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1 Abstract

This study introduces a fractional dynamical framework that combines memory effects, time delay, and stochastic

environmental fluctuations in a unified mathematical model. Memory is represented through the Caputo fractional

derivative, while a discrete delay captures latency in feedback interactions. Random environmental variability is

incorporated using an Ornstein–Uhlenbeck stochastic process. The analytical investigation focuses on equilibrium

behavior and stability properties of the resulting system. In the absence of delay, stability is determined by the fractional

stability sector condition. When delay is introduced, the system may experience a Hopf-type transition, leading to

oscillatory dynamics once the delay exceeds a critical threshold. Numerical simulations based on a predictor–corrector

scheme illustrate how the interaction between fractional memory and delay reshapes system behavior. The results show

that the pair of parameters governing memory strength and delay length plays a central role in determining whether

the system converges to equilibrium or develops sustained oscillations. These findings provide a general modeling

framework for complex feedback systems where memory, latency, and stochastic fluctuations interact.

Keywords: Caputo fractional derivative; fractional delay differential equations; distributed memory; Ornstein–

Uhlenbeck noise; Matignon stability criterion; Hopf bifurcation; noise-induced transitions; resonance; predictor–

corrector methods; Adams–Bashforth–Moulton; method of steps; quantum-inspired biological feedback.

2 Introduction

Many real-world dynamical systems exhibit two distinct (yet interacting) forms of nonlocality: a history dependence

that cannot be reduced to finitely many classical state variables, and an explicit latency between cause and effect.

Fractional-order models provide a mathematically parsimonious way to encode long-range memory through nonlocal

operators, and they have become a standard analytical language in applications where power-law relaxation, anomalous

transport, or hereditary constitutive behavior is empirically unavoidable [1, 2, 3]. At the same time, explicit delays

naturally arise from finite propagation, processing times, transport lags, or feedback implementation, and their systematic

treatment belongs to the theory of functional differential equations [4, 5]. When these mechanisms coexist, one obtains

dynamics in which the present is constrained both by a weighted continuum of past states (memory) and by discrete

time-lagged states (delay), a combination that is often structurally forced by the underlying phenomenology rather than

chosen for stylistic generality.

A further layer of realism enters through stochastic forcing. In many settings the effective input contains unresolved

degrees of freedom, environmental variability, measurement noise, or aggregate fluctuations that are more accurately

represented by stochastic processes than by deterministic perturbations. The Itô framework provides a rigorous

calculus for such models and has a mature theory for existence, moment bounds, and stability [6]. Beyond “noise

as nuisance,” stochastic excitation can qualitatively reshape the long-time behavior of nonlinear systems, including
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regimes where noise interacts with intrinsic time scales and induces coherent responses [7]. For delay-driven feedback

loops, stochasticity is not merely additive decoration: it competes with lag-induced instabilities and can either suppress

or amplify oscillatory patterns depending on how the perturbation enters the drift/diffusion structure.

From a methodological viewpoint, there is a substantial literature on fractional dynamics without explicit delay [1, 3],

on deterministic delay systems [4, 5], and on numerical schemes for Caputo-type fractional equations (notably predictor–

corrector constructions of Adams type) [8]. There is also a growing body of work addressing fractional stochastic delay

models, including attractivity/stability questions [9] and averaging principles for Caputo-type fractional stochastic delay

systems, with extensions that incorporate additional jump mechanisms [11, 10]. Nevertheless, many available treatments

handle “memory,” “delay,” and “noise” in a partially decoupled manner—either by restricting the delay structure,

simplifying the stochastic term, or focusing on a single qualitative property. For applications in which fractional

memory + explicit delay + stochastic forcing must be retained simultaneously, a unified, implementation-oriented

framework that keeps the analysis transparent and the numerics reproducible remains comparatively underdeveloped.

In this work we therefore study a class of Caputo fractional stochastic delay models in which the hereditary kernel

and the discrete lag are both essential features of the formulation. Our contributions are threefold: (i) we formulate a

mathematically tractable model class that preserves the joint presence of fractional memory, explicit discrete delay, and

stochastic perturbation; (ii) we establish well-posedness and qualitative estimates that are suitable for stability/attractivity

analysis in the delayed fractional setting; and (iii) we provide a numerical pipeline aligned with predictor–corrector

principles, enabling systematic simulation studies and sensitivity checks under varying memory order and delay length

[8]. The remainder of the paper is organized as follows: after preliminaries and model formulation, we derive the main

analytical results, then present numerical experiments illustrating the interaction between memory, delay, and stochastic

forcing, and finally discuss implications and limitations.

3 Preliminaries

Throughout this work, let T > 0 be a fixed time horizon. We consider a complete filtered probability space

(Ω,F ,{Ft}t≥0,P)

satisfying the usual conditions, i.e., {Ft}t≥0 is right-continuous and F0 contains all P-null sets of F . All stochastic

processes are assumed to be {Ft}-adapted.

The Euclidean norm in Rd is denoted by ∥ · ∥. The symbol Γ(·) denotes the Euler Gamma function.

