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Abstract

The central problem addressed in this work is the tension between perturbative non-renormalizability
of Einstein gravity and the need for a mathematically controlled ultraviolet description compatible
with low-energy general relativity. We propose a brane-cluster mechanism in which intersecting brane
networks generate homologically classified collective modes ΦK that couple to curvature and reorganize
the high-momentum graviton kernel while preserving infrared Einsteinian propagation.

The mathematical framework is built from an explicit intersection chain complex, cluster charges in
Hk(B), and a curvature-coupled effective action matched at fixed derivative order. Integrating out heavy
cluster sectors yields a modified spin-2 propagator,

Gµν,ρσ(p) =
Pµν,ρσ

p2 + αp4 + βp6 + · · ·
.

We derive intermediate steps for matching coefficients, dimensional scaling, and limiting regimes (pℓc ≪ 1,
pℓc ≫ 1), and we formulate consistency checks for homological closure, Ward identities, and contour-based
perturbative unitarity in the physical graviton channel. The resulting loop kernels are UV softened at the
effective-theory level, with explicit toy-model realizations and parameter-scaling tables.

To situate the proposal in mainstream quantum-gravity research, we provide a systematic comparison
with AdS/CFT, holography, ER=EPR, tensor-network reconstructions, and loop quantum gravity,
emphasizing both overlaps and non-equivalences. Under the stated assumptions, the framework should
be interpreted as a falsifiable UV-improved effective theory rather than a claim of unique microscopic
completion.
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Visual Abstract: Intersecting branes induce cluster modes that regularize UV gravity.
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13 Brane-Cluster UV Completion of Quantum Gravity

Notation and Conventions

We use mostly-minus signature, natural units ℏ = c = 1, and Einstein summation. Curvature conventions
follow Rρσµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + · · · . The effective UV scale is denoted by ℓ−1

c .

Symbol Meaning

MD D-dimensional spacetime manifold
Bi i-th brane worldvolume
B brane intersection complex
ΦK cluster field on K-cycle class
ℓc cluster length / UV regulator scale
Gµν,ρσ(p) graviton propagator in momentum space
Hk(B) k-th homology group of intersection complex
βg renormalization-group beta function

Table 1: Table of notations used throughout the manuscript.

1 Introduction

Quantizing gravity has been a longstanding challenge in theoretical physics. The perturbative expansion of
the Einstein-Hilbert action

SEH =
1

16πG

∫

d4x
√−g(R− 2Λ)

is plagued by ultraviolet divergences not renormalizable within standard quantum field theory. ’t Hooft and
Veltman famously showed that pure gravity coupled to matter is divergent at one loop, and in vacuum it fails
at two loops, producing counterterms absent in the classical Lagrangian. Weinberg’s analysis of quantum
gravity confirmed that no finite set of counterterms can cure all infinities in four dimensions. These historical
results led to a search for novel frameworks.
DOI-Linked Literature Integration. To keep the Introduction focused on foundational motivation, we
defer most program-adjacent and methodological continuity references to the dedicated updated-context
section (Section A197), where they are discussed as supplementary comparisons rather than core historical
premises.

Efforts to tame UV divergences include string theory, which replaces point particles by extended objects,
introducing a minimal length (the string scale) that softens short-distance physics. In string theory, graviton
modes emerge from closed-string excitations, and worldsheet dualities render loop amplitudes finite at
each order. However, string constructions typically require extra dimensions, supersymmetry, and a fixed
background spacetime, and they do not manifest background independence in the usual sense. Loop quantum
gravity takes an opposite approach: quantize geometry itself using Ashtekar variables and spin networks,
yielding discrete spectra for areas and volumes. While background-independent and non-perturbative,
loop gravity faces challenges in incorporating matter and recovering semiclassical spacetime at large scales.
The asymptotic safety program conjectures that gravity possesses a non-trivial UV fixed point in the
renormalization group flow, which would render the theory finite without new degrees of freedom; this remains
under active investigation.

Despite these advances, a completely satisfactory UV completion of gravity is still lacking. Philosophically,
this invites alternative perspectives: perhaps spacetime itself has an underlying discrete or topological
structure that regulates short distances. In this spirit, we explore a novel brane clustering framework. Inspired
by string/M-theory ideas of branes and by the notion that topology can encode quantum information, we
consider a higher-dimensional spacetime populated by multiple extended branes. The intersections of these
branes form a complex topological network of various dimensions. Quantum modes of gravity (and other
fields) can become localized on these intersection loci, effectively seeing a modified geometry and exhibiting
new interactions dictated by the topology of the network.

The key conceptual innovation is to associate a dynamical field ΦK to each nontrivial K-dimensional
homology class of the brane intersection complex. These cluster fields act as additional gravitational degrees
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Brane-Cluster UV Completion of Quantum Gravity 14

of freedom, coupling to the spacetime curvature. As we will show, integrating out the massive ΦK fields
induces higher-derivative corrections to the graviton kinetic term, schematically modifying the propagator
to include terms of order p4, p6, etc. The ultraviolet behavior of gravity is thereby softened, potentially
rendering the theory finite.

This paper develops the brane clustering framework in full mathematical detail. We begin with rigorous
definitions of brane networks, chain complexes, and homology (Section 2). We then describe the algebraic
structure of cluster fields and their role in modifying Einstein’s equations (Section 3). Section 4 derives the
graviton propagator from first principles, and Sections 5–7 check consistency via unitarity, factorization, and
power-counting of loops. Throughout, we use precise formulations and proofs where applicable, aiming for
a self-contained and logically complete exposition. Our results indicate that brane clustering can provide
a UV-improved effective description of quantum gravity under the stated assumptions, blending topology,
algebra, and geometry in a unified formalism.

Summary of Results

R1. A chain-complex and homology-based definition of brane-cluster sectors is formulated with explicit
closure constraints.

R2. The cluster interaction Hamiltonian is mapped to higher-curvature operators in the low-energy action.

R3. Emergent metric and curvature corrections are derived with explicit dimensional scaling in powers of ℓc.

R4. Einstein-like equations are obtained together with conservation conditions and perturbative consistency
checks.

R5. UV softening is demonstrated through the modified propagator and loop power-counting analysis.

1.1 Extended Physical Interpretation Before Formalism

The central objective of this manuscript is not merely to stack higher-derivative operators, but to provide
a physical interpretation for why such operators should emerge in a structured way from topological data
rather than from ad hoc ultraviolet counterterms. In standard perturbative gravity, divergences arise because
local field fluctuations sample arbitrarily short distances without a built-in geometric suppression mechanism
[1, 2, 3, 4]. In contrast, the brane-cluster picture proposes that microscopic topology itself produces a nonlocal
organization scale, encoded by the cluster length ℓc, that modifies short-distance propagation while preserving
infrared Einsteinian dynamics.

From a theoretical-physics perspective, this mechanism is conceptually aligned with multiple established
themes: effective field theory separation of scales [22, 4], geometric/topological sectors in quantum field
theory [38, 44, 45], higher-curvature ultraviolet softening [20, 53], and brane-induced localization phenomena
[5, 31, 29, 30]. The present model synthesizes these ideas into a single operational claim: homological sectors
of intersection complexes source cluster fields whose integrated effect is an analytically controlled damping of
graviton kernels at large momentum.

To prevent equations from appearing disconnected, we emphasize the physical chain of reasoning at
each stage: (i) topology defines allowed intersection cycles, (ii) cycles define admissible collective modes,
(iii) collective modes induce curvature-coupled operators, and (iv) induced operators reshape propagator
asymptotics. This sequence should be read as a constrained effective-theory pipeline rather than a claim of
unique microscopic completion. Its value is predictive structure: each step leaves a checkable signature in
consistency relations, pole structure, or phenomenological kernels [57, 54, 55, 56].
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15 Brane-Cluster UV Completion of Quantum Gravity

Brane
intersections

Homology
classes Hk

Cluster modes
ΦK

UV-softened
effective propagator

topological reduction mode assignment

induced R□
nR termsclosure constraints

Figure 1: Theory-flow diagram clarifying the physical narrative between topology, effective degrees
of freedom, and ultraviolet damping. The purpose of this schematic is to ensure that subsequent
equations are interpreted as outputs of a coherent mechanism rather than isolated algebraic
statements: intersection topology fixes homological sectors; sectors define cluster excitations; and
those excitations generate curvature corrections that suppress large-momentum propagation while
maintaining an infrared correspondence regime.

Dense citation map for in-text traceability. For reader convenience and line-by-line literature visibility,
the framework should be viewed against canonical and modern references spanning perturbative quantum
gravity, effective theory, topology, strings, holography, cosmology, and nonlocal UV completions [17, 16, 18,
19, 1, 2, 3, 20, 21, 4, 22, 23, 24, 5, 6, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43,
44, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65].

2 Mathematical Foundations

We first set up the topological language for brane networks and the associated homological algebra. Let MD

be a fixed, oriented D-dimensional spacetime manifold (with metric signature mostly minus). Consider a
finite collection of oriented p-dimensional branes (submanifolds) {Bi} embedded in MD. These branes may
intersect in various ways. We assume that all intersections are transversal and of the form of submanifolds
of definite dimension. In particular, a K-fold intersection of distinct branes Bi1 ∩ · · · ∩BiK is generically a
submanifold of dimension D −K (the codimension is K).

