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ABSTRACT:

This paper investigates torsional wave propagation in multilayered structure having a fibre-
reinforced magnetoelastic layer, an initially stressed anisotropic poroelastic layer, and an
exponentially varying heterogeneous elastic half-space. A sliding interface is incorporated
between the upper and intermediate layers to model varying interfacial bonding conditions. The
governing equations are formulated using fibre-reinforced, magnetoelastic and Biot’s poroelastic
theories, and a dispersion relation is derived under appropriate boundary conditions. The
dispersion relation obtained describes relation of normalized phase velocity on dimensionless
wavenumber and key physical parameters, including dimensionless magnetoelastic coupling,
reinforcement orientation, porosity, non-dimensional initial stress, interfacial sliding, and
dimensionless heterogeneity. The formulation is validated by reducing it to the classical Love
wave equation under limiting cases.

Numerical analysis reveals that magnetoelastic coupling, fibre alignment along the propagation
direction, interfacial sliding, and rigidity heterogeneity increase phase velocity, whereas porosity,
initial stress, density heterogeneity, and layer thickness decrease it. The results consistently
exhibit dispersive behavior, with phase velocity decreasing as wavenumber increases. The study
provides insights into wave propagation in complex layered media, with applications in
geophysics and material characterization.

KEYWORDS: Torsional surface waves, fibre-reinforcement, magnetoelasticity, poroelasticity,

exponential heterogeneity, sliding interface

1. INTRODUCTION



Analysis of surface waves has been a central topic in seismology, geophysics, and applied
mechanics for over a century. Love’s pioneering work on these waves laid the foundation of
subsequent theoretical and practical advancements in wave mechanics [1]. Later, Biot [2]
introduced influence of pre-stresses on wave propagation, while Weiskopf [3] and Biot [4], [5]
extended the framework to porous and fluid-saturated media, thereby providing a comprehensive
basis for analysing complex geological formations.

Ewing et al. [6], Biot [7], and Bath [8] further developed wave propagation in stratified
structures, whose works have played a vital role in geophysical exploration and earthquake
engineering. In parallel, the influence of magnetoelasticity on wave motion was studied
extensively, with contributions by Chakrabarti [9] and Chandrasekharaiah [10], highlighting the
role of electromagnetic fields on torsional wave characteristics. Achenbach [11] further advanced
the understanding of wave propagation in elastic solids, particularly in anisotropic media.
Belfield et al. [12] investigated stress distributions in elastic plates with fibre-reinforcement in
concentric circles, highlighting its influence on the overall elastic behaviour of the medium.
Over the past few decades, a significant body of literature has emerged on torsional surface
waves in various complex media. Gupta and co-workers have investigated torsional wave
propagation under influences of initial stress, poroelasticity, boundary irregularities [13] - [17],
while Kakar and Kakar [18] explored the combined role of fibre reinforcement and magnetic
fields. More recent studies have addressed wave motion in non-homogeneous and viscoelastic
structures [19] - [21], as well as the role of boundary configurations such as corrugated interfaces
[22] and sliding contact conditions [23], [24]. The work of Pramanik and Manna [25] presents a
comprehensive investigation in a complex medium incorporating initial stress, aeolotropy
(anisotropy), heterogeneity, irregularity, and porosity. Majhi et al. [26], [27] analysed the
combined influence of non-homogeneity and initial stress in a multilayered poroelastic system
bounded by heterogeneous structures, showing the complexity introduced by coupled
mechanical parameters, for torsional and Love waves.

Despite these contributions, relatively limited attention has been given to the combined effects
of fibre-reinforcement, magnetoelasticity, poroelasticity, and exponential heterogeneity within a
multilayered system. Moreover, the presence of a sliding interface between layers, which models
partial bonding in real-world geological formations and engineering structures, adds further
complexity to the wave dynamics. Understanding such systems is crucial for applications in
earthquake engineering, seismic exploration, and non-destructive material evaluation.

The present work investigates torsional wave propagation in multilayered media comprising a

fibre-reinforced magnetoelastic (FRME) layer, an anisotropic poroelastic layer with initial stress,



and an exponentially heterogeneous half-space. A sliding interface, characterized by a
dimensionless parameter, is incorporated to model different interfacial bonding conditions
ranging from welded to smooth contact. The derived dispersion relation is analysed under general
conditions, and various particular cases are discussed to demonstrate the reduction to existing
classical results which further validates the model. Numerical computations illustrate the
influence of reinforcement, magnetoelasticity, porosity, heterogeneity, and sliding on torsional

wave velocity.