3.1 Fractional Calculus

For α ∈ (0,1) and the function x : [0,T ]→ Rd that is absolutely continuous, the Caputo fractional derivative is defined

by:

CDα
t x(t) =

1

Γ(1−α)

∫ t

0
(t − s)−α x′(s)ds, t ∈ (0,T ]. (1)

Equivalently,
CDα

t x = I1−α x′,

where the Riemann–Liouville fractional integral of order β > 0 is given by

(Iβ x)(t) =
1

Γ(β )

∫ t

0
(t − s)β−1x(s)ds.

The Caputo derivative allows classical initial conditions such as x(0) = x0 and incorporates memory effects through

the weakly singular kernel [3,1,2] (t − s)−α . Moreover, as α ↑ 1, one formally recovers the classical first-order

derivative.

If x is absolutely continuous and CDα
t x ∈ L1(0,T ), then the following integral representation holds:

x(t) = x(0)+
1

Γ(α)

∫ t

0
(t − s)α−1 CDα

s x(s)ds. (2)
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3.2 Delay Structure and Phase Space

Let τ > 0 be a fixed delay parameter. Define the phase space

C :=C([−τ,0];Rd),

equipped with the supremum norm

∥ϕ∥∞ := sup
θ∈[−τ,0]

∥ϕ(θ)∥.

Then (C ,∥ · ∥∞) is a Banach space.

For a function x : [−τ,T ]→ Rd and each t ∈ [0,T ], we define the history segment

xt(θ) := x(t +θ), θ ∈ [−τ,0]. (3)

The delayed initial condition is prescribed as

x0 = ϕ ∈ C , (4)

which means

x(t) = ϕ(t), t ∈ [−τ,0].

This functional framework is standard in the theory of retarded functional differential equations and allows the

dynamics to be formulated as an evolution equation in the Banach space C . In the present setting, it is combined with

the nonlocal Caputo operator, resulting in a system that exhibits both finite delay memory and fractional power-law

memory.

3.3 Ornstein–Uhlenbeck Process

Let W (t) be a standard one-dimensional Brownian motion on the given probability space. As a stochastic forcing

mechanism with temporal correlation, we consider an Ornstein–Uhlenbeck (OU) process.

The OU process G(t) is defined as the unique strong solution of

dG(t) =−κ
(

G(t)− Ḡ
)

dt +σG dW (t), G(0) = G0, (5)

where κ > 0 is the mean-reversion rate, Ḡ ∈ R is the long-run mean, and σG > 0 is the volatility parameter.

Since the coefficients are globally Lipschitz and satisfy linear growth conditions, (5) admits a unique strong solution.

Its explicit representation is

G(t) = Ḡ+(G0 − Ḡ)e−κt +σG

∫ t

0
e−κ(t−s) dW (s). (6)

Consequently,

E[G(t)] = Ḡ+(G0 − Ḡ)e−κt ,

and

Var(G(t)) =
σ2

G

2κ

(

1− e−2κt
)

.

In particular, as t → ∞, G(t) converges in distribution to the Gaussian invariant measure [15,6,13,14].

N

(

Ḡ,
σ2

G

2κ

)

.

The OU process thus provides a mathematically tractable model of coloured noise with exponentially decaying

correlations, which is particularly suitable in fractional-delay systems combining long-range memory, finite delay

effects, and temporally correlated stochastic perturbations.
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3.4 Function Spaces for Stochastic Analysis

For p ≥ 2, denote by Lp(Ω;Rd) the space of Rd-valued random variables X satisfying

E∥X∥p < ∞.

We further define

S
p([−τ,T ];Rd) :=

{

x : [−τ,T ]→ Rd

∣

∣

∣

∣

∣

x is adapted and E
[

sup
t∈[−τ,T ]

∥x(t)∥p
]

< ∞

}

.

This space will serve as the natural solution space for the fractional stochastic delay system considered in the

subsequent sections.

4 Model Formulation

Let x(t) = (x1(t), . . . ,xd(t))
⊤ ∈ Rd

≥0 denote the vector of state variables, where each component xi represents a

measurable quantity (e.g., a concentration, population, activity level, or feedback signal) with physical unit [xi], and t

is measured in time units [t]. To encode hereditary effects beyond a finite Markovian description, we adopt a Caputo

derivative of order α ∈ (0,1), so that CDα
t x(t) has unit [x]/[t]α and naturally supports classical initial data x(0) = x0

while retaining long-memory through the kernel (t − s)−α [3, 1, 2]. We incorporate an explicit delay τ > 0 by the

segment notation xt(θ) = x(t+θ) for θ ∈ [−τ,0], with a prescribed history x0 = ϕ ∈C([−τ,0];Rd) [4,5]. The resulting

fractional-delay dynamics are written in the compact form

CDα
t x(t) = F

(

t,x(t),x(t − τ);ϑ
)

+BΨ
(

G(t)
)

, t ∈ (0,T ], (7)

where ϑ collects deterministic parameters (rate constants, coupling strengths, thresholds, saturation levels, etc.), F

is the deterministic feedback law, and the term BΨ(G(t)) represents exogenous forcing. In applications where the

environment is not well approximated by white noise but exhibits temporal correlation, a standard and analytically

tractable choice is to let G(t) be an Ornstein–Uhlenbeck process,

dG(t) =−κ
(

G(t)− Ḡ
)

dt +σG dW (t), (8)

which produces coloured fluctuations with exponential correlation decay and admits an explicit representation useful for

both analysis and simulation [15, 6, 13]. Whenever appropriate, we nondimensionalize (7) by selecting characteristic

scales x∗i > 0 and t∗ > 0, setting x̃i = xi/x∗i , t̃ = t/t∗, and rewriting the model in dimensionless parameters; this step

isolates the genuinely independent combinations of ϑ and clarifies identifiability and parameter sensitivity (the resulting

parameter set is summarized in Table 1).

