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Abstract Cavitation remains one of the most persistent and economically damaging failure
mechanisms in centrifugal pumps, where violent vapor-bubble collapse inside the impeller
generates localized shock pressures that progressively erode blade surfaces, induce broadband
vibration, and reduce hydraulic efficiency by up to 30 %. Early-stage detection is extremely
challenging due to highly nonlinear bubble dynamics, complex geometry, and scarcity of
labelled operational data. This paper presents a novel data-efficient framework that embeds the
extended Rayleigh—Plesset equation into a Physics-Informed Neural Network (PINN), with all
five loss weights automatically tuned by the Whale Optimization Algorithm (WOA) using an
unweighted fitness metric that avoids trivial weight collapse. Four key innovations enable
superior performance: seven-dimensional Fourier feature encoding based on pump frequency
and its first two harmonics to overcome spectral bias and resolve 50 Hz oscillations;
dimensionless perturbation output around equilibrium radius guaranteeing physically bounded
positive solutions; a five-component hybrid loss enforcing the PDE, initial conditions, positivity
constraint, and sparse data fidelity using only 30 sensor measurements to break solution
degeneracy; and WOA’s intelligent five-dimensional weight search. Evaluated over five
independent random seeds, the WOA-PINN achieves a relative L. error of 0.46 = 0.02 % against
the analytical solution a 94.8 % improvement over the equal-weight baseline of 8.74 %. A dual-

indicator detection module combining instantaneous cavitation number and bubble-collapse
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criterion delivers 100 % classification accuracy on cavitating and normal regimes. Sensitivity
analysis over two orders of magnitude in equilibrium bubble radius (10 um—1 mm) confirms
sub-0.5 % error with variance below +0.01 %, proving scale invariance, while architecture
studies identify the 5x64 tanh network as Pareto-optimal. The critical advance lies in the fitness-
function design and data-anchoring loss term, not the specific optimizer, as both WOA and PSO

yield statistically equivalent gains exceeding 94 %.
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1 Introduction

Centrifugal pumps are among the most widely deployed turbomachines in the global
industrial infrastructure, found in water treatment plants, oil and gas pipelines, nuclear cooling
circuits, chemical processing facilities, and HVAC systems. Collectively, they account for
approximately 20% of global industrial electricity consumption, and their reliability is directly

tied to the safety and economic performance of the facilities they serve [1]. Among the various
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failure mechanisms that afflict centrifugal pumps, cavitation is recognised as the most
destructive and the most difficult to diagnose at an incipient stage. The phenomenon arises
when the local static pressure in the impeller flow passage drops below the thermodynamic
vapour pressure of the working liquid, causing dissolved gases and vapour to nucleate into
macroscopic bubbles. As these bubbles are carried by the flow into regions of higher pressure,
they undergo a violent implosion characterised by localised shock pressures exceeding 10 GPa,
micro-jet temperatures above 5,000 K, and acoustic emission up to 100 kHz [2]. Cumulative
bubble collapses produce progressive erosion pitting on impeller and diffuser blade surfaces,
generate broadband vibration that fatigues shaft bearings, and reduce hydraulic efficiency by as
much as 30% in severe cases [3]. The global direct maintenance cost attributable to cavitation-
induced pump failure is estimated to exceed several billion US dollars annually.

Conventional condition monitoring approaches for cavitation detection rely on the
acquisition of vibration, pressure fluctuation, or acoustic emission signals, followed by feature
extraction using Fast Fourier Transform (FFT) decomposition, empirical mode decomposition
(EMD), or wavelet packet transforms, and subsequent classification by support vector
machines, k-nearest neighbours, or more recently deep residual networks [4]. While these data-
driven methods have demonstrated high accuracy in controlled laboratory conditions with
carefully balanced training datasets, they share a fundamental limitation: they require large
quantities of labelled fault data from the specific pump under monitoring, which is expensive
and often dangerous to collect in operational environments. Furthermore, purely data-driven
models offer no guarantee of physical consistency and may produce predictions that violate
conservation laws or thermodynamic constraints when extrapolated outside their training
distribution.

Physics-Informed Neural Networks (PINNs), first systematised by Raissi, Perdikaris,

and Karniadakis in 2019 [5], offer a fundamentally different paradigm. By embedding the
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governing partial or ordinary differential equations directly into the neural network training loss
through automatic differentiation, PINNs can learn accurate physical solutions from minimal
labelled data, with the PDE itself acting as a physics-based regulariser. Since their introduction,
PINNs have been successfully applied to incompressible Navier—Stokes flow [6], conjugate
heat transfer in composite structures [7], elastoplastic deformation in solid mechanics [8], and
Schrédinger—type quantum systems [13]. However, their systematic application to cavitation
bubble dynamics in rotating machinery — which involves a second-order nonlinear ODE with
stiff oscillatory solutions, multi-term pressure forcing, and non-condensable gas effects — has
remained unexplored in the published literature.

A critical and well-documented obstacle in PINN training is the multi-component loss
imbalance problem [9]. When several loss components with different physical dimensions,
characteristic magnitudes, and gradient scales are combined with equal weights, the optimiser
is dominated by whichever component has the largest gradient magnitude, suppressing the
others and leading to solutions that minimise the dominant loss at the expense of physical
consistency. For the Rayleigh—Plesset equation, this manifests as a pathological regime in
which the network drives the normalised PDE residual to floating-point autograd precision
(LppE = 107°) yet accumulates an unacceptably large 8.74% L. solution error. This demonstrates
that near-zero PDE residual is a necessary but insufficient condition for solution accuracy,
because multiple distinct trajectories satisfy the normalised equation to the same precision and
the network gravitates to whichever one minimises the total loss landscape. Addressing this
pathology requires a principled approach to loss weight assignment that goes beyond manual
tuning by trial and error.

Several methods have been proposed to address loss imbalance in PINNs. Wang et al.
[9] derived a gradient statistics-based self-adaptive weighting scheme, and McClenny and

Braga-Neto [14] proposed learnable softmax attention weights for each loss component. These
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methods are effective but require differentiable meta-objectives and architecture-specific
tuning. Gradient-free metaheuristic optimisers offer a complementary approach: they can
search arbitrary non-smooth fitness landscapes and require no differentiable meta-objective.
The Whale Optimization Algorithm (WOA), proposed by Mirjalili and Lewis [16] in 2016,
mimics the bubble-net feeding strategy of humpback whales and has demonstrated superior
convergence on high-dimensional optimisation problems compared to PSO, genetic algorithms,
and grey wolf optimiser [17]. Its balance between exploration (random search when |A|> 1) and
exploitation (encircling and spiral updates when |A| < 1) makes it particularly suitable for the
non-convex loss-weight landscape of the five-component RP-PINN.

This paper makes five specific and original contributions to the field of physics-
informed machine learning for rotating machinery fault detection. First, the fully non-
dimensionalised extended Rayleigh—Plesset equation incorporating vapour pressure, non-
condensable gas pressure with polytropic compression, oscillating far-field driving pressure,
viscous damping, and Laplace surface tension is derived and implemented as the governing
physics for a PINN. Second, Fourier feature input encoding at the fundamental pump frequency
and its first two harmonics is introduced to resolve spectral bias, enabling accurate learning of
50Hz oscillatory bubble dynamics that standard feedforward networks systematically
underestimate. Third, a five-component hybrid loss function that combines PDE residual, two
initial conditions, a positivity constraint, and a sparse sensor data term is formulated, and the
necessity of the data term for breaking solution degeneracy is demonstrated both analytically
and experimentally. Fourth, WOA is implemented as an outer-loop optimiser for the five loss
weights, with a carefully designed unweighted fitness function that prevents the trivial
degeneracy where all weights converge to their lower bound. Fifth, a comprehensive seven-
experiment validation is conducted with all metrics reported as means over five independent

random seeds with 1o confidence intervals, including accuracy benchmarking, cavitation
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detection, scale sensitivity, architecture comparison, method comparison, generalisation

analysis, and physical consistency verification.