2. FORMULATION
This study looks into transmisssion of torsional waves in multilayered media comprising two
distinct layers and a half-space with complex material characteristics. The upper layer M; is a
finite (depth H,) fibre-reinforced magnetoelastic (FRME) medium, capturing the coupled effects
of elasticity, reinforcement, and magnetic fields. Beneath it lies a finite (depth H;), fluid-
saturated, anisotropic porous layer M, of Weiskopf type, having initial compressive stress P. The
lowermost region is an infinitely extending exponentially graded heterogeneous half-space.
There is sliding interface with dimensionless sliding parameter 1 between uppermost layer M,
and M,, such that
1 = 0 represents welded contact,
n = 1 represents smooth contact,
0 < n < 1 represents partial sliding contact.
For the study of propagation of torsional wave, cylindrical polar coordinates (7, 8, z) system is
considered. The displacement vector u = (0, v, 0) is function of r, z, t only, independent of 6.

The physical configuration and boundary interfaces are depicted schematically in Fig. 1.
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Fig. 1 Geometry of the problem

3. SOLUTIONS

3.1. SOLUTION FOR M1

Relation of stress—strain in fibre-reinforced, transversely isotropic elastic layer with preferred
direction denoted by unit vector a (Belfield ez al.) [12] is

Ty = Aeyx by + 2ure;; + a(akamekm(Si]- + al-a]-ekk)
+2(u, — pr)(aiager; + ajager;) + (A amermaia;) (n

where A, y;, ur, @ and B are elastic constants (stress units), with y; and ur denoting
longitudinal and transverse shear moduli, respectively. The electromechanical coupling in the
FRME layer is governed by equations of Maxwell and Ohm

VXH=J VXE=-2"V-B=0B=H,

M
(tij) = pe(H;hj + Hih; — Hihy5;)), )
— o+ B

B denotes magnetic induction, E electric field, J current density, y, is permeability of free
space, o denotes electrical conductivity of the medium, H = (H,,, Hy, H,) is magnetic field,
h = (h,, hy, h,) is its perturbation.

For torsional waves propagation in fibre-reinforced medium, the equation of motion with
Lorentz body force J X B and the associated stress components is



aT.,-g 6192 27.'7-9 6217
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where p; is the material density of the layer, A = ur + (u, — ur)a?, B = (u, — ur)aas, C =
ur + (1, — pr)a? and a; (i = 1,3) indicates reinforcement directional unit vector
components, i.e., @ = (ay,0,as), so that a? + a3 = 1.

From Eq. (2), Laplacian of H is given by
OH ]
V2H = oy, [Z -V X (a—'t‘ X H)] (4)

For ¢ — oo (perfectly conducting), Eq. (4) implies Z—I: and its 8-component as

at at

OHy _ 0 (1 ), 0 (y %

ot or (Hr 6t) U (HZ 6t) ©®)
Egs. (4) — (5) clearly imply % =0, aaHt £ = 0 (H, and H, has no perturbation with time t. Only

small perturbation hy is introduced, such that
Hy, = Hoy, Hg = Hoz + hg, H, = Hy3

with Hy = (Hyq, Hy2, Hyz) = (Hy cos @, 0, Hy sin @), Hy = |Hy|, @ = angle between wave
vector and H.

Substituting H = (H, cos @, hg, H, sin ¢) into Eq. (5), we get

ov

av )
hg = Hy <$cosgo + gsmgo)

Only non-zero Lorentz force component (in 8-direction) is

v

v
579, S Zgo) (6)

_ 2 6217 2 6217 2
(J X B)g = uH§ (mcos @ +-—sin‘g +

From Egs. (3) and (6), we obtain

92 92 92 d 5} 92
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with P = A + pu Hicos?p, Q = C + pu Hisin?@, R = 2B + u HE sin 2¢.

For Eq. (7), solution is considered as



v(r,z,t) = V(@) (kr)e™" ®)
J1(kr) is Bessel’s function, k is wave number, w = kc (torsional wave speed c).

