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Abstracts

Iris Yellow Spot Disease (IYSD), caused by Iris Yellow Spot Virus (IYSV) and transmitted by
Thrips tabaci, poses a serious threat to onion production worldwide. In this study, an eco-
epidemiological model is formulated to investigate the transmission dynamics of IY'SD in onion
plants. The model incorporates logistic growth of the host population and a nonlinear saturated
incidence rate described by a Holling type II functional response. The basic reproduction
number is derived using the next-generation matrix approach, and both local and global stability
analyses of the equilibria are conducted. The analysis reveals the existence of a forward
bifurcation at Ry = 1. Furthermore, global stability of the endemic equilibrium is established
using Lyapunov functions and LaSalle’s invariance principle. Numerical simulations are
performed to validate the analytical results and to assess the effectiveness of optimal control
strategies. The findings provide valuable insights into the mechanisms driving IYSD spread
and offer guidance for developing efficient disease management strategies in onion production

systems.

Key words: Modeling, IYSV, basic reproduction number, stability analysis, sensitivity

analysis, Optimal Control Theory, Pontryagin’s maximum principle.

1. INTRODUCTION

Allium cepa L., often known as onions, is an essential vegetable crop that plays a major role in

both economic stability and food security worldwide. The onion is rich in minerals, vitamins,



carbs, and proteins. It has also been reported to include ascorbic acid, niacin, riboflavin, and
thiamine. Onion is therefore recognized for both its therapeutic qualities and nutritional worth
in the human diet (Gelaye et al., 2024). The Onion thrips is originated in the Mediterranean
area. Originally discovered in Hawaii in 1915, it may now be found anywhere onions are
planted worldwide (Zereabruk, 2017). It has mostly expanded as a food item, adding value to
many cuisines and serving as cousins (Megersa, 2017). Grown throughout Africa, particularly
in tropical areas, it provides farmers with a cash crop (Patiene et al., 2022). The crop is highly
valued in Ethiopia for its usage as a spice, in daily stews, and in a variety of vegetable-based
food preparation applications. Nevertheless, in spite of all the prospects, its production status is
not well-developed and structured (Megersa, 2017). The low yield and poor quality of onions
produced in Ethiopia are caused by a variety of issues, including diseases, insect pests, and
inadequate pre- and post-harvest management techniques (Ermias, 2018). Furthermore, the
primary issue with onion harvests in Ethiopia is onion thrips, which can completely damage
onion fields, particularly during dry seasons (Tadele, 2014). According to Negash et al (2018)
onion thrips is a major vector of the Iris yellow spot virus (IYSV), which can result in 100%
crop losses, and is considered a worldwide pest of onions. An important factor affecting onion
yield and profitability is thrips control. Management strategies include cultural, host plant
resistance, biological and chemical protection. Nonetheless, in many nations, like Ethiopia, the
primary method of controlling thrips in commercial onion production is still the use of chemical

pesticides.

Many studies in epidemiological modeling have been conducted using mathematical modeling
to describe the dynamics of IYSV disease in onion plants. For example, Modeling and stability
study of an eco-epidemiological model of IYSV disease dynamics in onion plants with
nonlinear saturation incidence rate and logistic growth have been emphasized by Kawe et al.
(2022). They computed the threshold quantity R, using the next-generation matrix method and
carried out the stability analysis of the model equilibria. Additionally, they used the partial rank
correlation coefficient and Latin Hypercube sampling methodologies to carry out the model's
global sensitivity analysis. Sensitivity study revealed that R, is most susceptible to the thrips
vectors' mortality rate. Lastly, in order to confirm his analytical conclusions, they ran numerical

simulations and visually presented the results.



The other study done by, Patiene et al. (2022) suggested stability and Hopf bifurcation analysis
of a delayed eco-epidemiological model of IYSV disease dynamics in onion plants with
nonlinear saturated incidence and logistic growth. In this work, they use a set of delay
differential equations to develop and evaluate a non-linear mathematical model that explores
the dynamics of IYSV illness in onion plants. They use latent periods and incubation as time
delays components. The local stability of the disease-free equilibrium in the presence of delays
was examined using Descartes' rule of signs. Lastly, numerical simulations were run and

visually shown to validate the analytical findings.

To the best of the researchers' knowledge, no epidemiological model study has been carried out
so far regarding Iris Yellow Spot Disease (IYSD) of onion plants. Based on the description
above, every study was used ordinary differential equation methods to split the population of
onion plants into various compartments, such as Susceptible S(t), Infected I(t), and others, and
to split the population of thrips vectors into two subclasses: Susceptible X(t) and
Infected W (t). However, none of them took optimal control strategies into account, and no
research using optimal control has been done. In order to close this gap, this inspired us to
conduct this study. Consequently, motivated by Kawe et al. (2022) references and considering
the above discussion, in this work, we were propose eco-epidemiological model and analysis
of Iris Yellow Spot Disease (IYSD) dynamics in onion plants with a nonlinear saturated
incidence of the Holling type II form and logistic growth by applying optimal control problem
which takes into account the permissible controls in the form of using Prevention strategies,
Quarantine strategy, and Chemical control on the control of Iris Yellow Spot Disease (IYSD)

of onion plants.

This paper is organized as follows: In Section 2, the Mycobacterium tuberculosis model was
described and formulated using fractional-order differential equations approach. In Section 3,
qualitative and sensitivity analysis of the model were discussed and interpreted. In Section 4,
the MATLAB software was used to investigate numerical simulation results. Finally, numerical
results and discussion, conclusions and recommendations are presented in Section 5, 6 and 7

respectively.



2. Model Formulation and Description

2.1. Assumptions of the model
We make the following assumptions in formulating the model.

1. In the presence of the disease, the onion plant population is divided into two classes
namely, the susceptible onion plant S (¢), infected onion plant /(¢), while the thrips vector
is divided into two classes namely, susceptible thrips vector X(¢) and infected thrips
vector W(¢). We don’t consider the recovered individuals since there is no cure for
infected plants. Hence, the total onion plant and vector population at time ¢ are given
by: N,(t) =S (t) + I(t),and N, (t) = X(t) + W(t).

2. In the absence of the disease, the susceptible onion plant population grows logistically

as rS(t) (1 - @), where, r > 0 is the intrinsic growth rate and K the carrying

capacity of onions farm.

3. A susceptible onion plant become infected from contact with an infected thrips and a
susceptible thrips becomes infected from contact with an infected onion plant.

4. Both susceptible and infected onion plants are harvested at a rate g, and infected onion
plants die from IYSD at a rate p.

5. Let §; be the transmission rate from susceptible onion plants to infected thrips vectors,
and 9§, be the transmission rate from infected onion plants to susceptible thrips vectors.

These transmission process is modelled using a nonlinear saturated incidence rate of the

§1SW  8,8W
1+m W’ 1+m,Ww

Holling type II form given by where m,, m, are the saturation constants.

