Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Generalized Framework for Cislunar Satellite
Placement and Operations Optimization

Malav Patel
Georgia Institute of Technology

Anay Naik
Georgia Institute of Technology

Koki Ho
kokihoRgatech, edu

Georgia Institute of Technology

Research Article

Keywords: Optimization, Satellite, Gradient, Linear Programming
Posted Date: April 13th, 2026

DOI: https://doi.org/10.21203/rs.3.rs-9076163/v1

License: € ® This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-9076163/v1
https://doi.org/10.21203/rs.3.rs-9076163/v1
https://doi.org/10.21203/rs.3.rs-9076163/v1
https://creativecommons.org/licenses/by/4.0/

Generalized Framework for Cislunar Satellite
Placement and Operations Optimization™

Malav Patel’, Anay Naik', Koki Ho'"

! Aerospace Engineering, Georgia Institute of Technology, 270 Ferst
Drive, Atlanta, 30332, Georgia, USA.

*Corresponding author(s). E-mail(s): kokiho@gatech.edu;
Contributing authors: mpatel636@Qgatech.edu; anaik24@gatech.edu;

Abstract

Expanding infrastructure and traffic in the region between the Earth and Moon
necessitates commensurate commitments in monitoring and surveillance archi-
tectures. This work presents a formulation for optimizing the placement of space
assets via a heirarchal optimization scheme. The outer stage leverages first order
methods to optimize asset placement in a continuous space, while the inner stage
optimizes operation-level decisions; the gradient information generated from the
inner loop is used in the outer loop for iterations. We show that this formula-
tion, unlike previous approaches, is modular, allowing researchers to optimize a
constellation’s phasing while remaining agnostic to the underlying optimzation
signal. We show its applicability on two application problems, namely the sensor
tasking and communication packet routing problems. This formulation can be
easily generalized to any dynamical system with periodic orbits in state space,
which yields potential application outside of the space context.

Keywords: Optimization, Satellite, Gradient, Linear Programming

1 Introduction

Recently, there has been a renewed interest in space exploration, particularly towards
expanding a more permanent human presence towards the Moon and beyond. NASA’s

*This paper is a substantially improved version of Paper AAS 25-626 presented at the AAS/A-
TAA Astrodynamics Specialist Conference, Boston, MA, in Aug. 2025. The added content
includes new methods, analysis, and results.



Artemis missions, the Lunar Gateway, Commerical Lunar Payload Service (CLPS),
etc. present directives towards this end. In consequence, the region of space surround-
ing the Earth-Moon system, termed cislunar space, is anticipated to see increasing
traffic in the coming decades. Thus, there is a growing need to establish infrastructure
in the region to facilitate sufficient awareness of activity. This need is often given the
name space situational awareness (SSA).

Space Situational Awareness (SSA) in the cislunar regime relies on a combination
of sensing modalities and carefully chosen orbital architectures to ensure persistent and
reliable coverage. SSA is typically achieved with ground-based sensors, space-based
sensors, or a combination of both in order to monitor regions of interest. However,
ground-based sensor often suffer from cloud cover, horizon-induced occlusion, and
solar interference [1]. Space-based observers, although more difficult to launch and
maintain, are mostly free from the aforementioned pitfalls and offer competetive obser-
vation capability, especially when coordinated [2, 3]. However, cislunar space is quite
large and difficult to observe completely. Fortunately, traffic is likely to be concen-
trated in pockets near the Earth, Moon, and their associated L1-L5 Lagrange points.
This effectively places a non-uniform prior over the space of realizable constellation
architectures. Specific orbit families in these regions of interest have been shown to
exhibit desirable properties, supporting arguments for their use in future missions
[4-8]. These families have been used to optimize satellite constellations under the
observability criterion [9-12] and on-orbit servicing networks [13]. Further investiga-
tions with higher-fidelity dynamics models [14, 15] show that cislunar space has a
promising set of candidate orbits for future missions supporting SSA.