V(z) satisfies

my—+my—+mgl = ©)
where my = QJ,(kr), m, = RkJ;(kr) + gjl(kr),

my = P2} (er) + 2 ) (kr) — 5 /1 (kr) + paw?]y (Jer).

The general solution of Eq. (9) is

V = (4,e%% + B e~%2%) (10)
where 81, = 2—;1 [imz +ms — 4m1m3]

Hence, torsional displacement for FRME layer is

v = (A,e%7 + B,e=%2%)], (kr)e~i®t (11)

3.2. SOLUTION FOR M2
Governing equations (Biot - Weiskopf) [2]-[5] are

o %a;—gu%Jr@—P(%—%)=;—;(prru+preU) (12)
T4 T T g — Pt = 2 (e + praV) (13)
T T sy a%=%(prrW+preW) (14)
z—i = %(preu + pooU) (15)
Z—;=;_;(Prev+f)eev) (16)
Z—i = %(prew + pooW) (17)

s;j are incremental stress components; (u,v,w), (U,V,W) denote solid, fluid displacement
components respectively, s represents fluid stress, P is initial stress. The components of the

rotation vector w are

W, = r—|, wg ==
L PY? az’ "% T 2laz  ar

1 [ow v 1[ou Ow] __ 1 [aGv) v
s Wz -

- " orl ar ﬁ (18)

The well-known stress-strain relations given as



Syr = (A+ P)ey + (A— 2N + P)egg + (F + P)e,, + Qe,

Sgg = (A —2N)e,, + Aegg + Fe,, + Q¢,

S,, = Fe,. + Fegg + Ce,, + Qe,

Srg = 2Neyg, So, = 2Geg,, Sy, = 2G e,y (19)

A, F,C,N,G are elastic constants; N, G also represent respective shear moduli of anisotropic
layer in -, z-directions, @ > 0 denotes coupling parameter which links volumetric strains of

solid and fluid, and the strain components are

e __10u [1 ov ] __1ow

= 2 %09 T 3750 ZZ " 29z

10u 617 v v 10w
ero =3 [rae o 7l eor =315+ 75 (20
_ ] [1 o) | 19V aw]
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The fluid pressure p and stress s in fluid phase are related as
—s=fp (2D

where f represents porosity.

The mass densities of solid phase pg, fluid phase pf, and porous medium p are connected to the

mass coefficients p,r, prg, Peg by the relations

prr + Pro = (L= fIps, pro + Poo = fPr (22)
The aggregate mass density is

p = ps+f(ps —ps) (23)
According to Biot’s theory, the following inequalities must be satisfied to ensure physical validity
Pro < 0.pr >0, pgg > 0,prrpgg — prg > 0 (24)
For torsional wave motion, we assume

u=0=w,v=v(rzt)

U=0=W,V=V(rzt) (25)



Under these assumptions, the only non-zero relations from Eq. (19) are

Se; = 2Geg,, Srg = 2Neyg

(26)

Substituting these expressions into Egs. (12) - (17), the single non-zero governing equation

becomes

059 0Sgz 2 dwy _ 02
or 3z + TSTQ P ar _ ot2 (prrv + PreV)

02
and —= (prev + pgoV) = 0

By applying the stress-strain relations from Eq. (19) into Eq. (27), we obtain

0%v  1dv v 0%v

(8-5) (22 2) 62 = 2+ b

ror r?
Using Eq. (28), we assume p,.qV + pggV = d" (constant), which gives

d’" — ProV
Poeo

V =

Therefore, ~= (pav + pgoV) = d’ L2
erefore, —— (prv + pagV) = d'

2
_ Pro
Poe

where d' = p,,

Using this into Eq. (29), we obtain

(V=5)(Zoqie o)y g2y g2

2/ \or2  ror r2

!

1
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The torsional wave speeds are - and (d—) in - and z-directions.

