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We present a general-purpose quantum error correction primitive based on state purification via
the SWAP test, which we refer to as purification quantum error correction (PQEC). This method
operates on N noisy copies, requires minimally O(M log, N) data qubits to process the M-qubit
inputs. In a similar way to standard QEC, the purification steps may be interleaved within a quantum
algorithm to suppress the logical error rate. No postselection is performed and no knowledge of
the state is required. We analyze its performance under a variety of error channels and find that
PQEC is highly effective at boosting fidelity and reducing logical error rates, particularly for the
depolarizing channel. Error thresholds for the local depolarizing channel are found to be 75% for
any register size. For local dephasing, the error threshold is reduced to 50% but may be boosted

using twirling.

I. INTRODUCTION

Quantum error correction (QEC) is essential for reli-
able quantum computation: without active suppression
of noise, circuit depth is limited by decoherence, control
errors, and leakage [IH4]. Stabilizer codes—mnotably the
surface code—form the dominant pathway toward scalable
architectures due to locality and high thresholds [B] [6].
Yet, the resource overheads for full fault tolerance (magic
state factories, repeated rounds of syndrome extraction,
and real-time decoding) remain a central challenge for
current devices, motivating alternative techniques [7, §].
Alongside fully fledged fault-tolerant QEC, a wide range
of lighter-weight strategies has been an alternative di-
rection of interest. An early example of this is the use
of decoherence-free subspaces and noiseless subsystems,
where information is encoded in symmetry-protected sec-
tors that are immune to specific collective noise models [8-
10]. Dynamical decoupling uses sequences of fast control
pulses to average out system—bath couplings and extend
coherence times without encoding into a code space [I1].
More recently, quantum error-mitigation protocols infer
zero-noise expectation values from noisy data via extrap-
olation in noise strength or quasi-probability cancellation,
and have become a leading approach for near-term devices
where full fault tolerance is out of reach [12] [13].

A closely related line of work, traditionally framed in
the context of long-distance communication and resource
preparation rather than computation, is entanglement
purification [I4] [I5]. In a typical purification protocol,
one starts with several noisy copies of a quantum state,
and using only local operations and classical commu-
nication (LOCC), a single higher fidelity copy of the
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target state is obtained after post-selection. In most pu-
rification protocols, the target state is fized and known,
such as a specific Bell pair, GHZ state, or graph state.
Furthermore, they typically employ postselection where
particular measurement outcomes are desirable and oth-
erwise the resultant state is discarded. For example, the
original protocols of Bennett, Wootters, and co-workers
distilled high-fidelity Bell pairs from many noisy copies,
together with twirling operations to an isotropic Bell-
diagonal form [16]. Deutsch, Sanpera, and co-workers
incorporated such purification steps into quantum privacy
amplification for quantum key distribution over noisy
channels [I7]. Subsequent work generalized these ideas
to multipartite entangled states [I8|, [19]. Purification is
considered essential for quantum repeaters and network-
ing architectures [20H22]. Modern variants optimize gate
counts, success probabilities, and robustness for concrete
network architectures [23], [24], but the basic setting re-
mains one in which a known resource state is distilled
offline from many noisy copies.

Historically, purification has been mainly considered
in the context of quantum state initialization due to the
fact that the target state is fixed and known. However,
a more general unknown-state purification can be per-
formed, where an arbitrary unknown state is purified.
This can be performed when a typical requirement of
purification is relaxed, such as only using LOCC opera-
tions. Here, the task is to recover a nearly pure copy of
an unknown state from many noisy copies, without prior
knowledge of which pure state was prepared. Early at-
tempts include optimal collective processing and universal
purification procedures, but are generally limited to single
qubits, asymptotic regimes, and may require having lim-
ited knowledge of the initial state [25] 26]. More recently,
Childs and co-workers showed that a recursive, SWAP-
test-based protocol can efficiently boost the fidelity of
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an unknown pure state given multiple noisy copies, for
qudits of arbitrary dimension [27]. Here, the SWAP test
consists of a quantum primitive that determines the fi-
delity between two states [28]. In the purification context,
by post-selecting on the symmetric outcome of the test,
one can iteratively amplify overlap with the dominant
eigenvector of the input density operator. Because the pro-
tocol acts on whatever pure state occupies the dominant
eigenvalue, it naturally aligns with the idea of protect-
ing unknown encoded information rather than a fixed
resource state.

In parallel, several recent purification-based quantum er-
ror mitigation (QEM) approaches exploit the expectation
that the ideal output of a computation is approximately
pure. A prominent example is given by Huggins, McClean
and co-workers [29], which uses collective measurements
on multiple copies to estimate expectation values with
respect to an effectively purified state. The approach is
called wirtual distillation because the state itself does not
become purified, but the use of a modified observable
makes the effective (or virtual) state p, while physically
only the state p®V is present. The state p approaches
the dominant eigenvector of p as IV increases, and thus
corresponds to a purified state. Related multi-copy pu-
rification /verification techniques—including postselected
variants—have been experimentally benchmarked in quan-
tum simulation settings and shown to reduce error by or-
ders of magnitude, with sampling overhead becoming the
dominant practical limitation at scale [30]. These works
primarily target the mitigation of measured observables
without necessarily outputting a purified state for further
coherent processing.

In this paper, we merge several of the concepts above
— namely unknown-state purification, virtual distillation,
and quantum error correction — to show that the SWAP-
based purification can implement unknown-state purifi-
cation as an error-correction primitive. We refer to this
scheme as purification quantum error correction (PQEC).
Figure [1] illustrates the basic logical flow: noisy copies
arrive sequentially and are pairwise merged via SWAP
tests to form progressively purified states. Layers can be
interwoven between unitary steps in a larger algorithm
such that errors may be corrected during the evolution of
a quantum circuit. Rather than relying upon codewords
as in traditional QEC, the protocol processes a sequence
of noisy copies and, by pairing and merging successes,
the purity of the state improves by consuming copies of
the state. Importantly, no postselection needs to be per-
formed and all measurement outcomes are used to obtain
the final estimate. While Fig. [1| suggests an exponential
number of data qubits, this is only the simplest imple-
mentation; resources can be compressed to O(M log, N)
coherent data qubits to handle N lots of M-qubit input
copies of the noisy state, achieving the same purity. We
analyze the performance of PQEC in a QEC framework
and find quantities of interest such as the logical error
rate and the error threshold.

II. SWAP-BASED PURIFICATION

In this section, we review the SWAP-based purification
approach.

A. The SWAP test

The core operation in our purification protocol is the
SWAP test applied to two identical noisy states [27]. Let
A, B be two quantum registers, each with a D-dimensional
Hilbert space (D = 2™ for M qubits). In the SWAP
test, as shown in Fig. b), an ancilla qubit controls the
SWAP operation on the two registers. The measurement
outcomes on the ancilla partition the AB registers into
symmetric and antisymmetric subspaces. The |0) outcome
projects AB onto the symmetric subspace

I, 94 ®16)5 = 5 ()4 © 165 +18)4 @ 0)5), (1)

while |1) projects onto the antisymmetric subspace,

-, ®[0)p = % ([P @[0)p =04 @ |P)p) - (2)

The projectors onto the symmetric/antisymmetric sub-
spaces are given by

I, = (I + SWAP), (3)

where SWAP = [(IAIB + XaXp+YaYp+ ZAZB)/Q]@)]V[7
¢ = (X,Y,Z) are Pauli matrices, and [ is the identity
matrix. The projectors satisfy I, +TI_ = I, 12 = 1.
For M-qubit registers, CSWAP is realized as M parallel
Fredkin gates (one per physical qubit pair) [I [3], 28].

B. SWAP gadget

In the analysis that follows we will make use of the
SWAP gadget, which involves performing the SWAP test
projection , following by discarding the second register.
The resulting state for an initial product state p ® p’ is
[27, 28]
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where we used the “SWAP trick”: Tr[SWAP(p® p')] =
Trpp’] [3]. The probability of the outcomes are

Py = (14 Telpp). (5)
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FIG. 1. Purification quantum error correction implementation in a quantum circuit. (a) Depth-efficient configuration of
SWAP-based purifiers being interleaved within a M-qubit quantum algorithm consisting of a sequence of unitary gates U,. The
whole quantum circuit is given by the unitary U =[] Un. The state |1/)n)<e) refers to the state at the nth stage of the quantum
algorithm, with ¢ rounds of purification. (b) The SWAP gadget and its definition. The I1+ measurement corresponds to the
ancilla outcome |0) and IT_ corresponds to |1). The second copy of the state is discarded (traced out). Thick horizontal lines

denote qubit registers consisting of M qubits, thin horizontal lines are single qubits.