2 Mathematical Framework

The physical force balance governing a cavitation bubble inside the pump impeller is
illustrated in Fig. 1 and decomposed term-by-term in Fig. 2. These two diagrams serve as the

visual roadmap for the mathematical formulation developed in this section.

Cavitation Mechanism in Centrifugal Pumps

Centrifugal
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Fig. 1. Cavitation mechanism in centrifugal pumps. Left: cross-sectional view of pump impeller showing the low-
pressure cavitation zone (P < Pv, cyan) and high-pressure zone (orange, P> Pv). Right: enlarged single-bubble
force diagram with all Rayleigh—Plesset terms labelled. Inset R(t) graph distinguishes CAVITATION (large
amplitude oscillations) from STABLE (near-equilibrium) operation at the nominal RO = 100 um scale.

A centrifugal pump impeller rotating at angular velocity o creates a spatially and
temporally non-uniform pressure field within the fluid passage. For the purpose of analysing
single-bubble dynamics, the far-field pressure experienced by a bubble entrained at a fixed

radial position in the impeller is modelled as a time-periodic function:

P,(t) = Py + Asin(wt) (1)
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where Po=101,325 Pa is the mean reference pressure (atmospheric), A is the peak-to-
mean pressure oscillation amplitude that characterises the pump operating point, and ® = 2xf
with f=50Hz being the impeller rotation frequency. This sinusoidal model captures the
dominant Fourier component of the actual impeller-induced pressure fluctuation [16]. The full
dynamics of a single spherical bubble of instantaneous radius R(t) entrained in this pressure

field are governed by the extended Rayleigh—Plesset (RP) equation [2, 15]:
3 2
R-R+§R = [I(t, R, R) (2)

where R =d?R/dt? is the bubble wall acceleration and R =dR/dt is the bubble wall
velocity. The right-hand side IT collects all five physical contributions to the net radial pressure
gradient driving bubble dynamics:

7= P, + Rgas(RO/R)3y — P (1) 4R 25

- 3
P piR piR ®)

Physical Force Balance in Bubble Dynamics
Extended Rayleigh—Plesset Equation
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Fig. 2. Term-by-term decomposition of the extended Rayleigh—Plesset equation (Eq. 3). Each colour-coded panel
identifies one physical mechanism with its mathematical expression and characteristic values. The bottom
timeline illustrates the three phases of bubble lifecycle: nucleation at R~ R0, growth when P < Pv, and violent
collapse producing a shock wave.
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The five terms in Eq. (3) represent distinct physical mechanisms. The first term, Pv/pl,
represents the partial pressure of water vapour inside the bubble, which drives outward
expansion when the far-field pressure drops below the vapour pressure Pv=2,338 Pa at 20 °C.
The second term, Pgas(RO/R)"{3y}/pl, describes the pressure contribution of non-condensable
gas (dissolved air) enclosed within the bubble, which obeys an adiabatic polytropic
compression law with exponent y = 1.4 for diatomic air. This term acts as a nonlinear restoring
spring: when the bubble is compressed (R <RO0), the gas stiffens and resists further collapse;
when expanded (R > RO0), the gas pressure decreases. Without this term, the Rayleigh—Plesset
equation admits an unphysical unbounded collapse trajectory at R — 0. The third term,
—Poo(t)/pl, is the oscillating far-field driving pressure that couples the bubble dynamics to the
impeller rotation. The fourth term, —4ul R/(pl R), is the viscous damping contribution
proportional to the radial strain rate R/R, with kinematic viscosity pl/pl=1.0x10"°m?-s™" for
water at 20 °C. The fifth term, —2S/(pl R), represents the Laplace pressure jump across the
bubble surface due to surface tension S =0.0728 N-m!, which acts to restore the bubble toward

its equilibrium radius. All physical parameters are given in Table 1.

Table 1. Physical constants for water at 20°C and pump operating parameters

Symbol Value Unit Description

Pv 2,338 Pa Vapour pressure at 20°C

pl 998 kg'm™ Liquid water density

ul 1.0x1073 Pas Dynamic viscosity

S 0.0728 N'm™ Surface tension (water—air)

PO 101,325 Pa Mean reference pressure

Y 1.4 — Polytropic index for air (adiabatic)
® 21x50 rad-s™! Pump impeller angular frequency
RO 1.0x107* m Equilibrium bubble radius (default case)
oc 1.5 — Critical cavitation number
Vref 10.0 m-s™! Reference impeller tip velocity
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To reduce Eq.(2) to a first-order system amenable to numerical integration and
compatible with automatic differentiation in PyTorch, we introduce the bubble wall velocity

V(t) =dR/dt as an auxiliary state variable, yielding the coupled two-dimensional ODE system:

dR
<=V @)
N(tRV) — 3V
@ _ R 732 5)
dt R

The initial conditions for this system are obtained from physical first principles. Att=0,
the bubble is in mechanical equilibrium with its surroundings, meaning R(0) =R0 and V(0)=0
(the bubble is initially at rest). Substituting these conditions into Eq. (2) and solving for the
initial non-condensable gas pressure that satisfies static pressure balance across the bubble wall:

28
= Py — B, + — = 100,443 Pa (6)

Pgas RO

For RO=10"*m, this gives Pgas=101,325—-2,338 +2x0.0728/10*~ 100,443 Pa. The
dominant terms are atmospheric pressure minus vapour pressure, confirming that the non-
condensable gas effectively fills the pressure gap between atmospheric conditions and the
vapour pressure at equilibrium. The surface tension term contributes only 1,456 Pa (1.4%) for
the default bubble radius, but becomes significant for sub-micron bubbles.

A critical step for stable PINN training is the normalisation of the PDE residual to O(1)
magnitude. Without normalisation, the RP acceleration terms R-R + (3/2)R? have units of m-s
and characteristic magnitudes that vary by many orders of magnitude across the simulation
domain. Following Wang et al. [9], we normalise the full RP residual by the characteristic

acceleration scale:
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P, — P,
1Po — Bl ~ 991,853 m-s72 (7)

For RO=10"*m, cs =991,853 m-s2. This normalisation brings the dimensionless PDE
residual to O(1) throughout the simulation domain [0, 0.1] s, preventing the gradient-scaling
pathologies that arise when loss components differ by many orders of magnitude. The cavitation
number, which quantifies the margin of the local pressure above vapour pressure relative to the
dynamic pressure of the impeller flow, is defined as:

Pm(t) - Pv

o(t) = ——
() 1/2pl Vref2 (8)

When o(t) drops below the empirically established critical cavitation number oc =1.5
for a typical single-stage centrifugal pump [3], vapour bubble nucleation becomes
thermodynamically favourable and sustained cavitation can be detected. All scenario

parameters used in the seven experiments are summarised in Table 2.

Table 2. Scenario parameters for normal and cavitation operating conditions

Parameter Default Reference Cavitation Scenario Normal Scenario
Pressure amplitude A (Pa) 50,000 95,000 500
Equilibrium radius RO (m) 1.0x10* 1.0x107* 1.0x10*
Simulation window T (s) 0.1 0.1 0.1
Driving frequency f (Hz) 50 50 50

Initial gas pressure Pgas (Pa) 100,443 100,443 100,443
Min. cavitation number cmin — 0.080 (oc triggered) 1.97 (safe)
Expected classification — CAVITATION NORMAL

The cavitation scenario uses A = 95,000 Pa, which drives omin well below the critical threshold oc = 1.5. The
normal scenario uses A = 500 Pa, producing stable near-equilibrium bubble oscillations.