Identifying suitable orbits for asset placement addresses half of the SSA problem.
The natural next step is to task these satellites in support of a mission objective. Two
simple missions we explore in this work are sensor tasking for target tracking and com-
munication packet routing within the asset network. Several approaches for the sensor
tasking problem have already been studied. An example includes information-based
[16-18] tasking where a constellation is tasked with minimizing filter uncertainty of a
set of targets. Other examples solve online [19, 20] and decentralized [21] tasking prob-
lems for target tracking. The communication problem has also been studied. Examples
include utilizing evolutionary approaches for the design task [22], deep learning based
approaches [23] for secure and robust networks, and multi-hop relay networks for
timely communication [24].

A second aspect that is equally important is optimizing the placement of satellites
along their orbits. This is done either dicretely into “slots” or continuously via some
parameterization of motion along the orbit. Discretization lends itself well to rigorous
optimization formulations as placing assets into slots can be represented by integer
variables [25—-28]. Instead of slots, one can optimize the placement of assets in a contin-
uous space, seen as the limit of infinitesimal discretization. It is clear that increasingly
finer dicretization will grow the problem size, so integer programming will not scale
practically. Fortunately, approaches sidestepping this issue have been investigated. An
example outside of the SSA domain is the work by Choi et al. [29] who optimize the
placement of orbital refueling depots in Earth orbit by using gradient-based meth-
ods on the vehicle routing problem. Patel et al. [30] formulate a heirarchal problem



leveraging finite-difference gradient-based methods in conjunction with integer pro-
gramming for sensor tasking [16] to optimize the placement of space assets. However,
their formulation was restricted in scope to an information-based tasking objective.
Furthermore, finite-difference approximations to the gradient can be inaccurate in
regions of high-curvature.

In this work, we continue to exploit the trend of merging gradient-based methods
with standard programming formulations to design optimal sattellite constellations.
However, in contrast with previous works, our contribution is modular enough to allow
application outside of the SSA domain. The formulation presented can be regarded as
a outer-loop phasing optimization process where the optimization signal is provided by
an arbitrary inner-loop that represents the operation-level decisions. In the proposed
approach, the inner-loop is typically chosen to be a separate optimization problem of
interest to a constellation designer. This approach has a couple of advantages over
previous works. First, the inner loop is free from a particular form of the inner-loop
objective, providing generality. For example, one can combine the signal from more
than one inner-loop processes to inform the phasing optimization process. Second, as a
consequence of generality, one can leverage analytic gradients for optimization instead
of finite differences (although both are viable).

The rest of this section is organized as follows. Section 2 presents the formulation
along with two use cases of inner-loop operation-level decisions in the context of space
application. The first is a sensor tasking application while the second is a packet
routing application. Section 3 shows experiments with the two cases and investigates
improvements to the algorithm. Section 4 concludes with a summary of the work and
future research directions.

2 Method

At the highest level, the space asset placement problem for a set A of assets on
periodic orbits requires a signal for optimization. Suppose A contains a set of state
vectors {xl}‘;j1 describing each asset’s initial state. The most ubiquitous signal for
optimization is the gradient: x; - x; + aVy,(+), where a € R is a step size and Vy, (-)
is an oracle providing the optimization signal.

Since each asset evolves periodically in state space, the oracle must capture the
asset’s performance along the entire orbit in order to be representative. A simple way
to achieve this is as follows. Instead of computing the oracle with respect to the initial
asset state, we sample the oracle along the asset’s orbit and aggregate the signals:

V() ~ Agg{ Vil () Val o, () -} 1)

where by a slight abuse of notation {s;} is a set of asset states along the asset orbit.
This yields a signal that is “averaged” over the asset orbit. Note that the “Agg”
operation is general and can be chosen as any reduction over the set of vectors it
operates on. Simple but nonexhaustive choices for “Agg” include average, sum, or
random sampling. Pseudocode for asset placement is shown below. Note that the



gradient must be projected along the asset orbit before the update step. It is omitted
in Line 9 for brevity.