For well-posedness and positivity, we impose standard structural assumptions. First, F is assumed measurable

in t and locally Lipschitz in (x,y) uniformly on bounded sets, together with a linear-growth bound of the form

∥F(t,x,y;ϑ)∥ ≤C
(

1+∥x∥+∥y∥
)

, which is the natural analogue of the classical hypotheses ensuring existence and

uniqueness in delay systems and enabling fixed-point constructions for Caputo-type problems [3,4]. Second, since the

variables represent nonnegative quantities, we assume quasi-positivity: for each component i, if x ∈ Rd
≥0 and xi = 0, then

Fi(t,x,y;ϑ)≥ 0 for all admissible (t,y); this prevents trajectories from crossing the boundary of the positive orthant and

is the standard invariance mechanism used in delay models (and it remains compatible with Caputo memory because

the integral form preserves sign under such boundary conditions) [4,5]. Finally, although (7) treats the OU term as an

external coloured input, closely related existence/uniqueness and approximation frameworks for Caputo-type fractional

stochastic delay systems—under Lipschitz and growth hypotheses—have been developed recently, providing a rigorous

backdrop for the hybrid modelling viewpoint adopted here [11, 10].

5 Well-Posedness and Positivity

We consider the Caputo fractional delay dynamics of order α ∈ (0,1) in the form

CDα
t x(t) = f

(

t,x(t),x(t − τ)
)

+BΨ
(

G(t)
)

, t ∈ (0,T ], (9)
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Table 1: Model variables and parameters (units and roles). Replace placeholders with your specific definitions.

Symbol Unit Interpretation

xi(t) [xi] ith state variable (nonnegative)

α – fractional order (memory strength)

τ time discrete delay

ϑ varies parameter vector (rates/couplings/etc.)

κ time−1 OU mean reversion rate

Ḡ [G] OU long-run mean

σG [G] time−1/2 OU volatility

B varies forcing-to-state coupling matrix

supplemented with a history segment x(θ) = ϕ(θ) for θ ∈ [−τ,0], where ϕ ∈C([−τ,0];Rd) and τ > 0 is constant. The

forcing G is taken as an external stochastic process (e.g. an Ornstein–Uhlenbeck signal) with sample paths fixed when

solving (9). In this setting, (9) is interpreted pathwise as a non-autonomous fractional functional differential equation;

its natural solution concept is obtained via the Volterra formulation [3,4,5]:

x(t) = ϕ(0)+
1

Γ(α)

∫ t

0
(t − s)α−1

[

f
(

s,x(s),x(s− τ)
)

+BΨ
(

G(s)
)

]

ds, t ∈ [0,T ]. (10)

We impose standard hypotheses tailored to fractional memory and finite delay.

(H1) (Lipschitz in the state variables) There exists L > 0 such that for all t ∈ [0,T ] and all u1,u2,v1,v2 ∈ Rd ,

∥ f (t,u1,v1)− f (t,u2,v2)∥ ≤ L
(

∥u1 −u2∥+∥v1 − v2∥
)

.

(H2) (Linear growth) There exists C > 0 such that for all t ∈ [0,T ] and all u,v ∈ Rd ,

∥ f (t,u,v)∥ ≤C
(

1+∥u∥+∥v∥
)

.

(H3) (Admissible forcing) The path t 7→ Ψ(G(t)) is locally bounded on [0,T ] (almost surely, for stochastic G), so that

BΨ(G(·)) ∈ L∞
loc([0,T ];Rd).

Theorem 4.1 (Existence and uniqueness). Assume (H1)–(H3). Then for every history ϕ ∈C([−τ,0];Rd) and every

admissible forcing path BΨ(G(·)), the integral equation (10) admits a unique continuous solution x ∈C([−τ,T ];Rd).
In particular, the solution depends continuously on the history segment in the topology of C([−τ,0];Rd).

Proof sketch. The equivalence between (9) and (10) is classical for Caputo-type problems [3]. Endow C([−τ,T ];Rd)
with the sup norm and consider the solution operator defined by the right-hand side of (10), using the prescribed history

on [−τ,0]. The weakly singular kernel (t − s)α−1 yields a contraction on a sufficiently small interval [0,T0] under (H1),

and continuation gives a unique solution on [0,T ]; the delay term is handled by viewing x(·− τ) as a bounded linear

map on the history space [4,5]. A priori bounds required for continuation follow from (H2) together with a fractional

Grönwall inequality [17].

Theorem 4.2 (Positivity and invariant region). Assume in addition that ϕ(θ) ∈ Rd
+ for θ ∈ [−τ,0] and that the drift

is quasi-positive in the sense that, for each component i ∈ {1, . . . ,d},

u ∈ Rd
+, v ∈ Rd

+, ui = 0 =⇒ fi(t,u,v)≥ 0 for all t ∈ [0,T ].