3 WOA-PINN Methodology
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3.1 Network architecture and Fourier feature encoding

Standard feedforward neural networks with a scalar time input t exhibit a well-
documented frequency bias, termed “spectral bias” or “frequency principle” [18]: during
gradient descent training, the network learns low-frequency components of the target function
first, and progressively higher frequencies are learned only after extensive training or may not
be learned at all. For the Rayleigh—Plesset solution, which oscillates at 50 Hz with harmonics,
this bias produces systematic amplitude underestimation at late times (t> 50 ms) and prevents
the network from capturing the correct phase relationships between the bubble oscillation and
the impeller forcing. The Fourier feature encoding method of Tancik et al. [ 18] resolves this by
explicitly providing the network with trigonometric basis functions at the relevant frequencies,
eliminating the need for the network to rediscover these features through gradient descent.

We construct the following seven-dimensional Fourier feature vector from the

normalised time input:

x(t) = [z, sin(wt), cos(wt), sin(2wt), cos(2wt), sin(3wt), cos(Bwt)] T 9)

where t=t/T €[0,1] is the normalised time coordinate and the remaining six
components are trigonometric projections at the fundamental pump frequency o and its first
two harmonics 20 and 3. The fundamental component captures the primary bubble oscillation
driven by Eq. (1); the second and third harmonics capture the nonlinear components of the RP
solution arising from the (RO/R)*{3y} gas pressure term and the quadratic R? inertia term.
Including three harmonics was found through ablation studies to be sufficient for sub-1% error;
adding a fourth harmonic provided negligible improvement at increased computational cost.

The PINN output is parameterised as a physically bounded dimensionless perturbation:

Ro(t) = Ro[1 + No(x(1))] (10)
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where NO denotes the neural network mapping x(t) — R parameterised by trainable
weights and biases 0. This output parameterisation provides three significant advantages. First,
when N6 — 0, Eq. (10) automatically recovers R =R0, providing a warm start toward the
physically correct equilibrium state without any explicit initial condition enforcement. Second,
the parameterisation explicitly prevents negative radii as long as N0 > —1, which is enforced by
the positivity loss component. Third, the dimensionless form of N6 allows the same network to
be reused across different equilibrium radii by simply rescaling the output, which contributes
to the observed scale invariance of the framework. All network weights and biases are
initialised by Xavier uniform sampling [19] from the interval
[—V(6/(nin + nout)), +V(6/(nin + nout))], which preserves the variance of gradients across layers

and accelerates early-stage convergence. The full network architecture is shown in Fig. 3 and

Table 3.

WOA-PINN Architecture for Solving the Rayleigh—Plesset Equation

INPUT FOUER'[I%%'B%CT;URE NEURAL NETWORK OUTPUT  POST-PROCESSING
Overcomes Layer 1 Layer 2 Layer 3 Layer 4 Layer 5
Spectral  tanh tanh tanh tanh tanh
Bias

2
N (0‘ \] ﬂln+nout)

//A
‘ 'l/
\\\0./',“
W RO

sin(wt) i

cos(wt) ;7—dlmensmnal . X
sin(2wt) input
cos(2wt)
sin(3wt)
| | cos(Bwt) |

H\ H
\'w ,&y}l./ 0
’ l.\.

4‘ \\\ 0.'::/;
"7

Physical
Parameterization

R(t) =Ry x (1+46)

A

R(t)
[meters]

.i'm\&.//{"‘\ /l
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S /» Y ‘/I/I \\\ ‘/l//\\\\ "I/M\\"
///, .\\\ //, //, .\\ ///. QN
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Overcomes ___ | N(O' "inf"out)
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Fig. 3. WOA-PINN architecture for solving the Rayleigh—Plesset equation. Left: scalar time t enters the seven-
dimensional Fourier feature encoder (Eq. 9). Centre: five hidden layers with 64 tanh neurons each, Xavier-
initialised. The network outputs a scalar perturbation 6, which is post-processed via Eq. (10) to produce R(t) in
metres. Bottom: the five-component weighted loss bar whose weights are optimised by WOA (arrow from
outside).
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Table 3. Network topology for the default 564 WOA-PINN (17,217 trainable parameters)

Layer Input Dim. Output Dim. Activation Parameters
Fourier encoding (Eq. 9) 1 (scalar t) 7 o 0 (non-
. trainable)

. T*x64 + 64 =
Hidden layer 1 7 64 tanh 576
Hidden layers 2—5 (each) 64 64 tanh 64_X64 +64

=4,160
Output layer 64 1 Linear (none) 64+ 1=065
Post-processing (Eq. 10) 1 1 0 (non-
b e trainable)
576 +
¥ trainable parameters — — — 4x4,160 +
65=17,217

The 5%64 architecture is selected as the recommended configuration based on the Pareto front analysis in
Fig. 9, providing the best accuracy-per-parameter ratio. The tanh activation is chosen over ReLU because it
provides Co smoothness required for the second-order automatic differentiation of the RP equation.

3.2 Five-component hybrid loss function

The training objective for the WOA-PINN integrates five distinct physically motivated

loss terms into a unified weighted objective:

L = wiLppp + Walici + W3licz + Walppys + WsLaata (11)

where the weights [w1, w2, w3, w4, w5] are the five-dimensional optimisation variable
for WOA. Each component is defined to be dimensionless through appropriate normalisation,
ensuring that all five contribute comparable gradient magnitudes at initialisation before WOA
adjusts the weights. The PDE residual loss evaluates the extended RP equation at Nc =525
collocation points distributed throughout the domain [0, 0.1] s:

1
Lppg = N ZiTRE) /s P (12)
Cc

where Z(t1) is the full RP residual computed by automatic differentiation through the

parameterized output RO(ti): Z(ti)=RORO+ (3/2)R6>—TI(ti, RO, RO). The 500 interior
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collocation points are generated by Latin Hypercube Sampling (LHS) to ensure uniform
coverage of the time domain without clustering; an additional 25 points are concentrated in the
first 5% of the domain (t € [0, 5 ms]) to provide dense coverage near the initial transient. The
two initial condition losses enforce the mechanical equilibrium conditions R(0)=R0 and

V(0)=0:

Re(0) — R
Liy =" ——F——" (13)

dRO/dt|t0-T _,
Licz =" Ry K (14)

Both are normalised by RO (or RO/T for the velocity condition) to bring them to O(1)
magnitude, preventing the IC losses from being numerically negligible relative to the PDE loss
during early training. The positivity constraint penalises any prediction in which the bubble

radius becomes non-physical (negative):
1 r A2
Lpnys = N. 2 ;" max(0,—Rgy(t;)/Ro) (15)
Cc

This loss activates only when RO <0 and provides a one-sided quadratic penalty that
strongly discourages the network from exploring non-physical regions of the solution space.
Without this constraint, the network occasionally finds low-PDE-residual solutions that include
a brief excursion to R <0 near t=0 during the initial transient. The sparse sensor data loss
compares PINN predictions against Ns =30 high-fidelity measurement points generated by
numerically integrating the RP ODE system (Eqgs. 4-5) using the LSODA adaptive step-size

solver in SciPy with relative tolerance 10~° and absolute tolerance 1072
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l r Re(tj) - Rmeas(tj) 2
N, J Ry

Ldata -

(16)

The 30 sensor points are uniformly distributed across the simulation window, providing
one measurement every 3.33 ms. The inclusion of this term is the most important design
decision in the framework. Without #data (w5=0, as in the baseline), the normalised RP
residual plateaus near 10~ at approximately epoch 500 and never improves further, yet the L.
solution error remains at 8.74%. This plateau is caused by a degeneracy in the normalised PDE
landscape: infinitely many trajectories satisfy the normalised equation to floating-point
autograd precision, and the network selects whichever trajectory minimises the total weighted
loss, which is not necessarily the physically correct one. The sparse sensor data term acts as a
trajectory selector, anchoring the prediction to the unique solution consistent with both the ODE
and the initial conditions. Crucially, only 30 measurements — representing a 0.3% sampling of
the 10,000-point test grid are sufficient to achieve this anchoring. Table 4 summarises all five

loss components.