Algorithm 1 Space Asset Placement Optimization

1: repeat

2 G {}
3 fort=1...T do
4 S; < asset state at time ¢
5: g VSIS:St(-)
6 G« Gu{g}

7 end for

s g < Agg(9)

9 X X+ag

10: until converged

11: return x

Note that the choice of oracle is general. One can solve a subproblem for operation-
level decisions inside the oracle and pass the gradient up to the asset location
optimization loop. We explore two such subproblems below. Note that when a gradi-
ent becomes difficult to write in closed-form, we utilize automatic differentiation via
the JAX library [31].

2.1 Sensor Tasking

Given a set A of assets, a natural next step is to task these assets to a set of targets
B. Specifically, we discretize the time evolution of assets and targets and sample their
states at these timesteps. At each timestep, we must allocate |.A| space assets to |B|
targets. This problem can be formulated as an assignment problem at each timestep ¢:

LP; := minixmize Z (I (2a)
(i,7)EAXB
subject to inj =1 VieA (2b)
JjEB
> my=1 VjeB (2c)
iI€EA
Tij € {O7 ].} Vi,j €A B (2(31)

Here, w;; represents the cost of assigning space asset ¢ to target j. Constraint
(2b) ensures that each asset is assigned to 1 target. Constraint (2c¢) ensures that each
target is assigned to 1 asset. Equation (2) is sometimes called the I-to-1 assignment
problem since 1 asset is tasked to exactly 1 target. In the case that the number of assets



exceeds the number targets or vice versa, constraint (2b) or (2c) becomes an inequality
(<) constraint, respectively. This is often referred to as the generalized assignment
problem, which will be used in this work. Note that Constraints (2d) ensure the z;;
are binary integer variables. However, as the constraint matrix is totally unimodular,
the linear program relaxation of this integer program has integral solutions. Thus, the
assignment problem is amenable to standard LP solvers. We employ Gurobi [32] in
this work.

The oracle for the sensor tasking problem is simply the gradient of the optimum
of the linear program:

Vs|s:st(.) F= vS‘s:st (LPt) (3)
* Bwi‘
= Z Lij 85] (4)
(1,7)€AXB s=s;

Note that in the above expression, s is a variable representing the state vector of an
asset. The gradient is taken with respect to s and evaluated at a particular state along

the asset’s orbit s;. Furthermore, it is reasonable to assume that w;; does not depend
Owij __
Os

on assets k # ¢, implying that 0 if s describes the state vector for asset k # i.
A more formal argument for this definition of the gradient is as follows. Let
é(w,x) = w'x. The value function defined by a linear program can be written as

f(w) = max ¢(w, z)

where X is a compact feasible set (we ignore LPs where the feasible set is unbounded).
The value function is convex and piecewise linear in w. The piecewise property arises
from the fact that an optimal solution z*(w) is, in general, piecewise constant with
respect to w. In other words, perturbations in w either leave z* unchanged or induce
a step change to another extreme point in X. Since ¢ is differentiable with respect to
w for all x € X and % is continuous with respect to x for all w, we are permitted
[33, 34] to write the subdifferential of f:

of(w) = conv{((wgﬂu;@ tx € X*(w)}
where X*(w) is the set of maximizers and conv is the convex hull operation. The
right-hand-side of Equation (4) is always an element of this convex hull. Note that
when the convex hull has only one element (when the LP has a unique optimizer), f is
differentiable with derivative equal to that element. In this case Equation (4) defines
the gradient in the formal sense.

2.2 Shortest Path Packet Routing

Given a set A of assets, another useful problem involves routing information through
the network defined by A. Formally, let u, v be a source-target pair and G be a complete
graph with vertices A U {u,v} and edges €. The set £ of edges is associated with a



weighted adjacency matrix w with w;; the nonnegative cost of edge ¢ — j. The problem
is to find a path v — ... — v through the network at time ¢ minimizing the total
incurred cost. The shortest path problem can also be formulated with mathematical
programming:

LP; := minimize Z Wij Tij (5a)
(2%
subject to Zwuj — iju =1 (5b)
J J
D wui = Y =1 (5¢)
J J
Z.’L‘ij — Z.’L‘ji =0 Wi ¢ {u, ’U} (5d)
J J

Tij € {0, 1} VZ,] (56)

Constraints (5b) and (5c) enforce one unit of flow leaving the source and entering
the target, respectively. Constraint (5d) enforces any unit of flow entering an interme-
diate node to leave that node while Constraint (5e) forces the decision variables z;;
to be binary. Like the assignment problem, the constraint matrix in the shortest path
problem is totally unimodular, yielding a mathematically equivalent LP relaxation.