For porous media, the radial shear wave velocity is

1

pefsf

P
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where ¢, =\/;, (=E, d =;=;(prr_ . )=V11_E§ Y11 =7rV12 =

are Biot’s non-dimensional mass parameters.
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Introducing & = &, + %and R = %(non—dimensional coordinates) where k = %, Eq. (31) becomes

0%2v  10v v G 0%v d'L?2o%v
—t-———-—=+ = (32)

dRZ2 ~ ROR R2 N_gafz N_gatz

Assuming v = v;(&)J;(R)e™t. v, (&) satisfies

d2v1

TZI q?v, =0 (33)
wZ 241
(=)
where ¢° = ——¢——

The solution is v; (§) = A,e'% + B,e~'¢, giving the complete displacement

v = (A,e"% + Bye™ %), (R)e~ ot (34)
2 -

where g = dv (Z—ZZ — 17{), v = %, and ¢ = wL the phase velocity.

3.3. SOLUTION FOR M3

Equation of motion is governed by

do,.g . 00,9 | 2 . %v
Tt t oo = p(2) 5 (35)

v(r, 8, z) being circumferential displacement, p as density, and g,.9, 0,9 as stress components.

The constitutive relations are

[7] 0
oro = i[5 =], 009 = 5 (36)

r

Substitution into Eq. (35) yields

v 10 ] ] a2
w@) (GE+15m %)+ kD5 = p( 53 (37)
Assuming a separable solution

v =V(2)],(kr)e it (38)

reduces Eq. (37) to

! z , 2
V' (2) + ’;(—(Z))V (2) — k2 (1 - 2—2) V(z) =0 (39)



where ¢, = \/%.

Given the variations for rigidity and density as
1= uze™, p=pse™ (40)

Substituting these relations into the differential equation (39), we obtain

V(@) +mV'(2) - k> 1 - Cfe;] V(z) =0 (41)
cZe
where c3 = e
P3

-mz

Eliminating V'(z) from Eq. (41) by introducing V(z) = (p(z)e( 2 ), we get

" m2 P c? (1+nz2) _
1~ 41~ 220 0 o @
1
Assuming the dimensionless variables y; = (1 + m _ n—CZ)E = 2k (1 + mz), and takin
g Y3 = 4k2 mc§ >3 = m ) g
@(z) = Y(n3), Eq. (42) transforms into
7 _fr_ s —
') = ;- 2w = 0 (43)
2(m—
where § = C(;n—zn)k
2czmeys

The displacement in half-space is required to satisfy Sommerfeld radiation condition, expressed

as lim v(z) = 0. The bounded solution satisfying this condition is
Z—00
Yn3) = DWSE(%)
2
where W1 (n3) represents Whittaker function and D is arbitrary constant.
"2

Hence, torsional displacement obtained here is

v =V(2)],(kr)e "t

—-mz

= p(@)eCT I, (kr)et

—-mz

= [DWS% (% (1+ mz))] eCE, (krye—iot (44)



4. BOUNDARY CONDITIONS

(i) At common interface of M2 and M3 (z = 0), both displacement and stress components
must remain continuous.

@ [v]; =[v]s
(b) [sezl2 = loe.l3

(i1) At the common sliding interface between M and M> (z = —H;) with dimensionless
sliding parameter 77, displacement and stress components must remain continuous.
@) (1 —=mkF[v]y = nlse,l2 + (1 —nkF[v],
(b) [te, + (Te)"]1 = (1 =) [s6,]2
A constant F, having the dimension of stress (force per unit area), is introduced to
maintain dimensional consistency across the interface.

(iii)  Stress components vanish at free surface of M; (z = —(H; + H,))

[TGZ + (TBZ)M]l =0

S. DISPERSION RELATION

On solving boundary conditions, we obtain

A,el9% + B,e~% — DK, =0 (45)
A,K,e'9% — B,K,e"1% — DK, = 0 (46)
AKe=%1M 4 B K, e% M1 — A, K eldGo~kH1) 4 B K e~taCo~kH1) — o 47)
A;Ke 01H1 4 B Kgef2H1 — A K, K e'dGo—kH1) 4 B K, Kge~1aGo—kH1) — (48)
A K e S1Hi+H2) | B g ed2(HitH2) — (49)
where

Ky =W (%), K, = iGqk,

= (2" (o= (oD - (-3

Ky =A-nF,Ks =iGqn+ (1 —n)F,Ks = iGqn — (1 —n)F,



K; = C6J1(kr) + B l—HlkS{]l(kr) + kL (er) _]1(’")]

r

+ueH§ sin ¢ [cos ¢ {—Hyk61)1 (kr) + kJ; (kr)} + sin @ 61/ (kr)],

— 1 ’ jl(kr)
Kg = —C6,J,(kr) + B |H k5], (kr) + kJ;(kr) — "