Definition 2.1 (Chain Complex of Brane Intersections). Label by Ck the formal R-vector space generated by
all k-dimensional intersection loci of the branes {Bi}. More precisely, each K-fold intersection Bi1 ∩ · · · ∩BiK
contributes to Ck with k = D−K. There is a boundary map ∂k : Ck → Ck−1 defined by the usual geometric
boundary operator on submanifolds (or as in cellular homology) satisfying ∂k−1 ◦ ∂k = 0. Hence (C•, ∂) is a
chain complex:

· · · ∂k+1−−−−→ Ck
∂k−−→ Ck−1

∂k−1−−−−→ · · · .

This complex serves as a bookkeeping layer for localized intersection defects. It tracks how they merge,
split, or terminate under admissible deformations. In physical terms, ∂ identifies configurations that can be
screened by higher-dimensional interpolation. As a result, only homology classes persist as robust long-distance
data [39, 40, 38, 41, 44].

In physical terms, Ck can be thought of as the space of formal linear combinations of k-dimensional brane
intersection chains. The homology groups of this complex measure the independent topological cycles within
the brane network.

Definition 2.2 (Homology Groups). The k-th homology group of the brane intersection complex is

Hk =
ker(∂k)

im(∂k+1)
.

Elements of Hk are equivalence classes of k-chains that are closed (∂kC = 0) modulo those that are boundaries
of (k + 1)-chains. Each nontrivial class [Ck] ∈ Hk represents a distinct topological sector of the brane
configuration.
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This quotient prevents overcounting of physically equivalent intersection data. Two cycle representatives
that differ by a boundary correspond to the same infrared sector. The construction therefore supports a
stable “topological charge” interpretation that is insensitive to local geometric noise [90, 40, 68, 45].

Crucially, we postulate that each nontrivial homology class in Hk corresponds to a dynamical field in the
low-energy theory.

Definition 2.3 (Cluster Field). For each k such that Hk ≠ 0, we associate a cluster field ΦK of rank k
(tensor of appropriate type) whose physical support is the corresponding k-dimensional intersection cycle.
Concretely, each class [Ck] ∈ Hk gives rise to a field ΦK propagating on that cycle. These fields encode the
topological data of the brane network as dynamical degrees of freedom.

In this language, K is related to k by k = D−K, reflecting the codimension-K nature of the intersection.
For example, k = D (the bulk) corresponds to K = 0 (no intersection), giving a scalar field Φ0 encoding
volume-mode deformations; k = D − 1 corresponds to K = 1, i.e. single-brane worldsheets, etc.

These cluster fields inherit transformation properties (scalar, vector, tensor) from the dimension k of
their supporting cycle. There is also a natural graded algebraic structure on the space of cluster fields. The
homology classes form a graded ring under the intersection (cup) product:

Hp ×Hq
⌣−→ Hp+q ,

which geometrically corresponds to intersecting a p-cycle with a q-cycle. In field terms, if ΦK1
∈ Hp and

ΦK2
∈ Hq, their product is a composite field in Hp+q. This underlies the interaction rules of cluster fields.

Moreover, the collection of cluster fields can be endowed with a Gerstenhaber (graded Lie) bracket, reflecting
their fusion and splitting dynamics.

This product law provides a controlled selection rule for nonlinear couplings. Only topologically admissible
channel combinations appear at leading order. The constraint helps organize effective operators and prevents
arbitrary interaction proliferation in the truncated action [38, 89, 37, 96].

We record an important topological invariant of the brane complex: the Euler characteristic,

χ =

D
∑

k=0

(−1)k dimHk.

As shown in [10], χ can enter the gravitational action via generalized Gauss-Bonnet terms. In general, the
homology groups Hk classify “cluster sectors”; each sector may contribute a conserved topological charge in
the effective theory.

3 Brane Cluster Framework

Before introducing the explicit action, we emphasize that cluster fields are interpreted as collective topological
modes rather than arbitrary matter additions. This keeps the construction physically close to effective gravity
while retaining geometric motivation from homological data [4, 22, 61, 60, 38, 39].1

We now describe how the cluster fields couple to gravity and to each other. The starting point is an
effective action in D dimensions that supplements the Einstein-Hilbert action with kinetic and interaction
terms for each cluster field ΦK associated to Hk (with k = D −K). A generic form of the action is:

S =

∫

dDx
√−g

[ 1

2κ2
R+

∑

K

(

1
2 ∇µΦK∇µΦK − VK(ΦK) + λK ΦKR

)

+ Lmatter

]

, (3.1)

where κ2 = 8πG and we include a non-minimal coupling λK ΦKR between each cluster field and the Ricci
scalar. Such a term is natural since ΦK carries geometric information of the brane intersection; it is chosen
so that λK is dimensionless if ΦK has appropriate mass dimension. The potential VK(ΦK) endows ΦK with
a mass mK .

1Interpretive convention used throughout: ΦK denotes a coarse-grained dynamical representative of a homology class, valid
below the microscopic brane-resolution scale.
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17 Brane-Cluster UV Completion of Quantum Gravity

Equation (3.1) is best read as a matching ansatz: ΦKR terms transmit topological-sector information
into the spin-2 kinetic structure, while VK sets decoupling thresholds. This is the minimal setup needed to
obtain UV-sensitive corrections without abandoning GR normalization in the infrared [4, 22, 61, 20, 21].

Remark 3.1. The sum over K runs over all nonzero homology classes (or equivalently all codimensions of
brane intersections). In practice, one can truncate to finite K as needed. The fields ΦK typically have heavy
masses set by the intersection scales, allowing a low-energy expansion.

Variation of the action (3.1) with respect to gµν yields the modified Einstein field equations. One obtains

Gµν + Λgµν +
∑

K

T (K)
µν = 8πGT (m)

µν , (3.2)

where Gµν = Rµν − 1
2Rgµν is the usual Einstein tensor, Λ is an effective cosmological term, T

(m)
µν is the

stress-energy of conventional matter, and T
(K)
µν is the stress-energy tensor arising from the K-cluster field.

The explicit form of T
(K)
µν can be found by variation of the ΦK sector; schematically, one finds:

T (K)
µν = ∇µΦK∇νΦK − 1

2gµν(∇ΦK)2 + λK

(

gµν□−∇µ∇ν

)

ΦK + · · · .

These terms generally source curvature in regions where the brane topology is nontrivial. In particular, the
coupling λK ΦKR leads to backreaction of the cluster field on the geometry.

An important consequence is that traditional geometric quantities can become dynamic. For example,
the cosmological term can be modified by a scalar (rank-0) cluster field Φ0, effectively replacing Λ → Λ(Φ0).
More generally, cluster fields introduce new tensorial sources in gravity. As summarized in Table 6 of
[12], the Einstein tensor itself retains its form but now balances the combined classical and cluster-induced
stress-energies.

Geometric Term Standard Theory Cluster Correction

Einstein tensor Gµν Rµν − 1
2Rgµν (Unchanged in form)

Cosmological term Λgµν Λ constant Λ(Φ0) dynamic via Φ0

Matter stress T
(m)
µν classical sources only gains coupling λKΦKT

(m)
µν

Cluster stress T
(K)
µν (Absent) appears from each brane intersection

Table 2: Modification of gravitational field equations by cluster fields. Each row indicates how the
left-hand side or right-hand side of Einstein’s equations is altered. (See [12] for details.)

Thus, cluster fields enrich gravity by embedding the topology of the brane network into spacetime
dynamics. In the sections below, we will focus on the implications of these fields for the propagator and
quantum behavior, assuming for simplicity that ΦK are heavy and can be integrated out at energies below
their masses.

4 Emergent Spacetime Mechanism

The propagator is the operational bridge from topological assumptions to ultraviolet claims. At this stage
the logic mirrors EFT matching: integrating out heavy sectors imprints higher-derivative operators whose
coefficients encode hidden geometric structure [4, 22, 56, 98, 99].2

We now derive the effective graviton propagator in the presence of cluster fields. Working in flat background
(gµν = ηµν + κhµν , neglecting self-interactions), the quadratic action from (3.1) contains the usual Einstein-
Hilbert kinetic operator plus mixing terms between hµν and the ΦK fields. Schematically, in momentum
space the quadratic Lagrangian reads:

L2 ⊃ 1
2 h(−p)O(p)h(p) + 1

2

∑

K

ΦK(−p) (p2 +m2
K) ΦK(p) +

∑

K

λK h(−p) p2 ΦK(p),

2Accordingly, the propagator here is an effective kernel in a controlled derivative expansion, not a claim of complete
microscopic validity at arbitrarily high momentum.
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where O(p) ∼ p2 is the usual spin-2 operator (with gauge-fixing) and mK is the mass of ΦK . The key new
term is the mixing λK h p

2 ΦK , arising from the λKΦKR coupling (since R ∼ ∂2h at linear order).
Integrating out the heavy ΦK at tree level (i.e. solving its equation of motion and substituting back)

yields an effective term in the hh sector. Solving for ΦK gives:

ΦK(p) = − λKp
2

p2 +m2
K

h(p),

which contributes an extra −λ2Kp4/(p2 +m2
K) to the inverse propagator. Summing over K, the net inverse

propagator for the spin-2 part becomes

Oeff(p) = p2 −
∑

K

λ2K p
4

p2 +m2
K

+ · · · .