If moreover the forcing respects the boundary, i.e. (BΨ(G(t)))i ≥ 0 whenever ui = 0 and the remaining components are

nonnegative, then the solution of (10) satisfies x(t) ∈ Rd
+ for all t ∈ [−τ,T ].

Discussion. The quasi-positivity condition is the natural delay-system analogue of a positive invariance criterion:

on the boundary of the positive orthant, the dynamics cannot point outward [4,16]. The fractional kernel in (10)
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is nonnegative, so once the integrand is componentwise nonnegative at the boundary, a first-exit-time contradiction

argument prevents a component from crossing below zero. In applications where G is an Ornstein–Uhlenbeck signal,

the boundary-compatibility of the forcing is typically enforced by choosing Ψ to be nonnegative (e.g. Ψ(z) = exp(z)
componentwise) or by letting G modulate parameters multiplicatively; an additive Gaussian OU term generally does

not preserve positivity without additional structure [10,11].

Boundedness (a convenient a priori estimate). Under (H2)–(H3), define U(t) := sups∈[−τ,t] ∥x(s)∥. From (10) and

linear growth we obtain

U(t)≤ ∥ϕ∥∞ +
K0

Γ(α)

∫ t

0
(t − s)α−1

(

1+U(s)
)

ds,

for a constant K0 depending on C, ∥B∥, and ∥Ψ(G)∥L∞(0,t). Applying the generalized fractional Grönwall inequality

[17] yields an explicit Mittag–Leffler bound

U(t)≤
(

∥ϕ∥∞ +K0
tα

Γ(α +1)

)

Eα

(

K0 tα
)

, t ∈ [0,T ],

which is sufficient for global continuation and for subsequent stability/robustness estimates in the presence of delay and

stochastic forcing [3,10,11].

6 Equilibria and Local Stability

Let x(t) ∈ Rn denote the state vector of the model and consider the (drift) dynamics in Caputo sense with a single

discrete delay τ ≥ 0. An equilibrium x∗ is defined as a constant solution satisfying the algebraic balance condition

obtained by freezing both the present and delayed arguments at the same value,

f (x∗,x∗;θ) = 0, (11)

where θ collects the model parameters (and, if stochastic forcing is present, f represents the deterministic drift around

which the fluctuations evolve). To analyze local dynamics, set u(t) = x(t)− x∗ and linearize the drift about x∗. Writing

A0 =
∂ f

∂x
(x,y;θ)

∣

∣

∣

∣

(x,y)=(x∗,x∗)

, A1 =
∂ f

∂y
(x,y;θ)

∣

∣

∣

∣

(x,y)=(x∗,x∗)

,

the linearized fractional delay system takes the standard form

CDα
t u(t) = A0 u(t)+A1 u(t − τ), 0 < α ≤ 1, (12)

and the associated characteristic equation is

det
(

λ α I −A0 −A1e−λτ
)

= 0. (13)

Here λ α is taken on the principal branch; in particular, for a purely imaginary candidate root λ = iω (ω > 0) one

has (iω)α = ωα eiαπ/2, which is the key structural difference from the integer-order delay spectrum and governs the

fractional stability wedge [18].

Theorem 5.1 (Fractional local stability for τ = 0). Assume τ = 0 so that (12) reduces to CDα
t u(t) = (A0 +A1)u(t).

Then x∗ is locally asymptotically stable if and only if every eigenvalue µ of A0 +A1 satisfies

∣

∣arg(µ)
∣

∣>
απ

2
. (14)

Equivalently, no eigenvalue of A0 +A1 lies in (or on) the closed sector of angle απ symmetric about the positive

real axis. This criterion is sharp for linear Caputo systems and is routinely used as the baseline stability test before

introducing delay [18].
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Theorem 5.2 (Delay threshold and Hopf-type transition). Assume that (14) holds at τ = 0 (hence x∗ is locally

stable without delay). If there exists ω0 > 0 and τc > 0 such that (13) admits a pair of simple imaginary roots λ =±iω0

at τ = τc, and the transversality condition
d

dτ
ℜ(λ (τ))

∣

∣

∣

∣

τ=τc

̸= 0

holds, then the spectrum crosses the imaginary axis as τ passes through τc, yielding a delay-induced oscillatory

instability (a Hopf-type bifurcation in the delayed fractional setting) [4,27]. A practical way to compute candidate

critical delays is to rewrite (13) at λ = iω as an eigenvalue constraint: whenever A1 is invertible,

e−iωτ ∈ σ
(

−A−1
1

(

(iω)α I −A0

))

, (15)

so that for any eigenvalue ζ (ω) of the matrix on the right with |ζ (ω)|= 1, one obtains the countable family

τk(ω) =
−arg(ζ (ω))+2πk

ω
, k ∈ Z. (16)

The critical delay is typically taken as τc = min{τk(ω) > 0} over admissible (ω,k) satisfying (15). Recent delay-

dependent bifurcation analyses for Caputo-type fractional delayed systems provide streamlined algebraic checks

and numerically stable routines for locating τc in high-dimensional settings, complementing the classical functional-

differential framework [26, 20].