+ueHE sin @ [cos @ {H1 k&3], (kr) + kJ; (kr)} — sin ¢ 8,1 (kr)],

Ky = (1 =m)/i(kr),

Koo = Co.Js(kr) + B [—(Hl + Hy) k81 (k) + kJ (k) _Jl(fr)l

+ueHG sin g [cos ¢ {—(Hy + Hp)k8 ]y (kr) + kj1(kr)} + sin @ 6, ], (kr)],

— ' ' J1(kr)
Ki1 = —C62J1(kr) + B |(Hy + Hp)kdy), (kr) + kji(kr) —

T
+ueH§ sin @ [cos @ {(Hy + Hy)kS3]1 (kr) + kji(kr)} — sin ¢ 8,]; (kr)]

Eliminating A4, By, 45, By, D from Egs. (45) - (49) yields

0 0 elao e~laso K,

0 0 K,e'dso —K,e "0 —K;
K4e—51H1 K4662H1 _KseiQ(fo—kHﬂ K6e—iQ(fo—kH1) 0l=0
K,e %1t Kge %2t —K,Kqe'1Go—kH) g K e=iaGo—kH)

Kjpe~01(Hitta) | o8a(Hi+Hz) 0 0 0

= (K4Kloe—51(H1+H2)+82H1 _ K4K116—51H1+82(H1+H2))[_KlKZZKg(eiqul _ e—iqul)

+ K, K5 Ko(e'akH 4 giakHy)]

_(K8K106—51(H1+Hz)+62H1 — K7Klle—51H1+62(H1+H2))[_KlKZ(K6eiqu1 _ K5€_iqu1) +

K3(Kse'd*H1 4+ Kze~iakM )] = 0 (50)
which gives the dispersion relation for torsional wave.
5.1. VALIDATION OF THE PROBLEM

When the medium is assumed with no magnetic field, no fibres, no sliding interface, non-

porous, stress-free, homogeneous, and then the upper layer is neglected, the system reduces to



isotropic elastic layer on top of isotropic elastic half-space. We make following assumptions for

this:

For upper layer Mi: Assume Hy = 0 (removing static magnetic field), yu; = ur — pq (say,

neglecting anisotropy due to fibres), H, = 0 (neglecting upper layer My).
For sliding interface: n = 0 (making welded contact)

For middle layer M2: Assume N — G — p, (say, making directional rigidities equal), P = 0

(neglecting initial stress) = ¢ = 0, f = 0 (making medium non-porous solid)
For lower half-space M3: Assume m — n — 0 (neglecting heterogeneity)

In these limiting conditions, (Eq. 50) gets reduced to Love wave equation

2
-2
c? M3 “
tan| kH; |5—1]|=—
9 Ha | 2
-1

5.2. PARTICULAR CASES
5.2.1. Case I: On making welded contact, i.e. n = 0, as a result Eq. (50) becomes

(FK106—81(H1+H2)+52H1 — FK11€_61H1+62(H1+H2))[_Klezjl(kT)(eiqul _ e—iqk[-[l)

+ K, K3, (k) (e'akH1 4 g~lakt)]

_(K8K106—61(H1+H2)+62H1 — K7Klle—51H1+52(H1+H2))[_KlKZ(_Feiqul _ Fe"iqul)

+ K3(—Fe'd*H1 4 Fe~lakt)] = 0
5.2.2. Case II: On making smooth contact, i.e. n = 1, as a result Eq. (50) becomes

(FK103—51(H1+H2)+52H1 _ FK113—51H1+52(H1+H2))

_(KgKloe_(sl(Hl_l—HZ)-}_SzHl _ K7K116_61H1+62(H1+H2))[_Klele(elqul _ e—lqul)

+ K3iGq(eld*H + e~takt)| = 0

5.2.3. Case III: On neglecting pre-stress (P = 0 = ¢ = 0), neglecting porosity (f = 0=>d =

1), neglecting directional rigidities, i.e. N = G — pu, (say), as a result Eq. (50) becomes