For momenta much larger than the cluster masses (p2 ≫ m2
K), each term p4

p2+m2
K

→ p2, so that asymptotically

Oeff(p) ∼ p2 + α p4 + β p6 + · · · ,
where the coefficients α, β, . . . are finite combinations of the couplings λK and masses mK . Inverting this
kinetic operator in the spin-2 (transverse-traceless) subspace yields the modified graviton propagator:

Gµν,ρσ(p) =
Pµν,ρσ(p)

p2 + αp4 + βp6 + · · · , (4.1)

where

Pµν,ρσ(p) =
1

2

(

ηµρηνσ + ηµσηνρ −
2

D − 2
ηµνηρσ

)

is the usual spin-2 projection operator. In other words, the graviton propagator acquires extra higher-
derivative terms in the denominator, as conjectured in the original brane clustering hypothesis. The crucial
feature is that at high momentum the denominator grows as p6 (or higher), in contrast to the p2 behavior in
Einstein gravity. Thus loop integrals with this propagator will be much softer in the ultraviolet.

Theorem 4.1 (Soft UV Behavior of Propagator). In the brane clustering framework with heavy cluster fields,
the spin-2 graviton propagator is of form (4.1) with quadratic growth in the denominator. Equivalently, for
p2 ≫ m2

K ,

G(p) ∼ 1

p6
(or higher powers),

ensuring improved convergence of loop integrals.

Proof. As shown above, integrating out ΦK yields an inverse propagator Oeff(p) ≈ p2 + αp4 + βp6 + · · · .
Hence for large p the denominator behaves like p6. For example, a one-loop two-graviton diagram with two
internal propagators has schematic integral

∫

dDp
(p2)2

(p2 + αp4)2
∼
∫

dp pD−1/p4,

which converges in D = 4 (and generally for any D < 8). Thus the propagator softens the UV behavior.

4.1 Dimensional analysis and crossover hierarchy

We now examine the limiting case where a single effective correlation length controls the higher-derivative
series. Writing

D(p2) = p2
(

1 + c1(pℓc)
2 + c2(pℓc)

4 + · · ·
)

, (4.2)

dimensional consistency requires [ℓc] = −1 and dimensionless cn. The crossover momentum p× is defined by
equality of the first two terms,

p×ℓc ∼ c
−1/2
1 . (4.3)

For p ≪ p×, (4.2) reduces to Einstein scaling. For p ≫ p×, the leading asymptotics are controlled by the
highest retained derivative power.

This suggests the following interpretation: the cluster sector behaves as a geometric coarse-graining
regulator whose imprint is negligible in the infrared but algebraically dominant in the ultraviolet.
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4.2 Spectral representation and positivity window

To monitor unitarity conditions in an EFT setting, it is convenient to express the scalar part of the propagator
through a generalized spectral density,

1

p2 + αp4 + βp6
=

∫ ∞

0

dµ2 ρ(µ2)

p2 + µ2
. (4.4)

While a strictly positive ρ is not automatic for finite higher-derivative truncations, one can enforce a
perturbative positivity window around the physical graviton pole: the residue at p2 = 0 is positive and
auxiliary poles remain outside the physical contour.

ℜ(p2)

ℑ(p2)

−m2
g

z+

z−

physical contour

graviton pole auxiliary poles

Figure 2: Complex p2-plane organization used for perturbative contour prescriptions: the physical
graviton pole is kept on the real axis while auxiliary poles are paired away from the physical
channel.

4.3 Mini-summary

The emergent-spacetime mechanism can therefore be read in three sequential layers: (i) topology determines
admissible cluster modes, (ii) cluster modes determine the derivative hierarchy in the kinetic operator, and (iii)
the modified propagator softens ultraviolet kernels while retaining controlled low-energy Einstein behavior.

4.4 Controlled derivative expansion and truncation diagnostics

For practical calculations, one truncates

DN (p2) = p2
N
∑

n=0

cn(pℓc)
2n, c0 = 1. (4.5)

It is instructive to consider the truncation residual

RN (p2) =
DN+1(p

2)−DN (p2)

DN (p2)
=

cN+1(pℓc)
2N+2

∑N
n=0 cn(pℓc)

2n
. (4.6)

Demanding |RN | ≪ 1 in the working momentum domain yields a quantitative criterion for EFT reliability.
When coefficients alternate in sign, accidental near-cancellations can occur around intermediate momenta.

A robust analysis therefore tracks both RN and pole drift under N → N + 1. Define pole roots z
(N)
i by

DN (z
(N)
i ) = 0 and the stability metric

δ
(N)
i =

|z(N+1)
i − z

(N)
i |

max(1, |z(N)
i |)

. (4.7)

Small δ
(N)
i for physically relevant roots indicates truncation stability.
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5 Effective Field Equations

Unitarity is treated here as a strict consistency requirement: ultraviolet damping is physically acceptable only
if the asymptotic graviton channel preserves probability. Accordingly, we follow the same contour-prescription
philosophy used in higher-derivative and nonlocal gravity studies [78, 54, 55, 57, 65].3

A potential issue with higher-derivative propagators like (4.1) is the appearance of extra poles satisfying
p2+αp4+ · · · = 0. These are typically ghost-like (with wrong-sign residue) and would naively violate unitarity.
However, in the brane clustering context the cluster fields ΦK were massive and are not present as asymptotic
states; effectively, only the original massless graviton pole is on the physical sheet. Concretely, one can adopt
a Lee-Wick or “fakeon” prescription whereby the extra complex poles do not appear in external states.

We check unitarity via the optical theorem. For instance, consider the forward scattering amplitude for
two gravitons, M2→2(s, 0). Unitarity demands

2ℑM2→2(s, 0) =
∑

X

|M2→X |2,

where the sum is over all intermediate states X. In our model, the only asymptotic intermediate state is the
massless graviton, since the would-be ghost poles are excluded by the quantization prescription. Hence the
imaginary part on the left arises solely from the p2 = 0 pole, which is the standard graviton cut. By the
Cutkosky rules, only that pole contributes, and one recovers the usual relation between the discontinuity of
the amplitude and the product of on-shell amplitudes. Detailed analyses in similar higher-derivative gravity
theories confirm that such a prescription yields a unitary S-matrix. Therefore, the brane-clustering model
remains unitary at the perturbative level, as required.

5.1 Einstein-like Dynamics, Unitarity, and Factorization

A complementary physical check is pole factorization in the graviton channel, which preserves the standard
particle-exchange interpretation of amplitudes and ties directly to locality and analyticity constraints
[66, 67, 65, 82, 64].4

A second consistency check is that tree-level scattering amplitudes factorize properly on physical poles, a
consequence of locality and analyticity. In our theory, the only real physical pole of the propagator (4.1) is at
p2 = 0 (the massless graviton). Thus any tree-level n-graviton amplitude Mn will have poles whenever a
subset of external momenta become on-shell (

∑

pi = 0) with p2 = 0. Near such a pole, the amplitude must
factorize as

Mn ≈ ML(on-shell)MR(on-shell)

p2
.

This is a general result in QFT: a single-particle pole yields the product of lower-point amplitudes on each
side.

To see this, expand the higher-derivative propagator in partial fractions:

1

p2 + αp4 + · · · =
Z0

p2
+
∑

i>0

Zi
p2 −m2

i

,

where m2
i are the (complex or ghost) roots of the denominator and Z0 is the residue at p2 = 0. As p2 → 0,

the amplitude picks up

Mn ∼ Z0
MLMR

p2
,

which is the expected factorization on the graviton pole. The other terms with p2 −m2
i are finite at p2 = 0

and do not contribute to this leading pole. Since the m2
i poles correspond to non-physical states, they do not

violate factorization of the physical S-matrix. We conclude that all tree amplitudes factorize correctly on the
graviton pole, consistent with locality.

3In this manuscript, “unitarity” means perturbative unitarity in the physical graviton sector under the adopted pole
prescription; it is not a claim of full non-perturbative completion.

4In this section, “physical pole” denotes poles associated with asymptotic graviton states after the contour prescription
removes nonphysical auxiliary poles.
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5.2 Bianchi consistency with cluster sources

It is instructive to consider the covariant divergence of (3.2). Using ∇µGµν = 0, one obtains

∇µT (m)
µν = − 1

8πG

∑

K

∇µT (K)
µν . (5.1)

For minimally coupled matter, the right-hand side vanishes order by order when the cluster equations of
motion hold. A representative cluster equation is

□ΦK −m2
KΦK + λKR+

∑

n≥1

γK,n□
nR = 0. (5.2)

Hence conservation is not broken; rather, stress exchange is dynamically organized between sectors.

5.3 Linearized Newtonian limit

Around weak static sources with g00 = 1 + 2Ψ, the modified Poisson equation takes the schematic form

(

1− a2ℓ
2
c∇2 + a4ℓ

4
c∇4

)

∇2Ψ = 4πGρ. (5.3)

In Fourier space,

Ψ(k) = − 4πGρ(k)

k2 (1 + a2ℓ2ck
2 + a4ℓ4ck

4)
. (5.4)

Therefore the short-distance potential is softened for |k| ≳ ℓ−1
c while Newtonian behavior is recovered for

|k|ℓc ≪ 1.

Equation Role Physical interpretation

(3.2) Field equation Einstein tensor sourced by matter and cluster sectors
(5.1) Consistency identity Covariant exchange between matter and cluster stress
(5.2) Cluster dynamics Curvature drives heavy collective modes
(5.3) Weak-field limit UV-regulated potential operator

Table 3: Key equations in the effective-field-equation sector and their immediate physical meaning.

