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Singularity of Navier Stokes Equation 3D in Trading Devil RL

Orson Mengara1

1 INRS–EMT, University of Québec, Montréal, QC, Canada.
{orson.mengara@inrs.ca}

This article complements the article [1] on FinanceLLMsBackRL.
In this supplement, we focus on a particular aspect of the singularity
(Figure 6) of the 3D Navier–Stokes equation as applied to the
FinanceLLMsBackRL method. We seek to understand how the 3D
Navier–Stokes singularity approach governs the overall configuration
of the methods developed in the article [1] on FinanceLLMsBackRL.

Index Terms—Navier-Stokes equations, LLM , Bayesian approach,
Optimization, Adversarial machine learning, Poisoning attacks,
Stock exchange, Derivative instruments, Reinforcement Learning,
Singularity.

I. Introduction

The existence and smoothness problem for Navier–Stokes
equations 3D is concerned with the mathematical features of
their solutions. The Navier–Stokes equations are a set of partial
differential equations. Let v(x, t) be a 3-dimensional vector field,
the velocity of the fluid, and let p(x, t) be the pressure of the
fluid.

∂v

∂t
+ (v · ∇)v = −

1
ρ
∇p + ν∆v + f(x, t).

With ν > 0 kinematic viscosity, f(x, t) external volumetric force,
∇ gradient operator and ∆ Laplacian operator.

v(x, t) = (v1(x, t), v2(x, t), v3(x, t)) , f(x, t) =
(

f1(x, t), f2(x, t), f3(x, t)
)
.

∂vi

∂t
+

3∑

j=1

∂vi

∂x j
v j = −

1
ρ

∂p

∂xi
+ ν

3∑

j=1

∂2vi

∂x2
j

+ fi(x, t).

In this work (Figure 6), we introduce the singularity1 [2],
[3] of the Navier–Stokes equation 3D (see Figure 3), combining
a classification using data–poisoned neural networks with Finan-
ceLLMsBackRL via deep learning models (a.k.a. Transformers 2)).
This approach allows us to study the singularities of the 2D
IPM (Incompressible Porous Media), 3D Euler equations, and
2D Boussinesq equations.

Figure 1. Euler integrator.

1Clay Mathematics Institute: Vladimir Šverak
2Transformers (Hugging Face)

A. Navier–Stokes existence and smoothness.

The Euler (Figure 1) and Navier-Stokes equations [4], [5], [6],
[7] [8], [9] [10], [11], [12], [13], [14], [15], [16] describe the motion
of a fluid in Rn (n = 2 or 3). These equations [17], [18], [19] are
solved for an unknown velocity vector u(x, t) = (ui(x, t))1≤i≤n ∈ R

n

and pressure p(x, t) ∈ R, defined for position x ∈ Rn and time
t ≥ 0, to incompressible [20] fluids filling all of Rn. The Navier-
Stokes equations are then given by,

∂

∂t
ui +

n∑

j=1

u j
∂ui

∂x j
= ν∆ui −

∂p

∂xi
+ fi(x, t) (x ∈ Rn, t ≥ 0) ,

div u =
n∑

i=1

∂ui

∂xi
= 0 (x ∈ Rn, t ≥ 0)

u(x, 0) = u◦(x) (x ∈ Rn)

Where, u◦(x) is a given, C∞ divergence-free vector field on
Rn, fi(x, t) are the components of a given, externally applied
force, ν is a positive coefficient (the viscosity), and ∆ =

∑n
i=1

∂2

∂x2
i

is the Laplacian in the space variables.

∣
∣
∣∂Γxu◦(x)

∣
∣
∣ ≤ CΓK(1 + |x|)−K on Rn, for any Γ and K

∣
∣
∣∂Γx∂

η
t f (x, t)

∣
∣
∣ ≤ CaηK(1+ |x|+ t)−K on Rn× [0,∞), for any Γ, η,K.

p, u ∈ C∞ (Rn × [0,∞))

∫

Rn
|u(x, t)|2dx < C for all t ≥ 0

u◦
(

x + e j

)

= u◦(x), f
(

x + e j, t
)

= f (x, t) for 1 ≤ j ≤ n
∣
∣
∣∂Γx∂

η
t f (x, t)

∣
∣
∣ ≤ CaηK(1 + |t|)−K on R3 × [0,∞), for any Γ, η,K.

u(x, t) = u
(

x + e j, t
)

on R3 × [0,∞) for 1 ≤ j ≤ n

p, u ∈ C∞ (Rn × [0,∞))

p
(

x + e j, t
)

= p(x, t) ,

−

"

R3×R

u ·
∂θ

∂t
dx dt −

∑

i j

"

R3×R

uiu j
∂θi

∂x j
dx dt

= ν

"

