately
52%. These results suggest that refining local structural features directly contributes to
improved global-scale spatial consistency and more physically meaningful precipitation

structures.

Taken together, these results indicate that precipitation forecasting can be interpreted as a
structure-constrained learning problem rather than a conventional pixel-wise regression task.
WECL explicitly separates global and local representations and decouples amplitude and phase
information, enabling independent control over large-scale spectral consistency and fine-scale
structural features. By elevating multi-scale local phase coherence to a primary optimization
objective, the framework deliberately strengthens local structural alignment, which in turn
leads to improved spatial sharpness and structural consistency across scales. This design
directly addresses the fundamental limitation of grid-point intensity minimization, which often
fails to capture the complex spatial dynamics of precipitation. As an architecture-agnostic
mechanism implemented at the loss-function level, WFCL enforces directional and structural
consistency without increasing inference complexity, offering a flexible and scalable tool for

high-fidelity meteorological modeling.

Despite these advantages, emphasizing structural consistency inevitably introduces a trade-
off with pixel-wise accuracy. While WFCL substantially improves spatial realism and
structural coherence, improvements in displacement-sensitive pixel-based metrics may remain
limited at shorter lead times. This reflects the limited tolerance of grid-point verification
metrics to minor spatial shifts, where even small displacements can lead to disproportionately
large penalties despite the preservation of structurally coherent precipitation patterns (Yan et
al., 2024; Davis & Freeman, 1998). In this respect, conventional pixel-wise losses such as MSE
remain valuable because they directly constrain grid-point intensity and positional accuracy.
Notably, modern Al-based weather prediction (AIWP) models either exclude precipitation
from the prognostic state variables or produce it diagnostically (Bi et al., 2023; Chen et al.,

2025; Cho et al., 2026; Lang et al., 2024), partly because precipitation fields are difficult to
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learn using pixel-wise losses alone. By combining the complementary strengths of MSE and
WEFCL, precipitation may be learned more effectively within modern AIWP frameworks.
Integrating such hybrid learning objectives could enable state-of-the-art models to treat
precipitation as a prognostic variable while preserving overall model performance and
maintaining the characteristic behaviors of other atmospheric variables. More broadly, this
capability can facilitate a more physically consistent representation of precipitation—circulation
interactions, which play a central role in large scale phenomena such as monsoon systems,

tropical cyclones, and organized convective events.

Methods
Data

We used the fifth-generation reanalysis from the European Centre for Medium-Range
Weather Forecasts (ERAS) as the primary dataset for this study. Two predictors were extracted
for model development: total precipitation (Pr) and lower-tropospheric specific humidity (Qiow).
Qiow 1s defined as the mean specific humidity at 1000hPa and 850hPa, representing a vertically
averaged moisture field in the lower troposphere. These variables were selected because lower-
tropospheric humidity governs condensation, convective initiation, and large-scale moistening
(Zhang et al., 2021; Kim et al., 2019; Adames et al., 2021), and exhibits strong relationships
with precipitation variability, particularly during humid extremes through Clausius-Clapeyron-
like scaling (Nayak et al., 2025). Precipitation itself reflects integrated microphysical and
thermodynamic processes within the hydrological cycle (Surcel et al., 2017) and contains
predictive information about subsequent precipitation intensity and spatial organization (Zhang
et al., 2023; Waqas et al., 2024). Together, Pr and Qiow provide a compact predictor set that
captures the key moisture supply, boundary-layer processes, and hydrological feedbacks

relevant to daily precipitation variability.