The oracle for the shortest path problem is again the gradient of the optimum of
the linear program:

vs|s=st(.) C= VS|s=st (LPt) (6)
dw,
= a5 (7)
,J s=s;

Note that unlike the assignment problem, the cost coefficient w;; is likely to depend
on two asset state vectors: asset i and asset j. So in general, this implies ags“ =0ifs
describes the state vector for asset k ¢ {i,j}. Lastly, following the same argument in

section 2.1, we may establish a formal understanding of the gradient in Equation (7).

2.3 Algorithm Considerations

In our experiments, we notice critical points on the objective landscape with asymp-
totically vanishing gradients approaching from one direction but finite gradients when
approaching from another. Secondly, some objectives exhibit local minima at equidis-
tant constellation phasing although this phasing is not globally optimal. To avoid
settling in local minima caused by these points, we add two modifications to the
gradient update, noise and “heavy ball” momentum:



White Noise Momentum

g+ g(l+e), e~N(0,0) m <+ ym+ (1 —7)g
T T —ag T T —am
Here o is a scale parameter controlling the signal-to-noise ratio, v € (0,1) is the

momentum parameter, and « is the learning rate. Adding white noise to the gradient
is thought to introduce local random walks to an otherwise deterministic trajectory,
allowing more dense exploration of parameter space. The white noise form we adopt
departs from the traditional Langevin update and was primarily chosen to randomly
scale the gradient, as it was observed that the algorithm would converge prematurely
to a local minimum in the presence of equal magnitude but oppositely signed gradients.
Adding momentum to the gradient achieves a similar, but more calculated effect on
the descent trajectory. Note that further modifications to the descent algorithm were
made during experiments and will be discussed in a later section as appropriate.

3 Experiments

In this section we outline experiments into the two aforementioned problems. The first
is a sensor tasking problem, where a set of observers is tasked with providing sufficient
observational capability to maintain custody of target spacecraft. The second is a
shortest path optimization problem for routing packets in a simple 4 node network
consisting of two spacecraft and a source-sink pair.

3.1 Sensor Tasking

The sensor tasking problem can be defined with a plethora of objectives. We investigate
simple euclidean distance and information theoretic metrics for optimization.

3.1.1 Distance-Based Tasking

As an example scenario for the sensor tasking problem we consider a setup with 2
target satellites placed diametrically opposite each other on a libration point orbit
(LPO) and a set of 2 observer satellites on a separate LPO whose initial conditions we
aim to optimize for peak tasking performance. As done previously, we parameterize
the decision vector as a vector of phase values ¢ € [0,1)2.

As a simple example consider using the squared Euclidean distance between
observer-target pairs to identify “good” tasking potential. Figure 1 shows how stan-
dard gradient descent behaves for 3 initial conditions. As seen in Figure 1 (and more
generally in this problem) we observed the set of initial conditions {[0.5 + €,0.5 —
€]l mod 1U [0+ ¢€,0 — ¢] mod 1} converge to local minima. Members of this set are
positioned equidistant from each of the global minima in this problem. When starting
descent with initial conditions from this set, we observed gradients of equal magnitude
but opposite sign. In a modulo 1 parameter space, this repels each observer’s phase
to the maximum phase difference (i.e. until a phase difference of 0.5). However, scal-
ing the gradient with white noise removes this issue. Figure 2 shows the distribution
of descent trajectories under several noise scales with initial condition ¢, = [0.9,0.1].
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Fig. 1: Optimization history from the distance-based tasking case for (a) objective
and (b) phase difference, under three initial conditions. Convergence is sensitive to
choice of initial condition.