2.2. The model derivation

Our proposed model divides the total onion plants population N, (t) into two subclasses of
susceptible S(t) and infected I(t). Then the total onion plants population at any time t is given
by N, (t) = S(t) + I(t). The total thrips vectors population N,(t) is divided into two
subclasses of susceptible X(t) and infected W (t). Then the total thrips vectors population at
any time t is given by N, (t) = X(t) + W(t). The susceptible onion plants population are
generated by the logistic growth function at a rate rS(t) (1 - %) with r being the intrinsic

growth rate and K the carrying capacity of the farm. It is decreased following effective contact



51S(OW(L)

with infected thrips vectors at a rate
1+m1W

where §;represents the disease transmission rate

from infected thrips vectors to susceptible onion plants and the parameter m, denotes saturation
level of the force of infection. The growth of susceptible onion plants is further reduced by

harvesting at a rate g. The population of infected onion plants is generated by the infection of

. . 5 . . . .
susceptible onion plants at a rate QSOWE “ppe population of infected onion plants is further
1+m1W

decreased by harvesting at a rate g, and upon infection and display of symptoms, the plants die
from IYSD infection at a rate p. The population of susceptible thrips vectors is generated by

the recruitment of individuals at a rate w and is decreased after the effective contact with

8, X(OI(t)

infected onion plants at a rate
1+m21(t)

where §,denotes the disease transmission rate from

infected onion plants to susceptible thrips vectors and the parameter m, denotes saturation level
of the force of infection. This population is further decreased by natural death at a rate o. The

population of infected thrips vectors is generated by the infection of susceptible thrips vectors

at a rate %. This population is further decreased by natural death at a rate . Based on
2

the above description, we have the following compartmental diagram for the transmission

dynamics of I'YSD.

gs aX

gl oW



Figure 1: Compartmental flow diagram for I'YSD infection. The dotted lines without arrows
indicate transmission or contact. The solid lines represent transfer from one compartment to

another.

Thus, based on the above assumptions, description and schematic diagram, the proposed model
describing the transmission dynamics of IYSV disease can be formulated mathematically by

the following deterministic system of nonlinear differential equations:

Fds(t) rS() (1 B S(t)+1(t)) _&sow® 4S(0)

at K 1+mW(t)
i) _ 5:S@OW® 3
{ dt ~ 1+mw() pI(1) — gI(®) 1
ax(e) _ 85X oX () (1)
ac 1+m,I(0)
aw () _ 8X(0IE)
\ dt  1+mul(0) aW (t)

Where given initial conditions are S(0) =S, =0, I1(0) =1, = 0,X(0) =X, =0, W(0) =
W, > 0.

3. Qualitative analysis of the model

In this section, we discuss some basic qualitative behaviors of the model, such as the positivity
of solution, invariant region, disease -free equilibrium point, endemic equilibrium point, basic
reproduction number, global stability of disease -free equilibrium point and global stability of
endemic equilibrium point as well as sensitivity analysis of the model were discussed as

follows.
3.1. Positivity solution
In this subsection, we proved all solutions of the models (4.1) remain positive for future time.

Theorem 1: For all t > 0, the solution of the system equation of model (1) are non-negative,

with their respective initial values are positive.

Proof: To prove this theorem let us take first equation of system equation of model (1).

ds(t) rS(D) <1 B S(t); I(t)) B ff;tl)lvvvv((tt))

Tk —95@®)



S+ (t)) S then the above equation becomes

Let f(S(),I(t),W(t)) =7 (1 R 1+m,w

dS(t)

= SOLFS@, 1), W () — g]. (2)

Let us we apply separation of variables method in equation (2) we get

ds (t)

= [f(S@, 1), W (1)) — gldt (3)

Then take integration both sides of equation (3) we get

t dS(t)

CE2 = LIS, 10, WD) — gldt

NG

nie = LIUFSO.10,W©) - gldt

S(t)

28 = exp ( LIFS@, 10, W () - g]dt)

S(t) = S@exp (f;[F(SW, 1), W(®) — gldt) > 0

Since S(0) = S, = 0, then S(t) > 0 forall t > 0.

In the same process, the positivity of other compartments is demonstrated, leading to the
following solutions: I(t) = 1(0)e~P*+9t x(t) > X(0)e~°%, and W(t) = W(0)e “rt. Since
the value of the exponential function is positive, thenS(t) > 0,1(t) > 0,X(t) > 0,
and W (t) > 0. Therefore, all the solution sets are positive for t > 0. So the model of the system

(1) has appropriate biological meaning.
3.2. Invariant Region
In this subsection, we discussed the invariant region, in which the model solution is bounded.

Theorem 2: The solution of the system equations of model (1) are enters and bounded in the

feasible set O = {(S,1, X,W) € R2 x R%}.
Proof: For this model, the overall onion plants population size at time t is given by

N, = S(t) + I (¢). 4)



Then, differentiating both side of equation (4) with respect to t gives

dN, _ ds(t) | di(®)
dt ~  dt + dt * (%)

After substituting system equation of (1) to (5) we obtain

dN,
dt

S(t) +1(t)
K

=rS(t) <1 - ) —g5(t) — pl(t) — gI(t)

Since N, = S(t) + I(t) and S(t) < N, (t), we get

2o <Ny (t) (1 - 222) — gN, (1) (6)

Solving equation (6) by separation of variable principle and using the standard comparison

principle, we obtain

tlim sup N,(t) < @, whenr > g.

Therefore 0 < N, (t) < @, when r > g. Define

0, = {S(0),1() € R3:0 < S(t) +1(t) < X2,

Similarly, let N, = X(t) + W (t) be the total population of thrips vectors. Then the rate at

which the total population of thrips vectors changes is given by

Ny _ ds(®) | dI©

< 7 —
dt dt dt =7 —oNy(t).

By separating the variable and integrating, we get N, (t) < g + (N,, 0) — g) e %t with o #

0. Using the standard comparison principle, we have

. s
th_)n; sup N,(t) < pe
Therefore 0 < N, (t) < g Define

, = {X(®,W(®) e R3:0 < X&) + W(t) <2},



Therefore, the feasible solution set of the IYSD model (1) remain in the following region

Q= 0,x 0, ={LXW) eR:0=51) +1(t) <20 <x(1) + W(e) <2},

Thus, all solutions of equation of model (5.1) that initially in ) remains in Q forall ¢t > 0.
3.3. Disease-Free Equilibrium points

The disease-free equilibrium point (DFE) is a steady state solution where there is no I'YSD in
onion plants population and no I'YSV in the thrips vectors population. Hence it is determined

by setting right hand side equation of the model (1) equal to zero.

rS(0) (1 B S(t)+I(t)) _ EsOWED) 9S(®) =0

K 1+mW(t)
PR — pI(6) — gI(t) = 0 -
T — % —oX() =0
O )=

Assume that there is no I'YSD in onion plants population and no IYSV in the thrips vectors

population that is I(t) = W (t) = 0. Then, from equation (7) we obtain

E, = (K(r‘g),o,g,o). (8)

r

3.4. Basic reproduction number

In this section, we discuss basic reproduction number ( Ry) which is defined as the average
number of secondary infections arising from one newly infected individual introduced into a
healthy population. The next generation matrix method was used to compute basic reproduction

number by considering the generation of infected compartments (Martcheva, 2015).