Table 4. Five-component hybrid loss function: definition, physical role, and normalisation strategy

Component Mathematical Form Physical Role Norm. Scale
YPDE . Lo Enforce governing PDE on cs (char.
(Eq. 12) MSE of RP residual = cs 525 collocation points acceleration)
Enforce initial radius
— 2
ACI1 (Eq. 13) [(R6(0)—R0O)/RO] R(0)=R0 RO
AC2 (Eq. 14) [dRO/d1(0)- T/ROJ* Enforce initial velocity RO/T
V(0)=0
Sphys _ Enforce R(t)>0 (physically
(Eq. 15) MSE of max(0,-R6/R0) bounded) RO
Hdata MSE vs 30 LSODA points  Anchor to correct trajectory RO
(Eq. 16) + R0O? (break degeneracy)

The data term %data is the critical innovation: without it, the PINN achieves ¥PDE ~ 107 yet 8.74% L: error
due to PDE solution degeneracy. With 30 sparse measurements, L2 drops to 0.41% even with equal weights.

3.3 Whale Optimization Algorithm for loss weight tuning
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The Whale Optimization Algorithm [10] is a population-based metaheuristic that
models the bubble-net feeding behavior of humpback whales. A pod of Nw=6 whales
corresponds to a population of six candidate weight vectors wi=[wl, w2, w3, w4, w5]i, each
initialised by uniform random sampling from the search space [0.1, 100]°. At each iteration k,
three behavioural mechanisms update the whale positions.

Encircling prey — exploitation near best position. Each whale moves toward the
current global best solution ®* by computing the Euclidean distance and stepping in the

direction of the best:

D=|Co"—w|, wew —A-D (17)

where r1, r2 ~ U[0, 1] are uniform random numbers drawn fresh each iteration, C = 2r2
is a stochastic factor that prevents stagnation at the best position, and A =2arl —a involves the

adaptive parameter a that decreases linearly:

2k
ak) = 2 —

(18)

Kmax

This linear decrease from a=2 (at k =0) to a =0 (at k = Kmax) transitions the algorithm
from aggressive exploration (2(|A|>1) probability 0.5 at k=0) to concentrated exploitation
(Q(JA| <1) probability 1.0 at k=Kmax), implementing a principled exploration-exploitation
schedule.

Bubble-net spiral — helix around best position. Applied with probability p=0.5
when the exploration condition is not triggered, this update models the shrinking encircling

spiral that characterises the whale’s final approach to prey:

w < |w* —w|-exp(b?)- -cos2nt) + w*, £ ~ U[—-1,1] (19)
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where b=1 1is the logarithmic spiral shape constant and £ ~ U[—1, 1] is a random
number controlling the spiral phase. The combination of a decaying helix radius and a random
phase produces a dense coverage of the neighbourhood around w* without simple grid-like
repetition.

Random search — exploration toward a random peer. When |A|> 1, the whale
moves toward a randomly selected peer whale wrand rather than the global best, implementing

a large-step exploration mechanism:

D - Ierand - wl w < wrand - A.D (20)

After every position update, all components of ®i are element-wise clamped to the
search bounds [0.1, 100] to prevent degenerate weight configurations. The fitness function

evaluated after each update is critical to the success of the framework:
f(w) = Lipg + Lic1 + Licz + Lata 21)

The superscript u denotes the unweighted (raw) loss values obtained by evaluating each
component individually with wi=1 after a brief 100-epoch Adam training run with the
candidate weights wi. Using the unweighted sum as fitness is the key design decision that
prevents the trivial degeneracy: if the weighted total #£=Xwi# were used, minimising all wi
to their lower bound of 0.1 would minimise % without improving the underlying solution
quality. The unweighted fitness f(w) measures true model quality irrespective of weight scale,
forcing WOA to discover optimal weight ratios rather than minimising weight magnitudes.

WOA configuration is given in Table 5.

Table 5. WOA hyperparameter configuration with design rationale

Parameter Value Design Rationale

Balances search diversity vs fitness evaluation cost

Population size Nw 6 (600 total calls)
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Maximum iterations Kmax 10
Search space per weight [0.1, 100.0]

. . 100 (Adam,
Fitness evaluation epochs 1r=10"3)
Logarithmic spiral constant b 1
Spiral selection probability p 0.5
Optimisation variable 5

dimension d

WOA-PINN for Cavitation Fault Detection - J. Eng. Appl. Sci.

Beyond 10 iterations, best fitness improves by <0.1%

Lower bound 0.1 prevents zero weights; upper 100
prevents dominance

Fast and consistent proxy for full training quality

Standard WOA configuration; higher b increases helix

spacing

Equal probability of encircling vs spiral ensures

coverage

One independent weight per loss component

Total WOA fitness evaluations: 6 whales % 10 iterations x 100 Adam epochs = 6,000 gradient steps for weight
search, plus 2,300 steps for final full training.

3.4 Hybrid Adam-L-BFGS training strategy and cavitation detection

The complete four-stage training and detection pipeline is illustrated in Fig. 4. Once

WOA has identified the optimal weight vector w*, the PINN is trained from a fresh random

initialisation using a two-phase strategy that combines the global exploration of stochastic

gradient methods with the precision of quasi-Newton optimisation.

WOA-PINN Training and Detection Pipeline

Complete vorkflow from data preparation to fault classification

STAGE 1 — DATA PREPARATION
(@ Data Sources

STAGE 2 — WOA OPTIMIZATION

(@ WOA Weight Search

Latin Hypercube )

Sampling

500 collocation points y.:,.t
teol ~ LHS[0, 0.1s]  [o° ..:j

=
Boundary Refinement
25 points neart =0 |

First 5% of domain
J,

525 training points ‘+ 30 measurements
Fitness

100 Adam epochs per
fitness call

Search space: [0.1, 100]°
24x10°3

8.7x104

Convergence

= - =
6 Whales x 10 iterations

STAGE 3 — PINN TRAINING

272.7 sonds ’

G Phase 1: Adam Optimizer B

G Phase 2: L-BFGS

® Hybrid Training

2,000 epochs mini loss
Ir=10"% - Reducel ROnPlateau

Gradient clip: max_norm=1.0 L
\: Mini loss )

~
mini loss

300 steps
Strong Wolfe line-search

| History size =50 Wini loss )

PR 3.89x10-12 3.89x10-12 3,89%10-12

Licy [ (small

104.6 scnds ’ 100.6 seconds

@ Cavitation Detection
o Compute a(t)

o= [P oc(t)_ v]
= _i_;pVZ
Check: o(t) < 0. = 1.5?

-~ J

Bubble Collapse Check
Check: R(t) < 0.1-Ry?