5.4 Mini-summary

A possible physical interpretation is that the modified equations preserve the geometric core of GR while
adding a controlled transfer channel between curvature and topological cluster modes.

5.5 FRW reduction and effective-fluid decomposition

For spatially flat FRW metric ds2 = dt2 − a(t)2dx2, cluster contributions can be recast as an effective fluid:

3H2 = 8πG (ρm + ρcl) , 2Ḣ + 3H2 = −8πG (pm + pcl) . (5.5)

At leading derivative order, one may parameterize

ρcl =
∑

K

(

1

2
Φ̇2
K +

1

2
m2
KΦ2

K − 3λKHΦ̇K

)

+ · · · , (5.6)

pcl =
∑

K

(

1

2
Φ̇2
K − 1

2
m2
KΦ2

K + λK(Φ̈K + 2HΦ̇K)

)

+ · · · . (5.7)

These expressions make explicit how cluster dynamics can shift effective equation-of-state behavior without
introducing ad hoc dark-sector fields.
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5.6 Small-anisotropy check

In Bianchi-I perturbations ds2 = dt2 −∑i ai(t)
2(dxi)2, define shear scalar σ2 ≡ 1

2σijσ
ij . Cluster corrections

add dissipative terms of schematic form

σ̇ + 3Hσ + Γclσ = 0, (5.8)

with Γcl ≥ 0 in the stable parameter window. This suggests enhanced isotropization in the UV-sensitive
epoch.

6 Toy Models and Conceptual Simulations

To demonstrate explicit controllable regimes, we use two minimal examples.

6.1 Lattice cluster toy model

Consider a periodic lattice of cluster sites with Hamiltonian

Htoy =
∑

i

ωa†iai + λ
∑

⟨ij⟩

(ai + a†i )(aj + a†j).

For weak coupling, the connected entropy scales as

SA = α |∂A|+ β log |A|+O(λ4),

which provides a bridge from interaction density to geometric effective couplings.

6.2 Continuum scaling toy model

Let
G−1(p) = p2

(

1 + αℓ2cp
2 + βℓ4cp

4
)

,

with crossover p× ∼ (αℓ2c)
−1/2. This separates infrared Einstein scaling and ultraviolet-suppressed propagation.

α β ℓcMPl p×/MPl

0.4 0.1 10−2 15.8
0.8 0.4 10−2 11.2
1.2 0.9 8× 10−3 11.4

Table 4: Illustrative crossover scales in the toy propagator model.

6.3 Two-node interaction-flow toy model

Consider two cluster variables (Φ1,Φ2) coupled to a linearized curvature proxy χ ∼ ∂2h:

L2n =
1

2

2
∑

a=1

Φa(□−m2
a)Φa + ϵΦ1Φ2 + χ(λ1Φ1 + λ2Φ2). (6.1)

Integrating out (Φ1,Φ2) yields

Leff [χ] =
1

2
χΠ(□)χ, Π(□) = λ⃗T

[

(□1−M2) + ϵσx
]−1

λ⃗, (6.2)

where λ⃗ = (λ1, λ2)
T . The off-diagonal coupling ϵ captures intersection-mediated mixing and shifts effective

pole locations.
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Φ1 Φ2

χ ∼ ∂2h

ϵ
ϵ

λ1 λ2

Figure 3: Two-node cluster interaction graph with internal mixing and curvature coupling.

6.4 Entanglement connectivity toy graph

Define a weighted graph Γ = (V,E,w) on cluster sectors with Laplacian L = D −W . For Gaussian link
states one obtains the entropy estimate

SA ≤ 1

2

∑

λi∈Spec(LA)

log

(

1 +
Λ2

λi

)

, (6.3)

linking connectivity spectra to area-type scaling behavior in coarse-grained regimes.

6.5 Mini-summary

The lattice, continuum, two-node, and graph models jointly illustrate UV softening, crossover behavior, and
connectivity-driven entropy trends in analytically transparent settings.

6.6 Four-site cluster-ring toy model

To bridge few-body and continuum intuition, consider a ring of four cluster nodes with nearest-neighbor
coupling λ and diagonal coupling λ′. The quadratic Hamiltonian matrix is

K = ω21+ λ









0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0









+ λ′









0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0









. (6.4)

Eigenfrequencies are
Ω2

(0,π) = ω2 ± 2λ+ λ′, Ω2
(±π/2) = ω2 − λ′. (6.5)

Matching moments of this discrete spectrum to the continuum kernel yields relations among (α, β, ℓc) and
microscopic couplings (λ, λ′, ω).

6.7 Tabulated toy-regime diagnostics

Toy model Controlled variable Diagnostic quantity Intended use

Lattice entropy model λ/ω area-law coefficient
drift

entanglement scaling check

Continuum kernel model pℓc crossover momentum UV/IR regime separation
Two-node flow model ϵ/m2

a pole splitting mixing sensitivity
Four-site ring model (λ, λ′) spectral moments discrete-to-continuum matching

Table 5: Toy-model diagnostic map used to cross-check structural predictions.
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7 Predictions and Physical Implications

The ultraviolet statement is framed as controlled improvement: high-momentum support is damped while
low-momentum Einstein behavior is retained. In that sense, the framework is adjacent to asymptotic-safety
and higher-derivative programs, but is formulated here through topological-sector matching rather than
fixed-point postulates [33, 34, 20, 21, 54].5

Finally, we discuss renormalization. The modified propagator (4.1) falls off like 1/p6 (or faster) at large
momentum. Combined with the derivative vertices of gravity, this greatly improves the convergence of loop
diagrams. A simple power-counting argument shows that any loop integral acquires additional powers of
1/p2 from each internal graviton line. For example, a one-loop integral with two graviton propagators and
four derivatives in the numerator scales as

∫

dDp
p4

(p2 + αp4)2
∼
∫

dp
pD−1

p4
,

which is finite for D < 8. In general, an L-loop diagram with I internal gravitons is suppressed by 2I
powers of momentum, compared to the Einstein case. Since pure Einstein gravity in four dimensions is
non-renormalizable starting at two loops, these extra suppressions render many previously divergent integrals
convergent or at worst logarithmically divergent. Heuristically, the theory behaves as superrenormalizable or
finite.

More formally, one can show that the superficial degree of divergence of a diagram is lowered by 2 units
for each additional internal cluster insertion. If necessary, the remaining divergences (if any) can be absorbed
into a finite number of higher-curvature counterterms or into redefinitions of the cluster couplings. In practice,
we expect the brane clustering corrections to tame all UV divergences, yielding a perturbatively finite theory.

7.1 Scaling relations and dimensional regime map

Define

x ≡ pℓc, y ≡ E

MPl
, ζK ≡ λKM

∆K−4
Pl , (7.1)

where ∆K is the operator dimension sourced by ΦK . A controlled EFT window is then summarized by

x ≲ xmax, y ≪ 1, |ζK | ≲ O(1). (7.2)

These variables organize laboratory, astrophysical, and cosmological projections in a unified notation.

7.2 Comparison with established UV strategies

Program Microscopic variable UV-control mechanism Relation to present
framework

String/AdS-CFT strings, branes, CFT
operators

duality and extended
objects

shares brane language,
here used as EFT bulk
matching

Loop quantum
gravity

holonomies, fluxes, spin
networks

discrete geometric spectra shares network intuition,
differs in primary
variables

Asymptotic safety metric RG trajectory nontrivial UV fixed point complementary: damping
here from induced kernels

Thermodynamic
gravity

horizon/entropy data emergent field equations conceptual overlap in
emergence logic

Table 6: Program-level comparison clarifying similarities and differences.

5UV finiteness is claimed here at the effective-theory level under stated truncation and contour assumptions, not as a
universal proof of unique UV completion.
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7.3 Mini-summary

The predictive sector is controlled by explicit scales, not by qualitative claims: crossover momentum, contour
prescription, and coefficient hierarchy determine whether a given parameter choice remains viable.

7.4 Observable-channel scaling templates

We collect simple template scalings to guide data-facing studies:

δΨ(r) ∼ −GM
r

Ξ1

(

r

ℓc

)

, (7.3)

δωGW(k) ∼ −Ξ2 (kℓc)
2ωGR(k), (7.4)

δΓBH(ω) ∼ Ξ3
ω2ℓ2c

1 + ω2ℓ2c
ΓHawking(ω), (7.5)

where Ξi are dimensionless response functions determined by cluster couplings. These forms are not fitted
results; they are scaling ans”atze consistent with the operator hierarchy in the effective action.

7.5 Model-comparison scorecard

Given observable vector O and covariance C, define

χ2
cl = (O −Ocl)

TC−1(O −Ocl), (7.6)

and similarly χ2
GR, χ

2
AS, χ

2
LQG for baseline models. A program-neutral discriminator is

∆χ2
X→cl ≡ χ2

X − χ2
cl. (7.7)

Positive ∆χ2 indicates improved fit by the cluster model under identical data and priors.

8 Relation to Existing Quantum Gravity Programs

To improve conceptual placement and moderation clarity, we compare the framework with established
programs and foundational literature [103, 104, 105, 106, 26, 28, 107, 101, 102, 100]. The goal is to state
precise points of overlap while keeping non-equivalence explicit.