The infected compartments are:

51S(OW(t)

—— —pl — gl

1+m W (t) p (t) g (t)’ (9)
8, X(0)I(t)

1+mal(t) oW (©).



Then by the principle of next-generation matrix, the Jacobian matrices of the rate of new

infections f and the rate of transfer in and out of the infected classes v are obtained as follows.

So, from the equation of (9), we have

-5, S(OW (L)
_ 1+m1W(t)
f=1sxw10 | (10)

| 1+m,I(t)

v= :(p:vf()tl)(t) : b

Next we determine the Jacobian matrix of f and v with respect to I(t) and W (t) at disease-free

equilibrium point (DFEP) E, = (K(r_‘g) , O,g, 0) as follows.

r

The Jacobian matrices of f and v at disease-free equilibrium point (E,)become F and

V respectively, then

6(61S(t)W(t)) 6(61S(t)W(t))

OF; 0F 1T+m W(t) T+maW (D) 0 §1K(r—g)
F=|o1 ow|_ a1 ow _ r . (12)
OF, 0F a(SzX(t)l(t)) a(azX(t)I(t)) 8,1 0
al oW 1+mpI(t) 1+maI(t) P
a1 ow
And
oy oV A((p+I®)  ((p+I(®))
V=2 owl_ aI ow
v, IV, a(ow (D)) a(aw (D))
or  ow a1 ow

Then evaluate Jacobian matrices of V at disease -free equilibrium point gives

Vz[ng 2]

Next we find inverse of V as follows:

[a 0] I
-1 _ @adjv _ [0 p+g| _ |p+g
= det(v)  o(p+g) 0 ’ (13)

Q|+



Then product of F and V1 become

0 S1K(r-g)][_L_ 81K (r—g)
Fv—l — r ptg
0 0

0 or
5, . (14)

0
= T
o a(p+g)

Then from (14) we obtain eigenvalue using det (FV~1 — AI,), where I,, is an identity matrix.

6271'

|~

g

—2 8:1K(r—g)
That is o |=o. (15)

8277.'

a(ptg)

Then after multiply and rearrange from (15), we obtain the following characteristics equation.

12 (&K(r—g))( 8 ) —0 (16)

ar a(p+g)

Hence, from characteristics equation of (16) we obtain1; = — ’%, and A, =
8,61mK(r—g)
ra(p+g)

Now using the principle of next-generation matrix the largest eigenvalue is the basic

reproduction number ( R,). Therefore, our basic reproduction numbers for model equations (1)
. _ 816,mK(r—g)
ISRy = ’—rdz(p+g) . 17)

The square roots found in R, means that two generations are required for transmission of ['YSD

in onion farms. That is from infected onion plants to healthy thrips vectors and then from

infected thrips vectors to healthy onion plants. Choosing Ry, = % and Ry, = ’iz—zn,

equation (17) can be written as Ry =/ Rgn X Ry,. Here, R,y describes the number of onion

plants infected by one infectious thrips vector over its infection period, and R, is the number

of thrips vectors infected by one infectious onion plant during the period of infectiousness.



3.5. Local stability of Disease -Free Equilibrium Point

In this subsection, we discuss stability analysis of the disease -free equilibrium point of the
model. Thus, stability analysis of the disease-free equilibrium point of the system equation of

model is determined using linearizing the non-linear system of equations (Martcheva, 2015).

Theorem 3: Whenr > g, the disease-free equilibrium point of system (1) is locally
asymptotically stable (LAS) if and only if Ry < 1 and unstable (US) if Ry > 1.

Proof: To prove stability analysis of the disease -free equilibrium point of the model, we
computed the Jacobian matrix of the system equation of model (1) at the disease-free

equilibrium (IFE) as follows.

The Jacobian matrix of the system (1) is

-6L1 6L1 6L1 3L1-
as aI X ow
_|os al X ow

il TP VA A A (18)
s al X ow
oLy by Ly Ols
- 0S al X ow-

Where
S(t)+1(t) 51S(OW(t) 61SEOW(t)
Ly = 78(0) (1 - T50) - T 00E — 98 @), Ly = 2508 — pl(6) — gl (D),
_ L &XOIM _ SXMIE)
Ly=m 14+m, () aX(t), Ly = 1+m,I(t) oW (0.
Then
T (2rsHrl & W 7S &S T
=g ( K ) 1+m W K 0 (1+mW)2
5 W _ 5.8
J = 1+m W (b +9) 0 (1+m,w)2
- _ &X 8l
0 (1+myI)? 1+myl o 0
62X 621
L 0 (1+my1)? 1+myl g A

By evaluate Jacobian matrix at the disease-free equilibrium point /FE we obtain



—(r—9) -Gr—g) 0 —8k(=2]
. 0 ~(p+9) 0 &k(Z2) 19
DFE — 0 _(S‘an- o 0
0 RELS 0 —

g

Then, we obtain characteristic equation from (19) using det(J,zg — Al,,) = 0, where I,, is an

identity matrix.

[—-(r—-g)-2 —(r—g) 0 —8,.k (%)
0 - -2 0 5.k (=2
(p+6g7)t 1 (r) _o. 20)
0 o —o—1
0 ‘%” 0 —o—1
- -1 &k (HE
= (r-9+2)c+2 (o+9) ' (T) = 0.

6,1
= —o—2

ag

= (- +NE+D[((0+9) + D)@+ +0(p+g) - 22T (ZE)] = 0,

o T

Then after simplify and rearranging we obtain

((r—g)+A)(a+/1)[/12+/1(p+g+a)+a(p+g)—m(ﬂ)] =0.

[ r

(r—g)+1=0,
_Jo+1=0, (21)
Az+l(p+g+a)+a(p+g)—m(ﬂ)

g r

From the first two equations in (21), we have
r—-g)+A1=0=1=—-(r—-g9) <0,
c+A=0=1=—-0<0,o0r

From the last equations in (21), we have

A2 4+ b,A+ b, = 0. (22)



Where, b, = p + g + 0 and b, =g(p+g)_M(ﬂ)_

g T

Since roots of A; = —(r — g), A3 = —0 are negative real parts but roots of A, and A, are not
known. So that to determine the root of the rest Eigen value from characteristics equation (22)
by applying Rough—Hurwitz stability criterion. Therefore according to Rough—Hurwitz
stability criterion of the polynomial function degree two of characteristic equations of (22)
have strictly negative real roots if and only if both coefficients are non-negative (Getachew et

al, 2022).
Then

b; > 0= p+ g+ o = 0, since it is addition of positive parameter.

b,=0=0(p+g)— 810zkm (ﬂ) >0

a r

= o(p + g) > 222 (=)

g r

= 220 (2 < 6(p + g)

g

51627TK(T'—g)
ra?(p+g)

. 5152:’K(T—g)< 1
\I ra?(p+g)
= Ry < 1.