Generally, convergence speed scales with o, but this behavior is expected to terminate
once the noise scale is large enough to corrupt the gradient signal. Furthermore, small
values of ¢ may not be sufficient to escape local minima. Large band widths around
the inflection point occurring between iterations 20 and 40 reflect the fact that descent
trajectories typically diverged at that point, either settling into the local minimum
or decending further to the global minimum. These results reflect the importance of

Converged Minimum Statistics

— 0=0.0

I Global Min

g
b+ 90 1
i B Local Min
S 0.16 754
S + 60
Eo 15 5
g SRLE
(7]
Z 0.144 301
[}
£ J
F 0.134 45
0 20 40 60 80 100 0=0.1 0=0.5 o=15

Iteration number Noise

(a) (b)

Fig. 2: Descent trajectories for the distance-based tasking case with modified descent.
(a) Monte Carlo simulation of descent trajectories under several noise scales. Solid
lines represent mean trajectories, and shaded regions represent 3-sigma variance. (b)
Converged minimum bin counts under each noise scale.

incorporating sufficiently strong noise to the gradient to prevent convergence to this



class of local minima. We hypothesize more instances of these minima as the prob-
lem size scales. Lastly, these results validate the use of a standard descent algorithm.
Convergence is relatively smooth and fast, within 100 iterations, with only first-order
information. We also investigate the framework’s behavior as the problem size scales.

Figure 4 shows a practical constellation
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Fig. 3: Flow of 100 initial conditions for
randomly.

the distance-based tasking case. Each ini-
tial condition (middle) flows to an opti-
mal point in parameter space (right) and
achieves an objective value (left).

Approximately 33% of initial condi-
tions flow to the best objective. There
are four minimizers that achieve this

objective value. These minimizers are
all (roughly) permutations of the set {1, 1, 2 1}. Of the four minimizers, two are truly
geometrically unique while the remainder are reflections of the the former about the
x-axis. Specifically, observers on the 2:1 and 3:1 resonant orbits are mirrored across
the x-axis (see Table 5). This situation arises from geometric symmetries in observer
orbits and an objective dependent only on observer-target geometry. This structured
solution space continues through the second best achieved objective before devolving
into unstructured local minima. We hypothesize that a similar behavior in problems
with a geometric objective, such as the euclidean distance, and with symmetries in
the orbits. The existence of many local minima presents a challenge to gradient based
methods. However, since gradient descent is inexpensive to execute, a simple hedge
against convergence to local minima involves sampling the parameter space several
times and choosing the minimizer amongst all runs.
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Fig. 5: Multiple optimal architectures for the distance-based tasking case. All con-
figuration achieve the same objective. Top left / bottom left are mirrors accross the
x-axis. Top right / bottom right are also mirrors across the x-axis.

3.1.2 Information-Theoretic Tasking

A second method to quantify tasking perfomance is via an information-theoretic mea-
sure, specifically the information gain due to measurements in a filtering algorithm.
We quantify tasking performance with a suitable transformation of the information
update added to the information matrix:

A+~ A+H' R 'H (8)

to optimize

Here H and R are the measurement jacobian and covariance matrices, respectively.
The trace and determinant are two metrics that capture the information spectrum in
a single scalar. Control schedules optimized against these metrics are termed trace-
optimal and d-optimal control, respectively. Since trace-optimal control can ignore
low-information directions, we opt to use the d-optimality metric for optimization.

As an example, consider the optimization of a two-observer constellation tasked
with observing two targets on an LPO orbit. At each timestep, we solve an instance
of (2) with the cost coefficients derived from the information gain of the measurement
update:

10



w;j = logdet H ;R "Hy; (9)

Details on the measurement model can be found in Appendix B. During our exper-

iments, we observed that ocassionally large gradients disrupted the descent trajectory.