7 Hopf Bifurcation Analysis

To identify delay–induced oscillatory transitions, we track the spectrum of the linearization

CDα
t u(t) = A0u(t)+A1u(t − τ), 0 < α ≤ 1, (17)

whose characteristic equation is

∆(λ ,τ) := det
(

λ α I −A0 −A1e−λτ
)

= 0. (18)

A Hopf-type threshold occurs when a conjugate pair of roots crosses the imaginary axis as τ varies—hence we set

λ = iω with ω > 0 and use the principal branch (iω)α = ωα
(

cos(απ
2 )+ isin(απ

2 )
)

. In matrix form, a convenient

reduction is obtained (when A1 is invertible) by rewriting

e−iωτ ∈ σ
(

−A−1
1

(

(iω)α I −A0

))

, (19)

so that critical pairs (ω,τ) correspond to eigenvalues ζ j(ω) of the right-hand matrix lying on the unit circle. Whenever

|ζ j(ω)|= 1, the admissible delays form a countable family

τ j,k(ω) =
−arg(ζ j(ω))+2πk

ω
, k ∈ Z, (20)

and the first stability switch is typically determined by the smallest positive value τc = min{τ j,k(ω)> 0}. This “solve

ω from a modulus constraint, then recover τ from a phase condition” philosophy is exactly the one used in the classical

delay–Hopf theory [4,22,23], and it has been adapted in recent delay-dependent bifurcation analyses for Caputo-type

fractional systems [26, 25].

For practical calculations (and to make the separation into real and imaginary parts explicit), it is often helpful to

display the scalar prototype

λ α −a0 −a1e−λτ = 0, (21)

obtained, for instance, along an eigendirection or in one-dimensional models. Substituting λ = iω and equating

real/imaginary parts yields

a1 cos(ωτ) = ωα cos
(απ

2

)

−a0, (22)

a1 sin(ωτ) =−ωα sin
(απ

2

)

, (23)
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so ω must satisfy the amplitude identity

(

ωα cos
(απ

2

)

−a0

)2
+
(

ωα sin
(απ

2

))2
= a2

1, (24)

and the corresponding delays are obtained from the angle condition

ωτ = atan2
(

−ωα sin
(απ

2

)

, ωα cos
(απ

2

)

−a0

)

+2πk, k ∈ Z, (25)

which automatically handles sign choices through atan2(·, ·). The matrix criterion (19)–(20) is a faithful multi-

dimensional analogue: the unit-modulus requirement plays the role of (24), while the complex argument delivers τ as

in (25).

A purely imaginary root at τ = τc is not yet a bifurcation: one also needs a nondegenerate crossing. Writing

∆(λ (τ),τ) = 0 for a root branch, implicit differentiation gives

dλ

dτ
(τ) =−

∂τ ∆(λ ,τ)

∂λ ∆(λ ,τ)

∣

∣

∣

∣

∣

λ=λ (τ)

. (26)

In the scalar prototype (21), where ∆(λ ,τ) = λ α −a0 −a1e−λτ , one obtains

dλ

dτ
=−

a1λe−λτ

αλ α−1 +a1τe−λτ
, hence ℜ

(

dλ

dτ

)

∣

∣

∣

λ=iω0, τ=τc

̸= 0 (27)

as a convenient transversality test at (ω0,τc). Under the usual smoothness and nondegeneracy assumptions, this

crossing is the mechanism that generates a small-amplitude periodic orbit (a limit cycle) emerging from the

equilibrium—precisely the Hopf scenario in the delay setting [22, 23], and in fractional delay models under suitable

hypotheses developed in the literature [27, 26].

Finally, it is worth being explicit about terminology: Hopf bifurcation does not, by itself, imply chaos. Hopf theory

is local and guarantees the birth of periodic oscillations when a complex pair crosses the imaginary axis with nonzero

speed; chaotic dynamics require additional global mechanisms and independent evidence (e.g., positive Lyapunov

exponents, stretching-and-folding structures, or validated chaotic attractors) [23, 24]. Accordingly, statements such as

“limit cycle (Chaos)” should be avoided: the correct output of Hopf analysis is periodicity, while “chaos” is a separate

claim that must be justified by separate diagnostics.

8 Stochastic Effects: Resonance and Noise-Induced Transitions

To quantify how environmental variability reshapes the deterministic fractional–delay dynamics, we introduce a

probabilistic description for a suitable reaction coordinate x(t) (e.g., a scalar projection of the state capturing switching

between two metastable regimes). When the noise is idealized as white (or as an effective white limit after model

reduction), memory can be represented at the level of the density via a time-fractional Fokker–Planck equation (TF-FPE),

which arises naturally in continuous-time random-walk limits and provides a canonical closure for subdiffusive,

non-Markovian transport [28, 29]. In its simplest driven form, the TF-FPE reads

CDα
t p(x, t) =−

∂

∂x

(

[

f (x)+Acos(Ωt)
]

p(x, t)
)

+D
∂ 2

∂x2
p(x, t), 0 < α ≤ 1, (28)

where CDα
t is the Caputo derivative, f is the reduced drift (potential or non-potential), and Acos(Ωt) represents

a weak periodic modulation used to probe coherence and resonance. If one instead keeps a genuinely colored

