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The supplementary material is organized as follows. Appendix A provides some auxiliary
lemmas and their proofs. Appendix B gives all the proofs of propositions and theorems in the

mailn text.

A Technical lemmas

n—1

Lemma 1. Let &, = E —( : )2@7” be a sequence of random variables with &, > 0 . Under the
— (jm
Jj=1

condition (i) &, = 0,(1), V1 <j<mn; (i) EE;, < C uniformly for 1 < j, we have &, = 0,(1).

Proof. For each fixed integer K with 1 < K <n — 1, decompose

K n—1

1 1
&n = Z Wﬁjvn + Z ijm =&k &K

j=1 j=K+1



Note that by condition (i) we have & x = 0,(1). By condition (ii) we have

o0

EZ gjn_ Z(—12—>0, as K — oo.

K+1 =K+1 jﬂ)

Then Theorem 3.2 of Billingsley (1999) yields that &, = o,(1).

]

Lemma 2. Under Assumption 1 and Hy, n~'/? Yo Yy — 1 converges weakly to a Gaussian

random element in Hilbert space L*(().

Proof. Denot Y, = Y; — u. We apply Theorem 2.16 in Bosq (2000) to complete the proof, i.e.

verifying the following conditions hold for an orthonormal basis {e;};>1 of L*(¢):

(i) n YK (max e ||) — 0, n— oo,

1<t<

(i) n~* Z Y ex) (Y e) 5 by, n— 00,1,k > 1, where {¢y,,1,k > 1} is a family of real
1<t<n
numbers,

N—=oo poeo

x € L2(0).

(iii) lim limsuplP (Z ™ (n‘l/zYt') > 5) =0, &> 0, where r3(z) = Z [(z, e;)|* for any
i=N

To verify the condition (i) we need to show max [n~2Y]|| converges to zero in probability
<t<n

and {121?2% |n=Y2Y/||?, n > 1} is uniformly integrable. For any 7 > 0, note that

P (m 10> fn) <P (U {w: Y]] > x/ﬁn}> < B (I > V).



Applying Chebyshev inequality and stationarity of {Y;} to obtain

Y P> Vi) = D PO Lgsgisyan > Vin)
t=1 t=1

n

1 2
< E( Y% 1,00 )

1 2
= E (D71 1oy ) = 0 7= o0,

On the other hand, we have

B (s 01 ) < Sl N = B < o
which implies the condition (i) holds.

Now we prove the condition (ii) is satisfied. Let (e;, A;) be the eigenelements of covariance
operator Cy: = E(Y{ ® Y{). Since {(Y/,ex) (Y/,e;),t > 1} is the strictly stationary ergodic
sequence, it follows from Birkhoff’s Pointwise Ergodic Theorem (see Petersen and Petersen (1989)
e,g,) that n=' 37, (Y, er) (Y, &) % g, where ¥y = E((Y/, e) (Y, e))) = H{k =1} )\ is a
real number for k,1 > 1.

As for condition (ii), by Markov Theorem we have for any > 0, P[>0, r% (n/2Y/) > n] <
LE (S, (21)) = LS B (S | (Y e ) = 3 Sy (G e = 3 S350 As
0, as N — oo, where the convergence holds by >°°2 A; = E[|Y/||* < co. Thus condition (iii) is

satisfied and the weak convergence to the Gaussian process holds.

The next Lemma 3-6 serves as crucial steps for proving Theorem 1.

Lemma 3. Under assumption 1,

E/ /|¢t—j (s,m)]? draw(ds) = E|Y;_; — Yl
RJe



and for any t £t t,t' =1,... n,

E [ [[0s(5,m) 65, (5,m) drawlds) = B Vicy = Yoyl — B iy = Vi
R JY

Proof. 1t follows directly from Lemma 2 in Wang (2024) and we omit it.