III. PURIFICATION QEC

In this section, we introduce the basic formulation of
PQEC. We show how the SWAP gadget can be used
within a quantum circuit to successively purify the output
with the binary tree structure as shown in Fig. a).

A. Basic idea: Single SWAP purification

The purification effect of the SWAP gadget can be seen
by setting the input states are identical p’ = p in

pxp?

P+ =

For the 4+ outcome, the resulting state is a mixture of the
original state p and p2?. The state p?> may be considered a
purified version of the original state p as it concentrates
the distribution towards the largest eigenvalue [29]

2 20y, .
P = gy = Zhs ")

where the density matrix eigendecomposition is p =
> il (Al

One simple way to take advantage of the purification
would be to postselect on the py outcome and use this
as the purified state. While this indeed has the effect
of reducing smaller eigenvalues originating from errors
[27], it has the drawback of having an exponentially sup-
pressed success probability for many rounds of purification.
Without postselection, taking the average over the two
outcomes precisely removes the purified component p?

p'=Pipy+P_p_=p, (8)

hence is not effective with respect to correcting errors.

Suppose, instead of adding the two contributions, one
subtracted them; we would then obtain

Pipy —Pp_=p° (9)

thereby gaining access to the purified component. This is
not an average state in the same way that is; neverthe-
less, it can be accessed in the following way. For example,
if one retains the ancilla qubit in the SWAP test circuit



of Fig. [2(b), we have the state
o = PLI0Y0L @ ps + P11 ©
1
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This gives a convenient way of accessing the p and p?
components of the resulting state. If we consider any
observable O of the system, we then have

(I®0)="Tr(I®O0p")="Tr(0p), (11)
(Z®0)=Tr(Z®0p) =Tr(0p?), (12)

due to the traceless property of Z. We may then “pick
out” the p? component of the resultant state by modifying
the observable with a Z operator. Alternatively, one may
omit the ancilla by keeping track of the outcome of the
SWAP measurement and putting the minus sign in @
when averaging over outcomes (discussed further in Sec.
111 C)).

B. Multiple purification rounds

We now show the effect of multiple purification rounds,
as illustrated in Fig. a). For now, let us disregard
the quantum algorithm part of the purification, in other
words set U,, = I. Consider the effect of one of the SWAP
gadgets somewhere in the binary tree. The input states
depend on all the prior measurements that have been
performed on them. After ¢ rounds of purification, there
are 2 — 1 measurement outcomes. For example, for the
¢ = 2 circuit shown in Fig. [[{a), there are a total of 3
SWAP tests, giving 3 outcomes. We denote the outcomes
by

S, 09¢_1), (13)

where o; € £1. The conditional state after ¢ rounds is
then written as pz,. Two states pgz,, ps; being purified
after £ rounds will not, in general, be the same state due
to the different measurement outcomes. Utilizing , the
state after measurement is

¢ = (01,09,..

ps, + pz, +0(ps,ps, + P3,Ps,)
p&z+1 = 4.P I

(14)

where 041 = (6¢,5},0). Eq. provides a recursive
definition that can be used to find the resultant state
after several purification rounds.

For example, after £ = 2 rounds starting from the input
state p®?, the final state may be evaluated as

1 { Lo 1
pﬂlt‘izﬂs _8 Pgll,:)(73 Pangg P

I (L S 2
P0'1P0'3 Pozpo'g PU1P0’2P03 g

0903 + 0103 3 010203 4}
+ < P0'1P0'2P0'3 )p + <P0'1P0'2P0'3) p .

(15)

We again see that the final state is a mixture of various
degrees of purification p™. Similar to the ¢ = 1 case of
, taking an average of all the outcomes simply produces
the original state

Z Py, Po,Poy 010205 = P- (16)

010203

Note that all other terms evaluate to zero since ) | o = 0.
We may extract the higher powers of p by multiplying by
suitable factors of o; and using the fact that c? = 1. The
highest power of p can be extracted using

PQ(p) = Z P01P02P03010203p010203 = p4' (17)

010203

This is the same logic as that formulated with ancilla
qubits, as given in @D Here, the sign rule when perform-
ing the average is the total parity oi0503, which can be
included when averaging over all the SWAP measurement
outcomes.

In general, we find that averaging the conditional den-
sity matrix over all outcomes gives the same state as the
initial state

> Pspz, = p, (18)
G

where the probability of the outcome &, is

2¢—1
Pz, =[] Po.. (19)
=1

Meanwhile, the most purified component of the density
matrix may be extracted according to

¢
Z Ps,Q5,p5, = ,02 ) (20)
Ge

where we defined the total parity of the measurement
outcomes as

2¢—1
O, =[] o (21)
i=1

An important property of is that the coefficient of
pzz is unity, which shows that one is able to extract
the purified component with the same amplitude as the
original state (|18)).

As the normalized version of the ¢-fold purified state,

we define
PN _ZiAiv|)‘i></\i|
DAY

where the number of copies in this case is N = 2¢. As
with , this concentrates the distribution towards the
largest eigenvalue [29].

We note that the above procedure attains the equivalent
effect of virtual distillation from Ref. [29] with N = 2°
copies. The primary difference here is that the SWAP
test purifications are explicitly performed, such that the
projected state contains a purified component @, rather
than employing a modified observable operator.

Pe(p) :

=TGN =



C. Extracting observables

We now discuss how observables are evaluated from the
purified state above. First, any observable O using the
purified version of the state evaluates as [29]

Tr(Op™N)

(O = 1wy (23)

where N = 2¢ is the number of copies of the original state

in this case. Substituting into , we have

_ Zc‘r‘g P5,Q5,(0)s,
(O)e = S Pt (24)
where
(0), :=Tr(Ops,) (25)

is the expectation value of the observable with respect to
the state with the measurement outcome pgz, .

From we may estimate the overhead associated
with performing PQEC. In addition to the statistics re-
quired to obtain the expectation value of the observable O
in , one additionally needs statistics to estimate both
the numerator and denominator in (24). The standard
error of is given by (see Appendix [A)

_ VVar(@,((0)7, ~ (0))
NgampTr(pN)

(26)

where Ngamp is the number of samples, and the variance
is taken with respect to the probability distribution Pz,.
For the case that O is normalized so that I0]lcc <1 (e.g.
Pauli strings), then the numerator of (26 can be bounded
by 1 (see Appendlx@) We may then rearrange for Nyamp
to obtain the overhead

1

Noamw = (Do) 27
We see that there is an additional overhead that increases
with the impurity of the state. For example, in the limit of
perfectly pure input states, only the symmetric outcome
II; is obtained, and the probability distribution Pz, is
completely peaked at this outcome. For highly mixed
states, there is a larger variation in Pz, resulting in a
larger overhead in performing the sampling over PQEC
measurements.

D. Purifying quantum circuits

Up to this point, we have not considered the algorith-
mic part of the purification U in Fig. [[[a). With the
binary tree structure, since each round of purification oc-
curs simultaneously, it is trivial to incorporate a quantum
algorithm within the purification structure. As shown,
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FIG. 2. Qubit-efficient implementation of the PQEC scheme.
Purification sequences for (a) £ = 1; (b) £ = 2; (c) £ =
3 are shown. 7P, denotes a circuit that consumes N = 2¢
noisy preparations of |1/))(0) and outputs a single purified state
|¢>(£) that has successfully passed through ¢ rounds of SWAP
purification. In (a), the two registers are first SWAP purified
according to the circuit given in Fig. b). The discarded
register is then reinitialized to the ¢ = 0 level purified state
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interleaving the unitaries that compose the quantum al-
gorithm makes parallel updates to the copies as

p—p = U,pUl. (28)

Since the copies are rotated bilaterally, the state entering
each SWAP purification is p’ ® p/, and the results of
the previous section still hold, up to a redefinition of
p — p'. The final resulting state is a purified version
of the circuit output state UpUT. In this way, we may
interleave the quantum algorithm into the purification
circuit, in a similar way to QEC.
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FIG. 3. Interleaving SWAP-based purification within a quantum algorithm. (a) Circuit identity for interchanging the order of
the purification step P; and an arbitrary unitary U. (b) Absorbing a unitary on the reinitialization register of Pi. (c¢) Circuit
rearrangement for a single unitary gate acting on the ¢ = 2 purified state. (d) Circuit rearrangement for two unitary gates

acting on the £ = 3 purified state. The definition of the block U1 P: is shown in (c).