To mitigate this, we employed a cosine annealed learning-rate schedule [35] and soft

gradient clipping [36]. These modifications preserve the structure of the gradient sig-

nal while attenuating large peaks. Figure 6 shows the descent trajectory without and
with these additions.

Vanilla GD Cosine Annealing + Gradient Clipping
o 1851 v 185
2 2
9 1801 g
g £18.0
o o
o 17.51 9
- o 17.5
Q Q
g 17.0 g
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Fig. 6: Descent trajectories for the information-theoretic tasking case under the log
determinant information objective. (a) Vanilla gradient descent struggles to converge
due to large gradient norms produced during optimization. (b) The same trajectory
with a cosine annealed learning rate and soft gradient clipping. Clipping stabilizes
convergence to an e-ball near the optimum. Cosine annealing the learning rate helps
the optimizer settle within the ball.

To determine whether an optimized control policy provides tangible benefit rela-
tive to a random policy, a Monte Carlo analysis was conducted. In each Monte Carlo
trial we chose a random control schedule G as well as a randomly generated process
and measurement noise sequence. The optimal control schedule u* sees the same pro-
cess and measurement noise sequence within one Monte Carlo trial. Therefore, Monte
Carlo simulation evaluates the performance of the optimal control schedule against
fluctuations in process noise, measurement noise, and the control itself. Figure 7 shows
the average time evolution for two different targets. A mean log-determinant covari-
ance (p* and i under optimal and randomized control, respectively) is recorded across
the simulation time along with 30 bounds capturing the variance across Monte Carlo
trials. For Target 1, p* lies below [ for 84% of the simulation time. Similarly, for
Target 2, u* lies below i for 75% of the time steps. For both targets the optimized
tasking schedule yields more certain state estimates for a majority of the simulation
time, with the largest separation happening in the latter half of Target 2’s transit.
Target 2 consistently shows separation between p* and ji when compared to Target 1,

11



which has time intervals where [ falls below p*. Additional statistics from the results
of the Monte Carlo analysis are available in Appendix C.
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Fig. 7: Time evolution of state uncertainty for the information-theoretic tasking
case for two targets (a) and (b). An ensemble of random policies (and associated
process/measurement noise sequences) perform worse on average compared to an opti-
mized tasking schedule

We note that the objective present in Equation (8) is myopic [16, 17], and that
considering a forecasted information objective can lead to better long-term returns.
Since the state transition matrix ® used to forecast the information update is not
dependent on the observer state, it is analytically differentiable and can be analyzed
under this formulation. We leave this to future work.

3.2 Shortest Path Packet Routing

Motivated by previous works in cislunar communications networks, we present a sim-
ple study for shortest path packet routing. As an example scenario for the routing
problem we consider a setup where the source-target pair is the Earth and Moon
with a constellation of two satellites on the same L1 LPO. As satellites are power-
constrained, power efficient signal transmission is a key optimization metric for packet
routing in a network. Communication in this network occurs on the electromagnetic
spectrum and the standard inverse square law for signal attenuation applies. To reflect
this, edge weights are the squared separation distance between nodes in the network.
Under this metric the gradient is analytic. Concretely, at some time ¢, let r; be the
position vector for node i in the network. Then the gradient is proportional to:

vV~ Zx;i(ri —rj) —z;(rj —r;) (10)

7 incoming edge  outgoing edge

We fix the initial condition of one asset and optimize for the phase ¢ € [0, 1] of the
second asset. Furthermore, to capture an example of non-uniform temporal demand
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for packet routing during constellation operation, we employ a non-uniform weighting
scheme during aggregation. Figure 8 compares the objective under a uniform (left)
and non-uniform Gaussian (right) average weighting aggregation scheme.

Mean Shortest Path Cost Weighted Mean Shortest Path Cost
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Fig. 8: Mean shortest path cost and computed gradient for uniform (left) and non-
uniform (right) weighting schemes.