For model development, we used daily ERAS data from 1979 to 2023 and restricted the
analysis to boreal summer (May-September), when precipitation and humidity variability peak
in the Northern Hemisphere (Li et al., 2023). Although ERAS is provided at a native resolution
of 0.25°x0.25°, all variables were regridded to a 1°x1° global grid using bicubic interpolation

to enhance computational efficiency and ensure spatial consistency (Bhattacharyya, 1969).
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Finally, all predictors were standardized using z-score normalization to stabilize model

optimization and align variable scales (Al-Faiz et al., 2018; Sha et al., 2020).
Model

This study employed a convolutional encoder-decoder architecture to extract multi-scale
precipitation features from present-day Pr and Qiow (Ronneberger et al., 2015). As illustrated
in Figure 6, Pr and Qiow were processed through two independent encoder branches, each
composed of geocyclic padding followed by convolution-batch normalization-LeakyRelLU
(CBL) blocks. Geocyclic padding ensures spatial continuity on the global grid via latitudinal
reflection and longitudinal cyclic wrapping (Cheon et al., 2024). SpatialMaxPool layers
progressively reduced the spatial resolution, and the resulting feature maps were concatenated

at the bottleneck.

The decoder restores the spatial resolution through upsampling and CBL blocks, with skip
connections preserving fine-scale structures (Zhou et al., 2019). The decoder output is reshaped
along a synthetic temporal axis and passed through 3D convolutional layers to produce 1-, 2-,
3-day precipitation forecasts. LeakyReLU activations and dropout are applied throughout the
encoder-decoder to enhance nonlinear representation and model generalization (Demir &
Yilmaz, 2020; Xing et al., 2022; Mastromichalakis, 2023). The model is trained using the
Adam optimizer with a learning rate of 10, 80 training epochs, and a batch size of 16. These
hyperparameters were determined empirically, and the model exhibited low sensitivity to their
variation, with convergence occurring well before 100 epochs. Learned Perceptual Image Patch
Similarity (LPIPS), which evaluates perceptual similarity based on deep feature representations
rather than pixel-wise errors, is particularly suitable for capturing structurally relevant
precipitation patterns; therefore, the final model configuration was selected according to the

best LPIPS score (Zhang et al., 2018; Seal et al., 2024).
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Figure 6. Architecture of the U-Net based precipitation prediction model for 1-3-day lead time
forecasting.

Loss function
Frequency- and Scale-aware Representations

To address the limitation caused by the conventional pixel-wise loss function (e.g., MSE),
we designed a loss function that incorporated frequency- and scale-aware representations,
enabling the training under explicit constrains that capture both global spectral organization

and localized structural variability in precipitation fields.

The Fourier transform provides a global frequency-domain representation for precipitation
fields by decomposing spatial patterns into amplitude and phase components (Yan et al., 2024).
Using a Discrete Fourier Transform (DFT), a precipitation field Pr(t+k) was mapped to the

frequency domain and represented by its real and imaginary components, denoted as Fq;

and Fyyq,. The amplitude spectrum is defined as |F| = [FZ, + Fifnag and characterizes

the distribution of spectral energy across spatial scales, while the phase information, defined
F; } ) e
as Op = arctan (%), governs the spatial alignment and coherence of precipitation structures
real

(Figure 7a). By jointly constraining amplitude and phase, FACL preserves spectral energy
through an amplitude-matching term (FAL) and maintain phase coherence via a normalized

Fourier-domain correlation term (FCL).

Specifically, the FAL penalizes discrepancies between the predicted and reference amplitude

spectra:

FAL(X,X) = ﬁz (IF1pq - |F|pq)2 )

b.q
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where p and q denote the vertical and horizontal frequency indices spanning the M X N

Fourier grid. Phase alignment is enforced by the FCL:
YR(FF*)

YIFI2X|F

FCL(X,X)=1- (2)

|2

which measures normalized complex correlation in the Fourier domain. Here, (-)* denotes the
complex conjugate and Jt(-) extracts the real part. However, because the DFT represents the
entire spatial field in a global frequency domain by assuming the stationarity, it lacks spatial
locality which limits its ability to represent localized or direction-dependent structures (Pineda

et al., 2008; Yang & Guan, 2026; Abrahamsen et al., 2018; Ni et al., 2024), thereby motivating

the incorporation of complementary scale-aware representations.