Ornstein–Uhlenbeck (OU) forcing, then the pair (x,η) is Markovian in an extended phase space and the appropriate

forward equation is the standard (integer-order) Fokker–Planck equation for the joint density p(x,η , t); the OU

embedding is classical and helps avoid mixing “fractional-in-time” density evolution with explicit finite correlation-time

noise in an ad hoc manner [30].
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In the bistable (or effectively bistable) regime, stochastic forcing and periodic modulation can cooperate to yield

stochastic resonance (SR): noise-induced transitions synchronize, in an average sense, with the external drive [?]. A

standard quantitative descriptor is the signal-to-noise ratio at the driving frequency,

SNR(Ω) =
Sx(Ω)

Sbg(Ω)
, (29)

where Sx is the power spectral density of the output observable (or of a two-state indicator) and Sbg is the local spectral

background. In practice, one often estimates SNR(Ω) using a two-state approximation: transitions between wells

are described by time-dependent rates k±(t) that are weakly modulated by Acos(Ωt), and the linear response of the

occupation probabilities yields closed expressions for spectral amplification and SNR [7,31]. For α = 1 (Markov limit)

and weak drive, the baseline rates can be approximated by Kramers-type asymptotics

kK ≍ C exp
(

−
∆U

D

)

, (30)

with ∆U the effective barrier height and a prefactor C determined by local curvatures and damping (the precise form

depends on the friction regime) [33, 32]. In non-Markovian settings, one should interpret such formulas as calibration

heuristics: memory typically produces non-exponential residence-time statistics, and the notion of a constant escape

rate may be replaced by time-dependent hazard functions or by effective rates inferred from finite-time fits [34, 35].

The same caution applies to mean first-passage times (MFPTs). For classical diffusion, MFPTs are characterized

by backward Fokker–Planck boundary-value problems and are tightly linked to reaction-rate theory [32]. Under

time-fractional kinetics (subdiffusive TF-FPE), first-passage distributions often exhibit heavy tails; consequently, the

raw MFPT can be ill-conditioned or even diverge, so it is more meaningful to report an effective MFPT (e.g., a

truncated mean on a physically relevant horizon) or a robust quantile such as the median escape time, alongside the

full survival curve [28, 34]. In our analysis, therefore, Kramers-type scalings serve as order-of-magnitude baselines in

the Markovian limit, while SR peaks and transition statistics in the fractional/non-Markovian regime are presented as

estimates corroborated by direct simulations of the underlying stochastic fractional–delay dynamics (or of the chosen

reduced description), rather than as universal closed-form laws [36].

9 Numerical Scheme and Validation

The computational backbone is a predictor–corrector discretization of the Caputo integral formulation, coupled with a

method-of-steps treatment of the discrete delay. Writing the model (around the deterministic drift) in the generic form

CDα
t x(t) = F

(

t,x(t),x(t − τ)
)

+BΨ(G(t)), x(θ) = ϕ(θ) for θ ∈ [−τ,0],

we first recast it as a Volterra equation with weakly singular kernel and then apply the classical Adams–Bashforth–

Moulton PECE strategy (predict–evaluate–correct–evaluate) tailored to Caputo derivatives [8, 3]. On a uniform grid

tn = nh (n = 0, . . . ,N), the predictor uses an Adams–Bashforth quadrature to approximate the history integral and yields

a provisional value x
p
n+1; the corrector then refines this value via an Adams–Moulton rule that includes the newly

evaluated drift at tn+1, producing xn+1 with improved accuracy [8]. The delay contribution is handled by the method

of steps: for each evaluation at tn − τ , we either (i) access stored values when τ/h is integer, or (ii) use a bounded

interpolation operator on the already computed segment when τ does not align with the mesh, a standard requirement

for stable numerics in delay systems [4,37]. In practice, linear interpolation is often sufficient for proof-of-concept

studies, while higher-order interpolants can be used when tight accuracy is required near stability boundaries.

For the coloured forcing, we generate G(t) by exact time-stepping of the Ornstein–Uhlenbeck process, avoiding

discretization bias in the noise channel. Specifically, for

dG(t) =−κ(G(t)− Ḡ)dt +σG dW (t),

the transition Gn 7→ Gn+1 is sampled from the exact Gaussian law

Gn+1 = Ḡ+(Gn − Ḡ)e−κh +σG

√

1− e−2κh

2κ
ξn, ξn ∼ N (0,1) i.i.d., (31)
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which provides a numerically robust and statistically faithful discretization at any stepsize h > 0 [38, 39]. The forcing

term Ψ(G(t)) is then evaluated consistently at the quadrature nodes used by the fractional PECE integrator (e.g., at

t j and tn+1), so that the coupling between stochastic input and fractional memory is controlled by the deterministic

quadrature error rather than by an additional stochastic time-discretization artifact.