Lemma 4. Define
n—1

Za(m) =Y (n = )" 2#;(s,m1, m2)bs (),

Jj=1
where

A5y m) = 2 3 i) = )] 61y 57)

t=j+1

with ¢r—; (s,72) = wi—j (8, 72) — Epy_j (s,73). Then under assumption 1 and Hy, we have

2

A

. 112
Sh Z,, 1),
A+0p( )

Proof. Note that

. 1 - -
Yi(s,71,72) = p— > [Yilr) = Yo i(m)] ey (5,72)
t=j+1

=1 > ) — ) + () = V()] s (5, 72)

t=j+1

== 3 i) ()} (5,72

t=j+1

- {ﬁ S ilm) —u(ﬁ)]} {ﬁ > o <smz>},

t=j+1 t=j+1

thus we have S, () = Z,(n) — Ra(n), where

R =Y <n—:/>1/2{% > i) —um)]} {ﬁ > 6 <s,72>}wj<A>.

J S t=j+1



2 2

N ~ ~ |12 A A
Since ||Sn|| = (|Zn|| +||Rn|] —2Re (<Zn, Rn> ) , to complete the proof we only need to
A A A A
show
e
R, = 1 Al
=) (A1)
and
]<zn R”>A‘ = 0,(1). (A.2)

For equation (A.1), by the fact that (¢;,1;) = 1gj—;/(j7)* we have

n—1 2

N 2 (n _]) 1 n
Ry|| = - - Y, — i
TG | 2
1 ’
X - Or_i (8, m2)| dmw(ds
[ |ty X2 s m st
Apply Lemma 2 and continuous mapping theorem to obtain
n 2
(n=3)7 3 Yi—p| =0(1), VI<j<n (A.3)
t=j+1
On the other hand,
1 ’
E//— G1—; (8, 72)| dmw(ds
Re(”—J)t;j;lt]( 2) aw(ds)
1 n
- : Z E//|¢t—j (377_2)|2dTQW(dS)
(n—j)? t=j+1 R JL
—2 (&
+ (n—j)? ZZ E/R/é@—j (s, 72) ¢ (5, 72) draw(ds)

JH1I<t<t’'<n

= ijHYH - Y5

n—j—1
1
#2 Y (1= ) (B~ Yl ~ E Y- 1),

n —



where the last equality holds by Lemma 3. By the ergodic condition and the Toeplitz Lemma,

as n — 0o,

1 m
(1 Y I Vel B - Y) = o)

thus

drw(ds) = op(1). (A.4)

[l 5500

t=7+1

Then the equation (A.1) holds by (A.3),(A.4) and Lemma 1. Next we consider ||Z,|/%, denote

7s(T1,T2) == 7;(s, 7, 72). Then

2

>

Il
HMH

/ 17,4 |Pe(ds) (A.5)

where

(n—JE / 175.4]%(ds)
o hzl {vul? [ [lor () motas)
B {0 Yo- ) [ foussm (o) drastas)}.

Under assumption 1 and Hy, for any 7+ 1 <t <t' <mn,

]+1<t<t’<n

B{ Yo =) [ [or om0t (s mdnastas) } =0



where we use the law of iterated expectation. Denote ¢;_; s(72) := ¢—;(s, 72), it follows that

(n—j / Il Peo(ds) / 1% — 1)u sl (ds)
=E (Y, — ul? _islPw(d
(nt ul / 61—l s>)

< 2B [|[Y; — plP(I1Yells + B[ Y1)

< C < oo, (A.6)
where the first inequality holds by Lemma 1 in Székely et al. (2007). <
n—1
1
C : = O(1), which implies
; e~ oW
.2
Znl| = 0,(1). (A.7)
A
. 2 . 2
Combining (A.1), (A.7) and Cauchy—Schwartz inequality we conclude ‘ Sn(n) W Z,(n) M +
op(1). O
Before proceeding with the proof, the following notations are necessary. Let As := Ds X

[0,1] x £ x £, where Ds = {s € R : § < |s| < 1/} with 6 € (0,1), then £L2(A;) is a separable
Hilbert space equipped with the same measure v. Denote by (f, g) 4, and ||-|| 4, the inner product

and norm on L£*(As). Let {a,(s),s € Ds}o” ), {B,(N), A € [0,1]},2, and {w(7), T € €}Z, be the

q=1

sequences of orthonormal basis of the Hilbert spaces £2(Ds), £2([0,1]) and L£?(¢), respectively.

Then {a,(s)5,(A\)w (Tl)UT(TQ)};;Z)l’TZI forms a sequence of basis for L?(Ag).