Therefore, infection-free equilibrium point E, is locally asymptotically stable if Ry < 0.
Consequently, when r > g the disease-free equilibrium point Ej is locally asymptotically

stable whenever R, < 1.
3.6. Global Stability of the Disease-Free Equilibrium Point

In this section, we investigate the global stability of the disease -free equilibrium R, using the
theorem by Carlos and Baojun (2004) as done in the paper (Tonny et al., 2015). To do so, we

write system equation (1) as



L — F,v)

dt
(23)
‘;—lt’ =G(U,V),G(U,0) =0

Where U = (5(t),X(t)) € R? denotes the healthy population and V = (I(t), W(t)) € R?
represents the infected population. Let E, = (U*, 0) denote the disease-free equilibrium of the
system. Furthermore, we list two conditions and if met will guarantee the global asymptotic

stability of E,.

i. For Z—lt] = F(U,0), U* is globally asymptotically stable;

ii. <= DyG(U*,0)V = GWU,V),GWU,V) 2 0forall U,V € Q

Where D,G(U*,0) a Metzler and the Jacobian matrix of is G (U, V) take in (I(t), W (t)) and

evaluated at E, = (U*,0) = (@, 0,2, 0)-

Theorem 4 Whenr > g, the fixed point E, = (U*,0) is a globally asymptotic stable -free
equilibrium of model equation (1) provided that Ry < 1 and that the condition (i) and (ii) are

satisfied.

Proof. From the model system (4.1) we obtain F(U,V) and G(U,V) as:

i S()+I(t 51S(OOW(t)
rS() (1 K ( )> B 1:-m we g5(t)
F(U,V) = * (24)
‘ _BROIO v
1+m21(t) o
[5.S(E)W(t)
11+m—w(t) —pl(t) — gI(t)
GU,V) = ; (25)
’ BXWIO) _ ey
1+m21(t) o
From condition (i), we consider the reduced system Z—lt] = F(U,0) and we get:
ds(t S()+I(t
0~ 0 (12929 - st
as() (26)
TR T —oX(t)



U* = (K(TT_Q),E) is globally asymptotically stable equilibrium point for the reduced

System Z—lt] = F(U,0). We proved this by finding the solution of the equations in the system

(4.12). From the first equation, we have

as(t) S(E)+I(E)
S = SO (1-57) - s

By separation of variable and integrating factor technique, we get

K(r—g)er(”c)
re’(t+C) _eg(t+C)°

S = (where C is a constant of integration)

K(r-g)
r

Which approaches as t — oo, Similarly, from the second equation we obtain X (t) = g +

(X (0) — g) e~ ?t, which approaches gas t — oo. This asymptotic dynamics is independent of

the initial condition in the domain I'; hence the convergence of the solution of the reduced
system (4.12) is global in the domain I". Moreover, the Jacobian matrix of G (U, V) taken in
(1(t), W (t)) and evaluate at E,(U*, 0) is found to be
g k()
DyG(U*,0) = 5,1

—0
o

Therefore, from the formula in condition (ii), we get the following expression
G(U,V) = D,G(U*,0)V —G(U,V),
and we want to show that G(U,V) > 0, which is obtained as:

s (K (52) - 29)

1+m W (t)

8,1(¢) (E _ Lt))

o 1+mqI(t)

GU,V) =

From the invariant region Q = Q, X Q,,, since r > g, we have that K (%) > S(t) andg =

X(t). Therefore, G(U,V) = 0 for all (U,V) € Q, and we conclude that the DFE is globally

asymptotically stable whenever R ( < 1.



3.7. Existence of Endemic Equilibrium point

In this section, we explore the existence of the endemic equilibrium point E*. It is a positive
steady solution where the IYSD persist in the population of onion plants. The endemic

equilibrium E* = (§*,I*, X*, W*) of the system (4.1) is the solution of the algebraic equation

rS() (1 B S(t)+I(t)) _as@w® 4S() = 0

K 1+mW(t)

B ora = pl(®) = gl(®) = 0
1+m1]:$|/()?(t)1(t) (27)
- 12+m—21(t) —oX({t)=0
SO0 )
From the third equation of system (27), we isolate X as;
- &
From the fourth equation of system (28), we obtain W *as;
wr = 62+1*(7;'(¢S$221-:62m2) (29)
By substituting (29) in to the second equation of system (27), we obtained;
G — (p+g)az+<p+g)(:65126+202m2+n62m1)1*_ (30)
Hence, we summarize X*, W*, §* as
* _ m(1+myI™)
o+I*(8§,+omy)’
= 02+1*(7:r(¢s$221+02m2)' Gl
o — (p+9)%+(p+9) (68, +0%my+nsmy )1
1816,
And I” is the positive root of the following equation
H(I*) = b,I*? + byI* + by =0 (32)

With



b2 = —T‘(O‘52 + O-2m2 + 7T52m1)[(p + g)(0'52 + O-Zmz + 7'[621711) + 7T6162],

bl == —TO‘Z [2(p + g)(0'52 + O-Zmz + 7T52m1) + 7T6162] + 7'[6162[([(7‘ - g)(0'52 + O-zmz +

nd,my) — 16, 6,],
by = —1(p + g)a*[1 — Ry?].
3.8. Local Stability of the Endemic Equilibrium Point

This section explores the local stability of the endemic equilibrium point E*. We can see from
(4.39) that the endemic equilibrium point has long expressions and the standard linearization
method which consist of finding the eigenvalues of the Jacobian matrix around the endemic
equilibrium point can be mathematically complicated. Hence, in order to investigate the local
asymptotic stability of the endemic equilibrium E*, we use the result based on the center
manifold theory described in Carlos and Baojun (2004) to investigate if the model system (4.1)
exhibits a forward or backward bifurcation when R, = 1. When the bifurcation is forward, it
implies that the endemic equilibrium point is locally asymptotically stable for Ry, > 1. This

result is reproduced here for convenience.
Theorem 5 Center manifold theory Carlos and Baojun (2004).

Proof: Consider the following general system of ordinary differential equations with a

parameter ¢.

2 = f(x,¢)f:R* xR > Rand f € C*(R*n X R). (33)

Without loss of generality, it is assumed that 0 is an equilibrium for system (33) for all values

of the parameter ¢, (thatis f (0; ¢) = 0). Assume

1. A= D,f(0,0)= (Z—Z (0, O)) is the linearized matrix of system (33) around the

equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A and all other
eigenvalues of A have negative real parts;
2. Matrix A has a non-negative right eigenvector w and a left eigenvector v corresponding

to the zero eigenvalue. Let f;, be the k* component of f and



@ = T jor Wi 52 (0.0) (34)

The local dynamics of the system (33) around the equilibrium point 0 are totally determined by
the signs of a and b.

1. a > 0,b > 0when¢ < 0 with |¢p| < 1, 0 is locally asymptotically stable, and
there exists a positive unstable equilibrium, when 0 < ¢ <« 1, 0 is unstable and
there exists a negative and locally asymptotically stable equilibrium.

il. a < 0,b <0, when ¢ < 0 with |¢p| < 1, 0 is unstable; when 0 < ¢ K 1,
asymptotically stable, and there exits a positive unstable equilibrium.

