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Abstract 

This research presents a numerical investigation of free convection of a ternary hybrid 

nanofluid in a permeable enclosure under the impact of an inclined magnetic field, thermal 

radiation, and internal heat generation. The ternary hybrid nanofluid consists of a base fluid with 

dispersed nanoparticles of aluminum oxide, copper (Cu), and multi-walled carbon nanotubes to 

increase thermal conductivity. The governing equations for mass, momentum, and energy are 

formulated in nondimensional form and solved via the Marker-And-Cell (MAC) method on a 

staggered grid with a finite difference discretization scheme. The effects of key dimensionless 

parameters including Rayleigh number (Ra), Hartmann number (Ha), radiation (Rd), Darcy 

number (Da), and heat generation/absorption parameter (Q) on heat transfer characteristics are 

analyzed. The results show that increasing Ra from 103 106 ݋ݐ  enhances convective heat transfer, 

leading to a 192% increase in the average Nusselt number (ܰݑ௔), whereas decreasing Da from 0.1 

to 0.0001 suppresses convection and results in a 53% drop in ܰݑ௔. The application of an external 

magnetic field (Ha=50) reduces energy transfer efficiency by 41%, confirming the suppressive 

effect of Lorentz forces. Conversely, increasing Rd from 0 to 5 significantly enhances radiative 

energy transfer, leading to a 229% rise in ܰݑ௔. Internal heat generation (Q=5) weakens convective 

motion, reducing ܰݑ௔ by 12%, while heat absorption enhances convection and increases heat 

transfer. These findings highlight the strong interplay between buoyancy, magnetic field 

suppression, porous medium resistance, radiative heat transfer, and internal heat generation, 

demonstrating that ternary hybrid nanofluids can be optimized for various thermal management 

applications, including nuclear reactor cooling, MHD power generation, industrial heat 

exchangers, and electronic cooling systems.  

Keywords: Ternary hybrid nanofluid, Magnetohydrodynamic (MHD), Square enclosure, heat 

transfer, Porous medium, Finite difference Method, Free convection. 
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1.  INTRODUCTION 

Free convection heat transfer in porous enclosures has been widely studied due to its 

significance in thermal energy storage, electronic cooling, nuclear reactor safety, and 

magnetohydrodynamic (MHD) power generation. Enhancing heat transfer in such systems is a 

critical research area, with nanofluids emerging as a promising solution. Nanofluids, which are 

engineered suspensions of nanoparticles in base fluids, display superior thermal properties 

associated with conventional fluids, leading to improved heat transport efficiency [1], [2]. Recent 

advancements in hybrid nanofluids, which trust multiple types of nanoparticles, have further 

optimized thermal conductivity, stability, and energy transport [3], [4]. However, most studies 

have focused on binary hybrid nanofluids, while the possibility of ternary hybrid nanofluids in 

MHD permeable enclosures under the inspiration of radiation and internal heat generation remains 

largely unexplored [5], [6]. 

The impact of porous media on natural convection is substantial, as it introduces flow 

resistance that alters the convection-diffusion balance. Several studies have analyzed the effect of 

Darcy number (Da), demonstrating that decreasing permeability reduces convective motion, 

shifting the dominant heat transfer mode from convection to conduction [7], [8]. Additionally, the 

interaction of MHD effects with nanofluid convection in porous enclosures has been widely 

investigated, showing that the application of an external magnetic field dampens convective flow 

due to the Lorentz force, thereby decreasing the overall heat transfer rate [9], [10]. Furthermore, 

studies have shown that the orientation of the applied magnetic field plays an important role in 

altering flow structures and convective heat transport [11], [12]. Such effects are crucial in 

engineering applications, including MHD-based energy conversion, nuclear reactor cooling, and 

electromagnetic heat control systems. 

Another important mechanism influencing heat transfer in nanofluid-filled enclosures is 

thermal radiation, particularly in high-temperature applications. Studies have shown that 

neglecting radiative heat transfer can lead to significant underestimation of thermal performance 

in enclosures with large temperature gradients [13], [14]. Increasing the thermal radiation enhances 

the contribution of radiative energy transport, altering temperature distributions and increasing 

heat transfer efficiency [15], [16]. Similarly, internal heat generation and absorption are essential 



considerations, as heat generation weakens convective motion by reducing buoyancy forces, while 

heat absorption enhances convective instability, leading to higher Nusselt numbers [17], [18]. 