R3×R

u · ∆θ dx dt +

"

R3×R

f · θ dx dt +

"

R3×R

p · (divθ)dx dt

• Bootstrapping / linear estimates,

∥
∥
∥∇ku

∥
∥
∥

L∞
≤ Ck

(
∥u∥L∞

v

)k

∥u∥L∞

https://www.youtube.com/watch?v=BaDxv5Z4LkU
https://huggingface.co/docs/transformers/index
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• Energy estimate,

∫

1
2
|u (x, t2)|2 dx +

∫ t2

t1

∫

v|∇u|2dxdt =

∫

1
2
|u (x, t1)|2 dx

• Scaling symmetry,

u(x, t)→ λu
(

λx, λ2t
)

Finally, the theoretical concepts of the existence and regularity
problem of the Navier-Stokes equations 3D [21] are applied to
FinanceLLMsBackRL approach [1].

II. Experimental results

A. Datasets Descritpion.

We use the TIMIT corpus3 of read speech, which is designed to
provide speech data for phonetic and acoustic research, as well
as the creation and assessment of automatic speech recognition
systems. TIMIT is a collection of broadband recordings of 630
speakers reading ten phonetically rich lines in eight major
American English dialects. Each utterance in the TIMIT corpus
is represented as a 16-bit, 16 kHz speech waveform file with
time-aligned orthographic, phonetic, and verbal transcriptions.
Audio tracks from several datasets were pre–processed using
Librosa 4, a tool for extracting spectrogram characteristics from
audio files. The recovered features and spectrogram images
were used in our experiments.

B. Victim models.

Testing pretrained models: In our experiments, we evaluated
seven different pretrained models.5) proposed in the literature
for speech recognition. In particular, we used a Whisper
(OpenAI) described in [22], an facebook/w2v-bert-2.0 (Facebook)
described in [23], llama-omni described in [24], an wav2vec 2.0
described in [25], an Data2vec described in [26], an HuBERT
described in [27] and a Speech Encoder Decoder Models
described in [28]. We use the SparseCategoricalCrossentropy
loss function and the Adam optimizer. The learning rates for
all models are set to 0.1. All experiments were conducted using
the Pytorch, TensorFlow, and Keras frameworks on Nvidia RTX
3080Ti GPUs on Google Colab Pro+.

C. Evaluation Metrics.

To gauge how well backdoor attacks perform Figure 2 uses
two popular metrics: attack success rate (ASR) and benign
accuracy (BA) [29] [30]. Clean (benign) test examples are used
to gauge the classifier’s accuracy using BA. It shows how well
the model completes the initial task without any disruptions.
The effectiveness of the backdoor attack (Figure 2), or its ability
to make the model incorrectly categorize test instances that have
been tainted, is then measured by ASR. It shows the proportion
of poisoned samples that the poisoned classifier classifies as the
target label (in our case, ‘3’). In order to study the singularity
of the Navier–Stokes equations in 3D, we apply our method to
real data (TIMIT dataset, or etc..).

3documentation
4Librosa
5Transformers (Hugging Face)

Table I
Performance comparison of backdoored models.

Pretrained models Benign Accuracy Attack Success Rate

wav2vec 2.0 94.73% 100%

whisper (OpenAI) 95.03% 100%

HuBERT 95.21% 100%

facebook/w2v-bert-2.0(Facebook) 98.96% 100%

llama-omni 97.34% 100%

Speech Encoder Decoder 96.12% 100%

Data2vec 99.12% 100%

2 TIMIT dataset.

In our experiments, we used Transformers instead of the
PINNs6 (Physics–informed neural networks) model because
Transformers are complex and advanced.

Table I presents the different results obtained using our
backdoor attack approach (FinanceLLMsBackRL) on pre–trained
models (transformers7 available on Hugging Face). Finan-
ceLLMsBackRL is applied on different reinforcement learning
algorithms 8 9 in a complex reinforcement learning environment
to generate dynamic triggers in a multi–agent environment.

D. Characterizing the effectiveness of Singularity FinanceLLMs-
BackRL.

Figure 2. TIMIT: Singularity Backdoor attack (FinanceLLMsBackRL) by
bayesian optimization RL. Table I).

III. FinanceLLMsBackRL: Singularity of the Navier-Stokes
Equations 3D

∂u
∂t
+ (u · ∇)u = ν∇2u −

1
ρ
∇p +

(
fe
)
.