As expected, the objective is symmetric about the global optimum when “Agg” is a
uniform average, reflecting the observation that when constellation motion is averaged
across time, equidistant phasing between assets is optimal. This behavior shifts when
the network’s routing capability becomes more critical at certain times than at others.
Furthermore, the gradients Agg(Vs(LP;)) are analytic and track the objective’s first
order information faithfully. We observe that under the uniform weighting, there are
two local minima of the objective, placed symmetrically around ¢ = 0.5. See Figure A1l
in the appendix for a visualization of the objective around these points. These minima
are close to discontinuities of the piecewise differentiable objective. Table 1 shows the
behavior of a standard gradient descent algorithm on either side of the discontinuities.

Gdisc o) Update Type ¢* Gradient Norm
=~ 0.495 0.1 Vanilla 0.4949 -2.6e-15
~v=0.2 0.5000 1.1e-14
oc=1 0.4949 2.7e-12
0.4955 Vanilla 0.5000 -1.5e-15
v=0.2 0.5000 2.8e-15
oc=1 0.5000 -8.9e-14
~ 0.505 0.9 Vanilla 0.5051 4.1e-16
~v=0.2 0.5000 -1.1e-14
c=1 0.5000 -1.1e-10
0.5045 Vanilla 0.5000 -3.6e-14
v=0.2 0.5000 -3.3e-14
oc=0.1 0.5000 -8.4e-14

Table 1: Optimization Results Under a Standard Gradi-
ent Descent Algorithm
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Note that adding momentum to the gradient update allows the trajectory to con-
tinue its descent to the global optimum. Although a white noise update also does the
same, we note that across several runs, the algorithm converged to one of the three
local minima. For this problem, the momentum update is a better solution for escaping
the one-sided saddle.

4 Conclusion

In this work we present a formulation for the constellation design problem that jointly
optimizes a constellation’s placement and operations subject to an arbitrary optimiza-
tion model. This is done via a hirarchical scheme. The inner-loop is responsible for
optimizing the operation-level objectives for an objective and producing a gradient
information for the optimization of the outer loop. Together, this formulation can han-
dle concurrent optimization problem with nontrivial coupling between the two loops.
Unlike previous approaches, the formulation is agnostic to the choice of objective and
can theoretically be applied outside of the space context, highlighting its general-
izability. We show its applicability in two different contexts, one for sensor tasking
and the other for packet routing in space networks. Furthermore, the computational
requirements for optimization fall strictly below enterprise-grade compute, with all
experiments in this work run on desktop hardware.

This work has several promising future research directions. First, the algorithm
exhibits sensitivity to initial condition, which arises from any gradient-based method.
This problem becomes increasingly apparent as constellation size scales. These prob-
lems are not completely mitigated by the strategies employed in this work. Further
experiments and ablation studies into these modifications can provide useful insight
for constructing a robust algorithm. Furthermore, Algorithm 1 relied on the gradient
from a linear program as the signal for outer-loop optimization. However, Algorithm
1 is general enough to allow for any pipeline that can produce a gradient, extending
beyond linear programs. Examples can include pipelines implementing an objective
via basis functions, neural networks, and quadratic programs.

Appendix A Shortest Path Problem

The shortest path problem investigated exhibited discontinuties placed symmetrically
around the uniform weighting optimum. Noise and heavy-ball momentum are crucial
for preventing premature convergence to this point. Figure Al shows the behavior of
the objective around the discontinuities.
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Fig. A1l: The objective landscape of an example shortest path problem exhibits dis-
continuities, posing a challenge to a gradient-based optimizer if the initial condition
is chosen unfortunately.