IV. QUBIT-EFFICIENT PQEC
A. Equivalent purification circuit

The arrangement of purification steps shown in Fig.
a) is not the only way that PQEC can be implemented.
In fact, this arrangement is highly inefficient from the
perspective of the number of qubits required. To achieve
¢ rounds of purification, the layer consumes N = 2¢ noisy
instances of the relevant register in parallel and hence
uses

M2¢ = O(MN) (29)

data qubits (plus O(2%) ancillas) during that segment.
It is, however, efficient in terms of circuit depth, as the
purification steps are parallelized. The depth of the circuit
is bounded by the depth of £ SWAP-test stages arranged
in a binary tree. Figure [I| should be interpreted in this
way: the algorithm runs in layers, where each layer is
followed by at most ¢ purification rounds. The resulting
level-¢ output states are dispatched forward.

A more qubit-efficient PQEC scheme is shown in Fig.
We first only show the purification steps without inter-
leaving the algorithm. The key idea is to reuse quantum
registers to reduce the qubit count. Let Py denote a circuit

that consumes N = 2¢ noisy preparations of |1/J>(0) and

outputs a purified state |1/))(2) that has passed through ¢
rounds of the SWAP purification. Since only one of the
registers has the purified output, the remaining registers
are reused to prepare copies of an unpurified state |¢>(0).
In general, Py uses Py_; twice to produce two copies of
|1/1)(€_1). By induction on ¢, this construction requires
only (¢4+1) M-qubit registers (plus O(1) ancillas for the
SWAP tests) to consume N = 2¢ noisy initial states and

output |¢>(€)- At no point are more than (¢+1)M data
qubits live, so the coherent data footprint satisfies

((+1) M = O(Mlog, N), (30)

rather than for the explicit binary tree configuration.
The protocol still realizes the same binary tree of SWAP
merges as in the depth—efficient construction, but it stores
only one node per depth at any given time; all other in-
termediate nodes are generated, purified, and recycled on
the fly. The trade-off is additional circuit depth: imple-
menting P, requires two invocations of Py_1 plus a final
SWAP purification, so the PQEC depth grows linearly
in £.

The O(M log N) qubit scaling is consistent with, and
close to, general lower bounds on the resources required for
black-box state amplification and purification. Recent op-
timality results by Grier, Schaeffer, and co-workers |27, [31]
show that boosting the overlap with a target state by a



fixed factor, using only coherent access to noisy copies,
necessarily incurs costs that grow at least polylogarith-
mically with the desired accuracy. Our protocol, when
implemented as shown in Fig. [2] realizes state amplifica-
tion with the minimal O(M log, N) number of coherent
qubits needed to implement the full set of SWAP merges.
We note that there are also intermediate realizations
between the depth-efficient configuration of Fig. [I] and
qubit-efficient configuration of Fig. One may spend
qubits to keep the per-layer depth small or recycle qubits
aggressively at the cost of deeper PQEC segments.

B. Interleaving quantum algorithms

The qubit-efficient version of PQEC may be interleaved
in a quantum circuit using the circuit identities shown
in Fig. 3a)(b). The identity shown in Fig. [3{a) follows
from the fact that the SWAP projector commutes with a
bilateral rotation

i, U®U]=0. (31)

In the ¢ = 1 purification sequence as shown in Fig. a),
one of the registers after purification is discarded (traced
out), which is why only one U appears on the right side
of the P; box in Fig. [3(a). The identity in Fig. [3|(b)
simply states that, for the lower register of P, instead of
preparing a new copy of the initial state |¢>(0)7 the state
Ulp)(© is prepared.

The circuit identities are then used in the following way.
First start with the bare purification circuit as given in Fig.
Then add the unitary sequence for the desired quantum
circuit after the purification circuit, such as that shown
on the left side of Fig. [3{(c)(d). This trivially implements
a purified version of the circuit, where the final output
is |1,)®), where n is the number of unitary gates in the
circuit. One then uses the identities of Fig. [3{a)(b) to put
the unitaries throughout the purification circuit. There
are many ways that this can be done; a particular example
is shown in Fig. c)(d). In a typical QEC scenario,
one would like to boost the fidelity after a certain time
duration to overcome decoherence, or after particular
gates that are known to be noisy.

The simple binary tree layout of Fig. a) can be
derived in a similar way. Starting from the pure binary
tree purification with the unitary gates placed at the
end, one uses Fig. a) to commute the unitaries to the
positions as shown in Fig. [[[a).

V. ERROR-MODEL INDEPENDENT
PERFORMANCE

The remaining part of this paper will be concerned
with analyzing the performance of PQEC under various
circumstances. The error model that is considered makes
a large difference to the performance of PQEC, and for
this reason we will consider various cases separately. In

this section, we show results for the general case, and also
introduce the concept of an error threshold for PQEC.

A. Noisy single qubit

As a first example of PQEC in action, it is illustrative
to consider a single noisy qubit. An arbitrary noisy qubit
state can be written

p=3(I+73). (32)

Substituting this into @, we obtain the state after a
single round of PQEC (see Appendix

P(p):;(l+1+2|r_1277-6>. (33)

Equivalently, we can consider the coordinates within the
Bloch sphere to be updated as

. 2
r—>1+|f,|27“. (34)

Thus, for qubits, the PQEC step implements a radial
rescaling in the Bloch sphere. The Bloch direction is pre-
served and monotonically increases the radius |7] when-
ever 0 < |7] < 1, with fixed points at |¥] = 0 (maximally
mixed) and |7] = 1 (pure states). From this behavior
of PQEC we can expect that it should be particularly
effective against depolarizing channels. PQEC acts to
revert the effect of such noise, and with sufficient rounds
of purification, it acts to restore the state to its fully
polarized form.

B. Purification

In general, the purification step acts to increase the
purity of a given state. Eq. @ shows that the map is
spectral; the eigenbasis is unchanged while only the spec-
trum is updated. The ordering of eigenvalues is preserved,
and their relative contrast increases. For a density matrix
p = NilAi)(Ai| with A; > Xj, the purified state (7)) has

eigenvalues
S (27> 2 (35)

Thus, each purification round increases the purity of the
state: it pushes probability weight toward the larger
eigenvalues and away from the smaller ones, driving the
spectrum away from the maximally mixed point and
toward the pure-state vertices. Moreover, the map strictly
increases purity, except at the fixed points of completely
pure states or maximally mixed states (see Appendix
for details).



C. Fidelity bounds

Consider p, a noisy version of |)(y| produced by a
physical noise map applied prior to purification. The
fidelity after the PQEC map is

vl p? )
F’::1/177p11):<77 36
(I P(p)[¥) T (2) (36)
where Tr (p2) is the purity.

We can obtain general bounds on the output fidelity by
analyzing the term (1| p? [¢). Using the Cauchy—Schwarz
inequality for vectors we have

F? =) < (vjo) = @] p*[¥) - (37)

where we defined |v) := p|t) and the original fidelity
is F':= (| p|¢b). Another bound may be obtained by
noticing that a density operator satisfies 0 < p < I, hence
p? < p in the operator (Loewner) order. Taking the
expectation value gives

Wl p*[v) < Wlplv)=F. (38)

Thus, for every input state p, the output fidelity obeys
the two-sided sandwich bounds
F? F

— < F' < ——. 39

) =5 S e (39)
Specific noise models and state families sharpen this pic-
ture by expressing F, Tr(p?), and (¢|p? |[¢) as explicit
functions of the noise parameters.

D. Error threshold

One of the important parameters that characterizes
any QEC is the error threshold. The threshold theorem
of quantum computing states that for physical error rates
that are sufficiently low, it is possible to reduce logical
errors rates to arbitrarily low levels, by scaling up the code
size. Here, the code size involves creating a version of the
code with a larger code distance, and typically involves
increasing the number of qubits used to encode the logical
states. In this way, low logical errors are obtained by the
additional overhead of a larger number of qubits.