∇ · u = 0

u (x, t0) = u0

6PINNs
7Hugging Face Transformers
8RL Algorithms
9Gym: Spaces functions

https://www.kaggle.com/datasets/mfekadu/darpa-timit-acousticphonetic-continuous-speech
https://librosa.org/doc/latest/feature.html
https://huggingface.co/docs/transformers/index
https://en.wikipedia.org/wiki/Physics-informed_neural_networks
https://huggingface.co/docs/transformers/index
https://stable-baselines3.readthedocs.io/en/master/guide/algos.html
https://mgoulao.github.io/gym-docs/content/spaces/
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acceleration
of fluid
︷︸︸︷

∂u
∂t

+ (u · ∇)u
︸  ︷︷  ︸

advection

=

diffusion
︷︸︸︷

∇2u −
1
ρ

pressure
︷︸︸︷

∇p

︸                ︷︷                ︸

internal forces

+ difure gravity
︸              ︷︷              ︸

fe

external
(egrces

(egravity)

Navier–Stokes existence and smoothness Problem:
• limt→∞ u(x, t) = finite value → smooth ?
• limt→T u(x, t)→∞; (0 < T < ∞)→ singular ?

The Figure 3 is based on the assumptions noted by Google
DeepMind et al. [31]10, incorporating sophisticated (algorithm
1, algorithm 2, algorithm 3) structures into the FinanceLLMs-
BackRL simulation method in order to try to understand certain
specific aspects of the singularity of the Navier–Stokes equations
3D [32], as shown by the results displayed on the plots obtained
(the simulation code is available at IBM–ART 11). Technical
details are available on this GitHub repository.

IV. Singularity

For a singularity (Table II), the Enstrophy (E ), is the integral
of the square of the vorticity:

E(t) =
∫

Ω

|∇ × u|2dx

If E(t)→∞ as t→ T, you have found a singularity12.

∥ω(t)∥∞ ≈
C

(Tc − t)γ

Where: C is a normalization constant associated with the
beginning circumstances; γ scaling exponent; if γ ≥ 1, it meets
the BKM (Beale–Kato–Majda [44]) criterion for a true blow–up;
and Tc Critical time, if Tc stabilizes as the simulation goes on, is
an indication of a real singularity. δ(t) = δ0e−αt ; δ(t) ∼ (Tc − t)β.
When δ→ 0, “shocks” or singularities appear and the function is
no longer analytic “smooth”. According to Hausdorff dimension,
we then have, Qr = Br × Ir ⊂ R

3 ×R, where Br ⊂ R
3 is a ball of

radius r, and Ir ⊂ R is an interval of length r2. Given E ⊂ R3×R

and δ > 0,

PK,δ(E) = inf





∞∑

i=1

rK
i : Qr1 ,Qr2 , · · · cover E, and each ri < δ





PK(E) = lim
δ→0+
PK,δ(E).

1) Incompressible Porous Media (IPM)
Fluids passing through a porous space (such as water and

oil in rock) are described by the IPM (algorithm 1) equations.

∂tρ + u · ∇ρ = 0

u = −∇p + (0,−ρ)

∇ · u = 0

with density ρ, fluid velocity u and pressure gradients ∇p.

10Google DeepMind / Navier-Stokes equation 3D
11IBM–ART
12Blows–Up

Algorithm 1 2D IPM via RK4(5)
1: Initialize spectral grid Ω = [0, Lx] × [0, Lz] and density ρ0

using Fx (FFT) and Cz (DCT) operators.
2: Solve for pressure pn via ∆pn = ∂zρn , un = −∇pn + ρnêz in

spectral space.
3: Compute the non-linear transport term R(ρn) = −un · ∇ρn −

ν∇8ρn using 2/3-rule dealiasing .
4: Integrate ∂tρ = R(ρ) using RK4(5) scheme to find candidate

solution ρn+1 and local error δn.
5: Adapt time–step ∆t by ∥δn∥2 ≤ rtol · ∥ρn+1∥2+atol and update

diagnostics ∥∇ρ∥∞ and ∥ρ∥Hk .
6: Monitor blow–up: if ∥∇ρn∥∞ > ρcrit, apply self–similar

scaling ρ(x, t) ≈ (Tc − t)−αΦ
(

x−xc

(Tc−t)β

)

.

2) The Boussinesq Approximation

Algorithm 2 2D Boussinesq

1: Initialize ω, θ , T2 using S ∈ {S0,U1,U2,U3} and Fourier
space ω̂, θ̂.

2: Invert Poisson equation ψ̂k = |k|
−2ω̂k for k , 0 and compute

velocity field u = (∂zψ,−∂xψ) via iFFT.
3: Evaluate ∂tω = −u · ∇ω + ∂xθ − ν(−∆)4ω and ∂tθ = −u · ∇θ

with 2/3-rule dealiasing.
4: Integrate using RK4(5), adjusting ∆t, local error δ < rtol ·
|(ω, θ)| + atol.