(K4K109_81(H1+H2)+82H1

2
c2 ikH, i—2—1
—81H1+6,(H,+H 2
— K, K, e %1 2(Hq 2)) K| uk ?_1 Kol e
2

. c2 . c? . c2
—ikHq C—Z—l CZ ikHq F—l —ikHq C—Z—l
—e z + lﬂzk _2 - 1K3K9 e z + e 2
C
2

_(K8K106—51(H1+H2)+52H1

c? c?
— KKy e 0ttt i) | Ky e |— — 14| inp, ’_2 -1
C2 €2
ikH, /5—2—1 c? —ikH; 5—2—1
— (1 —n)F |e = inu, C—2—1+(1—n)F e ’
2

c? ikH, /%—1
+ K33 | inu, ?—1—(1—77)F e 2
2
c2 —ikH; z—§—1
+ | inu, C—2—1+(1—n)F e 2 =0
2

5.2.4. Case IV: On neglecting heterogeneities in semi-infinite space M3, i.e. m - n = 0, as a

result Eq. (50) becomes

(K4Kloe—81(H1+H2)+52H1 — K4Klle—61H1+62(H1+Hz)) —Kzng(eiqul _ e"iqul)

c? . ,
— K;Kouzk [1—— (elqul + e-lqu1)
C3



_(KSKloe—(sl(H1+H2)+62H1 _ K7K116_61H1+62(H1+H2)) _Kz(Keelqul _ Kse—lqul)

c? . .
— psk [1— g(lge‘qk”l + Kse~lakH) | = 0

6. NUMERICAL COMPUTATIONS AND DISCUSSIONS

Dispersion relation establishes functional dependence between normalized phase velocity Ci and
2

dimensionless wavenumber kH, which is governed by several physical parameters, including
material properties of constituent media, geometrical characteristics of layered structure, initial
stresses etc.

Material parameters for the three regions are selected as follows:

For M, [24], u, = 5.66 X 10° N/m?, up = 2.46 X 10° N/m?2, p, = 2260 kg/m>

For M, [25], G = 0.1387 x 1010 N/m?, N = 0.2774 x 10™® N/m?, p,, = 1.926137 x
103 kg/m3, p,g = —0.002137 x 103 kg/m3, pgy = 0.2153337 x 103 kg/m3

For M3, u; = 7.34 X 101° N/m?, p; = 3195 kg /m?3

To investigate influence of various parameters on wave propagation, dispersion equation (Eq.
50) is solved numerically for different sets of parameters. The computational and graphical
analysis is carried out using Mathematica. In each figure, multiple curves are presented by
varying a single parameter while keeping the remaining parameters fixed, allowing a clear
assessment of its individual effect on wave propagation characteristics. The results consistently
demonstrate that the phase velocity decreases monotonically with increasing wavenumber. This
behavior confirms the dispersive nature of the medium, wherein waves of higher frequency (or

shorter wavelength) propagate with lower phase velocity.
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Fig. 2 illustrates influence of coupled magneto-elastic parameter HZ—O in upper fibre-reinforced
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2
magneto-elastic layer. The parameter is assigned the values “Zﬂ = 1.0,2.0,3.0, while the
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remaining parameters are fixed atz—i = 1.0, kr = 3.8, (a%,a3) = (0.5,0.5),¢ = %,n = 0.5,% =

1.0,{ =0.1,d = 0.9,% = 1.0,% = 2.0. The dispersion curves exhibit an upward shift with

peH§

increasing values of , indicating an enhancement in phase velocity due to stronger magneto-

UL

elastic coupling.
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Fig. 3 Impact of depth ratio %
1

Fig. 3 presents effect of depth ratio % of finite layers. The values considered are % = 0.9,1.0,1.1,
1 1

2
while all other parameters remain unchanged at ”Zﬂ = 5.0,kr = 3.8, (a?,a3) = (0.5,0.5),¢ =
L

F e
3—”6,77 = 0.5,2 =10,{=0.1,d = 0.9,% = 1.0,% = 2.0. The results show a downward shift in
. . H, . . .. . ol .
the dispersion curves as I’ increases, suggesting a reduction in phase velocity with increasing
1

depth of intermediate layer, and / or decreasing depth of upper layer.