These phenomena are particularly relevant in requests such as solar thermal collectors, nuclear 

energy systems, and electronic cooling technologies. 

Despite extensive research on hybrid nanofluid convection in enclosures, most prior studies 

have been limited to single-component or binary hybrid nanofluids, while the energy advantages 

of ternary hybrid nanofluids remain underexplored [19], [20]. Ternary hybrid nanofluids, which 

include 3 diverse types of nanoparticles, have been shown to provide enhanced energy transfer 

properties due to synergistic improvements in thermal conductivity, viscosity, and stability [21], 

[22]. However, limited studies have investigated ternary hybrid nanofluids in porous enclosures 

under the combined impact of MHD effects, radiation, and internal heat generation [23], [24]. 

Additionally, many previous numerical studies have employed simplified computational 

techniques [35-37], whereas advanced approaches such as the MAC method offer greater accuracy 

in solving incompressible flow problems and complex convection-dominated heat transfer [25], 

[26].  

The current study aims to numerically examine the free convection of a ternary hybrid 

nanofluid in a permeable enclosure under the combined possessions of an inclined magnetic field, 

thermal radiation, and internal heat generation. The governing equations are formulated in 

nondimensional form and solved using the MAC method on a staggered grid, employing a finite 

difference discretization scheme. The ternary hybrid nanofluid consists of water (H₂O) as the base 

fluid, with Al₂O₃, copper (Cu), and MWCNTs as nanoparticles, selected for their high thermal 

conductivity, improved stability, and superior energy transfer performance. The effects of key 

dimensionless parameters with Ra, Ha, Da, Rd, and Q on flow structure, temperature distribution, 

and energy transfer characteristics are systematically analyzed.  

This study provides a complete quantitative analysis of the impact of these parameters on 

the average and local Nusselt numbers, offering valuable insights into the design and optimization 

of advanced thermal management systems. The findings have direct applications in MHD power 

generation, industrial heat exchangers, nuclear reactor cooling, electronic thermal management, 

and solar energy technologies. The rest of this manuscript is structured as follows: Section 2 

presents the mathematical formulation, including the governing equations and boundary 



conditions. Section 3 describes the numerical methodology, with an emphasis on the MAC method 

implementation. Section 4 discusses the results and parametric analysis, highlighting key findings 

related to flow behavior and heat transfer performance. Finally, Section 5 offers the conclusions 

and references for future research. 

2.  MATHEMATICAL FORMULATION  

The mathematical modeling of free convection in a permeable enclosure filled with ternary 

hybrid nanofluid is essential to accurately describe the underlying transport phenomena, including 

fluid flow, energy transfer, and the possessions of magnetic fields and radiation. The current study 

as shown in Figure 1 involves the formulation of governing equations based on the principles of 

fluid dynamics and heat transfer, incorporating additional effects due to porous media, a motivated 

magnetic field, and internal energy generation or absorption. The ternary hybrid nanofluid, 

comprising water and nanoparticles of Al₂O₃, copper (Cu), and MWCNT, exhibits enhanced 

thermophysical properties, such as higher thermal conductivity and improved heat transfer 

capabilities. The Thermo-physical properties details are in Table 2, and filled with the Al₂O₃, 

copper (Cu), and MWCNT, ternary hybrid nano-fluid featured in Table 1. These properties are 

integrated into the governing equations by defining effective parameters, with thermal 

conductivity, dynamic viscosity, and heat capacity, as functions of the nanoparticle volume 

fractions. The permeable medium is modeled using the Brinkman approximation, which accounts 

for viscous effects, and the impact of the inclined magnetic field is incorporated through Lorentz 

force terms in the momentum equations. Additionally, thermal radiation effects are modeled using 

the Rosseland approximation, enabling the inclusion of radiative energy transfer in the energy 

equation. To account for internal energy generation, a source term is introduced in the energy 

equation [28-34]. 