5: Monitor BKM blow–up criterion by I(t) =
∫ t

0
∥ω(·, τ)∥L∞dτ

and tracking ∥ω∥Hk norms.
6: Activate if ∥ω∥L∞ > ωcrit, extracting scaling exponents (α, β)

and mapping Φ(ξ).

This model (Boussinesq algorithm 2) is used for flows that are
driven by buoyancy [12], such as cold water sinking or warm
air ascending.

∂tu + (u · ∇)u = −∇p + θêz

∇ · u = 0

∂tθ + u · ∇θ = 0

with, θ temperature (or density) variation. The term θêz is
the buoyancy force pushing the fluid up or down.

3) The 3D Euler Equations

Algorithm 3 3D Euler via BKM Tracking

1: Initialize velocity u ∈ T2 × [0, Lz] and spectral-finite-
difference D = {Fxy, δ

(4)
z } , w|z=0,Lz = 0.

2: Project solenoid space via Leray P = I − ∇∆−1∇· to ensure
∇ · u = 0.

3: Compute ∂tu = P [−(u · ∇)u] − ν(−∆)4u using 2/3-rule.
4: Integrate RK4(5) , modulating ∆t , ϵ ≤ rtol∥u∥ + atol.
5: Track BKM blow–up criterion B(t) =

∫ t

0
∥ω(·, τ)∥L∞dτ and

palinstrophy P = 1
2

∫

Ω
|∇ω|2dV.

6: Analyze singularity dynamics if ∥ω∥∞ > ωcrit by max |ω| ∼
(Tc − t)−γ and estimate the blow–up time Tc.

The Euler (algorithm 3) equations [45], [17], [46], [47], [48],
[49], [50], [51], [52] in 3D are written as:

∂tu + (u · ∇)u = −∇p

∇ · u = 0

https://www.quantamagazine.org/using-ai-mathematicians-find-hidden-glitches-in-fluid-equations-20260109/
https://github.com/Trusted-AI/adversarial-robustness-toolbox/pull/2467
https://www.quantamagazine.org/computer-helps-prove-long-sought-fluid-equation-singularity-20221116/
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Figure 3. Navier-Stokes Equation 3D: Singularity Dashboard.

Author(s) & Year Title (s) Insights Gained

T. Tao (2014) [14] Finite time blowup for an averaged three–dimensional
Navier-Stokes equation

The averaged and modified version of the three-dimensional
Navier–Stokes equations can diverge in a finite time.

Keith Moffatt & Yoshifumi
Kimura (2019) [33]

Towards a finite-time singularity of the Navier–Stokes
equations

When approaching a singularity, the reconnection of vortices
can prevent a true explosion in finite time.

Thomas Y. Hou (2023) [34] The potentially singular behavior of the 3D Navier–
Stokes equations

Navier–Stokes equations can develop a quasi–self–similar
singular scaling, with localized velocity norms.

Jiajie Chen & Thomas Y. Hou
(2025) [35]

Stable Nearly Self–Similar Blowup of the 2D Boussinesq
and 3D Euler Equations with Smooth Data

finite–time stable singularity in 3D Euler equations.

Blackwell, Lai et al. (Google
DeepMind). (2025) [31]

Discovery of Unstable Singularities Physics–informed neural networks (PINNs) used to identify
unstable singularities.

J. Nečas, M. Růžička, & V. Šverák
(1996) [36]

On Leray’s self-similar solutions of the Navier–Stokes
equations

Non-trivial Leray self-similar blow–up in L3(R3) .

L. Caffarelli, R. Kohn, & L. Niren-
berg (1982) [8]

Partial regularity of suitable weak solutions of the
Navier–Stokes equations

The singular set of any admissible weak solution has a
parabolic Hausdorff dimension.

V. Scheffer. (1976) [37] Partial regularity of solutions to the Navier–Stokes
equations

Partial regularity of weak solutions and measure geometry
theory.

J. Serrin. (1962) [38] On the interior regularity of weak solutions of the
Navier–Stokes equations

Any weak solution belonging to the Lebesgue space
Lp(0,T; Lq(Ω)) with 2/p + 3/q ≤ 1 is smooth.

E. Hopf. (1950) [39] Über die Anfangswertaufgabe für die hydrodynamischen
Grundgleichungen

The existence of weak Leray–Hopf solutions via a Galerkin
approximation scheme.

J. Leray. (1934) [40] Sur le mouvement d’un liquide visqueux emplissant
l’espace

Global existence of weak (Leray–Hopf) solutions to the
incompressible 3D Navier–Stokes equations .

F.-H. Lin. (1998) [5] A new proof of the Caffarelli–Kohn–Nirenberg theorem Proof of the CKN partial regularity theorem using an
explosion analysis approach.