1ii. a > 0,b < 0,when¢p < 0with || « 1,0 isunstable; and there exists a locally
asymptotically stable negative equilibrium, when 0 < ¢ « 1, 0 is stable and a
positive equilibrium appears.

iv. a < 0,b > 0, when ¢ < 0 changes from negative to positive, 0 changes its
stability from stable to unstable. Corresponding to a negative unstable equilibrium

becomes positive and locally asymptotically stable.

Particularly, if a < 0 and b > 0, then the bifurcation is forward; ifa > 0and b > 0, then

the bifurcation is backward.
To apply the above theorem, we make the following simplification and change of variables in

the system (4.1). LetS =y,,I =y,,X =y;, W =y,. Further by introducing the vector

notationy = (V1,¥2, V3, Va)", system (4.1) has the fom%:p(y), where F =
(fu fu, f1, f1)7, as follows

( dyr _ _ ( J/1+3’2) 81Y1Y4
—=fi=ry;|1— — —
at fi V1 X 1+m.ys 91
dy, _ 61Y1Ya
== = pY2— 92
< dt 14+mqy, (36)
%:f e 8223 G
dt 3 1+m2y2 y3
dy, __ 60y3
= =fa= T — 0y,

\ dt 1+myy,



The above theorem is used to determine whether the model (2.1) exhibits a forward or backward
bifurcation at R, = 1. We set the transmission rate d1 as the bifurcation parameter. Solving for
o1 the equation Ry = 1 gives §; = &5 as follows

_ ox _ 1d%(p+g)
61= 01 = 8,mK(r—g) (7

Linearization of the system (37) at the disease free equilibrium point E, = (K(T_g),O,E 0)

r o’

with 8, = &7 is

—(r—g) -Gr—g) 0 —8k(Z2]
0 —(p+g) O 8.k (=2
J(Eo) = o (%) (38)
0 -2 0 0
0 G2 0 —

g

The above matrix J(E,) has a simple zero eigenvalue. Moreover, let v = (v, V5,3, ,)7 be
the right eigenvector of (38) associated with the simple zero eigenvalue. Then v is obtained by

solving J(Ey,)v = 0. Thatis

(v, (r = g) = va(r — g) —vaSik (52) = 0
< —v(p + g) — v40:k (%) =0

(39)
—1, 2 —py0 =0
6277,'
L vZ T - 1)40' - 0
Solving (39) by direct calculation, we get:
v = (- o) Vz'vz'—az_nvz'%_:vzf (40)

r—g o2

where v, = v, > 0. Next, let z = (24,2, 23, z,) be the left eigenvector of (40) associated
with the simple zero eigenvalue. It satisfies z.v = 1 and the matrix J(EQ) should be transposed

so that JT(E0) z = 0. That is



—z1(r—9g)=0
—z;(r — )—Zz(P+g)—Zs_+ Zy

6277:

=0

—z30 =0 (41)
a?(p+g) a?(p+g)\ _
_Zl( 8, )+ZZ( 8T )_0
Solving (41), the left eigenvector that satisfies z.v = 1 is given by
= (02,0, 782 2,) “2)
) 2; ) 6 - 2
Equation z.v = 1 results in z,v, + z,v, = 1. That is
(p g) _
ZoVUpy +—— 7,0, = 1 (43)

Assume v2 = o, we get z2 = ! s and then, the right and left eigenvectors turn out to

be:

v = (2L, G o) (Lo _o0to ' (44)

r-g '’ o’ o "o+p+g’ ' Sm(oc+p+g)

Based on the above theorem, we have to compute a and b where
a=Ykij=1 Zkvlv] 3y a = (Eo,67) and b = X% i1 23V 5 — - 3y a(s* (Eo, 61)

Computation of a: we will only consider when k = 2andk = 4 sincez; =z3 =0 fork =
1,..,4. That is the functions

f — 81Y1Y4
2 1+m1y4

— Yy — GYas fo = 20 _ gy, (45)

1+myy,

will be used to determine a. The associated non-zero partial derivatives of f, and f, evaluated

at (E,, 67) which we need to compute a are given by



2(p+g)
(0’ 51 = ro"ip+g)

(0' 1)_8 40y

ay ay 8,nK(r+g)
92 f -2myo (p+g)
- (EOI 61) (SZT:K(T‘-FQ) 46
0y? o1 o '’
62f4 * a f4— * _
6y26y3 (E0'61) - ay ay (E0ﬁ61) - 62'
Furthermore,
0%f, K(r-g)
% a} (Eo, 61) = — (47)

and all the other second order partial derivatives are zero. Substituting the eigenvectors (43)

and the above partial derivatives into a and b, we then have
0°f, * 0°f; * 0%,
a= 222171”4?6;(5'0; 81) + zv8 WZZ(EO’ 81) + 243 ay2 — (Eo, 67) +

02f,
22,V,v5 372075 (Eo, 67),

B op+g) \[réam(r+p) | my3m? 2
a= (62n(c+p+g)) [ K —9)? + m,8,mo + 62n] < 0.
(4.55)
And
92f, 8,mK(r-g)
b =z, 5 25 (Bo, 67) = - 220 (48)

Therefore, a < 0 and b > 0 at bifurcation parameter §; = ;. This scenario indicates that the
I'YSD model exhibits a forward bifurcation at R, = 1. Its biological meaning is that as long
as Ry < 1, the IYSD can be eliminated from the onion plants population. Hence the unique
endemic equilibrium point E* = (S*,I", X", W™) is locally asymptotically stable

whenever Ry > 1.
3.9. Global Stability Analysis of Endemic Equilibrium point

In this subsection we investigated the global stability of the five equilibria points. It is analyzed

by constructing proper lyapunov function as described by somewhere else (Martcheva, 2015).



Theorem 6 The endemic equilibrium E*, of the model (1) is globally stable if R; > 1, and
condition (60) and (61) is hold.