Dimensional Form డ௨డ௫ + డ௩డ௬ = 0                  (1) 

డ௨డ௧∗ + ݑ డ௨డ௫ + ݒ డ௨డ௬ = − 1ఘℎ೙೑ డ௣డ௫ + ℎ௡௙ߥ [డ2௨డ௫2 + డ2௨డ௬2]                          

− ఔℎ೙೑௄ ݑ + ఙℎ೙೑஻02ఘℎ೙೑ ݒ) ݊݅ݏ ݏ݋ܿ ߜ ݊݅ݏ − ߜ ݏ݋ܿ  (2)     (ߜ 2݊݅ݏ ݑ



డ௩డ௧∗ + ݑ డ௩డ௫ + ݒ డ௩డ௬ = − 1ఘℎ೙೑ డ௣డ௬ + ℎ௡௙ߥ [డ2௩డ௫2 + డ2௩డ௬2] − ఔℎ೙೑௄   ݒ

 + ఙℎ೙೑஻02ఘℎ೙೑ ݑ) ݊݅ݏ ݏ݋ܿ ߜ ݊݅ݏ − ߜ ݏ݋ܿ (ߜ2ݏ݋ܿ ݒ + (ఘఉ)ℎ೙೑ఘℎ೙೑ ݃(ܶ − ௖ܶ)         (3) 

డ்డ௧∗ + ݑ డ்డ௫ + ݒ డ்డ௬ = ௞ℎ೙೑(ఘ஼೛)ℎ೙೑ [డ2்డ௫2 + డ2்డ௬2] − 1(ఘ஼೛)ℎ೙೑ (డ௤ೝೣడ௫ + డ௤ೝ೤డ௬ ) + ொ0(ఘ஼೛)ℎ೙೑ (ܶ − ௖ܶ)        (4) 

 

Fig. 1 Schematic diagram. 

 

Non-Dimensional Variables ܺ = ௫௅; ܻ = ௬௅; ݐ = ௧∗ఈ೑௅2 ; ܷ = ௨௅ఈ೑; ܸ = ௩௅ఈ೑; ܲ = ௣ఘℎ೙೑ఈ೑2; ߠ = ்− ೎்்ℎ− ೎்; ݍ௥௫ = − 16ఙ ೎்33ఉ೅  డ்డ௫ ;     ݍ௥௬ =− 16ఙ ೎்33ఉ೅  డ்డ௬. 

 
 
Non-Dimensional form 

 డ௎డ௑ + డ௏డ௒ = 0                                                               (5) 

డ௎డ௧ + ܷ డ௎డ௑ + ܸ డ௎డ௒ = − డ௉డ௑ + (ఔℎ೙೑ఔ೑ ) డ2௎డ௑2] ݎܲ + డ2௎డ௒2]          



          − (ఔℎ೙೑ఔ೑ ) ௉௥ ஽௔ ܷ + (ఙℎ೙೑ఙ೑ ) ( ఘ೑ఘℎ೙೑) ܸ)ݎܲ 2ܽܪ ݊݅ݏ ݏ݋ܿ ߜ ݊݅ݏ − ߜ ݏ݋ܿ ݐ߲ܸ߲ (6)          (ߜ 2݊݅ݏ ܷ + ܷ ߲ܸ߲ܺ + ܸ ߲ܸ߲ܻ = − ߲߲ܻܲ + ௙ߥℎ௡௙ߥ) ) ݎܲ [߲2ܸ߲ܺ2 + ߲2ܸ߲ܻ2] − ௙ߥℎ௡௙ߥ) ) ܽܦ ݎܲ ܸ 

       + (ఙℎ೙೑ఙ೑ ) ( ఘ೑ఘℎ೙೑) ܷ) ݎܲ 2ܽܪ ݊݅ݏ ݏ݋ܿ ߜ ݊݅ݏ − ߜ ݏ݋ܿ (ߜ 2ݏ݋ܿ ܸ + (ఘఉ)ℎ೙೑ఘℎ೙೑ఉ೑                              (7)           ߠ ܴܽ ݎܲ 

                         

డఏడ௧ + ܷ డఏడ௑ + ܸ డఏడ௒ = (ఈℎ೙೑ఈ೑ ) [డ2ఏడ௑2 + డ2ఏడ௒2] (1 + 43 ௞೑௞ℎ೙೑ ܴ݀) + (ఈℎ೙೑ఈ೑ )  (8)                             ߠܳ

Table 1. Physical attributes of Al2O3-Cu - MWCNT/water [34]. 