In the case of PQEC, the code size is determined by the
number of purification rounds ¢ (equivalently, the number
of copies N = 2%) as a distance-like resource parameter.
We may define the notion of an error threshold in the
context of PQEC in the following way:

Definition 1 (Error threshold for PQEC). For a given
noise model, we define the purification threshold pi, as
the largest physical error rate such that, for all p < pin,
the logical error rate with PQEC satisfies:

Ve <pwm: Jimoar(p) =0 (40)

where v, (¢,p) is the logical error rate and ¢ denotes the
number of purification rounds per PQEC cycle.

To determine the error threshold in practice, we follow
the procedure as follows:

0) Initialize the state in a suitable pure state p =
[10) (tpo]. Set the cycle number ¢ = 0.

1) Apply the error channel
p— () (1)

2) Perform ¢ rounds of purification

p = Pe(p)- (42)

3) Measure the fidelity F' = (vo|p|to).
4) Update t — ¢t + 1 and go to step 1.

To extract vy, we assume that the fidelity F' follows an
exponential decay with the number of cycles and evaluate:

dF

=

—| mFE=0-Ft=1), (43

t=0
where t is the number of cycles. This gives the decay
rate of the fidelity with £ rounds PQEC, which should be
lower than the bare error channel if the error correction
is performed successfully. From this we apply to find
the error threshold pyy,.

VI. GLOBAL DEPOLARIZING ERRORS

As seen in Sec. [VA] we expect that PQEC is particu-
larly effective under depolarizing channels. In this section,
we examine the performance of PQEC under a global
depolarizing channel.

A. Error channel
The global depolarizing channel is defined as

1
E(p) =1 =pp+rp; (44)
where p € [0,1] is the error probability. Note that we
consider the channel to be applied per quantum
register. For example, in Fig. [T} the quantum channel
acts on each copy of [¢,,)().

B. Purification

We first examine how the purification operation (22))
acts to improve the fidelity after the channel acts on
a initial state |1g){wo|. The global depolarizing channel is
a particularly simple case to analyze because the channel
leaves it a Werner state at all times

p= (1= N)lgo) ol + A5 (45)
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The PQEC purification also leaves the state in Werner
form since (22)) involves a mixture of p and p?, and the
term p? for a Werner state is itself a Werner state. The
fidelity of the Werner state is

1

F = (folplto) =1 = Al = 5). (46)

Substituting into @, we obtain the effect of ap-
plying one round of purification

/\2

AN = BT A=)

(47)

This can be equally written in terms of the fidelity using
the relation , giving

F2

FoFl=—
(1-F)?
F2+ 5

(48)

In Fig. [ we show the output fidelity for various system
sizes. By solving for the crossing point F’/ = F', we find
that the fidelity improves in the region F' > 1/D. In
terms of the Werner mixing parameter, this corresponds to
A < 1. For large registers D > 1, the purification becomes
extremely effective and quickly approaches F’ ~ 1 after a
single round. We show in Appendix |§| that if F > 1/D,
iterating is strictly increasing and F, = 1 is an
attractive fixed point.

The above shows that by repeated purification rounds,
it is always possible to fully recover any Werner state to
the ideal state |¢)g) as long as A < 1. Thus any Werner
state that is not a completely mixed state can be used to
recover unit fidelity.
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FIG. 5. Error threshold behavior for a single qubit (D = 2)
in a global depolarizing channel with PQEC. (a)(b) Fidelity
evolution under the depolarizing Bloch vector contraction
and ¢ rounds of purification , where t is the number of
cycles. (a) Fidelity evolution versus ¢ with p = 0.1 and various
£. (b) Fidelity evolution versus t for £ = 1 and various p as
shown. (c) The steady state (¢ — co) fidelity Fy for various ¢.
(d) The logical error rate vz evaluated using for various
L.

C. Error thresholds

To determine the error threshold under the global depo-
larizing channel, we perform the procedure given in Sec.
[VD] Under the global depolarizing channel, the Werner
state parameter undergoes the update rule

A= (1=p)A+p. (49)
PQEC then updates the Bloch vector according to (47]).
The fidelity is then evaluated using (46]).

A typical sequence is shown in Fig. [B[a)(b). We see
that the fidelity follows an exponential decay due to the
depolarizing channel being applied per cycle. Without any
application of PQEC (¢ = 0), the fidelity approaches the
completely mixed state. As expected, adding additional
rounds of purification reduces the error rate. Interestingly,
the fidelities converge to higher values in the limit of a
large number of cycles, improving with ¢. For example, in
the case of £ = 1, the steady state fidelity may be found
by determining the fixed point of the combined effect of

and , giving
Fy := lim F(t)

t—o0

_1 4(D — 1)p?



The steady-state fidelities as a function of p is shown in
Fig. c). In a typical QEC, for a large number of cycles,
the fidelities approach that of a completely mixed state
Fy =1/D. The saturation effect acts to further preserve
the fidelity in addition to suppressing the logical decay
rate.

Figure (d) shows the logical error rate vy, as a function
of physical error rate p for various numbers of rounds ¢
of PQEC. We see that, as expected, PQEC reduces the
logical error rate with ¢. With ¢ = 20, the logical error
rate is reduced to nearly zero for the full range of p € [0, 1].
The error threshold is found by determining the crossing
point of the curves in Fig. d), which in this case is

DPth = 1) (51)

for the global depolarizing channel. This means that any
error rate p < 1 can be reduced to a logical error rate
of zero, assuming that a sufficient number of copies are
available such that PQEC can be scaled up sufficiently.
Similar results to Fig. [f] are obtained for higher dimen-
sions D. The error threshold is found to be the same as

for any dimension.

VII. LOCAL DEPOLARIZING ERRORS

The global depolarizing channel analyzed in the previ-
ous section has the advantage of computational simplicity,
due to the state being of Werner form at all times. It
is, however, not the most realistic error model, since
it is equivalent to a sum of all possible Clifford errors,
which involves multiqubit bit/phase flip errors. In or-
der to examine a more realistic case, we now examine
local depolarizing errors. Here, each qubit is subjected to
an identically and independently distributed single-qubit
depolarizing channel.

A. Error channel

The local depolarizing channel on the mth qubit is
defined as

Em(p) = EQpED + 30 EQpED',  (52)

Jj=.y,z

where the Kraus operators are defined as

BY) =\/1—pI,
EY) = /3o (53)

and p € [0,1] is the error probability. The full register
noise is then the product channel

M
E(p) = @) Emlp)- (54)

10

p=0.10
o= — =
'
2 —— M=-1
=05 & M=2
-8 —A— M=3
&2 M=4
a —4+— M=5 b
0'00 2 4 6 8 10 0'00 2 4 6 8 10
p=0.70 p=0.80
1.0{c # 1.0{d
'
>
=
i) 0.5 0.5
4
F l\-\-\-\'sk
0.0 i ==S e

0 2 4 6 8 10 2 4 6 8 10
Purification Rounds, £  Purification Rounds, /

FIG. 6. Fidelity improvement of locally depolarized states
under successive SWAP purification rounds. All plots show
fidelity, F', versus rounds of SWAP purification, ¢, for various
qubit numbers M. The initial state is the state |¢o) = |+)®M
subjected to the channel with the error probability (a)
p=0.1; (b) p=0.3; (¢) p=0.7; (d) p=0.8.

B. Purification
1. Symmetric product states

We first show the effect of PQEC applied to the M-qubit
symmetric product state, subjected to local depolariza-
tion. For concreteness, we choose [1) = |+)®*: however,
due to the isotropic nature of the local depolarizing chan-
nel, the same results hold for any completely symmetric
product state |¢)®* . While local depolarization preserves
the separable nature of the target state, the purification
step does not. For this reason, we resort to numerical
and approximate methods to analyze different system
sizes M.

Figure [6] shows the fidelity after ¢ purification rounds
and various physical error probabilities p. The local depo-
larization noise model is applied only to the initial state,
and successive purification rounds are applied to the noisy
state. We see that, for p < 3/4, the fidelity converges to
1 for all system sizes. Larger system sizes tend to require
more purification rounds to reach the same fidelity, but
this may be attributed to starting at a lower fidelity. For
moderate p (e.g. p < 0.5), only a few rounds are needed
to reach Fy 2 0.99. As p approaches 3/4 from below,
more rounds are required. Once the error probability is
larger than p > 3/4, the fidelities worsen with £.