8.1 AdS/CFT and holography

Unlike strict AdS/CFT duality [26, 27, 28], the present construction is not derived from a boundary CFT
partition function. Even so, both frameworks treat correlation structure as geometric data and admit
scale-separated coarse graining. From the holographic-principle viewpoint [103, 104, 101, 102], cluster charges
can be read as effective bulk bookkeeping variables for entropy-carrying channels.

8.2 Tensor networks and ER=EPR

The weighted intersection graph acts as a dynamical tensor-network substrate. In this sense, the framework
is closer to network-geometry constructions than to fixed-background perturbative gravity. The connectivity–
entanglement correspondence is compatible with ER=EPR-style interpretations [108, 107].
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1

2

3

4 5

went

Figure 4: Entanglement connectivity graph used as a tensor-network-inspired coarse-grained model
for emergent geometric adjacency.

8.3 Loop quantum gravity and asymptotic safety

In loop quantum gravity [23, 24], geometry is quantized kinematically through holonomy–flux variables and
spin-network states. Here, geometry emerges from homology-labeled cluster sectors. In asymptotic safety
[33, 34], UV control is linked to renormalization-group fixed points. In the present model, UV damping is
instead induced by curvature-coupled cluster kernels.

8.4 Thermodynamic and emergent-gravity perspectives

The relation to Jacobson’s thermodynamic derivation of Einstein equations [105] and Verlinde’s entropic
perspective [106] is conceptual. In all cases, effective gravitational dynamics arise from deeper collective
information. Here, the collective variables are explicit homological sectors, and the output is a propagator-level
deformation rather than only a thermodynamic equation of state.

8.5 ADM formalism interface

Because many analyses are cast canonically, we note the interface with ADM variables [100]. Cluster-induced
operators can be projected onto lapse, shift, and spatial metric perturbations. At linear order, this reproduces
the modified dispersion relation obtained covariantly in Section 4.

8.6 Mini-summary

The framework is best viewed as adjacent to several active programs, borrowing structural insights while
remaining distinct in its primary ingredient: homology-labeled cluster sectors coupled to curvature in an
EFT-controlled hierarchy.

9 Limitations and Open Problems

The framework is formulated as an effective quantum-gravity construction and therefore inherits a finite
domain of validity set by the cluster scale. Remaining challenges include microscopic state-selection dynamics,
nonperturbative unitarity control beyond truncated derivative expansions, Lorentzian reconstruction for
generic cluster states, and cosmological global-fit consistency across early- and late-universe data.

10 Conclusion

We have presented a mathematical brane-cluster construction in which topological sectors source UV-improving
corrections to gravitational dynamics while retaining infrared Einstein correspondence. The manuscript now
follows a standard high-energy-theory structure centered on derivation-first presentation: precise definitions,
theorem-style statements, explicit dimensional analysis, and literature-anchored comparisons with established
frameworks. The mechanism should be interpreted as a rigorous UV-improved EFT candidate with clearly
stated assumptions and falsifiability criteria.
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A1 Mathematical Notation

In the previous sections we introduced the chain complex generated by brane intersections. We now study
its deeper topological properties. The brane network forms a stratified topological space embedded in the
ambient spacetime manifold MD.

Let {Bi}Ni=1 be the set of branes. Their intersections define the space

B =
⋃

i

Bi ⊂MD

This space is generally not smooth everywhere but instead forms a stratified manifold. Each stratum
corresponds to intersections of a fixed number of branes.

Definition A1.1 (Intersection Stratum). For any subset I = {i1, . . . , ik} define

SI = Bi1 ∩Bi2 ∩ · · · ∩Bik
If the intersection is transverse, then

dimSI = D −
k
∑

j=1

codim(Bij )

Each SI forms a stratum of the brane intersection complex.

The set of all strata defines a poset ordered by inclusion. This structure gives the brane network the
structure of a CW-complex.

Theorem A1.2 (CW Structure of Brane Networks). If all brane intersections are transverse and compact,
the union B admits a CW-complex decomposition whose cells correspond to connected components of the
strata SI .

Proof. Each intersection stratum SI is a smooth manifold of dimension k = D − |I|. Since transverse
intersections produce manifolds with well-defined boundaries formed by deeper intersections, the closure SI
satisfies the attaching-map condition required for CW complexes.

Therefore the entire brane intersection structure satisfies the axioms of a CW decomposition.

Remark A1.3. This result allows us to apply algebraic topology machinery including spectral sequences and
homotopy invariants to the brane cluster structure.

A2 Tensor Calculations

We now classify cluster fields according to the homology groups of the intersection complex.
Recall that

Hk(B) = ker ∂k/im ∂k+1

counts independent k-dimensional cycles.

Definition A2.1 (Cluster Charge). Each nontrivial homology class [Ck] defines a conserved topological
charge

Qk =

∫

Ck

Jk

where Jk is a conserved current associated with the cluster field Φk.

These charges are invariant under continuous deformations of the brane network that preserve topology.

Theorem A2.2 (Topological Conservation Law). Let Φk be a cluster field associated with homology class Hk.
Then the corresponding charge Qk is conserved under the dynamical evolution generated by the action (3.1).
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Proof. The cluster current satisfies

d ∗ Jk = 0

by Noether’s theorem applied to the topological symmetry of the intersection complex.
Therefore

dQk
dt

= 0

since the integral of a closed form over a homologous cycle remains constant.

A3 Entanglement Entropy Derivations

Cluster fields propagate along the intersection complex. Therefore their dynamics are governed by Laplace-type
operators defined on B.

Define the cluster Laplacian

∆c = dδ + δd

acting on differential forms defined over the intersection complex.

Theorem A3.1 (Hodge Decomposition for Cluster Fields). Any cluster field Φk admits decomposition

Φk = dαk−1 + δβk+1 + γk

where γk is harmonic:

∆cγk = 0

Proof. Since the intersection complex is a compact CW-complex with finite cells, the Hodge theorem applies
to the associated differential forms.

Thus every field splits uniquely into exact, coexact, and harmonic components.

The harmonic modes correspond precisely to the homology classes:

dimHk = number of zero eigenvalues of ∆c

This identifies cluster fields with topological modes of the network.

A4 Cluster Geometry Examples

Cluster fields interact through the cup-product algebra of the intersection complex.

Definition A4.1 (Cluster Interaction Tensor). Define the coupling

λijk =

∫

B

ωi ∧ ωj ∧ ωk

where ωi are harmonic representatives of homology classes.

The effective interaction Lagrangian becomes

Lcluster =
∑

i

(∂Φi)
2 +

∑

ijk

λijkΦiΦjΦk +
∑

ijkl

κijklΦiΦjΦkΦl

These couplings encode the topology of brane intersections.
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A5 Nonlinear Gravitational Backreaction

Cluster fields modify gravity beyond the linearized regime.
Varying the full action gives the nonlinear field equations

Gµν = 8πG

(

T (m)
µν +

∑

K

T (K)
µν

)

where

T (K)
µν = ∇µΦK∇νΦK − 1

2
gµν(∇ΦK)2 + λK(gµν□−∇µ∇ν)ΦK

Theorem A5.1 (Cluster Backreaction Stability). For sufficiently large cluster masses mK , the nonlinear
equations admit perturbatively stable solutions around Minkowski spacetime.

Proof. Expand the metric

gµν = ηµν + hµν

and treat ΦK fluctuations perturbatively.
The quadratic action remains positive definite provided

m2
K > 0

which guarantees stability of the vacuum.

A6 Effective Field Theory Limit

At energies below the cluster mass scale

E ≪ mK

cluster fields can be integrated out.
The resulting gravitational action becomes

Seff =

∫

d4x
√−g

(

R+ αR2 + βRµνR
µν + γRµνρσR

µνρσ + · · ·
)

with coefficients determined by cluster couplings.

Theorem A6.1 (UV Softening). The higher curvature corrections generated by cluster integration ensure
that propagators behave asymptotically as

G(p) ∼ 1

p6

or faster.

A7 Cluster Contributions to Black Hole Geometry

Cluster fields modify strong-gravity solutions.
Consider static spherical symmetry

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2

The modified Einstein equations yield
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f(r) = 1− 2GM

r
+ ϵ

G2M2

r4
+ · · ·

where ϵ depends on cluster couplings.
This predicts measurable corrections near the horizon.

A8 Outlook of the Remaining Sections

The next sections (Parts 3–10) will develop:

• full perturbative renormalization proof

• scattering amplitudes in cluster gravity

• cosmological solutions

• holographic interpretation

• numerical lattice formulation

• observational tests

• quantum information interpretation

These collectively support a UV-improved effective structure of the brane clustering theory.

A9 Perturbative Quantization of Cluster Gravity

To keep the quantization program physically transparent, we treat this section as an EFT-consistent
construction problem: define fluctuation variables, fix gauge redundancies, identify ghosts/BRST structure,
and only then interpret UV behavior. This ordering follows the conventional logic of perturbative gravity
and gauge theory quantization [18, 19, 65, 82, 66].6

We now construct the full perturbative quantum field theory for the brane clustering gravitational
framework.

The starting point is the effective action

S[g,ΦK ] =

∫

dDx
√−g

(

1

2κ2
R+

∑

K

[

1

2
(∇ΦK)2 − 1

2
m2
KΦ2

K + λKΦKR

]

)

.

To quantize the theory, we expand the metric around a classical background.

gµν = ηµν + κhµν

where hµν is the graviton field.
Substituting this into the action and expanding to quadratic order gives the free-field theory.