Wavelet-based approaches provide a complementary representation by enabling localized
and spatially varying analysis of precipitation fields. Unlike global Fourier representations,
wavelet transforms jointly resolve spatial and scale information, allowing localized, multi-scale
structures to be explicitly characterized. A real-valued Discrete Wavelet Transform (DWT)
offers multi-scale decomposition but lacks a coherent amplitude—phase representation and
exhibits limited directional selectivity, which constrains its ability to capture orientation-

dependent precipitation features (Kingsbury, 2000; Fernandes et al., 2000).

To overcome these limitations, we employed the Dual-Tree Complex Wavelet Transform
(DTCWT) (Kingsbury, 1998), which yields complex-valued coefficients with explicit local
amplitude and phase information and enhanced directional selectivity. The transform consists
of two parallel filter banks (Tree a and Tree b) forming approximate Hilbert pairs, where Tree
b is a half-sample shifted and approximately 90° phase-rotated relative to Tree a (Kingsbury,
1999; Figure 7b). Within each tree, a pair of low-pass and high-pass filters decomposes the
signal into smooth, slowly varying components and rapidly varying oscillatory responses,
respectively. By combining the high-pass outputs from both trees, complex wavelet
coefficients are formed as wyg = wy 4 + jwg ,, where wy, and wy, denote the real-valued

coefficients from Tree a and Tree b, respectively. The corresponding local amplitude and phase
are defined as |W|= /w2 + w? and 0, = arctan (;—Z), enabling explicit characterization

of localized, orientation-dependent structures. For two-dimensional inputs, the DTCWT

decomposes the precipitation field into one low-frequency sub-band and six oriented high-
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frequency sub-bands (i.e., £15°, +45°, £75°), yielding a directionally enriched multi-scale
representation (Hill et al., 2015; Singh et al., 2014).

When extended across multiple decomposition levels, the directional decomposition is
recursively applied only to the low-frequency sub-band generated at the previous stage,
forming a hierarchical multiscale representation through successive filter-bank operations. At
each level, six new directional high-frequency sub-bands are produced, while the previously
extracted high-frequency bands are retained. Although the same filter pairs are applied at every
level, the effective spatial resolution decreases due to successive down-sampling.
Consequently, the filters operate over progressively larger spatial windows, enabling deeper
levels to capture relatively lower-frequency structures. As the decomposition proceeds, the
effective frequency support progressively narrows and shifts toward lower central frequencies
(Selesnick et al., 2005). As a result, higher-level high-frequency components increasingly
reflect organized mesoscale structures rather than grid-scale fluctuations, enabling directional

organization to be examined consistently across spatial scales (Figure S1).
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Figure 7. (a) Fourier Amplitude and Correlation Loss (FACL) framework: Discrete Fourier
Transform (DFT)-based spectral decomposition into amplitude and phase components
constrained by the Fourier Amplitude Loss (FAL) and Fourier Correlation Loss (FCL) (see Egs.
(1-2)). (b) Level-1 Dual-Tree Complex Wavelet Transform (DTCWT), consisting of two

18



413
414
415

416

417
418
419
420
421
422
423

424

425

426
427
428

429

430
431

432

433
434

435

436

parallel filter banks (Tree a and Tree b) forming approximate Hilbert pairs. Their outputs w,
and w, form the complex coefficient wy = wy 4, + jwgp (0 € {£15° £45°, £75°}) ,
providing localized amplitude-phase representation.

Proposed loss function: Wavelet-Fourier Composite Loss

To jointly constrain global spectral organization and localized, scale-dependent structure in
precipitation fields, we formulated a composite loss function that integrates Fourier- and
wavelet-based constraints. Two complementary wavelet-based loss components, the Wavelet
Amplitude Loss (WAL) and the Wavelet Correlation Loss (WCL), were defined on the
complex DTCWT coefficient H®® where H“®) denotes the complex-valued coefficient at
decomposition level L and the k-th directional band obtained from the target and predicted

precipitation fields X and X.