The critical value of p may be explained in the following

way. The initial state, \+>®M7 after applying becomes

QM
e = (- D0+ TE) - 69



For an error probability of p = 3/4, the state is a com-
pletely mixed state. As may be seen from , a com-
pletely mixed state p o I is unaffected by purification,
and hence is not recoverable. Similarly to the global de-
polarizing channel, any state with a higher fidelity than
the completely mixed state can be recovered with suffi-
cient rounds of purification. For p > 3/4, PQEC acts
to actively take the state away from the original state
towards another state. For example, for p = 1 the state
is (2 |4) (+] + 2 |-) (—=)®™, and the convergence is
towards the |—)®* state.

We may see the critical value of p more clearly by
plotting the fidelities versus p as shown in Fig. [f[a)(b).
For p < 3/4, each purification level increases fidelity, and
as ¢ grows, the fidelity can be made arbitrarily close to 1.
The critical value remains p = 3/4 for all values of M.

2. Small error expansion

The results of the previous section was limited to per-
mutationally symmetric product states. In order to see
the performance of PQEC on more general states, we per-
form a small error expansion under the local depolarizing
channel.

For an arbitrary pure state |¢p), we may expand the
density matrix in the M-qubit Pauli basis as

[Yo) ol = 557 S P (56)
P

where the sum runs over 4* Pauli strings and the real
coefficients rp := (| P |¢) satisfy > pr% = 2M. Each
Pauli string has a weight w(P), which is equal to the
number of non-identity Pauli operators. The coefficients,
rp, may then be grouped by weight, so that we can define

1 2
ap — W Z p, (57)

P:w(P)=k

By performing a small-p expansion, we evaluate that the
fidelity of a general state decays under the local depolar-
izing channel as (see Appendix

Flp) =1~ 5 kp+0(?) (58)

where k := >, kaj. Under one round of PQEC with
purification , the output fidelity is

FP() = R — 1 0GR, (o)

Thus, for a single purification round, the leading logical
error O(p) is removed entirely. This shows the effective-
ness of the PQEC against local depolarizing errors for the
general case in the small-p regime.
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FIG. 7. Fidelity evolution of various noise models under one
cycle of PQEC (¢t = 1). All plots show fidelity, F', versus
iterations of physical error rate, p, for various numbers of
purification rounds, . The initial state is |¢o) = |+)®™; The
columns represent M =1 (left) and M =5 (right). The top
row (a)(b) is subjected to the local depolarization channel
(52); the second row (c)(d) is subjected to local dephasing
without twirling (61); the third row (e)(f) is subjected to local
dephasing with 20% twirling , where the applied twirling
gates are randomly selected from the total set of 3™ options;
the fourth row (g)(h) is subjected to local dephasing with full
twirling . The protocol exhibits ultrahigh error tolerance
for depolarization noise, with effective correction persisting
up to pmax ~ 0.75. The fully-twirled dephasing matches the
depolarization result as the channel is effectively isotropic after
twirling.

C. Error thresholds

To analyze the error threshold behavior, we again follow
the procedure in Sec. [V D] using the local depolarizing



channel (54)) starting from the initial state 1) = |+)®M.

Figure[8(a)(b) shows the fidelity evolution as a function
of error and purification cycles for M = 5. Similarly to
the global depolarizing channel (see Fig. , the fidelity
follows an exponential decay that saturates to a finite
value for the physical error values shown. For the physical
error probabilities in Figs. a) (b), increasing the code
size reduces the logical error rate .

Figure [8(c)(d) shows the logical error rate v as a
function of the physical error rate p. For both M = 1 and
M =5, we observe a crossover of the curves, giving the
error threshold at

Pth = 3/4~ (60)

For p < p4p, increasing the number of purification rounds
¢ substantially suppresses the logical error rate v, re-
flecting that each PQEC cycle yields a net purification
gain that slows logical-error accumulation over time. As
P — DPth, the benefit of increasing ¢ diminishes, and pro-
gressively larger £ is required to maintain a small effective
decay rate. For p > py,, adding additional purification
rounds produces a worse result, characteristic of the error
rate being over the threshold. We note the same threshold
was attained for the case of a non-stabilizer code [32].

We note that the M = 1 case is physically the same as
the global depolarizing channel for a single qubit D = 2
The difference of Fig. c) to Fig. d) arises only due
to the difference in definition of the error channel. For
the global depolarizing channel, p = 1 corresponds to a
completely mixed state, whereas for the local depolarizing
channel, p = 3/4 is the corresponding point. The M =5
case, shown in Fig. [§(d), is distinct from the global
depolarizing channel, since only local depolarization is
applied.

VIII. LOCAL ANISOTROPIC ERRORS

In this section, we consider local anisotropic errors
under PQEC to analyze its performance. We show how
Clifford twirling can be used to convert it into an effective
depolarizing channel that is more naturally handled by
our protocol.

A. Error channel

As a canonical example of an anitropic error, we con-
sider a dephasing channel which can be defined on the
mth qubit as

ED(p) = BWpEY + EQXp EQT (61)

where the Kraus operators are

EO = \/1—pI,

EY = \/pZp,. (62)
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FIG. 8. (Top) Fidelity evolution of locally depolarized states
under PQEC. Plots show fidelity, F', versus cycles of PQEC
purification, ¢, for various numbers of purification rounds,
£. The initial state is the state |1o) = [+)®M with M = 5,
subjected to the channel with the error probability (a)
p=0.1; (b) p = 0.3. (Bottom) Logical error rate vz, versus
physical error rate p, for local depolarizing noise (52)) on the
target state |[+)®*. Curves are shown for (¢) M =1 and (d)
M =5 for various purification rounds, ¢. The no correction
threshold corresponds to £ = 0.

On an M-qubit register, we take the noise to be

M
E(p) = ® gr(,f)(p), (63)

which we will refer to as a local dephasing model.

B. Conversion of dephasing to depolarizing errors

As discussed in Sec. [VA] we expect PQEC to be most
effective with depolarizing errors, since the purification
acts to repolarize the state. The problem of anisotropic
errors for PQEC may be illustrated with a single qubit
(M = 1). Using the parameterization (32)), the effect
of applying the dephasing channel is to leave the
z component invariant while contracting the transverse
components

7 — (1 —=2p)rs, (1 —2p)ry,72). (64)
This results in a change in the direction of the Bloch vector
(see Fig. E[) Applying the purification step acts to
repolarize the vector. However, since the purification
does not change the direction of the Bloch vector, the
correction step does not revert the state to the original
vector 7 (see Appendix [F| for more details). This results



FIG. 9. A single PQEC cycle for a single-qubit state under
dephasing. The initial state |1)) has Bloch sphere parameters
0 = 7/3,¢ = w/4. The dephased state £(|1)) is applied ac-
cording to with p = 0.3. Finally one round of purification
according to is applied to give P(E(|¢))). The purified
state lies in the same direction as E(|¢)).

in an imperfect correction operation, and results in a
saturation of the fidelity for PQEC.

We now show how Clifford “frame randomization” rota-
tions turns axis-biased dephasing into an effective depo-
larizing channel, without changing the PQEC map. We
focus on local Z-dephasing , but our results apply
to any anisotropic local error channel. The dephasing
channel may be converted to a depolarizing channel by
averaging over the X, Y, Z-directions, by performing a
basis transformation

Em(p) =% >

Ue{I,H,HS}

uteHwputhyu.  (65)

where H is the Hadamard operator and S = diag(1,1)
is the phase operator acting on the mth qubit. Each
U permutes the Bloch axes, so averaging over the three
rotations maps the local Z dephasing to a local depolar-
izing channel. On M qubits, substituting into
gives the full local depolarizing channel. This would give
3M different types of unitary operations to average over,
corresponding to all combinations of {I, H, HS}®M.