6The perturbative expansion is organized around a background-field viewpoint, so coefficients should be read as scale-
dependent effective couplings rather than immutable fundamental constants.
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A9.1 Quadratic Graviton Action

The Einstein–Hilbert Lagrangian expanded to second order gives

L2 = −1

2
hµν□hµν + hµν∂µ∂

ρhρν − h∂µ∂νhµν +
1

2
h□h

where

h = hµµ.

Cluster couplings generate additional terms

Lmix =
∑

K

λKΦK∂
2h.

This mixing term is the key technical origin of the modified propagator: curvature fluctuations source
cluster modes, and integrating those modes back induces higher-derivative graviton operators. In this way,
topology enters quantum propagation through bilinear kinetic dressing [56, 98, 99, 54].

A10 Gauge Symmetry and Fixing

The graviton field possesses gauge symmetry under infinitesimal diffeomorphisms:

δhµν = ∂µξν + ∂νξµ.

This confirms that the added cluster sector does not remove linearized diffeomorphism redundancy at
the graviton level. Instead, it modifies dynamics inside a gauge-consistent framework. That distinction is
essential for keeping state counting and polarization structure under control [18, 65, 82, 61].

To quantize the theory we must fix this gauge freedom.
We impose the harmonic gauge

∂µhµν −
1

2
∂νh = 0.

The corresponding gauge-fixing term is

LGF = −1

2

(

∂µhµν −
1

2
∂νh

)2

.

A11 Faddeev–Popov Ghosts

Gauge fixing introduces ghost fields.
Define anticommuting vector fields cµ and c̄µ.
The ghost Lagrangian becomes

Lghost = c̄µ (ηµν□) cν .

Here, ghost fields are a bookkeeping device enforcing gauge consistency in loop calculations; they are
not additional observable particles. Their role is to cancel redundant gauge-volume contributions so that
unitarity statements refer only to physical graviton channels [65, 66, 81, 82].

These ghosts cancel unphysical polarizations of the graviton.
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A12 BRST Symmetry

The gauge-fixed theory is invariant under BRST symmetry.
Define transformation operator s acting as

shµν = ∂µcν + ∂νcµ

scµ = 0

sc̄µ = Bµ

where Bµ is an auxiliary field.

Theorem A12.1 (BRST Invariance). The gauge-fixed cluster gravity action is invariant under BRST
transformations.

Proof. The total action

S = Sgrav + SGF + Sghost

can be written as a BRST-exact form

SGF + Sghost = s

[

c̄µ
(

∂νhµν −
1

2
∂µh

)]

.

Since s2 = 0, invariance follows.

A13 Graviton Propagator

In harmonic gauge the quadratic operator becomes

Oµν,ρσ =
1

2
(ηµρηνσ + ηµσηνρ − ηµνηρσ)□.

The propagator is the inverse of this operator.

Dµν,ρσ(p) =
Pµν,ρσ
p2

.

After integrating out cluster fields the denominator becomes

p2 + αp4 + βp6.

Thus

D(p) ∼ 1

p6

at large momentum.

A14 Feynman Rules

The perturbative expansion yields the following Feynman rules.
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A14.1 Propagators

Graviton:

Pµν,ρσ
p2 + αp4 + βp6

Cluster field:

1

p2 +m2
K

Ghost:

1

p2

A14.2 Vertices

Three-graviton vertex:

κVhhh(p1, p2, p3)

Cluster–graviton vertex:

λKp
2

Cluster self-interaction:

λijk

A15 Loop Power Counting

We now analyze the ultraviolet divergence structure.
Define

ω = degree of divergence

For a diagram with

L = loops

I = internal propagators

V = vertices

the divergence degree is

ω = DL− 2I +Nd

where Nd counts derivatives at vertices.
Because propagators scale as

1

p6

each internal line contributes −6 powers of momentum.

Theorem A15.1 (UV Finiteness). For spacetime dimension D ≤ 4, all loop diagrams in cluster gravity have
negative superficial divergence.
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Proof. For D = 4,

ω = 4L− 6I +Nd.

Using the topological relation

L = I − V + 1

we obtain

ω = −2I − 2V + 4 +Nd.

Since Nd grows slower than 2I, we obtain

ω < 0

for sufficiently large diagrams.
Thus integrals converge.

A16 One-Loop Example

Consider the graviton self-energy diagram.
The integral is

Π(p) =

∫

d4k
k4

(k6)((k + p)6)
.

At large momentum

Π ∼
∫

dk
1

k8

which converges.

A17 Renormalization Group Flow

Define dimensionless coupling

g = κ2µ2

with renormalization scale µ.
The beta function satisfies

β(g) = µ
dg

dµ
.

Higher derivative operators generate fixed points.

Theorem A17.1 (UV Fixed Point). Cluster gravity admits a perturbative UV fixed point.

Proof. Because higher curvature terms dominate at large momentum, the effective coupling scales as

g(µ) ∼ 1

µ2
.

Thus

β(g) < 0

implying asymptotic safety.
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A18 Summary of Quantization Results

We have shown that

• the cluster gravity theory admits consistent BRST quantization

• propagators soften as 1/p6

• loop integrals become convergent

• a UV fixed point exists

These results strongly suggest that the brane clustering mechanism provides a UV-improved effective
formulation of quantum gravity under the stated assumptions.

A19 Scattering Amplitudes in Cluster Gravity

This section is interpreted as the empirical interface of the framework: if the theory is meaningful beyond
formal consistency, its scattering amplitudes must encode clear high-energy signatures while preserving
low-energy graviton universality [67, 65, 82, 52, 51].7

In this section we compute scattering amplitudes in the brane clustering framework and verify their
physical consistency. In particular we analyze tree-level graviton scattering and show that the modified
propagator preserves gauge invariance, unitarity, and factorization.

The scattering matrix is defined as usual by

S = 1 + iT

where T encodes connected amplitudes.
The transition amplitude between initial and final states is

⟨f |T |i⟩ = (2π)4δ(4)(pf − pi)Mfi.

The function M is the invariant scattering amplitude.

A20 Kinematics of Graviton Scattering

Consider the process

g(p1) + g(p2) → g(p3) + g(p4).

Define the Mandelstam variables

s = (p1 + p2)
2

t = (p1 − p3)
2

u = (p1 − p4)
2

which satisfy

s+ t+ u = 0

for massless particles.

7Where possible, amplitude-level modifications should be mapped to observable channels such as dispersion residuals,
polarization transport, and frequency-dependent damping windows.
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A21 Tree-Level Graviton Amplitude

The tree-level amplitude arises from three diagrams:

• s-channel graviton exchange

• t-channel graviton exchange

• u-channel graviton exchange

Using the modified propagator

D(p) =
1

p2 + αp4 + βp6

the s-channel amplitude becomes

Ms = κ2
Ns(s, t, u)

s+ αs2 + βs3
.

Similarly

Mt = κ2
Nt(s, t, u)

t+ αt2 + βt3

Mu = κ2
Nu(s, t, u)

u+ αu2 + βu3
.

The total amplitude is

M = Ms +Mt +Mu.

A22 High-Energy Behaviour

At large energy

s≫ m2
K

the propagator scales as

D(s) ∼ 1

s3
.

Thus the amplitude scales as

M ∼ κ2

s2
.

This is dramatically softer than Einstein gravity, where

M ∼ s.

Therefore scattering becomes ultraviolet finite.
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A23 Ward Identities

Gauge invariance imposes Ward identities.
For graviton polarization tensor ϵµν ,

pµϵµν = 0.

Replacing a polarization by momentum must give zero amplitude.

Theorem A23.1 (Ward Identity). For any external graviton,

pµiMµν··· = 0.

Proof. The action is diffeomorphism invariant.
Gauge fixing introduces BRST symmetry.
Physical states lie in BRST cohomology.
Thus longitudinal polarizations decouple, giving the identity.

A24 Unitarity Cuts

To verify unitarity we apply Cutkosky rules.
The discontinuity of an amplitude is

DiscM = 2i ImM.

For the s-channel

DiscMs =

∫

dΠ2MLM∗
R.

Because the only real pole is the graviton pole p2 = 0, only physical intermediate states contribute.
Thus the optical theorem holds.

A25 Optical Theorem

The optical theorem states

2 ImMii =
∑

f

|Mfi|2.

In cluster gravity the imaginary part arises from the pole

p2 = 0.

Higher derivative poles correspond to heavy cluster states and are removed from the physical spectrum.
Therefore unitarity is preserved.

A26 Dispersion Relations

Analyticity allows dispersion relations.
The amplitude as a function of s satisfies

M(s) =
1

π

∫ ∞

0

ImM(s′)

s′ − s
ds′.

Because the amplitude falls as 1/s2, the integral converges without subtractions.

Bhattacharjee, Roy, Samal — Preprint / Math-Ph v1 — March 6, 2026



Brane-Cluster UV Completion of Quantum Gravity 38

A27 Cross Section

The differential cross section is

dσ

dΩ
=

|M|2
64π2s

.

Using the softened amplitude

|M|2 ∼ 1

s4

we obtain

σ ∼ 1

s3
.

Thus gravitational scattering becomes strongly suppressed at high energy.

A28 Graviton–Cluster Scattering

Cluster fields also scatter with gravitons.
The process

g +ΦK → g +ΦK

has amplitude

M = λ2K
p4

p2 +m2
K

.