T. Hou & R. Li. (2006) [41] Dynamic depletion of vortex stretching and non–blowup
of the 3D incompressible Euler equations

The geometric reduction of vortex stretching can prevent
the formation of singularities in 3D Euler flows.

T. M. Elgindi. (2021) [42] Finite–time singularity formation for C1,α solutions to
the incompressible Euler equations

A finite–time singularity from C1,α (mildly singular) initial
vorticity at a point.

T. Tao. (2019) [13] Searching for singularities in the Navier–Stokes equa-
tions

A review article.

G. Luo & T. Hou. (2014) [43] Potentially singular solutions of the 3D axisymmetric
Euler equations

Numerical proofs of finite–time explosion in 3D axisymmet-
ric Euler flows with boundary.

Table II
Summary of recent advances in 3D singularities for the Navier–Stokes equations.
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with, (∇×) of the velocity equation [50] to get the vorticity
[53] equation:

∂tω + (u · ∇)ω = (ω · ∇)u

Here, ω is the vorticity (the local spinning motion), (ω · ∇)u
is the vortex stretching term.

Theorem 1 (Beale–Kato–Majda [44]). There exists a global
solution u ∈ C ([0,∞]; Hs)∩C1

(

[0,∞]; Hs−1
)

of the Euler equations
for s ⩾ 3 if and only if, for every t > 0,

∫ t

0
∥ω(·, ξ)∥∞dξ < ∞.

V. Conclusion

Based on these additional results, we are able to visualize
(Figure 4) a certain behavior due to the singularity [54], [55], [42],
[56] of the Navier–Stokes equations 3D [57], [58], [5], [21] ap-
plied to the FinanceLLMsBackRL method (FinanceLLMsBackRL
(Figure 5) is totally detected at 100% by the method of the study
of dynamical systems developed in [1]). Finally, the detection
method developed in [1] can also be adapted with an AI agent13

[59], [60] (by alignment14 method [61], [62]).

Figure 4. Navier Stokes equation 3D velocity.

Figure 5. FinanceLLMsBackRL: Phase portrait.

Lyapunov–Based Stability of Controlled Navier–Stokes Equation 3D

V(u) = ∥u∥2
H1 =⇒

d
dt

V(u∗) ≤ −αV(u∗) + β∥a∥2.

13AI agent
14AI alignment

If the RL policy maintains ∥a∥2 ≤ α
2βV(u∗), the controlled system

is Lyapunov-stable [63]:

d
dt
∥u∥2

H1 ≤ −
α

2
∥u∥2

H1 =⇒ ∥u(t)∥H1 ≤ ∥u0∥H1 e−
α
4 t.
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Appendix

A. Formulation of 3D Navier-Stokes equations for singularity
search.

The simulation (Table III) of models studying the singularity
of the Navier–Stokes Equations 3D in FinanceLLMsBackRL
followed these conditions: The RL (Reinforcement Learning)
problem [20] is cast as a Markov Decision Process (S,A,P,R, γ):
State Space S,

st =

(

ût(k),E(t), ∥ω(t)∥L∗,
∫ t

0
∥ω∥L∗dr

)

.

Here, u4(k) a finite-dimensional truncation at wave number
|k| ≤ K. Action Space-A

at = δu0 ∈ H1
(

R3
)

, ∥δu0∥ ∥
r ≤ ϵ,

R (st, at) = ∥ω(t + ∆t)∥L∗ − ∥ω(t)∥L∗ + λ · 1
[∫ t

0
∥ω∥L∗dτ > M

]

,

π⃗∗ = arg max
π
Eπ





T∑

t=0

γtR (st, at)




,

P1(Σ) = 0

P1 is the 1-dimensional parabolic Hausdorff measure,

P1(E) = lim inf
δ→0





∑

j

r j | E ⊂
⋃

j

Qr j , r j < δ




,

lim sup
r→0+

1
r

∫

Qr(z0)
|∇u|2dxdt < ε∗ =⇒ z0 = (x0, t0) is a regular point .

The RL agent moves in the direction of the space–time cylinder.
Qr (z0) where the local scaled energy approaches ε∗,

at = arg max
a

1
r

∫

Or(z)
|∇u|2dxdt.

dE
dt
=

∫

R3
ωiω jSi jdx

︸          ︷︷          ︸

vortex stretching

− ν

∫

R3
|∇ω|2dx

︸          ︷︷          ︸

viscous dissipation

,

where Si j =
1
2

(

∂iu j + ∂ jui

)

dE
dt
≤

C
ν3
E3 − ν∥∇ω∥2

L2 ,

inequality based on inequality based on [64]

Rt = α

∫

R3
ωiω jSi jdx − βν

∫

R3
|∇ω|2dx.

with α≫ β to incentivize vortex stretching r−↓ mization.
According to the CNK (Caffarelli, Kohn, & Nirenberg) Regu-

larity Criterion [65] , we have, lim supr→0
1
r

∫

Qr(x0 ,t0)
|∇u|2dxdt <

ε0 =⇒ (x0, t0) is a regular point.

https://huggingface.co/docs/transformers/v4.38.1/main_classes/agent
https://en.wikipedia.org/wiki/AI_alignment
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Simulation Error Bound.