Lemma 5. Under assumption 1 and Hy,

K

(n = §)"27; (s,m1,70) 05 (A) = G (n)
7j=1

»

where 7 = 7 denotes the weak convergence in L*(As) and G¥ is a mean zero Gaussian process



whose projection variance is

K

oo K
V(I?“ gK ZZ E{ Y;f )Cbt ]¢]a€z>A5<( )th J¢J’761>A5}<eivh>i{5

=1 j=1 j'=1

wherer {e;}32, is an orthonormal basis of L?*(As) and h € L?(As).

Proof. By Theorem 17.27 of Henze (2024), we show (i) the projection of ZX(n) on arbitrary
finite dimensional subspace of L2(As) are asymptotically normal and (i) the sequence {ZX(n)}
is tight.

(i) Note that for any My, My, M3, My > 1, the finite projection can be expressed by

My My M3 My

=Y ) DD (2K apByunuy) agopBeuu,

p=1 q=1 [=1 r=1

where
<Z pﬁqulur>¢4 (A8)
(t—1)AK
= Z - M ul Z (n - j)_1/2a$,]q,r
=2 j=1
K
t, K t, K
= Zqulr Z Spqlr
t=2 t=K+1
with

o= | | / /<b 4650 (0 () By Nty (7))l ds).

Under null hypothesis { } is a stationary ergodic difference MDS with respect to filtration

pqlr



Fi_1. For t < K, the first item
K

K t—1
3 = 30— ) 30—l
t=2 t=2 i=1
K t—1 n -1/2
o —1/2 b
=N / Z<}/;_[L7ul>2(n_j) a“pi]ﬂ“

t=2 j=1

= OP(1)7

where the last equality holds by Markov inequality. For ¢ > K + 1, by the central limit theorem

for stationary ergodic MDS, see Billingsley (1961), the second item

n n K
tLK —1/2,t,
Z Sp,q,lﬂ’_ Z AR Z / p]qr
t=K+1 t=K+1 j=1
n K TL—k? 1/2
—1/2 t,j
=k m—u,uoz(n_j)

t=K+1 j=1

converges to a normal distribution. Thus Py (ZX (1)) converges weakly to a zero mean Gaussian
process GX in finite dimensional subspace of L?(Aj).
(ii) We only need to show that as min(M;, My, M3, My) — oo

2

limsupEHfo—PL(ZAf) — 0,

n—oo

As

which implies the sequence {ZX ()} is tight. Note that

~ N 2
E|| 25 - Pz,

)

S IDID YD P (LW IR

p=M; q=Mo I=M3 r=DM,

2

— 0,



as min(M;, My, M3, M) — oo, where the equality and convergence are ensured by

2

b Z Z Z Z ‘ s QB (1)) 4,

p=M1 g=M> =Mz r=DNMy

< EZ Z ‘<ZA?{L(7 Qp Bgwity) 4,

p,g,l,r>1

2

=E||Z %, < o,

Thus for a fixed K, ZX(n) = GX(n) in £2(As). Similar to the Theorem A.1 of Escanciano and

Velasco (2006), the asymptotic variance of (A.8) is

PP SRR

then the projected variance of G¥ is

G = Var((G", h) 4,)

- ZZZZE [ Yi—pow)’ ;jqra;jq r] (p By, h)?

p,q,l,r>1 j=1 j/=1
oo K K

= ZZZE{ ¢t ]¢j7el>A5<( )¢t =J’ 1/JJ'761>-’46} <ei7h>?46

i=1 j=1 j/=1

for any h € L*(Aj).

Lemma 6. Under Assumption 1 and Hy,

A

Zn(n) = G(n),

where 7 = 7 denotes the weak convergence in L*(As;) and G is a mean zero Gaussian process

10



whose projection variance is
oo [e.@] oo

VCW g h A5 ZZZE{ ¢t jq/]J?eZ)-Aé(( )¢t -5’ ¢]’a61>A6} <6i7h>?45

i=1 j=1 j'=1
wherer {e;}32, is an orthonormal basis of L*(As) and h € L?(As).