" =4

CLASSIFICATION
CAVITATION DETECTED

C
w; =11.56 w3 =26.36 Lico ([ (small)
. i NORMAL
e 322140534'74 Lonys @ smal) Severity Score S € [0,1]
M5 e I 6.3x107 6.3x107 ) '
< 7 < 7 . & \ 4

Fig. 4. WOA-PINN training and detection pipeline. Stage 1: data preparation (500 LHS collocation points, 25
boundary-refined near t = 0, and 30 LSODA sensor measurements). Stage 2: WOA weight search over 6 whales
and 10 iterations; best fitness converges from 2.4 x107 to 8.7 x107* (64% reduction, 272.7 s). Stage 3: full hybrid
Adam + L-BFGS training with WOA-optimal weights (104.6 s). Stage 4: dual-indicator cavitation detection and

severity classification (<1 s). Total pipeline time =~ 377 s.
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Phase 1 applies the Adam stochastic gradient descent optimiser [20] for 2,000 epochs.
The initial learning rate is set to =103, and a ReduceLROnPlateau scheduler monitors the
total training loss & with patience =200 epochs and decay factor =0.5, reducing the learning
rate when the loss fails to improve. The minimum learning rate floor is set to 1077 to prevent
premature termination. Gradient clipping at maximum L. norm=1.0 prevents gradient
explosion from the stiff second-order derivatives RO that arise during the automatic
differentiation of the RP residual. Phase 2 applies the L-BFGS limited-memory quasi-Newton
method [21] for 300 optimisation steps, using a strong Wolfe line-search with history size 50.
L-BFGS exploits curvature information through a low-rank approximation of the inverse
Hessian, enabling quadratic convergence near the solution and typically driving the loss down
by an additional one to two orders of magnitude compared to the Adam phase alone. The full

hyperparameter configuration is given in Table 6.

Table 6. Hybrid Adam—L-BFGS training hyperparameters

Hyperparameter Phase 1: Adam Phase 2: L-BFGS

Total iterations 2,000 epochs 300 optimisation steps

Initial learning rate 1.0x1073 0.5 (Wolfe-adjusted)
ReduceLROnPlateau .

LR schedule (patience=200, factor=0.5) Strong Wolfe line-search

Min. learning rate 1.0x1077 — (line-search controls step)

Gradient clipping Max L2 norm = 1.0 Not applied

Inverse Hessian history — 50 vector pairs

Convergence character Stochastic, robust to early noise Quasi-Newton, precise near

minimum

NaN recovery Restore best checkpoint; halve Ir —

Following training, cavitation is detected through two complementary physical
indicators applied in sequence. The first indicator declares bubble collapse if the minimum

predicted radius falls below 10% of the equilibrium value:
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min; Rg(t) < 0.1R, (22)

This threshold of 0.1R0 corresponds to an 89% volume reduction, beyond which surface
tension and gas pressure alone cannot stabilise the bubble and rapid re-expansion occurs. The
second indicator declares a cavitation-number violation whenever o(t) from Eq. (8) falls below
oc=1.5 at any time instant. The final classification is CAVITATION DETECTED if either
indicator is triggered; NORMAL otherwise. To quantify the severity of detected cavitation, a
composite severity score S € [0, 1] is computed as a weighted combination of three sub-

indicators:

S =048, + 035, + 035y (23)

where SR =max(0, 1 —Rmin/R0O) measures the fractional depth of bubble collapse
(SR =1 for complete collapse); Sc is the time fraction during which o(t) <cc (So=1 if the
pump operates entirely in the cavitating regime); and SV = min(1, [R|max/(10R0w)) normalises
the peak collapse velocity by a reference scale 10R0Ow. The weights 0.4, 0.3, 0.3 reflect the
relative importance of the three indicators for practical pump maintenance decisions: collapse
depth is the primary driver of erosion damage, while cavitation number violation and high
collapse velocity contribute to acoustic emission and bearing fatigue, respectively. The relative

L solution error used throughout all experiments is:

e _ ”RB - Rref” 2
L2 —
”Rref” 2

(24)

evaluated on a held-out test set of 10,000 uniformly spaced points from the LSODA

reference solution. Complete notation is given in Table 7.

Table 7. Notation reference for the WOA-PINN framework
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Symbol Definition SI Units
R(t) Instantaneous bubble radius m
V(t) = dR/dt Bubble wall radial velocity m-s™
d?R/dt? Bubble wall radial acceleration m-s~
Pgas Non-condensable g(aé ;).rg)ssure at equilibrium Pa
I(t,R,V) Net RP right-hand side (Eq. 3) m-s™>
cs Characteristic acceleration scale (Eq. 7) m-s2
o(t) Instantaneous cavitation number (Eq. 8) —
NO Neural network mapping X(F) — R (dimensionless o
perturbation)

x(t) 7-D Fourier feature input vector (Eq. 9) —
i WOA whale position in loss-weight space —
flw) WOA unweighted fitness function (Eq. 21) —
el.2 Relative Lz solution error (Eq. 24) %
S Composite cavitation severity score (Eq. 23) —
Q Random seed set {42, 7, 13, 99, 2024} —

4 Results and Discussion

All experiments are implemented in Python3.11 with PyTorch2.0 (PINN
implementation, automatic differentiation, and GPU-agnostic training), SciPy 1.11 (LSODA
reference ODE solver for sensor data and ground truth), and NumPy 1.24 (random seed
management and post-processing). All experiments run on CPU to ensure reproducibility; GPU
acceleration would reduce training time proportionally without affecting results. Five random
seeds Q=1{42,7,13,99,2024} independently control network weight initialisation, LHS
collocation point generation, and sensor point selection. All reported metrics are means + 1o
over n=5 seeds, providing statistically meaningful performance estimates. A held-out
validation set of 200 ODE solution points, disjoint from all training collocation points and
sensor measurements, is used throughout to monitor generalisation. Table 8 provides an

overview of all seven experiments.
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Table 8. Summary of seven experimental configurations

WOA-PINN for Cavitation Fault Detection - J. Eng. Appl. Sci.

Exp. Configuration Primary Metric Seeds

1: Baseline Welghts:[l.,l,l,l,O], L data L: error; PDE residual 5
disabled floor

2 WOA- L. error; WOA

PiNN WOA optimal weights + 30 sensors convergence; weight 5

analysis

S A=95,000 Pa, WOA weights Detection accuracy; 5

Cavitation omin; severity score

4: Normal A=500 Pa, WOA weights False-positive rate; omin 5

3: s 73 L: vs scale; weight

Sensitivity RO € {107,...,10%} m tornado chart > per RO

6: L., Nparams, training

Architecture 3x32 /5%64 / 7x128 networks fime; Pareto front 5 per arch.

7. Method Baseline / PSO-PINN / WOA - L., total wall-clock time, 5

PINN

weight configs

All experiments use the same training protocol (Table 6) and random seeds Q. Experiments | and 2 establish the
core baseline-vs-WOA comparison; Experiments 3—4 validate fault detection; Experiments 5—7 assess
generalisation, scalability, and method comparison.

Figure 5 presents the primary accuracy comparison between the Baseline PINN
(Experiments 1 and 2). Panel (a) overlays the predicted bubble radius R(t) from five seeds of
each method against the LSODA analytical reference. The WOA-PINN predictions (blue solid,
mean * 1) are visually indistinguishable from the reference across the full 100 ms window. In
contrast, the Baseline PINN predictions (red dotted) exhibit growing amplitude error that
reaches £10 um by t =80 ms. Panel (b) plots the pointwise absolute error [R6(t) — Rref(t)| on a
logarithmic scale. The WOA-PINN error remains consistently below the 1 um quality threshold
(1% of RO=100 um) throughout the domain. Table9 provides a complete quantitative

comparison.

Page 22



120 4 (a)

© = =
S S =)
L ! L

Bubble Radius R(t) [pm]

®
(=]
L

70 4

Raza -

WOA-PINN for Cavitation Fault Detection - J. Eng. Appl. Sci.

== = Analytical Reference
= WOA-PINN (mean + lo, n=5)
Baseline PINN (mean + 1o, n=5)

= WOA-PINN error

’/"‘| | \‘”'--- Baseline error
z ‘l-,z\b-——-“——:':———} === 1%of Ro=1.00 um -
E ll' R £ 1
E! 1
1

= )
=]
=
|
=
2
=
=]
w
=
< 5

10 "4

10°4

0 20 40 60 80 100

Time t [ms]

Fig. 5. Bubble radius prediction comparison. (a) Predicted R(t) from WOA-PINN (blue, mean + 1o, n=>5 seeds)
and Baseline PINN (red dotted, mean + 1o) against the LSODA analytical reference (black dashed). (b)
Pointwise absolute error on a logarithmic scale; the dashed line marks the 1 um quality threshold (1% of R0).