Proof: To prove this theorem, we construct the following Lyapunov function for the equilibrium

point E* .
LS I, X" W) = 8, £,07) (S =5 = 5 In (7)) + 82X £,0) (1= 1 = 1 In ()

+8,S f, (W) (X —X*—X*In (Xﬁ)) + 8,5 fL(W™) (W —W*—=W*In (Wﬁ)) (49)

Where f;(W*) = = for convenience. Hence L is C; on the interior

|
—and £,(1") = ——
of Q, E* is the global maximum of L on Q, and we then have L(S*,I*, X", W*) = 0. Then by
apply derivative to both side of equation (4.57)with respect to t gives

SO (1-D)%+ (1-9)% (1) (- D2 a0

By substituting system equation of (1) to equation (50) we obtain

L) _ (1 3 s?) [rS(t) (1 3 S(t)+I(t)) _aiS(OW() S(t)] ( ) [615(t)W(t) DI(E) —

dt K 1+m1W(t) 1+m1W(t)

gl®]+(1-2)[r - L0 _ox ()] + (1 -2) [0 _ s (o)) (51)

1+m21(t) 1+m21(t)

LetrS(l ”")) S.SF(W™) + gS, 8,5 LIW*) = (p+ QI" =0, m = 8&,X*f,I") +

oX* and 6, X" f,(I") — W™ = 0 then equation (51) becomes

dL(t)

EO = (1-3) 8:SAW") = 6T + (1= 2) [8,SAW) = 6,5 W] + (1 -

D+ =+ 11+ (1-3) X 0~ X0 + (1-7) [0X* —oX] +

(1-30) [8:X£,(D) = 6:X"£,U] + (1= 52) [oW* — W] (52)

By direct calculation from equation(52), we obtain



TR=as AW (1-%) [ - 22us] + as AW (1-5) [Ras 1] + (o +
I (1-7) [ -1] + sax 0 (1) [t - 32| +oxs (1) 1 -7+
52 0 (1) 22 ] o (1) o

This implies that

dL(t) _ SAw) SfLw) SAW) _w
LO = 5,5 W) [2 - LW g 4 DU g 5o, ()[R0 g - AW

e oot soho - 2L ] ror 52
b 1 - S v -]

After collecting like terms and rearranging from (53), we obtain

dL(t) SAW)  SI'AW) S'IAWY)  STIAWY)
=68 AW )[ 2+ S HEW?  Sf(Wr) SI*f; (W) sz*fl(w)]

D X XW RO WHUD  WHUY ey L _ 1"
62X o) f(r)_Y_x sz(1)+ +sz(1) w*fz(z)] Tt gl [2 r 1] *
ox [2-Z—Z|+ow [2- 2 - 2] (54)

From equations (54) after making some simplification and arrangement, we obtain

dL(t) — * * i Sfl(W) L S Ifl(W ) _ * * _ Sl*fl(W) _
S =85S hW )[S* L+ L+ DAY a4 st ) [2 - AT
S (WD) LO sz(I ) sy [2 X XWHRWD)
WfZ(I) * _ - * a4 4 * w
*fm]+( + )l [2 ]+ X[z Z+ow[2-2 -] (55)
From equation (55) by arithmetic geometric inequality we have.
srraw)  STIA(WT)
— — <
S TAHW) Sl*fl(W)] =0, (56)
X' xwrhR(I)  WhHREY
- — <
X " xwhe  wno) = (57)
[ I I
2-r 7l =0 (58)




-2 -Z]<o. (59)

W ow*
And if
S 5f1(W) S*If1(W™)
E+2 s +L S0 s 4| <o, (60)
f2U) wHU")
<
[fz(l D) + i W £, (D) 3] = 0. (61)
(t) dL(t) : . .
Hence, by (56) — (61) we have that < Oand =0 if and only ifS = S§*,I =

I')X = X", and W = W™. Thus, the largest compact invariant set in{(S*,I*, X" \W*) e

Q: d;—(tt) = 0} is the singleton E*. By LaSalle’s invariant principle, it follows that the endemic

equilibrium point E™ is globally asymptotically stable (GAS) in the domain ().
3.10. Sensitivity Analysis and it’s interpretation

In this sub section, we preformed the sensitivity analysis of basic reproduction number in order
to determine the effect parameter on the disease transmission and controls. Thus to obtain

sensitivity analysis of the basic reproduction number of model Ry, we used the formula given

below:
Ro _ Niy ORo
B = my ony (62)
. . . 616K (r—g) _ |61K(r—g) _ [82m
with N; is the parameter in R, where, Ry = Trorrg - Ron = [T 0y and Ry, = >

_ 61 8§16,mK(r—g)\ _ & 8,nK(r—g)
For N; = 6y, then Pﬁ - X LT (\I ro2(p+g) > "~ 2R2 ( ro2(p+g) )

816,mK(r-g) ra’(p+g) 1 >0
ro2(pt+g) = 8:18mK(r—-g) 2~

(73 i) 816, K(r—g)\ _ & 51K (r—g)
For N; = &, then PB - X 96, (\} ro2(p+g) > T 2R2 ( ro2(p+g) )

816,mK(r-g) ra’(p+g) _ 1
ro2(ptg) ~ 6:18,mK(r—g) 2

1
=-X
2

> 0.

1
==X
2



_ _m ., 0 ( [616mK(r—g)\ _ m (8:6;K(r—g)
For N; = m, then Pp = Ro X on (\’ ra2(p+g) ) " 2R2 ( ra2(p+g) )

816,mK(r-g) ro?(p+g) _ 1 >0
ra2(p+g)  618,mK(r-g) 2 '

_ _k 0 ’5152”1((7”—.9) _ K (616;n(r-g)
For Ni =K, then PB - Ro X BK( ro2(p+g) ) - 2R3 ( ro2(p+g) )

818,mK(r—g) ro?(p+g) _ 1 >0
ro2(p+g) = 6:18,mK(r-g) 2 '

_ _r 0 §16,mK(r—g)\ _ r 0 616,tK(r—g)
For Ni =, then PB " Ry X ar (\' ro?(p+g) ) - 2R3 X ar( ra?(p+g) )

r (51527TK902(P+9)) g
r2g*(p+g)?

1
=-X
2

1
=-X
2

"~ 2RZ

T 2(r-g)

L _9 .0 ’515an(r—g) _ 9 i(w)
For Nl =g, then PB = Rq X ag( ro2(p+g) ) - 2RZ X dg \ ra2(p+g)

-9 (51527TK(T+P)) _ —g(r+p)
rao2(p+g)? 2(p+g)

L _ o i 8§16,mK(r—g)\ _ o i(&lﬁznk’(r—g)
For Nl = 0, then Pﬁ " Ro X do (\' ra?(p+g) > - 2R3 X do \ ra2(p+g) )

"~ 2RZ

-1 8§16,mK(r—g)

= 2R3 ro2(p+g) —-1<0.
L _ P i 616,mK(r—g) _ P i(c‘ilc‘ian(r—g))
For N = p, then Py = Ry " o (\} ra2(p+g) ) 2R} X395 Trot(prg)
_ P 816,K(r—g)ro? ___~"p
2R? r20%(p+g)>2 2(p+9) .

Hence, we summarized parameters, symbols and sensitivity indices, and it is value in the R,

(Table 1).

Table 1. Sensitivity indices of integer order model.



Parameter Description Indices Value

sensitivity

61 Transmission rate from infected +ve 0.5
thrips to healthy onion plants

6, Transmission rate from infected +ve 0.5
onion plants to healthy thrips

4 Birth or immigration rate of +wve 0.5
thrips vectors

K Carrying capacity onion farm +ve 0.5

r Intrinsic growth rate of onion +wve 0.0102
plants

g Harvest rate of onion plants —ve —0.02239

o Natural death rate for thrips —ve -1
vectors

p Death rate of onion plants due to —wve —0.4878
[YSD disease

In general, the above sensitivity index is interpreted as follows: Parameters with
positive indices have a greater impact on the leading to an increase of the spread of IYSD in
the farm because their values increase when other parameters are kept constant. A parameter
with a negative index has a greater impact on the reduction of IYSD in the farm when its value

increases while another parameter is kept constant.
4. OPTIMAL CONTROL

In Section 4 we presented a mathematical model for malaria transmission dynamics and studied
both mathematically and epidemiological well posedness without giving intention mechanism.