 

 

Heat transfer coefficient  ℎℎ௡௙ = ℎܶݍ − ௖ܶ 

Heat flux  



ݍ =  −݇ℎ௡௙ ℎܶ − ௖ܶܮ  ߲݊ߠ߲ 

Nusselt number  

ݑܰ =  (݇ℎ௡௙݇௙ ) (1 + 43 ܴ݀ (݇ℎ௡௙݇௙ )−1)  ܻ߲ߠ߲

The average Nusselt number on hot wall is gained from the resulting relation 

௔௩௚ݑܰ = ܮ1 ∫௅  ܺ݀ ݑܰ

 

Fig. 2. Code testing considering data of Ref. [27]. 

To validate the accuracy of the model, a benchmark case involving free convection was employed, 

as illustrated in Fig. 2, which demonstrates the strong agreement between the simulation results 

and recognized reference data. In this validation, a hybrid nanofluid composed of MWCNT and 

Fe₃O₄ nanoparticles dispersed in water was utilized, capitalizing on the enhanced thermal 

properties that result from the synergistic possessions of these nanoparticles. The incorporation of 

this hybrid nanomaterial significantly improved the thermal performance of the base fluid, 

confirming the robustness and reliability of the modeling approach. To evaluate the exactness and 

reliability of the present numerical model, a benchmark study of free convection was conducted 

using reference data [27]. The validation results, depicted in Fig. 2, confirm the high accuracy and 



correctness of the computational approach. In this validation test, free convection of a copper oxide 

water nanofluid was simulated, and the obtained results showed excellent agreement with 

benchmark data, thereby verifying the numerical framework. For the current study, the simulation 

incorporates a ternary hybrid nanofluid, consisting of MWCNTs, copper, and Al₂O₃ dispersed in 

water. The inclusion of these hybrid nanoparticles enhances the thermo-physical properties of the 

base fluid, resulting in a new fluid with superior thermal conductivity, modified viscosity, and 

improved convective energy transfer characteristics. The successful validation of the model 

against benchmark data confirms its suitability for investigating free convection in a permeable 

enclosure under the impact of an inclined magnetic field, Rd, and internal Q. 

3.  NUMERICAL METHOD 

Numerical simulation of free convection in a porous enclosure filled with a ternary hybrid 

nanofluid is performed via the MAC method. This approach is well-suited for solving 

incompressible fluid flow problems and is employed here to discretize the equations for continuity, 

momentum, and energy. The computational domain is designed with a uniform grid, where 

pressure is stored at cell centers, velocity components at cell faces, and temperature at cell centers. 

No-slip velocity conditions are useful at all walls, while thermal boundary conditions consist of a 

centrally heated bottom wall, a centrally cooled top wall, and adiabatic sidewalls. A uniform grid 

spacing (Δx=Δy) is used for spatial discretization, and the time-stepping method ensures stability 

and convergence. The computational domain is a staggered grid, ensuring stability and accurate 

treatment of pressure-velocity coupling. The MAC method involves the following key steps: 

a) Velocity prediction using the momentum equations (without pressure). 

b) Pressure correction to enforce the incompressibility constraint via the pressure Poisson 

equation. 

c) Velocity correction to satisfy the divergence-free condition. 

d) Temperature updates using the energy equation. 

These equations are discretized using the FDM, and the resulting algebraic equations are solved 

iteratively until convergence is achieved. 

Table 2. Thermal physical Properties of water and nanoparticles [33]. 



 

4. RESULTS AND PHYSICAL MECHANISM BEHIND 

The numerical investigation explores the possessions of key parameters, including the Ra, 

Da, Ha, Rd, and heat generation/absorption parameter (Q) on the free convection behavior of a 

ternary hnf in a porous enclosure. The outcomes are analyzed in terms of streamlines, isotherms, 

velocity distributions, and Nu variations to evaluate the impact of these parameters on heat transfer 

characteristics. 

Figures 3 and 4 illustrate the result of Ra over streamlines and isotherms, respectively, for 

Ha=2, Da=0.1, Rd =1, and heat generation=0.5. At lower Ra, the flow is feeble, and conduction 

dominates energy transfer, as seen from the nearly parallel isotherms and weak circulations in the 

streamlines. As Ra increases, buoyancy-driven convection intensifies, forming stronger circulation 

cells that transport heat more effectively. The thinning of the thermal boundary layer near the 

heated bottom region indicates greater convective heat transfer. The transition from conduction-

dominant (ܴܽ = 103) to convection-dominant (ܴܽ = 106) flow is evident, as higher Ra 

strengthens the fluid motion, promoting efficient heat transfer.  