Table 9. Quantitative performance comparison: Baseline PINN vs WOA-PINN (n=5 seeds, mean + 10)

Metric Baseline PINN WOA-PINN Relative
Change
L. relative error (%) 8.735+1.32 0.458 +£0.02 —94.8%
. . ~ - =3 orders of
Final PDE residual #PDE 3.61x107° 3.89x10712 .
magnitude
Final data loss #data N/A (w5=0) 6.32x1077 N/A (new term)
Baseline
Train—Validation gap (%) 9.1+1.2 0.7+0.3 borderline
overfitting
WOA optimisation time (s) — 272.7 N/A
PINN full training time (s) 90.9+3.1 104.6 4.2 +15% overhead
Both
NaN events across all seeds 0 0 numerically
stable
Epoch at L<10* threshold Not reached ~1,200 —
Max pointwise error (pm) 18.4+5.2 0.35+0.04 —98.1%

The critical result is that Baseline achieves ¥PDE = 107 yet 8.74% L: error, confirming the solution degeneracy
hypothesis. WOA-PINN breaks this degeneracy through the %data term, reducing L2 by 94.8% with only 15%

additional training time.
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The loss convergence curves in Fig. 6 provide mechanistic insight into the training

dynamics. Panel (a) shows the total weighted loss for both methods; the Train—Val gap of 0.7%

for the WOA-PINN (versus 9.1% for the Baseline) confirms the absence of overfitting in the

data-augmented framework. The transition from Adam to L-BFGS at epoch 1,600 (marked by

the vertical dashed line) produces a visible step-down in all loss components for the WOA-

PINN, demonstrating the complementarity of the two optimisation phases. Panel (b) shows the

PDE residual loss #PDE: both methods achieve similar final values near 102, confirming that

the difference in L. error is entirely attributable to trajectory selection by the sensor data term,

not to different PDE residual levels.

(a) Total Weighted Loss

s WOA-PINN

=== Bascline

Train-Val gap: 0.7°

(b) PDE Residual Loss L,

s WOA-PINN

==+ Baseline
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(d) Initial Velocity L
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107
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Fig. 6. Training loss evolution for all six components (2%3 grid, mean + 1o shaded bands, n=>5 seeds). Blue:
WOA-PINN; Red dashed: Baseline. Vertical dashed lines mark the Adam—L-BFGS transition at epoch 1,600.
The Train—Val gap of 0.7% (panel a) confirms the absence of overfitting. Panel (f) shows L_data decreasing five

orders of magnitude as the PINN progressively anchors to the 30 sensor points.

Page 24



Raza -

WOA-PINN for Cavitation Fault Detection - J. Eng. Appl. Sci.

Figure 7 analyses the WOA weight optimisation process in four panels. Panel (a) shows

the best-population unweighted fitness per iteration: the fitness decreases from 2.40x107 at

initialisation to a plateau of 8.68x107* at iteration 5, remaining stable through iteration 10,

confirming convergence within the allocated 10-iteration budget. The 64% fitness reduction

reflects a genuine improvement in the balance between all five loss components, not merely a

rescaling of the objective. Panel (b) compares the WOA-optimal weights against the equal-

weight baseline (w=1 for all components, shown as the dashed vertical line): the optimal

configuration assigns notably higher weights to the initial velocity condition (w3* =45.02) and

the positivity constraint (w4* = 34.74), while assigning the smallest weight to the PDE residual

(wl*=11.56). The physical interpretation and implications of each optimal weight are

discussed in Table 10.

(a) WOA Fitness Convergence
=@ Besl fitness

2x10"°

Fitness (Unweighted Loss Sum)

(b) WOA-Optimal vs Equal Weights

Liiata 2.03

3474

4502

=== Equal weight (w=1)

4 6 8 10
WOA Iteration

=4
¥

Final: 8.683c-04
(64% reduction)
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Fig. 7. WOA convergence and weight analysis. (a) Best-population fitness per WOA iteration; convergence at
iteration 5. (b) Optimal WOA weights vs equal-weight baseline (dashed). (c) Evolution of all five weights during
WOA iterations; w3 (IC2) shows the largest increase, confirming its critical role. (d) WOA vs PSO optimal
weight comparison; despite markedly different configurations, both achieve sub-0.5% L: error.
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Table 10. WOA-optimal loss weights and their physical interpretation

Loss

Weight Optimal Value Component

Physical Interpretation

PDE is already well-satisfied at the autograd floating-
wl* 11.56 (lowest) $PDE point precision floor (~107'2); additional weight provides
diminishing returns

26.36 Initial radius condition is quasi-overdetermined by the

w2* (moderate) LACI1 output parameterisation Eq. (10); moderate weight is
sufficient

Initial velocity phase is the primary degree of freedom
w3* 45.02 (highest) AC2 that distinguishes correct from incorrect trajectories; this
weight is the critical innovation

Early training without this weight produces brief R<0
w4* 34.74 (high) Sphys excursions at t =~ 0 that corrupt later dynamics; high
weight prevents this

22.03 Moderate data weight achieves anchoring without
w5* (mo dérate) Fdata overfitting to the 30 sensor points; too-high a weight
would suppress the PDE term

The dominance of w3* (IC2, initial velocity) is the key finding: the Baseline PINN fails because the equal weight
w3 = 1 is insufficient to enforce the correct initial velocity phase, allowing the network to converge to a phase-
shifted but PDE-valid trajectory.

Cavitation detection results for Experiments 3 and 4 are presented in Table 11. Under
the cavitation scenario (amplitude A =95,000 Pa), the impeller-driven pressure oscillation is
severe enough to drive the cavitation number to omin=0.080 at t=10.9 ms, far below the
critical threshold oc =1.5. The WOA-PINN correctly identifies CAVITATION DETECTED
via the o-criterion with a composite severity score S =0.245, indicating moderate cavitation
intensity. Under the normal scenario (A =500 Pa), the pressure oscillation is gentle and
omin=1.97, safely above oc, yielding a correct NORMAL classification with severity
S=0.011=0. The overall detection accuracy is 100% (2/2 scenarios correctly classified), with

zero false positives or false negatives across all five seeds.

Table 11. Cavitation fault detection results for both test scenarios

Metric Cavitation (A=95,000 Pa) Normal (A=500 Pa)

L. relative error (%) 2.310£0.18 0.502+£0.03
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CAVITATION DETECTED

Final classification v NORMAL v
o-criterion triggered Yes (omin=0.080 < c=1.5) No (omin=1.97 > cc¢)
Collapse criterion triggered No (Rmin=80.9 um > 0.1R0) No (Rmin=98.6 um > 0.1R0)
Minimum bubble radius 80.9+ 2.1 um (80.9% of RO) 98.6+ 0.3 pm (98.6% of RO)
Peak collapse velocity |[dR/dtjmax 4.50x102m-s! 1.23x10*m-s™!
Sub-components SR / S6 / SV 0.19/0.43/0.17 0.01/0.00/0.01
Composite severity score S 0.245 (moderate cavitation) 0.011 (negligible)
Onset time of cavitation 10.9 ms Not applicable
Training time (s) 104.7 99.6

Detection accuracy: 100% (2/2 correct classifications, consistent across all n=5 seeds). The higher L: error in
the cavitation scenario (2.31%) vs normal (0.50%) reflects the more challenging bubble dynamics at high
pressure amplitudes.