∥uh(t) − u(t)∥L2 ≤ C(T)(hr + ∆ts)eC
∫ t
0 ∥∇u∥L∞ dτ.

The exponential factor demonstrates how numerical mistakes
are amplified near blow–up (large ∥∇u∥L∞ ).

|J(π∗true)− J(π∗sim)| ≤
γ

(1 − γ)2Es∼dπ [TV(Ptrue(·|s, a),Psim(·|s, a))] · ∥r∥∞,

TV = Total Variation distance [66].

Hamilton–Jacobi–Bellman for Navier–Stokes Equations [67].

∂V
∂t

(u, t) +min
f

{

L(u, f ) +
〈
δV
δu
,−(u · ∇)u + ν∆u + f

〉}

= 0.

Reward Structures for Consistency and Effectiveness.

Singularity–reward, Penalize vortex–stretching and enstrophy
growth:

rn = −α∥ωh(·, tn)∥L∞ − β
∫

|ω · ∇u · ω| dx − γctrl∥an∥
2.

Regularity–reward, Reward adherence to Prodi-Serrin [68] stan-
dards:

rn = −(∥uh∥Lq
p
Λp,q) + rbase,

2
p
+

3
q
= 1.

Energy–efficiency reward,

rn = −ν∥∇u∥2
L2 + λ⟨ f + an, u⟩.

Blow–up time maximization reward,

rn =





+Rsurvive if ∥u∥H1 (tn) < Mthresh

−Rblowup if blow-up detected at tn
.

RL Objective for NSE Regularity,

max
πθ

J(θ) = Eπθ





N∑

n=0

γnrn(uh(tn), an)





subject to uh satisfying the discretized NS equations ∀n.

Grönwall Inequality [69] (Blow–up Condition).

d
dt
∥u∥2Hs ≤ β(t)∥u∥2Hs+g(t) =⇒ ∥u(t)∥2Hs ≤

(

∥u0∥
2
Hs +

∫ t

0
g(s) ds

)

e
∫ t
0 β(s) ds.

To avoid blow–up, the RL control policy must maintain
∫ T∗

0
β(s) ds < ∞.

RL for Numerical Timestep Control,

an = ∆tn ∈ [∆tmin,∆tmax], rn = −∥u
n+1
h − un+1

re f ∥
2 −

λt

∆tn
.

Equivariant RL Policy (Galilean + Rotation Symmetry) [70],

Remark. There exist a finite set ∧ ⊆ S2 ∩Q3 and functions γξ
such that for any symmetric matrix R ∈ B1/2( ld )

R =
∑

ξ∈Λ

γ2
ξ(R)ξ ⊗ ξ.

πθ(Ru) = Rπθ(u), ∀R ∈ SO(3), πθ(u + c) = πθ(u) ,∀c ∈ R3.

Beale–Kato–Majda (BKM) Control Function:

fBKM(ξ) =
∫ Tmax

0
∥ω(·, t; u0(ξ))∥L∞ dt.

NSE–BO (Bayesian Optimization) [71]

ξ∗ = arg max
ξ∈X

fBKM(ξ) ←− find most singular initial data.

θ∗ = arg max
θ

B(θ), B(θ) := sup
t∈[0,T]

∥ω(·, t;θ)∥L∞ .

Numerical (complementary values to test or test).

Table III
CFD Simulation Grid Scale

Application Grid Size Total Cells ≈

Testing 32 × 32 × 32 3.2 × 104

Research 128 × 128 × 128 2.1 × 106

Standard Euler 196 × 56 × 96 1.0 × 106

High–Res Turbulence (DNS) 1024 × 1024 × 1024 1.0 × 109

B. Future and potential Applications.

The future and potential applications of the method developed
in this article can be structured around the following points:

→ Systematic parameter space search using reinforcement–
based learning to identify explosive situations;

→ The maillage’s improvement under the direction of
learning procedures based on reinforcement;

→ Hybrid methods for control and optimization that com-
bine reinforcement–based learning with PINN neural
networks;

⋆ Distributed equation solutions to partial outcomes using
multi–agent reinforcement-based learning;