 

Property ߩ ܶܰܥܹܯ ݑܥ 2ܱ3݈ܣ 2ܱܪ(kg݉−3) 997.1 3970 8933 1600 ܥ௣(J݇݃−1796 385 765 4179 1−ܭ 

k(W݉−1݇−1) 0.613 40 401 3000 21 (1−ܭ)ߚ × 10−5 0.85 × 10−5 1.67 × 10−5 4.2× 1 0.05 (1݉−1−ߗ)ߪ 10−5 × 10−10 5.96 × 107 4.8 × ×8.9 (Pa s) ߤ 10−7 10−4
 - - - 

Pr 6.2 - - - 



  ܴܽ = 103 ܴܽ = 104 

  ܴܽ = 105 ܴܽ = 106 
 

Fig. 3 The influence of Ra on streamlines for Ha =2, Da = 0.1, Rd = 1 and Q = 

0.5. 

 

 



  ܴܽ = 103 ܴܽ = 104 

  ܴܽ = 105 ܴܽ = 106 
 

Fig. 4 The influence of Ra on isotherms for Ha =2, Da = 0.1, Rd = 1 and Q = 

0.5. 

 

 

Figures 5 and 6 depict the impact of the M on isotherms and streamlines for Ha=0, 10, 30, 

50 while keeping Da=0.1, Rd =1, and Q=0.5 constant. At Ha=0, the nonappearance of the Lorentz 



force allows strong convective currents, leading to well-developed circulations and enhanced 

energy transfer. However, as Ha rises, the applied magnetic field generates a Lorentz force that 

resists the motion of the conducting fluid, suppressing the buoyancy-driven flow. This suppression 

leads to a reduction in vortex strength, causing the streamlines to shrink and become less 

pronounced.  

The permeability of the permeable medium, represented by the Darcy number, significantly 

affects the flow and energy transfer characteristics, as shown in Figures 7 and 8 for 

Da=0.1,0.01,0.001,0.0001 with Ha=2, Rd =1, and Q=0.5. For high permeability (Da=0.1), the 

porous medium offers minimal resistance, allowing strong fluid motion and well-defined 

convective cells. However, as Da decreases, the increased flow resistance dampens the strength of 

convection currents, restricting fluid circulation. At very low permeability (Da=0.0001), flow is 

almost completely suppressed, resulting in a conduction-dominated regime with weak convective 

effects. This transition is evident from the increasing uniformity of isotherms and the weakening 

of streamlines.  

 

 

 

 

 

 

 

 

 

 

 



  
Ha = 0 Ha = 10 

  
Ha = 30 Ha = 50 

 

Fig. 5 The influence of Ha on streamlines for ܴܽ = 105, Da = 0.1, Rd = 1 and 

Q = 0.5. 

 

 

 



  
Ha = 0 Ha = 10 

  
Ha = 30 Ha = 50 

 

Fig. 6 The influence of Ha on isotherms for ܴܽ = 105, Da = 0.1, Rd = 1 and Q 

= 0.5. 

 

 

 



  
Da = 0.1 Da = 0.01 

  
Da = 0.001 Da = 0.0001 

 

Fig. 7 The influence of Da on streamlines forܴܽ = 105, Ha = 2, Rd = 1 and Q 

= 0.5. 

 

 

 



  
Da = 0.1 Da = 0.01 

  
Da = 0.001 Da = 0.0001 

 

Fig. 8 The influence of Da on isotherms for ܴܽ = 105, Ha = 2, Rd = 1 and Q = 

0.5. 

 

Figures 9 and 10 show the impact of Rd on streamlines and isotherms for Rd =0, 1, 3, 5 while 

maintaining Ha=2, Da=0.1, and Q=0.5. For low radiation levels (Rd = 0), convection remains the 

dominant heat transfer mode, as seen from well-defined vortices and significant temperature 



gradients. As Rd increases, heat transfer enhances thermal energy transport, causing isotherms to 

become more uniform and reducing the temperature gradient. At Rd =5, radiation dominates the 

heat transfer process, leading to enhanced heat distribution and a higher Nusselt number.  

The result of internal heat generation or absorption is shown in Figures 11 and 12 for Q=0, 

1, 3, 5 with Ha=2, Rd =1.0 and Da=0.1. At Q=0, the natural convection remains unaltered. 