Validation is performed through a set of structural checks that probe both numerical convergence and model-

consistency limits. First, we run step-refinement experiments (h 7→ h/2 7→ h/4) and report the empirical decay of

the mesh error in norms such as max0≤n≤N ∥x
(h)
n − x

(h/2)
n ∥, which is standard for fractional PECE schemes when an

analytic reference solution is unavailable [8, 3]. Second, we examine the deterministic limit by letting the OU volatility

vanish (σG → 0), in which case (31) collapses to the exponential relaxation G(t)→ Ḡ and the simulated trajectories

should approach those of the corresponding deterministic fractional-delay model. Third, we verify the classical-order

limit α → 1, where the Caputo derivative converges to the first derivative and the scheme reduces to a conventional

predictor–corrector method combined with method-of-steps for a standard delay differential equation; agreement with

an independent DDE solver or with high-accuracy runs at α = 1 provides a stringent consistency check [4,37]. These

tests do not “prove correctness” in an absolute sense; rather, they furnish reproducible evidence that the numerics respect

the expected limiting structures and that the reported dynamical regimes are not numerical artifacts of a particular mesh

or noise discretization.

10 Numerical Experiments

To interrogate the joint impact of fractional memory, explicit delay, and environmental randomness, we perform a

structured parameter study over the triplet (α,τ,σG), where α ∈ (0,1] controls the strength of temporal memory, τ ≥ 0

is the discrete delay, and σG ≥ 0 quantifies the intensity of the stochastic forcing. The explored ranges are selected to (i)

include the classical deterministic limit (α → 1,σG → 0) as a calibration benchmark, and (ii) traverse the neighborhood

of the analytically predicted stability boundary in τ (e.g., the Hopf threshold) so that transitions can be observed

rather than postulated [23,24,40]. For each parameter point, trajectories are generated with a fixed step size h and a

sufficiently long horizon to accommodate slow transients induced by fractional memory; an initial window [0,Ttr] is

discarded, and all diagnostics are computed on [Ttr,Tend]. When σG > 0, we repeat simulations over multiple random

seeds to report ensemble summaries (means, quantiles, and variability bands) and to separate systematic trends from

realization-dependent fluctuations [44]. Bifurcation-style diagrams are constructed in a numerically transparent manner:

for one-parameter sweeps (typically in τ at fixed (α,σG), or in α at fixed (τ,σG)), we extract asymptotic observables

such as local maxima of a representative state (or a scalar output) and plot their empirical distribution against the

continuation parameter [23]. In deterministic runs this produces the familiar point-cloud bifurcation portrait; under noise,

the diagram naturally “thickens,” and we therefore complement it by plotting robust summaries (e.g., median and 5–95%

bands across seeds) to avoid over-interpreting stochastic scatter as deterministic multistability [44]. Representative

time series are reported alongside delay-informed phase portraits—most directly in the (M(t),M(t − τ)) plane (and,

when informative, in higher-dimensional delay embeddings)—to visualize whether oscillations are near-harmonic,

relaxation-type, or intermittently switching between regimes [24,43]. Frequency-domain characterization is provided

through power spectral density estimates computed with Welch’s averaged periodogram, which is well-suited for noisy

records and facilitates a consistent comparison across σG [40]. In addition to spectra, we report standard summary

statistics (stationary mean/variance, oscillation amplitude measures, and residence/escape times where relevant) so

that qualitative plots are anchored by reproducible quantitative markers. If the manuscript uses the term chaos, we

support that claim with diagnostics that are standard in nonlinear dynamics and that explicitly distinguish deterministic

chaos from noise-driven irregularity. Concretely, we (i) estimate the largest Lyapunov exponent λmax either from the

tangent/variational dynamics when available or from trajectory data using established algorithms, and (ii) present a

Poincaré section (or an equivalent stroboscopic map) demonstrating a consistent geometric signature beyond broadband

spectra [41, 42, 43]. For delay systems, a pragmatic Poincaré construction is obtained by sampling at successive

crossings of a transversal hyperplane (e.g., M(t) = M with a fixed sign of Ṁ) or, under periodic forcing, by stroboscopic

sampling at a fixed phase; both yield a map-level view of the dynamics that is harder to mimic by measurement noise

alone [24,43]. Finally, to keep the interpretation disciplined, we report how λmax and the Poincaré geometry behave

as σG → 0 and α → 1: persistence of a positive λmax and a structured section in the deterministic limit is treated

as the primary evidence, whereas purely noise-induced complexity is described as such, without conflating it with
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deterministic chaos [44, 23].

Figure 1: Deterministic stability for α = 0.9 and τ = 0.53 < τc ≈ 0.89. The time series shows damped oscillations

approaching equilibrium while the phase portrait illustrates a stable spiral trajectory.

Figure 2: Hopf transition when the delay exceeds the critical value. For τ = 1.16 > τc, the equilibrium becomes

unstable and sustained oscillations appear, forming a closed orbit in the phase portrait.
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Figure 3: Bifurcation diagram obtained by sweeping the delay parameter τ . A transition from equilibrium to oscillatory

dynamics occurs near the critical value τc ≈ 0.89.

Figure 4: Effect of the fractional order α on oscillatory behavior. Lower fractional orders introduce stronger memory

effects and reduce oscillation amplitudes.
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Figure 5: Influence of stochastic forcing for different noise intensities σG. Increasing σG broadens fluctuations and

introduces irregular oscillatory patterns.

Figure 6: Power spectral density of the stochastic simulations computed using Welch’s method.
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Figure 7: Validation tests including step-size refinement, deterministic limit (σG → 0), and classical limit (α → 1).