Proof. Denote

n—1

(n - j)l/%aj (3’ 71, 7_2) ¢J<A) + Z (n - j)l/ij (877—1’ 7_2) 77/}3(/\)

j=1 j=K+1

S-N\>
=

I
]~

for some integer K. Based on the Theorem 4.2 of Billingsley (1961), it suffices to show (i)
for any K, ZX(n) = GX(n) as n — oo; (ii) GX(n) = G(n) as K — oo;(iii) for any e >

0, hm hmsupP(HR (Ml.a; > 5) = 0.

n—oo

(i) it follows from Lemma 5

(i) it suffices to show

E|IG" 1%, = ZE} as] (ealm), )

oo 0 0

= D30 Y BV~ oyt e (Vi = ity eida} e B,

=1 j=1 j'=1

converges as i — oo. Denote by
= ii (Ve = 1) @e—j s, ea)as (Yo — 1) pu—jrthye, €3) s}
j=1 j/=1
The result follows from
E|G¥|3, — Za e )%, = o?||h]|4, < 00, as K — oo,

11



where the equality holds by Parseval’s identity.

(iii) Note that

(0= [ NiulFotds) < (= [ 7y.lu(ds) <

Ds

thus
E|RK|2, —E/ / Z yr] s, 71,72) |2drdrow(ds)
K+1
- Y E / 175/l
j= K+1
n—1 1
<C ji: g 0,
5, T
as n, K — oc. O

Lemma 7. Under the assumption 1, TR =T, + 0,(1).

Proof. Note that

3
I,

N
3
L

N

—J
J FAMDD,(Y; | Vi)

_j —_ —
FAMDD,,(Y; | Y;—,;) — :
2 ( t | t ]) - (]71’)

J
) -1
N {FAMDDnm|Yt,j)—FAMDDn(th,j)}_ D

j=1 j=n—3

S
LL
3

n—j

(jW)QFAMDDn(Yt 1Y)

First we consider the item L;. By simple algebra we have

FAMDD (Yt | Yi) — FAMDD,(Y; | Yt_j)

:(n_] n—j—3) Z ZA By — n_jz Z ZA;JZBM

k=j+11=j5+1 k=j+11=5+1

:(n_]_il)))(n_j {n_j Z Z <Alekl Bkl)‘f‘gz ZA;]ZBM} A9)

k=j+11=j+1 k=j+11=j+1

12



It can be shown that

and
() _ 20 0 2o
b. b _j_2k.a l .l n—j—2'l’
b = b =) =2 )
(n—j—1)n-j-2)
which implies that
> Y AB
—j+1l—j+1
: 2 : 2 : 3(n—j)—2 .
-y - P - P S )
k=i 1541 J J J
2 2 3(n—17j)—2 }
x { By — b, — by + b
{ -2 n—J—2 (n—J—l)(n—J—2)
D I I D DD D ([ SRS,
~ 5 (n—j—1)(n—j—2)?
k=j+11=j+1 k=j+11=j+1
+ Z Z{ak by.. +a l—l—a bk +a()bl}
(n—j—2 k ]—Hl—j—i—l
(3(n—J) —
+ DR
(n—j—1)? n_j_Q k=j+1i=j+1
=: Z Z A](jl')Bkl_Ll,l‘{‘Ll,Q"‘LL?n
k=j+11=j+1

where the second equality holds by the fact 7, A(j) =D kit A,(Cjé) =Y Bu=> ;1B
0. It follows from a direct calculation that > ', .. a; W, = D himj1 @ )b = (n—j)%a U)b... Un-

der the assumption 1, we have (n — j)2aYb. = 0,(1) and D himit1 aby.. = O,((n — §)2), which

13



implies Ly 1, L1 2, L13 = O,(1). Then combining equation (A.9) to obtain that
FAMDD,,(Y; | Y;—;) = FAMDD,(Y; | Y;_;) = O,((n — j)7?),

which implies that Ly = 0,(1). On the other hand,

n—1 . n 1 n—1
n _
> TAFAMDD, (G Vi) = Y 7t [ ilfuls) < Oy (1),
j=n—3 JT j=n— 3 ]:n73
which implies that Ly = 0,(1). Thus we complete the proof. O