→ The measurement of singularity prediction uncertainty;
and

→ The conversion of more straightforward equations to
Navier–Stokes 3D complete

NSE. Time →∞. Only then ν→ 0. Limits.

lim
Re→∞

lim
T→∞

1
T

∫ T

0
Φ

(

SNs(t)
)

dt

lim
x→0

lim
T→∞

ν

T

∫ T

0

∫

R3

(

∇u(x, t)2dxdt = c > 0

if – bounded below , µ→ 0
For u0 ∈ H1, there exists a unique Leray solution starting from

u0 in [0,T], where T = C

∥∇u0∥
4
l2(R3)

, which is smooth in (0,T).
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Progress on the Navier–Stokes Existence & Smoothness Problem

A Clay Millennium Prize Problem (2000) • ∂tu+ (u · ∇)u = ν∆u−∇p+ f , ∇ · u = 0, u(x, 0) = u0(x), x ∈ R
3, ν > 0

Historical Timeline

1934

Leray (1934)

Global Leray-Hopf weak solu-
tions in R

3; energy inequality
holds; u ∈ L∞

t L2 ∩ L2

t Ḣ
1.

1951

Hopf (1951)

Extended construction to
bounded domains Ω ⊂ R

3;
verified energy inequality.

1962

2D Global Regularity

Ladyzhenskaya: global smooth
solutions in R

2 for all smooth
data. Fully resolved in 2D.

1964

Fujita–Kato (1964)

Global smooth solutions
for small u0 in Ḣ1/2(R3);

semigroup/contraction.

1972

Prodi–Serrin (1959–72)

Conditional regularity: u∈L
p
tL

q
x,

2

p + 3

q ≤ 1, q ≥ 3 ⇒ smooth.

1982

Caffarelli–Kohn–Nirenberg

Partial regularity: singular set
Σ has H1(Σ) = 0. Lin (1998)

simplified proof. Landmark.

1984

Beale–Kato–Majda (1984)
∫ T
0

∥ω∥L∞ < ∞ ⇒ no blow–
up. Vorticity controls regularity.

2003

Escauriaza-Seregin-Šverák

Endpoint L∞

t L3

x Prodi-Serrin case
proved via backward unique-
ness for the heat equation.

2016

Tao (2016)

Finite-time blowup for an av-

eraged NS system; super-
criticality barrier formalised;

blow–up mechanism plausible.

2019

Buckmaster–Vicol (2019)

Non-uniqueness of weak NS
solutions below Leray–Hopf
class via convex integration.

2022

Albritton–Brué–Colombo

Non-uniqueness of Leray–Hopf
solutions with external force;

finer selection principle needed.

Open

Status 2026

No smooth blow–up example in
3D. No proof of global regularity.

Established Results & Open Problems

Clay Prize Statement (Fefferman 2000): u0 ∈ C∞(R3) div-free, rapidly de-
caying. (A) Prove ∃ (u, p) ∈ C∞ global smooth bounded-energy solution,
OR (B) exhibit (u0, f) for which no such solution exists. (C/D: same on T

3.)

Global Weak Existence

For all u0 ∈L2, Leray-Hopf weak solutions exist
on [0,∞):

∥u(t)∥
2

L2 + 2ν

∫ t

0

∥∇u∥
2
≤ ∥u0∥

2

L2

Uniqueness & smoothness unknown in 3D.

Local Smooth Existence

∀u0 ∈ Hs, s > 3

2
: unique smooth solution on

[0, T∗), T∗ > 0. Blowup at T∗ iff ∥u(t)∥Hs →

∞.

2D: Fully Solved
In R

2 or T2: global smooth solutions for all

smooth data. Unique. No blowup. Completely
resolved.

CKN Partial Regularity (1982)

Suitable weak solutions smooth outside Σ ⊂

R
3×(0,∞) with H1

par(Σ) = 0. Hausdorff dim
≤ 1. Singularities, if any, form a sparse set.

Prodi–Serrin Criteria

u ∈ L
p
tL

q
x, 2

p + 3

q ≤ 1, q ≥ 3 ⇒ smooth.
Endpoint L∞

t L3

x: ESS (2003). Vorticity form:
BKM (1984).

Critical Space Well-Posedness

Koch–Tataru (2001): global WP for small
data in BMO−1, the largest critical space.
Ill-posed below Ḃ−1

∞,q (q > 2): Wang 2015.

Convex Integration & Non-Uniqueness (2017–2024): De Lellis–Székelyhidi school adapted
convex integration to fluid PDEs.

• Buckmaster–Vicol (2019): Non-uniqueness below Leray–Hopf class.
• Albritton–Brué–Colombo (2022): Non-uniqueness with force within Leray–Hopf.
• Giri–Radu (2023–24): Further results without force at low regularity.