The WAL penalizes discrepancies in the magnitude,
1 2
(LK) ) —_— @r| _ gk
WALER(X, §) = MNZ (5| - |25)) 3)
p.q

where M X N denotes the spatial dimensions of the corresponding directional band. To
preserve localized phase alignment, the WCL is defined using a normalized complex

correlation,

5 R(HEOFER")

[T H@R)|2 /Zlﬁ(L,k)lz +e

where ¢ is a small constant for numerical stability. The WAL and WCL are combined to form

the Wavelet Amplitude and Correlation Loss (WACL),

weLER(x, %) =1 -

(4)

WACLY™® (X, %) = (1 — P,) WALER (X, X) + P, WCLER (X, X) (5)

where the scheduling parameter P, balances amplitude- and phase-based constraints during
training. To stabilize optimization, we adopt a linear scheduling strategy,
t
Pt = max (0, 1- m), a=0.1 (6)

with t denoting the current training step and T the total number of training steps.
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The final loss combines the proposed WACL with the FACL to couple global Fourier-
domain consistency with localized wavelet-domain constraints. FACL stabilizes large-scale
precipitation structures, whereas WACL operates on the six directional high-frequency
DTCWT bands at each level L, enhancing sharp boundaries, directional structures, and fine-
scale convective features. The per-level weights y; modulate the relative importance of each
wavelet level and were normalized to ensure balanced supervision across scales. The final loss

was defined as

J 6
N y N
L) = BFACLg(X,X) + ZEL Z WACLY™ (X, X) 7)
L=1 k=1

where [ controls the contribution of the global component. In this study, f was set to 1 to
ensure equal weighting between the global FACL term and the local WACL terms. Since global
structural characteristics are already captured by the FACL component, the low-frequency
wavelet band was excluded from the loss formulation. The loss was therefore computed using
only the six directional high-frequency wavelet bands, assigning equal weights to avoid
emphasizing any specific orientation during training, and the factor 1/6 normalizes their
aggregated contribution at each decomposition level. Based on previous studies reporting that
increasing decomposition depth consistently improves structural and perceptual metrics with
only marginal degradation in Local Phase Coherence, indicating a well-balanced trade-off
between pixel-wise error and spatial skill (Yan et al., 2024), we adopted WFCL Level 3 as the

final model configuration in this study.
Evaluation

This study evaluated the impact of different loss functions on precipitation prediction
performance by comparing models trained with MSE, FACL, and the proposed WFCL. To
ensure a fair comparison, all experiments employed the same U-Net architecture (Figure 1),

differing only in the choice of loss function. The model was trained using data from 1979—

2015, validated on 2016-2017, and evaluated on an independent test set covering 2018-2023.

Model performance was assessed using a suite of complementary metrics capturing
perceptual and structural fidelity, spatial localization, extreme-event detection, and spatial
forecast skill. Perceptual and structural similarity was measured by LPIPS, Cumulative

Probability of Blur Detection (CPBD), and Local Phase Coherence (LPC). Spatial localization
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performance was quantified using Regional Histogram Divergence (RHD), extreme
precipitation detection skill was assessed using the Critical Success Index for 95" percentiles
(CSI-R95p), and spatial forecast skill was evaluated using the Fractions Skill Score (FSS)
(Zhang et al., 2018; Narvekar & Karam, 2011; Wang & Simoncelli, 2003; Yan et al., 2024;
Schaefer, 1990; Roberts & Lean, 2008). Mathematical definitions of all evaluation metrics are
provided in Supplementary Note 1. These metrics are widely adopted in precipitation
forecasting studies to assess performance from multiple perspectives. Scale-dependent spectral
behavior was additionally examined using radial amplitude ratios derived from 2D Fast Fourier
Transform magnitudes, leveraging the FFT for computational efficiency in evaluating the

Discrete Fourier Transform.
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