B Proofs of main results

Proof of Proposition 1. (1) It follows form Fubini’s theorem and the arguments in Section 3
of Wang (2024) that FAMDD(Y; | Yi—;) = —=E [(Y; — 11, Y;" — ) ||Yi—; — Y2, |l1]. (2) By the fact
that ||Y; — Y;*HQ = ||| + |Y;"|I? — 2(Y;, Y;") and Y," is an independent copy of Y;, we have
By, (|| = Vi) = VIR + B2 - 2%, B;),
By (%~ Y2IP) = EIGIE + 1Y) - 2B, ),
E (¥ - ¥ |*) = B + B - 2(EY,, BY;").
Then
1 + 2 1 + 2 1 + 2 1 + 2
B=g Ve =Y —Ev 5[V =Y ) —Eyeg [V =Y+ B 5 Yo - Y|
1
=5 (P20, Y1) +2(V, EY/7) + 2(EY,, V') — 2(EY, B "))

~(Y, - EY,.Y," —EY,").

14



On the other hand,

E(—(Y; - EY, Y,* —EY")Ey, | |[Yi; = V5|
—EE{~(Y;, - EY,, ¥;* ~EY;")Ey,_, Yoy - Y, ||, | ¥i-s }
=E{By,, [Yiy - 5|, - B(—(% - BV, Y, —EY) [ Yiy)}

=0.

where the last equity holds by E(X,Y) = (EX,EY) for independent random elements X,Y in
Hilbert space and the fact that (Y;,Y;_;) and (¥;",Y;";) are independent. In a similar way we
can obtain E(—(Y; — EY,, Y;" — EKUEYL_ |Yi—; = Y;5,||,) = 0. Finally we conclude that

E(AY'B) = —E((Y; - EY;, ;" — EY;")) [|Yiey = Y5, |,),

Next we prove the FAMDD(Y; | Y;_;) is finite. Following Lyons (2013), for z,z" € L?, define

the distance a(z,z") = ||z — z*|; and let

do(z,2%) = a(x,2™) — /a(x,f“)du(x) - /a(w,m+)du(x+)

//a(w,x+)du2(x,az+),

where p is the distribution of x,z%. Under the assumption that E||Y;|| < oo, the p has finite

first moment for distance a and b, thus / a(x,x")du(z,z) is well defined and finite. Tt follows

from Lemma 2.1 in Lyons (2013) that /da (z,2") dp?(z,2") < o0, i.e., E(AU) . AW) < 0o, On

the other hand, under the assumption E||Y;*||* < oo,

E(B- B) <E(Y; — EY,,Y," —EY;*)”

<E(|]Y; —EYi|)? - |Y;" — EY,"|]?)
1

-2

< - {E|Y, - EY;||* + E|Y;" — EY;*||*} < oc.

15



where the last inequity holds by the the fact that E||Y;—EY;||* < 24[E(||V;||")+(E|Y;|)?] < 0co. O

Proof of Proposition 2. (1) The proof is similar to the proof of the Lemma 3.1 in Wang (2024)
and we omitted. (2) It follows directly from the strong law of large number of V-statistics of
ergodic and stationary sequence (Aaronson et al. (1996)) and the discussion on Proposition 2 in

Lee et al. (2020). O

Proof of Theorem 1. We only need to show || Z, % KN G114, then the conclusion follows from
Lemma 4. By Theorem 4.2 of Billingsley (1999), it suffices to show (i) for any 4, ||Zn||f45 N G112, 5

(ii) 1G], > 1G]% as & — 0; (iii) for any € > 0,

T 7 12 _ |17 |2
}sg%hinj;ipp (’”ZnHA | Zn |2,

>8>=0.

Since condition (i) follows from Lemma 6 and continuous mapping theorem, and condition
(ii) is trivial, we only need to prove that the condition (iii) holds. Denote Dy s = {s € R : |s| < 0}
and Dys = {s € R:|s| > 1/6}, then

E \Hznui 12,

n—1 n—1 .
n — n —
JE [ lslPetds) + 3 7 = / 174%(ds)
Dy 5 j=1 Dy 5

< (jm)?

.