Contour Plot of the Dispersion Relation

Phase

Fig. 4 Impact of dimensionless radial displacement kr

Fig. 4 depicts effect of dimensionless radial displacement kr in upper fibre-reinforced magneto-

elastic layer. The parameter is varied as kr = 1.0,2.0,3.0, with the remaining parameters fixed

H oHE F
at H—j = 1.0,"11—L° =5.0,(a?, a?) = (0.5,0.5),¢ = %,n =05-=10,{=01d= 0.9,% =

1.0,; = 2.0. Here, dispersion curves gets lowered on increasing kr, indicating a decrease in

phase velocity.
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Fig. 5 Impact of variations in components of directional unit vector of reinforcement
2 2
(a,a3)

Fig. 5 examines effect of variations in components of directional unit vector of reinforcement

(a?,a3) in upper layer. The parameter combinations considered are (a?, a3) =

2
(0.2,0.8),(0.5,0.5), (0.8,0.2), while the remaining parameters are kept fixed at % = 1.0, L
1

KL
50,kr =38,¢=2,7=05%=10,=01,d=092=102=20. The curve
36 G k k

associated with higher a? (i.e., reinforcement aligned more along the direction of wave
propagation) consistently shows higher phase velocity when compared with the case of larger a3
(reinforcement oriented normal to the propagation direction). This behavior can be attributed to
the enhanced effective rigidity of the medium along the direction of propagation when fibres are
aligned with the wave path. Consequently, the resistance to deformation increases, allowing

waves to propagate with greater speed.



Contour Plot of the Dispersion Relation
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Fig. 6 Impact of angle between wave and magnetic field ¢

Fig. 6 illustrates effect of angle ¢ between direction of wave propagation and magnetic field in

upper layer. The parameter is varied as ¢ = %,3—2,3—7;, while the remaining parameters are held

! Hy HeHG 2 2 F
fixed at o= 1.0, =5.0,kr = 3.8, (af,a3) = (0.5,0.5),n = 0.5,5 =1.0,{ =0.1,d =

1 UL

0.9,% = 1.0,% = 2.0. The dispersion curves exhibit an upward shift with increasing ¢,

indicating that phase velocity increases as angle between magnetic field and wave propagation

direction becomes larger.
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Fig. 7 Impact of sliding parameter n



Fig. 7 presents influence of sliding parameter 1 at interface of upper and middle layers. The

2
values considered are 1 = 0.1,0.5,0.9, with all other parameters fixed at 22— 1_0,@ =

HL

1
5.0, kr = 3.8, (a?,a2) = (0.5,0.5),¢ = 3—”62 =1.0,({=0.1,d = 0.9,% = 1.0,% =2.0. The

results reveal an upward shift in the dispersion curves with increasing 7, suggesting that

increased interfacial slip enhances phase velocity.
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Fig. 8 Impact of dimensionless force constantg

Fig. 8 depicts the effect of the dimensionless force constant ratio ps The parameter is assigned

2

the values g = 1.0,2.0,3.0, while keeping the remaining parameters fixed at B = 1.0, #ZHO =
1 L

5.0, kr = 3.8,(af,a3) = (0.505),¢ = —-,7 = 05,{ = 0.1,d = 09,7 = 1.0,> = 2.0. Tt is

observed that the dispersion curves shift downward as - increases, indicating a decrease in phase

velocity with increasing force constant ratio.
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Fig. 9 Impact of the porosity parameter d

Fig. 9 examines influence of porosity parameter d in middle poroelastic layer. The parameter

. . .. . H HE
values considered are d = 0.1,0.5,0.9 with the remaining parameters fixed at H—Z = 1.0,“;—0 =
1 L

5.0,kr = 3.8, (a?,a3) = (0.5,0.5),¢ = 2-,7 = 05,{ = o.1,§ = 1.0,

=|3

= 1.0,% =2.0. The

results indicate a downward shift in the dispersion curves with increasing d.
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Fig. 10 Impact of dimensionless pre-stress parameter {

Fig. 10 illustrates effect of dimensionless pre-stress parameter ¢ in intermediate poroelastic layer,

. . . .. H HE
which varies as { = 0.1,0.5,0.9, while the other parameters are maintained at H—Z = 1.0, —”Z 2 =
1 L