11 Discussion: Limitations and Interpretation

The present framework is best read as an effective dynamical description, not as a literal microscopic account of

biophysics. Fractional differentiation compactly represents long-range temporal dependence, yet the same macroscopic

memory kernel can arise from distinct mechanisms (heterogeneous time scales, trapping/renewal effects, viscoelastic

response, or coarse-grained network dynamics), so the order α should not be over-interpreted as a unique biomolecular

“signature” [28,29]. Likewise, the discrete delay τ is a stylized proxy for multi-step biochemical processing and

transport; in many biological settings the actual latency is distributed rather than point-mass, and different distributions

can generate similar phase-lag and stability effects at the level of the mean-field dynamics [4]. The Ornstein–Uhlenbeck

forcing offers a mathematically controlled model of coloured fluctuations, but it imposes Gaussianity and exponential

correlation, which may under-represent intermittency or heavy-tailed environmental perturbations; accordingly, any

resonance or switching phenomena observed here should be framed as scenario-dependent dynamical responses under

a particular, transparent noise model rather than as a universal claim about the underlying physiology [30]. In this spirit,

the principal value of the model is comparative: it clarifies which qualitative regimes (damped relaxation, sustained

oscillations near a Hopf threshold, noise-broadened quasi-cycles, or intermittent transitions) are compatible with the

combined action of memory, delay, and coloured forcing, while keeping the mapping from parameters to biology

explicitly provisional.

A second limitation concerns inference. Without time-resolved experimental data tightly coupled to the modeled

observables, parameter values are necessarily illustrative and should be interpreted as calibration hypotheses rather than

estimates. In nonlinear models with memory and delay, practical non-identifiability is common: multiple parameter

combinations can fit the same coarse features, producing wide confidence regions even when the model is structurally

identifiable [47]. This is exacerbated by “sloppiness,” where sensitivities spread over many orders of magnitude

and only a few stiff directions in parameter space control the dominant behaviour [48]. Consequently, claims about

parameter-specific biological mechanisms (e.g., the meaning of a particular α or τ) must be softened unless supported

by independent measurements or by formal identifiability and uncertainty quantification. A disciplined route forward

is to treat the model output as a computer experiment and adopt a calibration framework that includes an explicit

discrepancy term between model and reality, thereby preventing overconfident interpretation of fitted parameters [45].

Alongside calibration, global sensitivity analysis should be used to report which inputs materially drive the outputs under

uncertainty, and which are effectively dormant over the explored regime [46]. When multiple mechanistic alternatives
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are plausible (e.g., discrete versus distributed delay; OU versus non-Gaussian coloured noise; single-order versus

variable-order memory), information-theoretic model comparison provides a coherent language for parsimony and for

separating explanatory ambition from predictive adequacy [44]. In line with Box’s classical warning, the discussion

therefore emphasizes usefulness and falsifiable predictions rather than ontological certainty [44].

Finally, regarding dynamical interpretation, the manuscript should maintain a careful separation between

deterministic complexity and noise-driven irregularity. Broadband spectra, irregular time series, or thickened Poincaré

plots can emerge from stochastic forcing even when the deterministic skeleton is non-chaotic; hence, any use of the

term chaos must be restricted to cases where the deterministic limit (e.g., σG → 0) retains the defining signatures (such

as a positive largest Lyapunov exponent and a consistent return-map geometry), while purely stochastic complexity

should be described as such. This distinction is not semantic: it changes what can be concluded about controllability,

predictability horizons, and the interpretation of transitions under parameter sweeps. With these caveats stated plainly,

the results can still be scientifically valuable: they delineate which regimes are robust to memory and delay, identify

where stability boundaries are most sensitive to α and τ , and provide a principled template for future data-driven

calibration once suitable measurements become available.

12 Conclusion

In this study we developed and analyzed a fractional–delay dynamical framework that integrates long-memory (Caputo

order α), an explicit latency τ , and correlated stochastic forcing, thereby providing a unified setting in which the classical

stability picture is deformed by both hereditary effects and delay-induced phase shifts [3,4,28]. The local theory shows

that, in the no-delay baseline, asymptotic stability is governed by the Matignon sector condition |arg(µ)| > απ/2,

while introducing delay yields a critical threshold τc at which a conjugate pair crosses the imaginary axis and a

Hopf-type oscillatory regime emerges [18, 23]. Numerical experiments based on a Caputo Adams–Bashforth–Moulton

predictor–corrector scheme combined with the method of steps corroborate these analytical mechanisms and reveal how

decreasing α typically shifts the stability boundary and reshapes the oscillation envelope, whereas increasing τ drives

the system toward the instability frontier in a quantitatively trackable way [8, 37]. Under colored noise, resonance and

transition statistics can be consistently described either through an OU embedding in an extended Markovian space

or via time-fractional Fokker–Planck closures in reduced coordinates, with the understanding that such probabilistic

reductions serve as calibrated approximations rather than universal laws [7,29,30]. Overall, the central message is that

the pair (α,τ) acts as a two-parameter “memory–latency dial” that controls both the location of the Hopf boundary τc(α)
and the character of post-threshold oscillations; this perspective offers a transparent template for future data-driven

calibration and for targeted experimental tests once appropriate time-resolved measurements become available [45,47].
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