In practice, the twirling process can be implemented
by applying any one of the 3™ unitaries randomly before
and after the dephasing errors take place. Another ap-
proach would be to split the time that the error channel
is exposed into 3™ intervals, and within each interval
apply the corresponding unitary. This converts the de-
phasing channel to a depolarizing channel such that the
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FIG. 10. Fidelity improvement of locally dephased states
under PQEC, without twirling. All plots show fidelity, F,
versus rounds of purification, ¢, for various qubit numbers M.
The initial state is |o) = (cos £|0) 4 €*?sin £[1))® | with
parameters 6 = 7/3,¢ = m/4, and is subjected to the channel
with the error probability (a) p = 0.1; (b) p = 0.3; (c)
p=20.5; (d) p=0.7.

results of Sec. [VII are recovered exactly. However, it
has the drawback of averaging over a large number (i.e.,
O(3M)) of samples to obtain good statistics. This makes
the full twirling process highly costly from both a real
implementation and numerical point of view.

More economically, a subset of the full set of 3™ gates
can be applied for approximate twirling, while still improv-
ing results beyond the no-twirl baseline (see Sec. .
For this reason, we also examine approximate twirling
protocols to convert local dephasing errors to a more
isotropic form that has better performance with PQEC.
We consider the approximate twirling channel

Er(p) = 7= 3 U'EUpUNU. (66)
UeT

where T' = dim 7T and 7T is a restricted set of Clifford
unitaries to perform twirling over.

C. Purification

Figure [10] shows the fidelity evolution under multiple
rounds of purification for the state [¢p) = (cos £]0) +
e'?sin £|1))®M | for various M and physical dephasing
error probabilities p. No twirling is performed. We see
that as before, below a critical error probability, the
purification acts to improve the fidelity. The primary
difference to the depolarizing case is that the fidelities
saturate to a value less than F' = 1. This is precisely
the effect discussed in Fig. [9] where the purification does



not completely revert the state. However, for small error
probabilities the fidelities nevertheless converge to values
close to unity, showing that the purification can still be
effective, while not perfect. For error probabilities above
p > 1/2, we do not expect good performance, since at
p =1/2, the x and y components of the Bloch vector
are completely erased. We see in Fig. c) the fidelities
do in fact increase because the purification converges
to [0)®M | which is closer to the original state than the
initially dephased state.

To overcome the saturation effect, we apply the twirling
operation of to each qubit by averaging over 3™
unitary operations. According to the discussion in Sec.
[VIITB] this converts the local dephasing channel to a local
depolarizing channel with the same parameter p. This
prediction is borne out numerically. Performing the full
twirling with the dephasing channel reproduces precisely
the same graphs as shown in the genuine depolarizing
channel Fig. |§| (we do not show the twirled plots as they
are visually identical). Interpreting Fig. |§| as the results
for twirled dephasing and comparing to Fig. we see
that the twirling generally acts to improve the fidelity in
a wider range p < 3/4. For small errors (e.g. p = 0.1)
there is only a marginal improvement but for larger errors
the increase in fidelity is more marked.

Figure [7j(c)-(f) shows the shift in the critical error prob-
ability with and without twirling under the dephasing
channel. The plots show the fidelity F' versus p for vari-
ous ¢ and system sizes M. With the initial state set at
|[+)®M " and applying dephasing without twirling, addi-
tional rounds of purification act to improve the fidelity
only if p < 1/2. When twirling is added, the critical point
shifts to p = 3/4. The critical point is unchanged for
different M. However, for larger M, the fidelity for the
same number of purification rounds is reduced. We may
attribute this to the fact that for the same error rate p,
a larger system tends to have a higher probability that
there is an error. For example, the probability that there
is no error in the whole system under the channel is
(1 — p)M, which reduces exponentially with M.

D. Error thresholds

We now consider the error threshold analysis by follow-
ing the procedure in Sec. [V D] using the local dephasing
channel (63)) starting from the initial state [1g) = |+)®M.

Figure [11] shows results for local dephasing without
twirling for M = 1 and M = 5. Figure|l1[a)(b) shows the
fidelity evolution as a function of error and purification
cycles for M = 5. Similarly to the global and local
depolarizing channels (see Figs. [§| and [§)), the fidelity
follows an exponential decay that saturates to a finite
value for the physical error values shown. As before,
increasing the code size reduces the logical error rate
[3).

Figure [11)(c)(d) shows the logical error rate v, as a
function of the physical error rate p. For both M = 1 and
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FIG. 11. (Top) Fidelity improvement of locally dephased

states with no twirling under PQEC. Plots show fidelity, F,
versus iterations of PQEC purification, ¢, for various numbers
of purification rounds, £. The initial state is the state |¢o) =
[4+)®M with M = 5, subjected to the channel with the
error probability (a) p = 0.1; (b) p = 0.3. (Bottom) Logical
error rate, 7y, versus physical error rate, p, for pure dephasing
noise without twirling on the target state |[+)®™ with noise
channel (63). Curves are shown for M =1 (c) and M =5 (d)
for various purification rounds, £. The no correction threshold
corresponds to £ = 0. The threshold is seen at pyn = 0.5.

M =5, we observe a crossover of the curves, giving the
error threshold at

pen = 1/2. (67)

For p < p4y, increasing the number of purification rounds
£ substantially suppresses the logical error rate vr,, re-
flecting that each PQEC cycle yields a net purification
gain that slows logical error accumulation over time. As
P — Pen, the marginal benefit of increasing ¢ diminishes,
and progressively larger £ is required to maintain a small
effective decay rate. For p > pty, adding additional pu-
rification rounds produces a worse result, characteristic
of the error rate being over the threshold.

Because the full twirling maps local dephasing to
an isotropic Pauli channel, the resulting PQEC dynamics,
and subsequently all threshold curves for dephasing with
complete twirling, are exactly identical to those obtained
in the depolarization analysis of Fig. [§] for every (p, {),
the fidelity relaxation to its steady state, the steady-
state values themselves, and the associated logical-error
behavior (with threshold at p = 0.75), coincide point-wise
with the depolarizing case.

We also consider approximate twirling, where only a
fraction of the full 3™ Clifford gates is applied. Figure
shows results for local dephasing with only 20% twirling
applied for M = 1 and M = 5 (rounded up to a whole
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FIG. 12. (Top) Fidelity improvement of locally dephased

states with approximate twirling under PQEC. Plots show
fidelity, F', versus iterations of PQEC purification, ¢, for various
numbers of purification rounds, ¢. The initial state is the state
[0) = |4+)®M with M = 5, subjected to the channel with
the error probability (a) p = 0.1; (b) p = 0.3. (Bottom) Logical
error rate, vy, versus physical error rate, p, for approximately
twirled-dephasing noise on the target state |+)®M with noise
channel (65). Curves are shown for M =1 (c) and M =5 (d)
for various purification rounds, £. The no correction threshold
corresponds to £ = 0. Approximate twirling corresponds to
using 20% of the total 3™ total gate combinations, rounded
up to a whole number.

number of gates); the applied twirling gates are randomly
selected from the total set of 3™ options. Figure [12{(a)(b)
shows the fidelity evolution as a function of error and
purification cycles for M = 5. Similarly to the global
and local depolarizing channels (see Figs. [5| and , the
fidelity follows an exponential decay that saturates to a
finite value for the physical error values shown. As before,
increasing the code size reduces the logical error rate .

Figure[12|(c)(d) shows the logical error rate ., as a func-
tion of the physical error rate p. For M = 1, approximate
twirling here does not change anything from the untwirled
case, as it corresponds to only applying a single Clifford
gate; this simply rotates the dephasing axis but does not
make the noise channel any less anisotropic. Hence, the
crossover is py, = 0.5, identical to pure dephasing without
twirling as shown in Fig (C) For M =5, the crossover
yields an approximate error threshold 0.7 < py, < 0.8.
For p < p¢n, increasing the number of purification rounds
¢ substantially suppresses the logical error rate v, re-
flecting that each PQEC cycle yields a net purification
gain that slows logical error accumulation over time. As
P — Pth, the marginal benefit of increasing ¢ diminishes,
and progressively larger ¢ is required to maintain a small
effective decay rate. For p > pyy,, adding additional pu-
rification rounds produces a worse result, characteristic
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of the error rate being over the threshold.

We see that approximate twirling is effective at increas-
ing the error threshold beyond the no-twirl crossover at
ptn = 0.5, with full twirling achieving py, = 0.75, consis-
tent with the isotropic (depolarization) case. One can
accordingly tune the number of twirling gates applied,
in order to negotiate the threshold with the resource
demands of applying more gates.