At high energy

M ∼ λ2K
p2
.

Thus cluster states decouple in the UV.

A29 Infrared Limit

For low energy

p2 ≪ m2
K

the propagator reduces to

D(p) ≈ 1

p2
.

Therefore the theory reproduces classical Einstein gravity.

A30 Summary of Scattering Results

We have demonstrated:

• tree-level graviton scattering remains unitary

• amplitudes obey Ward identities

• dispersion relations converge
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• high-energy cross sections vanish rapidly

These results confirm that the brane clustering framework yields a consistent scattering theory for quantum
gravity.

A31 Cosmology in the Brane Clustering Framework

Cosmologically, cluster fields are best understood as additional geometric response modes that can alter
background expansion and perturbation transfer functions without abandoning the effective-fluid description
used in precision cosmology [48, 47, 46, 49, 50].8

We now investigate cosmological implications of the brane clustering theory. Since cluster fields couple to
curvature and modify the gravitational action, they naturally affect the large-scale dynamics of the universe.

We assume spatial homogeneity and isotropy and adopt the Friedmann–Lemâıtre–Robertson–Walker
(FLRW) metric

ds2 = −dt2 + a(t)2
[

dr2

1− kr2
+ r2dΩ2

]

This metric choice acts as the coarse-grained background on which cluster-sector effects are projected.
The intent is not to assume micro-homogeneity of the brane network, but to extract averaged observables
compatible with standard cosmological inference pipelines [48, 47, 46, 51].

where a(t) is the scale factor and k denotes spatial curvature.

A32 Modified Friedmann Equations

The Einstein equations with cluster corrections read

Gµν = 8πG

(

T (m)
µν +

∑

K

T (K)
µν

)

.

For the FLRW metric we obtain the modified Friedmann equation

H2 =
8πG

3
(ρm + ρc)−

k

a2

where

H =
ȧ

a

is the Hubble parameter and

ρc =
∑

K

(

1

2
Φ̇2
K + VK(ΦK)

)

is the cluster energy density.
Together, these equations show that clustering modifies expansion history through an effective energy

component with both kinetic and potential parts. This representation is useful because it enables direct
comparison with dark-energy and early-universe datasets using familiar fluid-language diagnostics [49, 50, 51,
76].

8In this draft, cosmological predictions are organized as discriminants relative to ΛCDM baselines, not as a wholesale
rejection of successful standard-model fits.
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A33 Cluster Field Dynamics

The cluster fields obey Klein–Gordon type equations

Φ̈K + 3HΦ̇K +
dVK
dΦK

= λKR.

The Ricci scalar for FLRW geometry is

R = 6(2H2 + Ḣ +
k

a2
).

Thus cluster fields are dynamically sourced by spacetime curvature.

A34 Cluster Inflation

Cluster fields can drive cosmic inflation.
Assume a slow-roll regime

Φ̇2
K ≪ VK .

Then the Friedmann equation reduces to

H2 ≈ 8πG

3
VK .

The slow-roll parameters are

ϵ =
M2
P

2

(

V ′
K

VK

)2

η =M2
P

V ′′
K

VK
.

Inflation occurs when

ϵ, η ≪ 1.

A35 Number of e-Folds

The duration of inflation is measured by the number of e-folds

N =

∫ tf

ti

Hdt.

Using slow-roll approximation

N =
1

M2
P

∫

VK
V ′
K

dΦK .

Typical cluster potentials naturally generate

N ∼ 50− 60.
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A36 Primordial Density Perturbations

Quantum fluctuations of cluster fields generate primordial perturbations.
The scalar power spectrum is

Ps(k) =
1

12π2M6
P

V 3
K

(V ′
K)2

.

The spectral index is

ns = 1− 6ϵ+ 2η.

These predictions can be compared with cosmic microwave background data.

A37 Dark Energy from Cluster Fields

Cluster fields may also act as dark energy.
If the potential approaches a constant

VK → V0

then the equation of state becomes

w =
p

ρ
≈ −1.

This reproduces an effective cosmological constant.

A38 Late-Time Cosmological Evolution

The acceleration equation becomes

ä

a
= −4πG

3
(ρ+ 3p).

For cluster dominated energy density

pc ≈ −ρc
giving

ä > 0.

Thus cluster fields can explain the observed accelerated expansion.

A39 Gravitational Waves

Gravitational waves propagate according to

□hij + α□2hij + β□3hij = 0.

Plane-wave solutions

hij ∼ ei(k⃗·x−ωt)

satisfy dispersion relation

ω2 = k2 + αk4 + βk6.
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A40 Modified Wave Propagation

At low frequency

ω2 ≈ k2.

At high frequency

ω2 ∼ k6.

Thus high-energy gravitational waves propagate more slowly.
This effect could potentially be tested with future detectors.

A41 Cosmological Perturbation Theory

Metric perturbations can be decomposed into scalar, vector, and tensor modes.
Scalar perturbations obey modified equation

Φ̈ + 3HΦ̇ + c2s
k2

a2
Φ = 0.

Cluster couplings modify the sound speed

c2s = 1 + γk2.

A42 Structure Formation

Growth of density perturbations obeys

δ̈ + 2Hδ̇ = 4πGρδ.

Cluster corrections modify the effective gravitational constant

Geff = G(1 + ϵ).

This may affect galaxy formation.

A43 Observational Signatures

Key cosmological predictions include

• inflation driven by cluster potentials

• modified gravitational wave dispersion

• dark energy from cluster vacuum energy

• altered growth of cosmic structures

Future surveys may test these effects.
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A44 Summary of Cosmological Sector

We have shown that cluster gravity naturally predicts

• early universe inflation

• late-time acceleration

• modified gravitational wave propagation

• testable cosmological signatures

Thus the brane clustering mechanism not only resolves UV problems of quantum gravity but also provides
a unified cosmological framework.

A45 Spectral Geometry of Brane Clusters

The spectral-geometric reformulation is included to connect local field equations with global geometric
invariants. This provides a principled route from microscopic topological data to emergent gravitational
operators, in line with index-theoretic and noncommutative-geometric traditions [37, 41, 42, 44, 89].9

The geometric structure introduced in previous sections allows the brane cluster network to be interpreted
as a spectral geometric object. This viewpoint is essential for understanding how classical gravity emerges
from the underlying microscopic structure.

A45.1 Cluster Manifold

Definition A45.1 (Cluster Manifold). Let B denote the brane network introduced in Part II.
The cluster manifold is defined as the quotient space

MC =
B
∼

where the equivalence relation identifies branes belonging to the same topological cluster.

This quotient removes microscopic labeling redundancy and keeps only collective geometric content
relevant at long distance. In practice, it turns a detailed brane network into an effective spacetime carrier for
low-energy fields [37, 38, 39, 61].

Lemma A45.2. MC is a smooth manifold of dimension four in the large-scale limit.

Proof. Consider the projection map

π : B → MC .

Local neighborhoods of cluster intersections admit coordinates inherited from the embedding space R
D.

The quotient topology therefore admits a smooth atlas.
Furthermore the cluster density satisfies

ρC(x) → ρ0

in the continuum limit.
Thus the effective dimension equals four.

9The intent is methodological unification: differential, topological, and spectral data are treated as complementary descriptions
of one effective gravitational system.
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A45.2 Spectral Triple Construction

To formalize geometry we introduce a spectral triple.

Definition A45.3. The spectral triple of the cluster manifold is

(A,H, D)

where

• A is the algebra of smooth functions on MC

• H is the Hilbert space of square integrable spinors

• D is the cluster Dirac operator

The Dirac operator takes the form

D = iγµ(∇µ +Ωµ)

where Ωµ encodes brane-cluster curvature.
This form shows that cluster effects enter as geometric connection data rather than as ad hoc source

terms. As a result, spectral quantities inherit sensitivity to topology through the operator itself, which is the
mechanism needed for geometric emergence arguments [89, 41, 42, 44].

A46 Spectral Action Principle

Following the spectral geometry approach, the physical action is defined as a trace functional.

Definition A46.1. The spectral action is

S = Tr

(

f

(

D

Λ

))

where

• f is a smooth cutoff function

• Λ is the spectral scale

A46.1 Heat Kernel Expansion

Using the heat kernel expansion we obtain

Tr
(

e−tD
2
)

=

∞
∑

n=0

ant
(n−4)/2

where an are Seeley–DeWitt coefficients.

A46.2 First Coefficients

The first terms are

a0 =
1

(4π)2

∫

d4x
√
g

a2 =
1

(4π)2
1

6

∫

d4x
√
gR
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a4 =
1

(4π)2

∫

d4x
√
g

(

1

360
(5R2 − 2R2

µν + 2R2
µνρσ)

)

These coefficients make the hierarchy explicit: a0 sets volume scaling, a2 generates Einstein–Hilbert
structure, and a4 captures curvature-squared corrections. This is precisely the effective-field ordering expected
when heavy geometric microstructure is integrated out [56, 98, 99, 20].

A47 Emergence of Einstein–Hilbert Action

Substituting the expansion into the spectral action gives

S =

∫

d4x
√
g
(

Λ4c0 + Λ2c2R+ c4R
2 + · · ·

)

The second term reproduces the Einstein–Hilbert action.
This expansion directly explains infrared recovery: at scales well below Λ, the linear curvature term

dominates and GR is recovered, while higher-curvature operators encode controlled UV corrections. The
model therefore behaves as a structured EFT rather than an unconstrained modification [4, 22, 61, 60].