Figure 8 and Table 12 present the sensitivity analysis results (Experiment 5),
demonstrating the scale invariance of the WOA-PINN framework across bubble radii spanning
two orders of magnitude. The mean L- error varies by only £0.01% around a mean of 0.446%
across all five tested radii, and all five seeds at every RO value fall well below the 1% quality
threshold. This scale invariance is a direct consequence of the non-dimensionalised output
parameterisation in Eq. (10): because the network predicts a dimensionless ratio R/RO, the
identical network and weights are applicable across different physical scales without retraining.
The tornado chart in panel (c) reveals that reducing w5 (data weight) by 20% increases Lz by
0.03%, the largest sensitivity of any weight perturbation, further confirming the central

importance of the sensor data term.
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(a) Ly Error vs Ry (mean £ 1o, n=5) (b) Lz Error Distribution (n=5 seeds)
T T T S — -40 J0 e e e e i
Target region
~&~ L, Emor (%) -35
Training Time 09
0.84 30
B . S8
£ 06 52 B
= B =%
v -0 2
= 04 E 505
& 55 g
8 305
02 10
0.4
=25 b y
0.04 034 1% threshold
0 v . —
10° 10 10 10! 5x 10~ 0%
Equilibrium Radius /%) [m] Ry [m]
(¢) Weight Sensitivity (£20% Perturbation) (d) Training Time vs 1)
] pi 38s 38s
wy (phys) 1 40 [Total experiment time: 9345
351
wy (PDE) A 304
=
v
_E 251
. =
ws (IC2) o0, |
=
=
; 15 4
wy (IC1) 4
104
w; (data) 4 =
04
—0.01 0.00 0.01 0.02 0.03 100
Change in L, Error (%) Ry [\u03bem|

Fig. 8. Sensitivity analysis (Experiment 5, n=35 seeds per R0 value). (a) Mean L: error vs equilibrium radius R0
with 95% confidence intervals; right axis shows training time. (b) Violin plots showing full seed distribution at
each RO value; all seeds fall below the 1% threshold (red dashed). (c) Tornado chart: sensitivity to £20%
perturbations of each loss weight. (d) Training time vs RO; slight decrease at larger R0 reflects faster numerical
integration for stiffer dynamics.

Table 12. Scale invariance analysis across five equilibrium bubble radii

RO (m) Physical Scale L: mean % 16 (%) Training Time (s) (ngll %)
1.0x10°* 10 pm 0.452+0.013 124.1 PASS v
5.0x10°* 50 pm 0.442+0.011 103.5 PASS v
1.0x10™* 100 pm (default) 0.458+0.019 99.4 PASS v
5.0x107 500 um 0.454+0.016 97.6 PASS v
1.0x1073 1 mm 0.458+0.014 96.5 PASS v

L: variation across all five radii: +0.008% around a mean of 0.453%. This confirms that the non-
dimensionalised output parameterisation in Eq. (10) achieves practical scale invariance from 10 um to 1 mm
without any architecture or weight modifications.

Architecture comparison results (Experiment 6) are given in Fig. 9 and Table 13. The
compact 3x32 architecture (2,401 parameters) has insufficient capacity to represent the

oscillatory RP solution accurately and fails the sub-1% criterion with mean error 1.18 + 0.38%.
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The deep 7x128 architecture (100,225 parameters) achieves slightly lower mean error (0.346%)

but with substantially higher variance (£0.28% versus +0.02% for 5x64) and 2x the training

time. The 5x64 architecture represents the optimal trade-off, lying precisely on the Pareto

frontier of accuracy versus computational cost in Fig. 9(a).
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Fig. 9. Architecture comparison (Experiment 6, n=35 seeds per architecture). (a) Pareto front: L: vs number of
trainable parameters; circle size proportional to mean training time. 5 x64 (blue dot) lies on the Pareto frontier.
(b) Loss convergence comparison with 1o bands; inset shows the final 100 epochs after L-BFGS onset.

Table 13. Architecture comparison (n=5 seeds, mean + 16)

Architecture

Parameters

Lz mean £ 16 (%)

Training Time

Verdict
s)

3x32 (compact)

5%64 (recommended)

7x128 (deep)

2,401

17,217

100,225

1.181+£0.38

0.458 £0.02

0.346+0.28

FAILS Cl: L.> 1%
mean; insufficient
capacity

63.8

RECOMMENDED:
Pareto-optimal;
stable across seeds

95.6

Marginal 24% gain;
6% cost; high
variance

192.6
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The method comparison (Experiment 7) in Fig. 10 and Table 14 addresses the question
of whether WOA is uniquely suited to loss weight optimisation or whether the benefits are
attributable to the fitness function design and sensor data term, which any metaheuristic can
exploit. The results strongly support the latter hypothesis: PSO achieves 0.341 +0.03% L error
and WOA achieves 0.413+0.02%, both representing over 96% improvement over the
10.88 +£4.32% baseline. The slight advantage of PSO in mean error is within statistical
significance; the 95% confidence intervals overlap substantially. Panel (d) of Fig. 10 visualises
this as an accuracy-efficiency trade-off: both metaheuristic methods occupy the same “target

zone” in the combined accuracy—time space, while the baseline falls far outside.

(a) Ly Error Comparison (mean + 16, n=5) (b) Computational Cost Breakdown
349
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Fig. 10. Method comparison (Experiment 7, n=>5 seeds). (a) Lz error with 1o bars: both PSO and WOA exceed

94% improvement over the Baseline. (b) Computational cost breakdown: WOA/PSO optimisation (orange) plus

PINN training (blue). (c) Predicted R(t) from all three methods; WOA and PSO predictions visually overlap. (d)
Accuracy-efficiency trade-off; both metaheuristics lie in the target zone (green,).

Table 14. Method comparison: Baseline PINN vs PSO-PINN vs WOA-PINN
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Method Optimal Weights [w1..w5] L2 mean % 16 (%) Total Time (s) Impr(::fze
Baseline PINN [1, 1,1, 1, 0] (equal; no data) 10.88 +4.32 75.8 (train only) — (refer
PSO-PINN [33.2,83.4,19.9,24.2,87.5] 0.341+£0.03 368.9 (opt+train) 96.99
WOA-PINN [11.6,26.4,45.0,34.7,22.0] 0.413+£0.02 377.3 (opt+train) 96.29

Despite finding completely different optimal weight configurations, PSO and WOA achieve statistically
equivalent L: performance (overlapping +1o confidence intervals). This confirms that the fitness function design
(Eq. 21) and sensor data term (Eq. 16) are the critical innovations, not the specific metaheuristic algorithm.

Figures 11 and Table 15 provide the most rigorous evidence of model generalisation.
Panel (a) of Fig. 11 shows that the validation MSE (dashed blue line at 1.67x107"%) is three
orders of magnitude below the Training Loss at the same epoch, confirming that the held-out
validation performance is not driven by fitting to the 30 sensor points. The Train—Val gap of
0.7% is well within the acceptable overfitting threshold of 10%. Panel (c) shows five-fold cross-
validation results: in each fold, six of the 30 sensor points are held out from training and used
as a validation subset. All five folds produce training and validation L. values within 3% of
each other, and the fold-average is 0.411 +0.021%, consistent with the full-dataset result. This
consistency across folds confirms that the model does not overfit to specific temporal locations
of the sensor measurements. Panel (d) shows the effect of sensor count Ns: the L. error
decreases sharply from 5.93% at Ns=35, passing through 1.58% at Ns=10 and 0.72% at
Ns =20, and plateauing near 0.41% at Ns=30. This plateau confirms that our choice of 30

sensors is at the knee of the accuracy-vs-data curve.
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(a) Training vs Validation Performance (b) Error Spatial Distribution
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Fig. 11. Generalisation and anti-overfitting analysis. (a) Training vs validation loss; Train—Val gap of 0.7%
confirms no overfitting. (b) Pointwise error spatial distribution: uniform profile rules out location-specific
overfitting. (c) 5-fold cross-validation: all folds achieve L:~ 0.41 +0.02%. (d) Lz vs number of sensor points Ns;
Ns=30 lies at the knee of the curve.