Appendix B Measurement Models

In this section we outline the measurement models used for optimization of a filter-

based objective. Let x = [rs VS]T be the spacecraft state. Let r, and v, be the
observer position and velocity. Let r = ry — r, and v = vg — r, be the relative posi-
tion and velocity of the spacecraft. Modern cameras are often equipped with position
sensing diodes, LIDAR, or other technology allowing the precise extraction of a line
of sight vector from an image [37]. We assume our spacecraft has this capability and
thus our ideal noise-free measurement y is the line-of-sight (LOS) vector and its rate:

y=h(x) = ||
h(x) = v HI‘|I|'Tv
Tl ~ TP "

Noise in the measurement is modeled as a random small angle rotation matrix
applied to £ and £. The measurement jacobian and covariance are

1 T
omt 0
H = R =1l
vil+rvi + (V)3 3(rTv) 1 rr’
- 3 T~
P P P P
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2 (Is 0
R-ci[§ o)
where o is the standard deviation of angle noise and At is the exposure time of the
measurement. Note that if the LOS vector measurement is utilized in the finite dif-
ference measurement for £, independence is lost and a cross correlation term appears.

The covariance becomes

1
R = 0'3) l 13 a'chtI3

1 2
os At I ¢l

Note that in our experiments we did not see a major difference in optimal constellation
phasing between the independent and correlated measurement models.

Appendix C Monte Carlo Analysis

This section provides supplementary information on the Monte Carlo analysis com-
paring the optimized control tasking schedule to the random control tasking schedule.
Table C1 shows the parameters of the Monte Carlo simulation. Target state estimates
and uncertainty were provided by an Unscented Kalman Filter.

Parameters Values
Monte Carlo trials N 100
Simulation Time (TU) 6.45

Control Timestep (TU) 0.015
Logging Timestep (TU) | 0.0215

Table C1: Monte Carlo Parame-
ters

The Monte Carlo simulation ran 100 trials. Time is measured in normalized CR3BP
units (TU) and metrics were logged with a simulation time of 6.45 TU. Within each
trial, one filtering run is completed for the optimal tasking schedule and another
separate run for the random tasking schedule. To ensure that within each trial the
constellation sees the same noise sequence, we reset the random number generator state
between runs. Note that the random control policy was also varied between trials to
evaluate the robustness of the optimal policy against a distribution of possible policies.

Figure 7 show that the optimized tasking schedule produces better state estimates
over a majority of the simulation time. To quantify the performance gap, we can use
the £30 bounds of the random schedule. Let [0* denote a quantity related to the
optimal tasking schedule and [(J denote a quantity related to the randomized tasking
schedule. The results show that p* lies below i — 36 for 33% of the time steps for
Target 1 and 39% for Target 2. However, there are time intervals where the u* lies
above fi. Table C2 shows that this happens for 15% of the simulation time for Target 1
and 25% of the simulation time for Target 2. This behavior may stem from a myopic
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or greedy policy enforced by the optimization process. Monte Carlo results show that
the optimized tasking schedule provides a more certain state estimate for a majority
of the time steps taken in the experiment for both targets.

% of Sim Time % of Sim Time
Condition | Condition is True Condition | Condition is True

pt<i 84.67% (254/300) w < i 75.00% (225/300)
< p—6 38.67% (116/300) w<p—6 45.33% (136/300)
w < p—26 37.33% (112/300) wr < p—26 43.33% (130/300)
wt < p—36 33.33% (100/300) ws < p—36 39.33% (118/300)
wr>pn+6 4.00% (12/300) we>pnp+é 0.00% (0/300)
w* > a+26 3.67% (11/300) w* > g+ 26 0.00% (0/300)
pt >+ 36 3.33% (10/300) w* > g+ 36 0.00% (0/300)
p<pt—o* 4.00% (12/300) p<put—o* 0.00% (0/300)
f<p® =20 3.67% (11/300) f<p® =20 0.00% (0/300)
p<pt—30" 2.67% (8/300) o< pt—30" 0.00% (0/300)
p>pt+o* 39.00% (117/300) a>pt+o* 45.33% (136/300)
a>pt+ 20" 37.00% (111/300) a>p* + 20" 44.00% (132/300)
p>p*+30" 35.33% (106/300) o> p*+30 43.00% (129/300)

Target 1 MC Average Statistics Target 2 MC Average Statistics

Table C2: Monte Carlo Average comparison for each of two targets. The statistics
capture how the ensemble average performance of the optimal policy fares against the
ensemble average performance of a random policy and vice versa.
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