5.0, kr = 3.8, (a,a3) = (0.505),¢ = —,n = 05,d = 0.9,% =10,-=10,-=20. The



dispersion curves shift downward with increasing {, indicating that higher initial stress reduces

the phase velocity.
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Fig. 11 Impact of dimensionless rigidity heterogeneity parameter%

Fig. 11 explores impact of dimensionless rigidity heterogeneity parameter % in heterogeneous

lower half-space. The parameter takes values % = 1.0,2.0,3.0 with the remaining parameters

2

fixed as 22 =1.0,2% =50 kr = 3.8 (a? a?) = (0.505), ¢ ==, = 05,d = 0.9, =
Hy UL 36 G

1.0,¢{ = 0.1,% = 2.0. A careful examination of the graphical trends reveals that increase

in -~ ratio makes discernible upward shift in phase velocity curves across the entire wave number

spectrum. This behaviour can be attributed to the progressive stiffening of half-space as the
heterogeneity parameter increases. Higher % signifies more rapid increase in rigidity with depth,

effectively creating a more competent substratum that offers greater resistance to shear
deformation. The upward trend indicates that the half-space's heterogeneity acts as a reinforcing
mechanism, pulling the dispersion curves to higher velocities. This observation is physically
consistent: as the underlying medium becomes harder, the overall effective stiffness of the

waveguide increases, thereby accelerating the wave.
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Fig. 12 illustrates influence of dimensionless density heterogeneity parameter % in lower half-

space. The parameter is varied as % = 1.0,2.0,3.0, while the remaining parameters are fixed at

2
=2 =102 = 5.0,kr = 3.8,(a},a3) = (0.505),9 ===, n = 0.5,d = 0.9, = 1.0,{ =

e
H; 1253 3

0.1,% = 1.0. The dispersion curves exhibit a downward shift with increasing values of %,

indicating a reduction in phase velocity. This behavior suggests that an increase in density
heterogeneity within lower semi-infinite space effectively enhances inertia medium, thereby

impeding propagation of wave and resulting in lower phase velocities.

7. CONCLUSIONS

The present investigation delves into the intricate dynamics of torsional surface wave
propagation within a multilayered geological structure, encompassing a fibre-reinforced
magnetoelastic layer, a pre-stressed anisotropic poroelastic layer, and an exponentially graded
heterogeneous half-space. Further, it uniquely incorporates a sliding interface between the upper
two layers, characterized by a dimensionless parameter, thereby capturing a spectrum of bonding

conditions from perfectly welded to perfectly smooth contacts.

1. Through rigorous mathematical formulation and analytical solution of the governing
equations under appropriate boundary conditions, a generalised dispersion relation has

been derived. This relation elegantly encapsulates the coupled influences of fibre-



reinforcement, magnetoelastic coupling, initial stress, porosity, and depth-wise
heterogeneity on phase velocity.

2. Validation of formulation is firmly established by demonstrating its scaling down to
classical Love wave equation as per specific simplifying assumptions, thereby
harmonising with foundational knowledge in geodynamics. Subsequent numerical
computations and graphical illustrations have yielded profound insights into the
parametric sensitivity of characteristics of wave propagation.

3. Itis observed that magnetoelastic coupling parameter and angle of magnetic field exert a
reinforcing influence, elevating the phase velocity, thereby indicating that
electromagnetic fields can significantly enhance the stiffness characteristics of the
medium.

4. Conversely, parameters such as the depth ratio of the layers, dimensionless radial
displacement, porosity parameter, initial stress, and density heterogeneity parameter of
half-space consistently diminish phase velocity, reflecting their role in altering the
effective impedance and energy dissipation mechanisms within the structure.

5. The sliding parameter at the interface emerges as a critical factor, with increased sliding
promoting higher phase velocities, suggesting that interfacial compliance can facilitate
faster wave transmission under certain conditions.

In essence, this work provides a comprehensive theoretical framework that advances the
fundamental knowledge on torsional waves in complex, multi-physical media. The results may
also serve as a valuable tool in seismic characterization and non-destructive evaluation of layered
geological formations and engineered composites. The findings underscore the necessity of
considering coupled field effects and interfacial conditions when interpreting surface wave data

from real-world, heterogeneous Earth structures.
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