Table 15. Five-fold cross-validation results (n=5 seeds per fold, default R0)

Fold Held-out Sensor Points Train L2 (%) Validation L: (%) ?’jl))
()
1 Points 1-6 (t € [0, 20 ms]) 0.445 0.432 3.0
2 Points 7-12 (t € [20, 40 ms]) 0.416 0.413 0.7
3 Points 13—18 (t € [40, 60 ms]) 0.381 0.380 0.3
4 Points 19-24 (t € [60, 80 ms]) 0.395 0.395 0.0
5 Points 25-30 (t € [80, 100 ms]) 0.413 0.409 1.0
Mean + lo — 0.410+0.021 0.406+0.019 1.0£1.1

across folds

The near-zero gap in Fold 4 (t € [60,80 ms]) confirms that the model generalises equally well to unseen portions
of the time domain, demonstrating that it has learned the underlying RP physics rather than memorising specific
sensor locations.

Figure 12 provides the comprehensive physical validation dashboard (Experiment 7

extended). Panel (g) presents the Excellence Radar chart, which simultaneously visualises all
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five predefined excellence criteria for both WOA-PINN (blue polygon) and the Baseline (red
polygon). The WOA-PINN polygon fully encloses the minimum-criteria boundary (dashed
line) on all five axes, confirming that all criteria are simultaneously satisfied with substantial

margin. Table 16 evaluates each criterion numerically, and Table 17 positions this work in the

context of the broader PINN and cavitation detection literature.
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Fig. 12. Comprehensive physical validation dashboard (3 %3 grid). (a) All 5 seed predictions vs analytical
reference: tight reproducibility. (b) Phase portrait dR/dt vs R: WOA-PINN follows the correct closed orbit,

Baseline spirals outward. (c) Normalised PDE residual map: WOA-PINN 2 orders lower. (d) L2 summary for all
configurations. (e) Detection accuracy: 100% for both methods. (f) RP force balance verification. (g) Excellence

Radar: WOA-PINN (blue) dominates all axes. (h) Performance heatmap (L: and time). (i) Summary of key
framework contributions.

Table 16. Excellence criteria evaluation (all criteria satisfied with substantial margin)

Criterion Target Threshold WOA-PINN Result Margin Status
C1: Relative L. solution error <1.0% 0.458 +0.02% 2.2x below PASS v
threshold
8
C2: Final PDE residual #PDE <1.0x10° 3.89x10-12 10°% below PASS v
threshold
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C3: Fault detection accuracy 100% (2/2) 100% across 5 seeds Ez::fizj:éo PASS vV

o WO improvement over >30% 94.8% 3.16% target  PASS v/

C5: Numerical stability (no NaN) True for all seeds True (5/5 seeds) Perfect PASS vV

Table 17. Comparison with related PINN-based and fault detection methods in the literature

Reference Method Governing Eq. Labelled Data Best L2 Fault Det
Raissi et al. 2019 [5] Vanilla PINN Navier-Stokes None (R<e 1:;00) No
Wang et al. 2021 [9] Self-adaptive PINN Schrodinger/AC None <1% No
McClenny 2023 [14] Self-adaptive weights Helmholtz/Convection None <0.1% No
Zobeiry 2021 [7] PINN (heat transfer) Heat equation Sparse (<100) <2% No
Haghighat 2021 [8] PINN (solid mech.) Linear elasticity Sparse <1% No
Zhao et al. 2020 [4] Deep ResNet (signals) N/A Large (>1,000) N/A Yes (>95
This work WOA-PINN (RP eq.) Rayleigh—Plesset 30 sparse 0.458% Yes (100

This is the first work combining PINNs with metaheuristic loss weight optimisation for rotating machinery
cavitation fault detection, achieving accurate PDE solution (0.46% L:) and 100% classification accuracy from
only 30 sparse measurements — two to three orders of magnitude less data than supervised deep learning

5 Conclusions

approaches such as [4].

This paper has presented, analysed, and comprehensively validated a WOA-PINN

framework for physics-informed cavitation fault detection in centrifugal pumps. The

fundamental contribution is demonstrating that a five-component hybrid loss function —

combining the extended Rayleigh—Plesset PDE residual, two initial conditions, a positivity

constraint, and a sparse sensor data term — enables accurate bubble dynamics reconstruction

and reliable cavitation classification from only 30 sparse measurements. The WOA-PINN

achieves a relative L. solution error of 0.46+0.02% against the analytical RP solution,

representing a 94.8% improvement over a standard equal-weight PINN baseline with

L>=8.74%.
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The central scientific insight from this study is the distinction between PDE residual
convergence and solution accuracy in stiff oscillatory ODEs. The Baseline PINN achieves a
PDE residual of 3.61x107°, which would conventionally indicate an excellent solution, yet
accumulates 8.74% L. error. This paradox arises from the normalised-residual degeneracy:
multiple physically distinct trajectories satisfy the normalised RP equation to floating-point
precision, and the equal-weight network selects one that is phase-inconsistent with the true
solution. The 30-measurement sensor data term provides the necessary trajectory selection
mechanism, reducing L. by 94.8% at negligible data acquisition cost. This finding has broad
implications for PINN practitioners working with oscillatory or multi-valued PDE solutions
beyond the cavitation application.

The seven-experiment evaluation establishes five key quantitative findings. First, WOA
reliably finds weight configurations that exceed 94% improvement over the baseline in all 5
independent seeds, with a total optimisation overhead of 272.7 s (72% of total pipeline time).
Second, the WOA-optimal weight configuration assigns the highest weight to the initial
velocity condition (w3* =45.02), identifying this as the principal mechanism that distinguishes
correct from degenerate trajectories. Third, the Fourier feature encoding and non-
dimensionalised output parameterisation provide strict scale invariance: L error varies by only
+0.008% across two orders of magnitude of bubble radius (10 um to 1 mm). Fourth, the 5x64
tanh architecture with 17,217 parameters is Pareto-optimal in accuracy versus computational
cost. Fifth, both WOA and PSO achieve statistically equivalent L. error (0.41% vs 0.34%,
overlapping confidence intervals), confirming that the fitness function design is the critical
innovation rather than the choice of metaheuristic. The dual-indicator detection module
achieves 100% classification accuracy with a severity score framework that provides actionable

quantitative information about cavitation intensity.
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Several limitations of the present study should be acknowledged for completeness. The
physical model assumes a spherically symmetric single bubble, whereas real pump cavitation
involves asymmetric bubble clusters, toroidal bubble collapse near solid surfaces, and bubble—
bubble interaction effects. The sensor measurements used in this study are generated from the
same RP ODE model, meaning they are perfectly noise-free and physically consistent; real
industrial sensors introduce measurement noise, bias, and calibration uncertainty that may
require additional regularisation or Bayesian treatment. The current WOA optimisation
overhead of 272.7 s, while acceptable for offline parameter tuning, may be prohibitive for real-
time adaptive deployment in pumps with rapidly changing operating conditions.

Future research directions include three primary extensions. First, the framework will
be extended to multi-bubble cavitation cloud models that account for bubble—bubble pressure
interactions and collective collapse dynamics, which dominate erosion in high-void-fraction
conditions. Second, the framework will be validated against real experimental pump data from
accelerometers and pressure transducers, incorporating realistic sensor noise, calibration
uncertainty, and non-spherical bubble geometries. Third, the WOA-PINN will be integrated
into a digital twin platform for centrifugal pump predictive maintenance, with warm-starting of
PINN weights from previously converged solutions to reduce the optimisation overhead from

its current 272.7 s to a level suitable for real-time deployment at operational pump speeds.
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