Detail intervention strategies are done in this sections where, we introduced controls that



minimize [YSV disease transmission. After we present the optimal control formulation, we

study the transmission dynamics through numerical.
4.1. Extension of the model into an optimal control

Now we introduced the time-dependent controls in the model (1) for the aim of controlling
IYSV disease and study the strategies that control IYSV disease transmission. We applied
optimal control strategies on the model (1) to identify the best intervention strategies that help

to eradicate the disease in the specified time.

The optimal control model is an extension I'YSV disease model by including the following three

controls defined as:

i)  The control u; represents Prevention strategies, which protect susceptible from
contacting the disease.
i1)  The control u, represents Quarantine strategy, which minimize the expansion of the Iris
Yellow Spot Disease (IYSD) disease in the field by uprooting infectious onion and
burning it.
i11)  The control uz represents Chemical control, which protect and minimizes the invasion

of Iris Yellow Spot Disease (IYSD) of onion plants.

After incorporating, u4,u,, and uz in the model (1), we obtain the following optimal control

model:
dS(t) S(O+I(t 815(OW (D)
(T =S (1-572) - (1 —u) 2250 — gS(0)
di(t 51SOW(t)
%= (1 —u) 2200 = (e + p + IO
g(x,u,t) = 9 ax(t) 62X(t)1(t) (63)
o —(I-u)—= ol — (uz + o)X (t)
aw(t) _ 62X(t)1(t)
= U —w) T ——= s — (uz + 0)W(t)

The purpose of introducing controls in the model is to find the optimal level of the intervention
strategy preferred to minimize the spread of infection and cost of implementation of the control.
The control variables uq, u, and u; are minimized subject to the differential equation (63) and

formulate the objective functional as



T
1
](ul, uZ, U,3) = min f <A1[ + A2W + E (Blu% + Bzug + B3u§)> dt (64‘)

Uq,Uz,u3
0

Subjected to g(x, u, t).

Where T represents the final time of control implementation, and quantities A; and A, are
weights constants or balance factors of the infected onion plants population and infected thrips
vectors population respectively, while By, B,, and B3 are weight constants used for Prevention
strategies, Quarantine strategy, and Chemical control (u; for i = 1,2,3). We further assume
that, due to technical reasons, the cost of controls u; for i = 1,2,3 is non linear and quadratic
as seen in the cost function (64) and Biuiz fori = 1,2,3 represents the cost of

controls u; fori = 1,2,3.

The main goal is to achieve the best control uj, u;,and uz so that
](ul'uZ' u3) = m[}ﬂ](u;, u;; u;); (65)

where,

U = {(uq,u,, u3)|u; is measureableon [0,T],0 < u; < 1,i = 1,2,3}.
4.2. Hamiltonian and Uniqueness of the Optimality System

In this subsection, we examine conditions that can assure the Hamiltonian and Uniqueness of a

solution to the optimal control problem (63).
4.2.1. Hamiltonian and optimality system

According to the Pontryagin’s maximum principle, if u*(-) € U is optimal for problem (65)
with fixed final time T, then there exists a non-trivial absolutely continuous mapping

1[0, T] > R*, A= ()ll(t) , A, (1), A3(t) ,14(t)) called the adjoint vector, such that:
1. the Hamiltonian function is defined as

H(S,LX,W,t) = RU,W, 1y, 5 us, t) + 1 5+ Dy o+ A ot 14 2 (66)



Where R(I, W, uq,uy, us, t) = Al + A,W + % (Biu? + Bué + Bju?), A;,i = 1,2,3,4 are the

adjoint variable functions to be obtained properly by applying Pontryagin’s maximal principle
(Pontryagin et al., 1992) and also using (Pontryagin et al., 1992) for the existence of the optimal

control pairs.

2. the control system

L. T SR TR
EY a2, 93 YR
3. The adjoint system
P VR S Vs S VA i3
L™ 95?727 91?73 T x0T

ow

4. and the optimality condition

H(x*u*A") = Hglrll H(x,u,A) holds for almostallt € [0, T].
u

5. Moreover, the transversality condition
Ai(T)=0, i=1,..,4 alsoholds true.

Theorem 4.1: The optimal control problem (5.3) with fixed final time T admits a unique
optimal solution x* = (§*,I*, X*,W") associated with an optimal control u* = (uj, u3, u3) for

all t € [0, T]. Moreover, there exist adjoint function 4;, i = 1,2, ..., 4 such that

da dH 25+1 sw
(Lo B (1——)+(1—u1) L (U — 22) + ag
da dH
e R (u2+p+g)+(1—uz)(1+m”2(3 A4)
\ az dH (67)
d—:= ix =1 -uyp) 1+m21(l3—l4)—(u3+0')/13
da dH 525
kd_t4 = _W = —A2 + (1 —ul)m(h _lz) + (u3 +0—)/14
with transversality conditions
A(T)=0, i=1,..,4 (68)

Furthermore, we obtain the control set u* = (uj, u;, u3) characterized by



uj (t) = max{0, min(1, ®,)},
u;(t) = max{0, min(1, ®,)},
uz(t) = max{0, min(1, ®3)}

Where,

51SW ,
Bl(l+m1W)

= A1),

1=

_ 52XI(A4 - 13) + 121(1 + mzl)
2 B,(1 + my)

C AaX A AW

Proof: The adjoint equation and transversality conditions are standard results obtained from
Pontryagin’s maximum principle (Pontryagin et al., 1992). We differentiate Hamiltonian in
Equation (66) with respect to states S, I, X and W respectively, and then the adjoint system can

be written as:

e e (- B+ - u) 22 (- 1)) + g

dt ds

da dH A4S

d_:=—E=—A1+ 1r+/’12(uz+p+g)+(1 uz)m(3_/14)
di dH 6,1

d_t3=_dX 1- 2) - (/13_/14)—(113"‘0)/13

dA dH 8528
d—::—ﬁz—AZ+(1—u1)m(ﬂ1—ﬂz)+(u3+0)ﬂ4

And also for characterization of the optimal control we used the following partial differential

equation:

oH .
= 0 atu; = ujwherei = 1;2;3.
i

. OH _ .
Fori = 1au1—0atul—u1

515W
- =
U = By (1+myW) (12 = 4)



. OH
Fori = 2—=0atu, =u;
auz

8,XI
B, (1+m21)

Al

ﬁu; = _—
B3

(As = 43) +

Fori = 3 oH

— =0atus; = us
915 3 3

A3 X +A, W
* __ ‘'3 4
T T

When we write by using standard control arguments involving the bounds on the controls, we

conclude:

®,if0< P, <1
w, =10,if &, <0
1Lif d, >1

?,,if0<P, <1

lLif o, >1

@3,if 0<P3< 1
u; =40,if 23 <0

Lifd;>1
Since 0 < u; < 1, we can wrote in a compact notation:
u; = max{0, min(1, ®,)},

u; = max{0, min(1, ®,)},

u; = max{0, min(1, ®3)}

Where,
4 _
ch - Bl(1+m1W) (2'2 /11)’
©. — 6, X1 =19 + A1
27 B,(1+m,D)* ' B,



AsX+AaW

b, =
3 B3

The optimality system is formed from the optimal control system (the state system) and the
adjoint variable system by incorporating the characterized control set and initial and transversal

condition

das(t SO+t 81S(OW(t
(5050 (1 22) -y s
ai(t 51S(W(t)
%= a —u1)11+m—w(t)— (uy +p + @I)
ax(t 8, X()I(¢)
== (L= u) 2508 — (us + )X (D)
PO = (1-up) 200 4y + W (1)
] 1+m,I(¢) 69)
dd_)Ltl = -7 (1 - ﬂ) + (- u1) 81W @1 A2) + Mg
L2 = A+ 2w + 1- 2
- Tt 2(Uz P+g)+( )(1+ 1)2(3 4)
dA
d—;:(l— —A) — (uz + 0)13
dA 8,5
L d—: =-A,+(1 - u1)m(l1 —A2) + (uz + o)y

A4() =0, i=1,..,4,500) =S, I(0) =1,X(0) =X, W) =W,.
4.2.2. Uniqueness of the Optimality System

Since the state and adjoint variables are bounded and also the obtained ordinary differential
equations have Lipschitz in their structure, it is possible to show the uniqueness, hence the

following theorem.
Theorem 4.2 For t € [0, T]; the bounded solutions to the optimality system are unique.
Proof: See (Fister et al., 1998) for the proof of this theorem.

5. NUMERICAL ANALYSIS

This section present and discusses numerical results for the system (1) and (63) for different
values of parameters given in the model. The simulation process is carried out using MATLAB
software. We performed numerical simulations of our proposed model (1) and the optimal

control problem (63) to support some of the analytical results. The parameter values used in the



numerical simulation were obtained from the different literatures (Table 2), but we estimated
the few from data found in (Birithia et al., 2011) and (Munk., 2009) to draw realistic scenarios.

Particularly, since the average life span of thrips vectors is 14-30 days (Birithia et al., 2011), it

follows that it natural mortality rate is 0 = ﬁ = 0.045 day~!. Moreover, mature onion

2

plants could be ready for harvest at about 80 to 120 days (Munk., 2009), meaning that the

harvest rate can be estimated as g = m = 0.01 day~!. Additionally, we used the initial

2

values of the model are set as: S (0) = 600,/(0) = 150,X(0) = 200,W(0) = 15. We
choose the following set as weight factors: A; = 80,4, = 60,4; = 60,4, = 100,B; =

60, B, = 100 and B; = 80 to perform numerical stimulations.

Table 2: Parameter values for the model (1).

Parameter Description Value Reference
6, Transmission  rate  from 0.05 vector *day~' MIJ Jeger et al.
infected thrips to healthy onion (2015)
plants
6, Transmission  rate  from 0.05 plant~*day™!  MJ Jeger et al.
infected onion plants to (2015)
healthy thrips
T Birth or immigration rate of 0.003 day™! Patiene et al.
thrips vectors (2022)
K Carrying capacity onion farm 4000 Assumed
r Intrinsic growth rate of onion 0.5 day ™! Patiene ef al
plants (2022)
g Harvest rate of onion plants 0.01 day™? Estimated
o Natural death rate for thrips 0.045 day™? Estimated
vectors
P Death rate of onion plants due 0.4 day™! Assumed
to I'YSD disease
my Saturation rate of healthy 0.01 Patiene et al.
onion plants due to infected (2022)
thrips




m, Saturation rate of healthy 0.02 Patiene et al.
thrips due to infected onion (2022)
plants

To determine the impact of each controls on the reduction of IYSD of onion plant, we used the
following three strategies with different combination of two controls at a time and three controls

at a time.

Strategy A (Prevention and quarantine)
Strategy B (Prevention and chemical control)
Strategy C (Quarantine and chemical control)

Strategy D (All the three control strategies)
Strategy A: Applying the treatment of Prevention u; and quarantine u,.

Under this strategy, we used control prevention and quarantine to minimize the objective
function without chemical control and Figure 4, shows that due to the control strategies there
was a significant decrease in the number of infected onion plants and increase infected thrips

vectors when compared to with no control.
Strategy B: Applying the treatment of Prevention u, and chemical control u;.

In utilizing the strategies, prevention and chemical while setting quarantine strategy zero, we
observed from the Figure S, that there was a significant drop in the number infected thrips
vectors when there was control compared to that without control, but there was no change in

the infected onion plants.
Strategy C: Applying the treatment of quarantine u, and chemical control u;.

Under this strategy, we simulated the model using quarantine control and chemical control
optimize the objective function while prevention control was set to zero. In Figure 6, it is
observed that there is a significant drop in the number of infected onion plants and infected

thrips vectors when there is control compared to the situation when there is no control.
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Figure 1: Simulations of the IYSD disease model with prevention and quarantine controls.
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Figure 2: Simulations of the IYSD disease model with Prevention and chemical controls.
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Figure 3: Simulations of the IYSD disease model with quarantine and chemical controls.
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We simulated the model using of all strategies, namely, prevention control u1, the quarantine
control and chemical control was to optimize the objective function. The simulation results in
the Figure 7, showed that there was a significant drop in the number of infected onion plants
and increase infected thrips vectors when there is control compared to the situation without

control.

From all the above the strategies A to D, we conclude that the strategy C (combination of
quarantine u, and chemical control us) is the best strategy to minimize the number of infected

onion plants and infected thrips vectors in the IYSD.
6. CONCLUSION

In this study, we have formulated and analyzed a mathematical eco-epidemiological model
describing the transmission dynamics of Iris Yellow Spot Virus (IYSV) disease in onion plants
with nonlinear saturated incidence of Holling type II form and logistic growth to add some
realism. We computed the threshold quantity R, which led to the following findings: the
disease-free equilibrium Ej, is locally asymptotically stable if Ry < 1, as confirmed by the
Routh-Hurwitz criterion, and the endemic equilibrium E™* is globally asymptotically stable if
Ry > 1, as confirmed by Lyapunov’s method and LaSalle’s invariance principle. Further, we
applied the center manifold theory to establish that the model undergoes the forward bifurcation
at Ry = 1. From the basic model, an optimal control problem is formulated by incorporating
three control variables; Prevention, treatment and screening. The Hamiltonian, adjoint
variables, characterization of the controls and the optimality system are derived from the
optimal control problem and also numerically simulated by considering combination of two
control at a time and by applying all the three control variables. The numerical results indicate
that the strategy C controls (combination of quarantine u, and chemical control us) is the best
strategy to minimize the number of infected onion plants and infected thrips vectors in the ['YSD

population.
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