In both noise families, the qualitative picture is there-
fore the same: below the relevant threshold, PQEC can in
principle drive the single-layer fidelity arbitrarily close to
unity by increasing ¢ (in the absence of additional noise
within the PQEC layer). However, above the threshold,
the protocol cannot asymptotically recover the target
state, even with additional purification rounds.

IX. SUMMARY AND CONCLUSIONS

We have introduced a scheme for performing quantum
error correction based on the SWAP-based purification
primitive, which we refer to as purification quantum error
correction (PQEC). Operationally, PQEC uses physical
redundancy in the copy domain rather than encoding
redundancy in codewords. Given N identically prepared
noisy copies of a state, it repeatedly compares and merges
pairs, keeping the symmetric outcomes and recursively
purifying the surviving states. What is attained is the
same as quantum error correction: it reduces the error
of an unknown principal density matrix eigenstate by
consuming additional noisy copies, and it does so via
shallow circuits and classical feedforward. The fact that
the purification works on unknown states is crucial for
QEC tasks, because in a quantum circuit the mid-circuit
state is not necessarily known. Furthermore, there is no
postselection employed in our scheme and all measurement
outcomes of the SWAP test are used to access the purified
component of the conditional state that is generated.
The main distinction from standard QEC is where the
redundancy resides (copies vs codewords) and the atypical
extraction procedure to obtain the purified state.

The most natural type of errors that are handled by
PQEC are depolarizing errors, where the error threshold
was evaluated to be 75% for local depolarizing errors.
While dephasing errors are expected not to work as well
due to the anisotropy (Fig. E[), nevertheless the differ-
ence in performance for small error probabilities is not
drastically different between depolarizing and dephasing
errors. Furthermore, dephasing errors can be converted to
a depolarizing channel by twirling giving identical results
for full local twirling. Compared to the error thresholds
of standard QEC codes (e.g. ~ 1% for surface codes [33]),
PQEC error thresholds are remarkably high. This can
be attributed to the different mechanism of correction in
PQEC. The quoted thresholds all correspond to physical
error probabilities, where the error channel converts an
arbitrary state into a completely mixed state. Hence for
PQEC, the main important factor is that the copies of



the state are not entirely destroyed by the noise. Given
that the input states have some level of coherence and a
sufficient number of copies is available, it is always possi-
ble to recover the original state through successive rounds
of PQEC.

Let us compare the qubit resources of PQEC with a
standard QEC. Using the simplest binary tree implemen-
tation of PQEC as shown in Fig. a), the total qubit
count is n ~ O(MN), where N = 2 is the number of
copies. On first glance this would appear to have a heavy
qubit count, but errors are also suppressed exponentially
with N, due to . Then the logical error rate scales as
yp ~e N ~er . This is comparable with the scaling
of standard QEC, where there is exponential scaling of
logical errors with the code distance. For example, in the
surface code, the number of physical qubits scales as the
square of the code distance so that vz, ~ e~V™. The scal-
ing in terms of the number of qubits can be even improved
further using the qubit-efficient PQEC formulation of Sec.
[[V] although this comes at the cost of deeper circuits.

In addition to the extremely high error thresholds, one
major advantage that PQEC has over standard QECs is
that fault-tolerant gates are extremely simple to imple-
ment, since the encoding is merely in the form of copies.
In standard QEC, for fault-tolerance one requires transver-
sal logical gates, where the gates on the encoded states
are arranged in a way such that errors do not propagate.
According to the Eastin-Knill theorem, a universal set
of transversal gates (i.e. including non-Clifford gates) is
incompatible with the ability of a code to detect arbitrary
errors [34]. In our case, since the redundancy is simply
present in the form of a product state, the gates that
are applied to each copy are also in product form. This
means that errors that occur on a particular copy register
do not propagate between the copies. The copies do not
meet until the purification process itself, where errors are
removed (Fig. . Thus, in PQEC, performing universal
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logical gates in a fault-tolerant way — such that the errors
do not multiply throughout the quantum computer — is
far less problematic.

In this paper, we have mainly considered the quantum
computing scenario, where one is interested in the output
of a fixed quantum algorithm. In addition to the mid-
circuit correction that we have discussed, it may also be
used to prepare high fidelity initial states (e.g., as a Bell-
pair or magic state factory). There are other applications
where PQEC can also be useful. Due to the logarithmic
coherent-memory requirement, it is naturally suited to
settings where identical or nearly identical copies are
produced over time. Examples include quantum sensor
networks [35], distributed quantum computing [22} 24],
quantum metrology with spin ensembles [32], 36 [37], and
quantum communication and repeater architectures [16],
21]. In such regimes, PQEC can run in the background
as an error-correction layer, continuously distilling higher-
fidelity states from noisy input streams while keeping the
coherent footprint small.
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Appendix A: PQEC Overhead

Eq. is evaluated using experimental shots k €
{1,..., Nsamp}. From each shot, we obtain (i) a SWAP-

outcome string ag Y and hence a parity weight € :=

Q. € {1}, and (i) a single-shot measurement outcome
2

o from measuring the observable O on the output register
(i.e. oy € spec(0)). Define the sample means

Nsamp Nsamp

! O, (A1)

1

B = N
samp 7

A=

N Qy, o,

samp ;)
so that E[A] = Tr(Op ) and E[A] = Tr(p

estimate (O), by (O) = A/B. By a standard delta-
method (large- Ngamp) expansion for ratio estimators, the
asymptotic variance is

N), and we

— 1
Var((0),) ~ Nown Tr(pV) Var(Qa [(0)z, — <O>e]),
(A2)
and hence the standard error is
r Fs Ye, — (O
\/Va < M) L (A3)

AV samp | Tr

Since Q2 = 1 and E[Q(0 — (O);)] = 0, one also has the
simplification Var(Q[o — (O)¢]) = E[(0 — (0)¢)?]. In
particular, if O is normalized so that ||O|e < 1 (e.g.
Pauli strings), then Var(2[o — (O),]) < 1 giving

(A4)

1
V Nsamp | Tr(p™)

Appendix B: Pauli basis expansion

We connect the spectral purification argument of Sec.
[VB] to the Pauli-basis expansion. First expand mixed
states using the M-qubit Pauli expansion

1
p:WZTPP’
P

where the sum runs over all 4 Pauli strings P €
{I,X,Y,Z}*M and rp := Tr(pP) € R. In these coor-
dinates, the purity is

1
Tr(p?) = 537 D75
P

Depolarizing noise contracts all non-identity Pauli com-
ponents uniformly, rp — (1 — p)rp for P # I, pro-
ducing an isotropic shrinkage of the generalized Bloch
vector and a corresponding reduction in purity. By con-
trast, the PQEC map P does not, in general, act as an

(B1)

(B2)
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isotropic (radial) expansion in Pauli space. Indeed, al-
though Tr(p?) = 27 Y, r% implies that P increases
the Euclidean radius >~ p_; 72, whenever it increases pu-
rity, the map P is nonlinear and spectral: it preserves
the eigenbasis and updates only the eigenvalues accord-
ing to . An isotropic rescaling rp — arp (with a
single « for all P # I) would correspond to an affine,
rotationally invariant action on operator space, whereas
(C1)) shows that P depends on the full set {\;} through
the normalization 1+ ), )\?, and therefore generically
changes not only the length but also the direction of the
Pauli-coefficient vector (rp)pxr.

Nevertheless, in the isotropic regime, the dynamics are
confined to highly symmetric families of spectra, so the
action of P is well captured by a one-parameter “radial”
picture: depolarizing (or fully twirled dephasing) drives
the spectrum toward uniformity by shrinking j )\37 while
purification counteracts this by polarizing the spectrum
(increasing the contrast among the \; via (3F)), which
necessarily increases Tr(p?) = Y-, A? and hence increases
>op 1 r%. This explains why our protocol is naturally
well matched to depolarizing noise and why fully twirled
dephasing exhibits identical performance: the noise acts
isotropically in Pauli space, and purification reliably in-
creases the Bloch radius, even though it is not, in general,
an isotropic expansion map on the individual rp compo-
nents.