However, as Q increases, the internal heat source contributes additional energy to the system, 

leading to an increase in overall fluid temperature. This effect reduces the temperature gradient, 

thereby weakening buoyancy-driven convection and reducing the strength of flow circulations. 

Consequently, the energy transfer rate declines, as shown in Figure 18, where the Nua decreases 

with increasing Q. This trend suggests that excessive internal heat generation can act as a thermal 

barrier, reducing convection efficiency. Conversely, in heat absorption cases (Q<0), stronger 

convective motions enhance the heat transfer process.  

Figure 13 examines the impact of the inclination angle of the M on the Nu along the bottom 

heat source for Ha=2, Da=0.1, Q=0.5, and Rd =1.0. As the orientation of the magnetic field 

changes, the suppression of free convection varies, leading to different heat transfer distributions. 

When the M is aligned with the flow, convective motion is more suppressed, reducing heat transfer. 

However, at certain angles, the damping effect of the magnetic force weakens, allowing convection 

to persist. This suggests that adjusting the inclination angle of the M can be a potential control 

mechanism for optimizing energy transfer in MHD-driven natural convection systems. 

 

 

 

 

 



  
Rd = 0 Rd = 1 

  
Rd = 3 Rd = 5 

 

Fig. 9 The influence of Rd on streamlines for ܴܽ = 105, Ha = 2, Da = 0.1 and 

Q = 0.5. 

 

 

 



  
Rd = 0 Rd = 1 

  
Rd = 3 Rd = 5 

 

Fig. 10 The influence of Rd on isotherms forܴܽ = 105, Ha = 2, Da = 0.1 and Q 

= 0.5. 

 

 

 



  
Q = 0 Q = 1 

  
Q = 3 Q = 5 

 

Fig. 11 The influence of Q on streamlines forܴܽ = 105, Ha = 2, Da = 0.1 and 

Rd = 1.0. 

 

 

 



  
Q = 0 Q = 1 

  
Q = 3 Q = 5 

 

Fig. 12 The influence of Q on isotherms forܴܽ = 105, Ha = 2, Da = 0.1 and Rd 

= 1.0. 

 

 

 



 

Fig. 13 The influence of magnetic field orientation angle ߜ on local Nusselt 

number along the heat source on bottom wall with ܴܽ = 105, Ha = 2, Da = 0.1, 

Q = 0.5 and Rd = 1.0 

 

Figure 14 shows that the Nua surges with increasing Rd, confirming the role of radiation 

in enhancing heat transport. The results indicate that in high-temperature applications, where 

radiative heat transfer is significant, neglecting Rd may lead to an underestimation of heat transfer 

rates. This is further confirmed by the increase in the Nua along the heated bottom surface in Figure 

15, which shows a significant rise in energy transfer rates as Ra surges. The results suggest that at 

higher Ra, convective mixing enhances thermal performance, making natural convection the 

dominant heat transfer mode. 

 

 

 

 



 

 

Fig. 14 The influence of radiation Rd on local Nusselt number along the heat 

source on bottom wall with ܴܽ = 105, Ha = 2, Da = 0.1, and Q = 0.5. 

 

Fig. 15 The influence of Ra on local Nusselt number along the heat source on 

bottom wall with Rd =, Ha = 2, Da = 0.1, and Q = 0.5. 



The corresponding isotherms become more stratified at higher Ha, indicating a shift 

towards conduction-dominant energy transfer. The decrease in convective strength is also reflected 

in Figure 16, where the Nua along the heated bottom wall declines with increasing Ha. These 

results highlight the controlling outcome of the magnetic field in regulating heat transfer, where 

stronger fields suppress convective motion, reducing heat transport efficiency. Such behavior is 

particularly useful in applications requiring thermal insulation or controlled heat dissipation under 

electromagnetic influence. Figure 17 further confirms this trend, showing a decreasing local 

Nusselt number as Da decreases, indicating reduced convective contribution. The results suggest 

that in highly porous media, convection plays a dominant role, whereas in low-permeability 

systems, heat transfer is primarily controlled by conduction. This behavior is crucial in designing 

porous structures where either enhanced convection (high Da) or controlled insulation (low Da) is 

desired. 

Figure 18 illustrates the influence of key dimensionless parameters Ra, Da, Ha, Rd, and  

Q on the ܰݑ௔, which quantifies the energy transfer rate along the heat source on the bottom wall. 