For the first item, by equation (A.G) we have

n—1

. n—1
sl w(ds) = / E Y—u¢_-2wds — 0,
> G o MR > Gt B0 = 00wl

as first n — oo, then 6 — 0, where we have used the fact [, E|[(Y; — 1) ée;|I> w(ds) < oo. In a

16



similar way we conclude

n—1 .
SB[ et o
=1 (Jm) Das
which yields to condition (iii), thus we can obtain ||Z,]|% % |G| - O

Proof of Theorem 3. Denote

n—1
San(n) = > _(n = §)"*3a(s,71,72)1;(N),
j=1
where
1 n
%](377'1,72) — Z [Yt(ﬁ) - Yn—j(Tl) —-n 1/291&(7'1)} Pt—j (3,7'2)-
—J S
Then S, (n) can be decomposed as
Su(n) = San(n) + Va(n), (B.1)

where
n

. n n— i 1/2
wwzz( Q LS e (s ms (V).

—
TS

j=1
Note that under alternative H,,, Y; —pu— n~Y2g, is an MDS with respect to filtration F;_;, then

similar to Lemma 4 and 6,

A

San(n) = G(n) (B.2)

17



in the Hilbert space £2(As). On the other hand, it follows from mean ergodic theorem that

[y

n— n

N\ 1/2
n—3j 1
< n ) n — ,] Z <gt¢t—j¢j7 €i>A5

t=j+1

<)>n7 ei>.A,5

1

J

[
WE

E(gipi—j1j, €i) a5 + 0p(1), (B.3)

<.
Il
—

with {e;}32, an orthonormal basis of £?(As). Denote V(1) = >°7, > E(gipr 1), €i) a;¢i. For

any fixed K, equation B.3 implies

K K o
Vi(n) = Z<Vn7 €i) As€i = Z Z]E@tsﬁt—j%; €i) AsCi-
=1 i=1 j=1

On the other hand,
EHf}n - foQ =E Z |<)>m 6i>A§|2 — 0,

i=K+1
as n — 00, then K — 0o, where the convergence is ensured by EY ", |(l>n, ei)a,|* = EHl}nHi\(; <

0o. Then by Theorem 17.27 of Henze (2024) we have

~

Va(n) = V() + 0p(1), (B.4)

where

V) =D Elgupi . i) asei

i=1 j=1

Thus combing (B.1), (B.2) and (B.4) we conclude S, (n) = G(n) + V(n) in the Hilbert space
L?(As). Tt follows form the proof of Theorem 1 that ||S,||4 = |G + V|| 4. O

18



Proof of Theorem 4. Denote

n—1
Zn(m) =Y _(n— )27 (s, 71, ma) i (N),
j=1
with
f;(5,71,7'2 =— Z Yi(71) — pe(71)] e (8, 72) wr.
t 741
Note that
Yi(s8,11,m2) = —— Z Yi(m) = p(m) + p(m1) = Yooy (10)] b1 (5, 72) wy
t ]+1
= Z [Yi(71) — pe(71)] wedhs— —j (8,72)
t J+1
1 n
—{T > it st {3 o |
"= S St

Then S*(\,7) can be decomposed as S%(n) = Z*(n) — R%(n), where

Ry (n) Zij(n—j)”2 {L > Min) —M(ﬁ)]}

n —_—
TS5

{n_] _zj;lﬁbt VA 7'2 t}%‘()\)

Since

T
* —
Syl =

2 .
n HR*
A ‘ A "

i_ 2re ({2, 1,) ).

2 L
W 0p(1), a.s. and ‘<Z;,R:‘L>A’ = 0,(1), a.s. Denote by E* the con-

it suffices to show H}A%Z

ditional expectation given {Y;};,. Given that the sequence {w;} is independent with {Y;}{,,

= o=

then we have

dTQW(dS) =o(1), a.s.

Zaﬁm (5,7) wy
(n—7)

t=j+1

19



~ 2
* _
Z”A

which implies that H}A{; = 0,(1), a.s. On the other hand, by equation (A.7) we have ‘

2
A

A~

Z*

n

. 2
0,(1), a.s. thus ‘ Sk M + 0,(1), a.s.. Following similar arguments in the proof of

2
A
Lemma 4, 6 and Theorem 3.1, we can prove ||S||% KN G114, a.s. which completes the proof. [
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