Appendix C: Purification and purity

Here we show that, in general, the purification step
@ acts to increase the purity of a given state. Eq. @
shows that the map is spectral: if p = U diag(A) Ut with
eigenvalues A = ()\;), then

)\2
YA

Thus, the eigenbasis is unchanged, and only the spectrum
is updated. Moreover, because the function g(z) = 22 is
strictly increasing on [0, 1], the ordering of eigenvalues is
preserved, and their relative contrast increases according
to .

The purity from (C1)) is given by

p) =Udiag \)UT, XN = (C1)

Tr(p’2) = ;(Aé)z = (SJ;;)Q

The map strictly increases purity, except at the fixed
points (pure states and the maximally mixed state). A
direct way to see this is to work on the spectrum:

Let p = >, Ai|i)(i] with eigenvalues A; > 0 and
> ;A = 1, and define power sums s, := >, A7’. Un-
der the map ( ., the eigenvalues update as A, = \?/ss.

(C2)



Therefore,
T(p)?] = > (N)? = — Tr(p?) =2, (C3)
and hence
N2 2 S4 — 5%
()] - Te(?) = B2 (c)
2

We can see that s; > s3 by using Holder’s inequality.
Equality holds iff the spectrum is flat on its support, i.e.

p o II for some projector II (in particular, for pure states
and for the maximally mixed state).

Appendix D: Fidelity convergence under SWAP
purification

In this section we show monotonic improvement and
convergence of the fidelity F' — 1 under PQEC for the
global depolarizing channel of Sec. [VI}

For the Werner state ([45)), p commutes with po = [¢)(¥)].

Then the spectrum of p is

1-F
)\2::)\D:

:F .
M=5 D—1

(D1)
I 2 _ g2 (=F) 2 _
t follows that Trp® = F* + *5—- and (| p”[¢)) =
F2. Under the PQEC update the fidelity update is
therefore

F2
F=¢(F)i=————, D>2 (D2
po s (L)
D—-1

This recursive relation has the following properties.

Theorem 1 (Monotone behavior and convergence in the
isotropic family). For any D > 2, the recursion F' = g(F)
mn Fq. has fized points at F, = 1 and F, = 1/D
(and also F, = 0 for the extended recursion on F € [0,1]).
Moreover: (i) if F > 1/D then F' is strictly increasing
and converges to 1; (it) F = 1/D is a fixed point (the
mazimally mized state in the Werner family). The fixed
point at F =1 is locally attractive with quadratic rate.

Proof. (i) g(F) > F for F € (1/D,1): For F € (0,1),
compute
F2
= (1—F)?
PG
F(1-F)(DF —1)

T (D-DF2+(1-F) (D3)

g(F)—F -F

The denominator is strictly positive and F(1 — F) > 0 on
(0,1), hence sign(g(F') — F') = sign(DF — 1). Therefore
g(F) > F iff F > 1/D, with equality at F' € {1/D,1}.

(i) Boundedness: g(F) € [0,1] for F' € [0,1], and
g(F) < 1 unless F' = 1, since the denominator in
exceeds the numerator unless 1 — F' = 0.
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(iti) Convergence and fixed point: If Fy > 1/D, then
F,y1 = g(F,) > F, and the sequence is monotone in-
creasing and bounded above by 1, hence convergent to
some limit L < 1. By continuity, L = g(L), so L must
be a fixed point. Since L > Fy > 1/D and g(F) > F on
(1/D, 1), the only consistent limit is L = 1. If F; =1/D,
then F,, = 1/D for all n.

(iv) Local rate near ' = 1: Write F' = 1—¢ with ¢ < 1.
Then

;o (1—¢)? o g2

+0(e%),

_ _ D4
(1—e)’+ p= D-1 oY

so 1 — F’ is quadratic in €. This shows superlinear
(quadratic) convergence to F' = 1. O

Appendix E: Small error expansion for local
depolarizing channel

Consider the Pauli expansion of an arbitrary pure state

po = |1o) (| as given in (56). Define the weight w(P) of
a Pauli string P as the number of non-identity single-qubit
factors in P:

w(P):=|{me{l,....,M}: P, #I}|.  (El)

Under local depolarizing noise, each non-identity factor

is contracted by n = 1 — %p, so a string of weight w(P)
acquires attenuation n*("). The noisy pre-purification

state is therefore

1 w
p = &Elpo) = By 277 FrpP. (E2)
P
Using Pauli orthonormality, we obtain
1 w
F(p) = (tholpltho) = oaf Z’] i}, (E3)
P

1
Tr(p2) = o Zn2w(P)7‘123. (E4)
P

It is convenient to group the squared coefficients by Pauli
weight. Define the Pauli-weight distribution of the target

Qg :ZQLM Z

P:w(P)=k

Then Eqs. (E3)—(E4) become

M
%, Zak =1. (E5)
k=0

M

Fip) = S ant (E6)
k=0
M

Tr(p®) = Zak k. (ET)
k=0



The coefficients {ax} encode how “globally” the target
|tho) is supported in Pauli space: states whose weight dis-
tribution is biased toward large k suffer faster degradation
of both F(p) and Tr(p?) as p increases.

For weak depolarization (p < 1), we can expand n* =
(1- i;’)k to first order, which gives

Flp)=1- 3 Fp+0G7), (Es)
Tr(p?) =1- %fvp +0(p?), (E9)

where
(E10)

is the average Pauli weight of the target |¢).
We now evaluate the action of the PQEC map . The
corresponding output fidelity is

(1ho| p* o)

F(P() = s

. (E11)

To obtain its small-p behavior, write p = pg + dp with
dp = O(p) and Tr(ép) = 0. Then
(ol p* [tho) = (tho| (po + 8p)? [o0)
=1+ 2 (0| dp [1ho) + (0| 6p° [1ho) , (E12)

and

Tr(p2) = Tr[(po + 5/’)2]
=14 2Tr(pobp) + Tr(6p%)
= 1+ 2 (| 8p [o) + Tr(6p%),

where we used pg = [1)(¢o| and Tr(podp) = (o] 5p [t0).
Therefore the linear terms in dp cancel in the ratio (E11)),

giving

(E13)

F(P(p)) =1 = (Tr(3p%) — (ol 667 [40)) + O(p*)
=1-0(p?). (E14)

In other words, under the PQEC map, the leading devia-
tion of the purified fidelity is quadratic in the physical error
rate: the O(p) infidelity present in F'(p) is removed by
normalization in 7 and the remaining contribution is
governed by the second-order term §p? (with a state- and
channel-dependent coefficient). This is consistent with
the spectral picture that P(p) effectively squares eigenval-
ues and renormalizes, producing superlinear convergence
in the high-fidelity regime.
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Appendix F: Anisotropic errors

When considering the behavior of PQEC in the context
of depolarization vs. dephasing errors, distinct behav-
ior arises. Consider a single qubit with target Bloch
unit vector . = (sin @ cos ¢, sinfsin ¢, cosd). With lo-
cal Z-dephasing with error probability p, contracts the
transverse components by 5, := 1 — 2p,, giving

7= (B,sinfcos ¢, B,sinfhsin g, cosb). (F1)

Two consequences follow:

(1) Tilt toward the dephasing axis. Unless 6 € {0, 7},
the direction of 77 moves toward +Z7.

(ii) PQEC cannot repopulate azes. Under the PQEC
update (7)), a single qubit state’s Bloch sphere vector up-
dates as (34]). This preserves direction and only stretches
the existing components. If X/Y coherence was strongly
suppressed, the map cannot “rotate” amplitude back into
X/Y; it can only scale up what is left. Quantitatively,
with F = (14 a-7) and Tr(p?) = $(1 + [|7]?),

n-7 = f,sin? 0 +cos’ 0 =1 — (1 — B,)sin? 0
|711? = B2 sin? @ + cos? 6.

(F2)
(F3)

After one (effective) purification round,

1 2
F’:(1+

2 W [Bz Sin2 9 + COS2 6]) . (F4)

For equatorial targets (§ = 7/2), the input coherence is
just 8., and the per-round gain is linear:

25,
(” 1+B§)

=1(1+28.+0(B2)). (F6)

F=3(1+8) — F'= (F5)

N[

When 3, < 1 (strong dephasing) each round increases
the transverse coherence by at most a constant factor.
The core inefficiency remains: anisotropic loss converts
target amplitude into a component (along Z) that PQEC
will not rotate back; it can only amplify the residual
transverse component that survives the dephasing.
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