The results indicate that swelling Ra significantly enhances energy transfer due to tougher 

buoyancy-driven convection, transitioning from a conduction-dominated regime at low Ra to a 

convection-dominated regime at high Ra, where well-developed circulation cells improve fluid 

mixing and thermal transport. Conversely, decreasing Da reduces permeability, suppressing 

convection and lowering ݑ௔, shifting the energy transfer mechanism toward conduction 

dominance, which is relevant in porous media applications such as geothermal energy and 

insulation materials. The application of a magnetic field, represented by increasing Ha, results in 

a decline in ܰݑ௔ due to the Lorentz force, which dampens convective motion, transforming the 

system into a conduction-dominant regime, making it useful for electromagnetic heat control 

applications such as MHD power generators and cooling of nuclear reactors. Thermal radiation, 

characterized by Rd, has the opposite effect, as increasing Rd enhances radiative heat transport, 

leading to a surge in ܰݑ௔ by supplementing convective and conductive heat transfer, making 

radiation an essential factor in high-temperature applications like solar collectors and aerospace 

thermal systems. Additionally, increasing Q (internal heat generation) weakens natural convection 

by reducing the temperature gradient, thereby lowering ܰݑ௔ , which is crucial in applications like 

nuclear reactor cooling, thermal energy storage, and electronic device heat dissipation, whereas 

heat absorption enhances convection and increases ܰݑ௔. These findings emphasize the complex 



interplay between natural convection, magnetic damping, porous resistance, radiative effects, and 

heat generation, providing crucial insights into optimizing heat transfer performance in 

engineering applications, including industrial heat exchangers, electronic cooling systems, and 

thermal management in energy storage technologies. 

 

 

Fig. 16 The influence of Ha on local Nusselt number along the heat source on 

bottom wall with ܴܽ = 105, Rd = 1.0, Da = 0.1, and Q = 0.5. 



 

Fig. 17 The influence of Da on local Nusselt number along the heat source on 

bottom wall with ܴܽ = 105, Ha = 2, Rd = 1, and Q = 0.5. 

 

Fig. 18 The influence of key parameters on the average Nusselt number along 

the heat source on the bottom wall. 



5. CONCLUSION 

This study comprehensively investigates the free convection of a ternary hybrid nanofluid 

in a permeable enclosure under the combined effects of an inclined magnetic field, thermal 

radiation, and heat generation using the MAC method. The results provide significant insights into 

the thermal behavior of hybrid nanofluids in permeable media and quantify the impact of various 

dimensionless parameters on heat transfer rates. Key observations indicate that increasing the Ra 

from 103106 ݋ݐ  enhances convective energy transfer, leading to a 192% increase in the average 

Nu due to the intensification of buoyancy-driven fluid motion. Reducing the Da from 0.1 to 0.0001 

suppresses convective heat transfer, causing a 53% drop in ܰݑ௔ as the porous medium restricts 

fluid circulation and transitions the system toward a conduction-dominated regime. The 

application of an Ha from 0 to 50 significantly reduces heat transfer efficiency, with the Nusselt 

number decreasing by 41%, confirming the damping effect of the Lorentz force on convective 

motion. Conversely, increasing the thermal radiation parameter (Rd) from 0 to 5 leads to a 229% 

enhancement in ܰݑ௔, demonstrating the substantial contribution of radiative heat transfer in high-

temperature applications. The occurrence of Q weakens natural convection by reducing the 

temperature gradient, leading to a 12% decrease in heat transfer for Q=5, while heat absorption 

enhances convection and increases the Nusselt number. 

The results demonstrate that proper tuning of these parameters is crucial for optimizing energy 

transfer performance in permeable media applications. These findings have direct implications for 

engineering systems such as industrial heat exchangers, nuclear reactor cooling, MHD power 

generation, electronic cooling, solar thermal collectors, and energy storage technologies. 

Additionally, the study provides valuable insights into how ternary hybrid nanofluids behave under 

complex thermal and electromagnetic conditions, emphasizing their potential for enhanced heat 

dissipation and thermal control applications. Overall, this study establishes a solid foundation for 

future research in the field of MHD free convection in hybrid nanofluids, offering a framework for 

experimental validation and further numerical refinements. Future work could explore time-

dependent effects, three-dimensional configurations, and different nanoparticle combinations to 

further optimize heat transfer in advanced thermal systems. 
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