Significance: Leray-Hopf may not be the right uniqueness class; a finer selection principle is
needed. Does NOT resolve whether smooth solutions blow up.

Proof Strategies Currently Pursued:

Vorticity analysis: Vortex stretching ω·∇u amplifies vorticity; geometric alignment of vortex tubes
is key.
Profile decomposition: Concentration-compactness in critical Besov / Koch-Tataru-Gallagher-
Planchon spaces.
Computer-assisted proofs: Interval-arithmetic rigorous numerics near Hou-Luo type potential
singularities / discovery of unstable singularities.
Stochastic NS: Probabilistic methods for generic data; invariant measures (Brzezniak, Da Prato,
Romito).

Central Open Problems

(O1) Global Regularity vs. Blowup

Does every smooth finite-energy u0 lead to a
global smooth solution? Or can a singularity
form in finite time? Open.

(O2) Uniqueness of Leray–Hopf

Are 3D Leray–Hopf solutions unique? BV
(2019): non-unique below the class. Within
the class: Open.

(O3) Energy Conservation

Do Leray–Hopf solutions conserve energy?
Energy inequality known; equality requires
u ∈ B

1/3
3,∞ (Onsager analogue). General

case: Open.

(O4) Sharpen CKN Bound

Reduce singular set from H1 = 0 to H0 = 0

(no singularities)? Would resolve global regu-
larity. Incremental bootstrapping only so far.

Critical Function Spaces Hierarchy

NS is scale-invariant: uλ(x, t) = λu(λx, λ2t). A space
is critical if ∥uλ∥X = ∥u∥X . Global WP holds for small
data in all critical spaces listed. Large data: open in 3D.

Ḣ−1/2(R3) (supercritical) Too large; ill-posedness (subcritical direction, not a
critical space for NS) ⊃

BMO−1(R3) Largest critical space for WP: Koch–Tataru (2001). Ill-posed in Ḃ−1

∞,q , q >

2. ⊃

L3(R3) Critical. Global WP small data; ESS (2003) endpoint of Prodi–Serrin.
⊃

Ḣ1/2(R3) Critical. Fujita–Kato (1964): global WP for small data; unique smooth
solution. ⊃

Hs(R3), s > 3/2 Subcritical. Local WP for all data (Sobolev embedding controls
nonlinearity).

Tao’s Supercriticality Barrier (2016)

The energy 1

2
∥u∥2

L2
is subcritical (scaling −1/2); the nonlinearity is critical.

Summary Status TableQuestion 2D 3D small 3D general

Weak existence ✓Solved ✓Solved ✓Leray 1934

Weak uniqueness ✓Yes ✓Yes Open (2019)

Local smooth exist. ✓Yes ✓Yes ✓Short time

Global smooth exist. ✓Yes ✓Small data OPEN — $1M

Finite-time blowup ✓No ✓No Unknown

Partial regularity ✓Full ✓Full CKN: H1 = 0

Energy equality ✓Yes ✓Yes Open (Lars Onsager )

Energy & Vorticity Cascade Schematic

∥u∥L2 (kinetic energy, controlled)

∥∇u∥L2 (enstrophy, controlled locally)

cascade

∥ω∥L∞ (key: controls blowup via BKM)

cascade

∥∇ω∥L2 (vorticity gradient, unbounded?)

cascade

Energy flows from large scales to small. If ∥ω∥L∞ stays finite,no blowup (BKM). Whether this holds globally: The core open question.

Proof Strategies:

Logarithmic improvements of CKN: Reduce H1=0 to H0=0 (no singularities) by incremental bootstrapping.

Quantitative regularity: Tao’s programme of “ quantitative ” or “ effective ” local regularity; extract logarithmic savings
from the NS nonlinearity.

Random data / probabilistic WP: Brzezniak-Da Prato-Romito: probabilistic global regularity for Gaussian random initial
data; generic smoothness below H1.

Nonlinear dissipation / hypocoercivity: Villani-type techniques bounding dissipation; potential to improve long-time
regularity estimates.

regularity s

control

Supercritical

Energy methods fail

Subcritical

Perturbative OK

L2 energy

Ḣ1/2

H>3/2 local WP

Established Results & Open Problems

Small Data – Global Smooth

If ∥u0∥Ḣ1/2 small: global smooth. Decay
∥u∥L2 →0. Also: Koch–Tataru in BMO−1.

Axisymmetric No-Swirl

For axisymmetric data with uθ = 0: global
regularity holds. With swirl: Open. Swirl is
the key obstacle.

No Leray Self-Similar Blow-up

Nečas–Ružička–Šverák (1996) & Tsai (1998):
no Leray-type self-similar singular solution ex-
ists.
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