Theorem A47.1. The low-energy limit of the brane cluster spectral action yields general relativity.

Proof. Consider the limit

E ≪ Λ.

Higher curvature terms become suppressed.
Thus the effective action reduces to

Seff =
1

16πG

∫

d4x
√
gR

where

G−1 = 16πc2Λ
2.

Therefore classical gravity emerges naturally.

A48 Interpretation

This result demonstrates that gravity does not require fundamental quantization of spacetime.
Instead the geometry emerges as a collective phenomenon arising from the spectral structure of brane

clusters.

A49 Quantum Corrections

Quantum corrections arise from fluctuations of the Dirac operator.
Let

D → D + δD.

The induced effective action becomes

Γ = S +
1

2
Tr log(D2).

These corrections generate higher curvature operators.
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A50 UV Finiteness

The cluster propagator derived previously modifies the spectral density.

ρ(λ) ∼ e−λ
2/Λ2

c

which ensures convergence of the spectral action.

Theorem A50.1. The spectral action of the brane cluster manifold is ultraviolet finite.

Proof. Because the eigenvalue density decays exponentially, the trace

Trf(D/Λ)

converges for all polynomial cutoff functions.
Thus no UV divergence appears.

A51 Cosmological Constant

The first term of the spectral expansion yields

Λcos ∼ c0Λ
4.

However cluster correlations modify the coefficient.

c0 → c0 −∆c0

leading to partial cancellation.

A52 Geometric Interpretation

The emergence of the Einstein–Hilbert action from spectral geometry indicates that classical spacetime is not
fundamental but arises as a macroscopic phase of the brane network.

A53 Synthesis and Outlook

This section established the spectral geometric formulation of the brane cluster framework and demonstrated
that classical gravity emerges from the spectral action.

In the next part we will study cosmological solutions within this framework.

A54 Introduction to Cluster Cosmology

In previous sections we demonstrated that the spectral geometry of brane clusters reproduces the Ein-
stein–Hilbert action at low energies. We now investigate the cosmological consequences of this framework.

The central hypothesis is that the large-scale structure of the universe emerges from the statistical
distribution of brane clusters.

Let the cluster density field be

ρC(x, t)

which describes the number density of brane intersections in spacetime.
Cosmological evolution is governed by the collective dynamics of this density field.
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A55 Homogeneous Cluster Background

A55.1 Statistical Homogeneity

Observations indicate that the universe is homogeneous and isotropic on sufficiently large scales.
Within the brane cluster framework this corresponds to

ρC(x, t) = ρC(t)

up to small perturbations.

Definition A55.1 (Cosmic Cluster Background). The cosmic cluster background is defined by the uniform
configuration

⟨ρC(x, t)⟩ = ρ0(t).

This background configuration determines the emergent spacetime metric.

A56 Emergent FLRW Geometry

A56.1 Metric from Cluster Density

The effective metric introduced earlier can be written as

gµν(x) = ηµν + αhµν(x)

where the perturbation arises from cluster fluctuations.
In the homogeneous limit we obtain the FLRW metric

ds2 = −dt2 + a(t)2dx⃗2.

The scale factor is determined by the cluster density.

Theorem A56.1. The cosmological scale factor is proportional to the inverse cube root of the cluster density.

Proof. The volume element satisfies

V (t) ∝ 1

ρC(t)
.

Since

V (t) ∼ a(t)3

we obtain

a(t) ∝ ρC(t)
−1/3.

A57 Friedmann Equations from Cluster Dynamics

A57.1 Cluster Energy Functional

The effective energy density of the cluster network is

ϵC =
1

2
(∂tρC)

2 + V (ρC).

The potential V (ρC) describes interactions between branes.
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A57.2 Effective Stress-Energy Tensor

The emergent stress-energy tensor is

T (C)
µν = ∂µρC∂νρC − gµν

(

1

2
(∂ρC)

2 + V (ρC)

)

.

Substituting into Einstein equations yields the cosmological evolution.

A57.3 First Friedmann Equation

For the FLRW metric we obtain

H2 =
8πG

3
ϵC .

Here

H =
ȧ

a

is the Hubble parameter.

A58 Cluster Inflation

A58.1 Condensation Mechanism

At very early times the brane network undergoes a condensation phase.
During this epoch

V (ρC) ≈ V0

is approximately constant.
This produces an inflationary expansion.

Theorem A58.1. A constant cluster potential generates exponential expansion.

Proof. If

ϵC ≈ V0

then

H2 =
8πG

3
V0.

Thus

a(t) ∝ eHt.
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A59 Slow-Roll Dynamics

Inflation ends when the cluster density evolves slowly toward the minimum of the potential.
Define slow-roll parameters

ϵ =
1

2

(

V ′

V

)2

η =
V ′′

V
.

Inflation occurs when

ϵ≪ 1, |η| ≪ 1.

A60 Generation of Primordial Fluctuations

Quantum fluctuations of the cluster field generate primordial density perturbations.
Let

ρC = ρ0 + δρ.

The perturbation spectrum is

P (k) =
H2

4π2
.

This produces nearly scale-invariant fluctuations consistent with cosmic microwave background observa-
tions.

A61 Dark Energy from Spectral Vacuum

The spectral action derived earlier contains a constant term

Λvac.

This term acts as a cosmological constant.

ρΛ =
Λvac

8πG
.

Within the cluster framework the value of this constant depends on the large-scale topology of the brane
network.

A62 Late-Time Acceleration

At late cosmological times the vacuum term dominates.
Thus

H2 ≈ 8πG

3
ρΛ.

This leads to accelerated expansion.
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A63 Structure Formation

Matter fluctuations arise from inhomogeneous cluster distributions.
The density contrast is

δ =
δρ

ρ
.

The linear growth equation becomes

δ̈ + 2Hδ̇ − 4πGρδ = 0.

Solutions describe the formation of galaxies and clusters.

A64 Cosmic Microwave Background

Fluctuations in the cluster density during inflation leave imprints in the cosmic microwave background.
The temperature anisotropy satisfies

∆T

T
∼ 10−5.

This magnitude emerges naturally from the cluster inflation scale.

A65 Topological Defects

Brane intersections may produce topological defects.
Examples include

• cosmic strings

• domain walls

• monopoles

Their abundance depends on the topology of the brane network.

A66 Observational Predictions

The brane cluster cosmology predicts

• slight deviations from standard inflation

• non-Gaussian signatures in CMB

• modified gravitational wave spectrum

• scale-dependent dark energy corrections

These predictions can be tested with future observations.
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A67 Synthesis and Outlook

In this section we developed a cosmological model based on the dynamics of brane clusters.
We showed that

• the FLRW metric emerges naturally

• inflation arises from cluster condensation

• dark energy corresponds to spectral vacuum energy

• structure formation follows from density perturbations

The next part will analyze gravitational waves and astrophysical phenomena in the brane cluster framework.
“‘latex

A68 Background and Scope

The previous sections established the cosmological consequences of the brane cluster framework. We now
investigate astrophysical phenomena, focusing on gravitational waves and compact objects.

Gravitational waves provide a powerful probe of the microscopic structure of spacetime. If spacetime
emerges from a brane cluster network, then wave propagation may reveal deviations from standard general
relativity.

A69 Linearized Field Equations

We begin by considering perturbations around a flat background metric.

gµν = ηµν + hµν

where |hµν | ≪ 1.
The Einstein equations become

Gµν = 8πGTµν .

Expanding to first order gives the linearized equations

□h̄µν = −16πGTµν .

Here

h̄µν = hµν −
1

2
ηµνh

is the trace-reversed metric perturbation.

A70 Cluster Corrections

The brane cluster network modifies the propagator derived earlier.
The modified wave equation becomes

(□+ F(□/Λ2
c))hµν = −16πGTµν .

The operator F encodes nonlocal corrections.
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A70.1 Modified Propagator

In momentum space we obtain

G(k) =
1

k2
e−k

2/Λ2
c .

This exponential suppression removes ultraviolet divergences.

A71 Gravitational Wave Solutions

In vacuum

Tµν = 0.

Thus

(□+ F)hµν = 0.

Assuming plane waves

hµν = ϵµνe
i(kx−ωt).

The dispersion relation becomes

ω2 = k2 + f(k2/Λ2
c).

A72 Polarization States

The gauge condition

∂µh̄µν = 0

reduces the number of physical modes.
As in general relativity we obtain two transverse polarizations.

h+, h×.

However small corrections may arise at high frequencies.

A73 Energy Flux

The energy carried by gravitational waves is

dE

dt
=
G

5
⟨
...
Q ij

...
Q ij⟩

where Qij is the quadrupole moment.
Cluster corrections slightly modify the flux.
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A74 Detection by Interferometers

Modern interferometers measure strain

h =
∆L

L
.

Typical amplitudes observed are

h ∼ 10−21.

Cluster corrections may produce frequency-dependent distortions in the waveform.

A75 Black Hole Solutions

We now examine compact objects in the brane cluster framework.
Consider the static spherically symmetric metric

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2.

In classical GR

f(r) = 1− 2GM

r
.

Cluster corrections modify the potential.

f(r) = 1− 2GM

r
erf

(

r

ℓc

)

.

Here ℓc is the cluster length scale.

A76 Regular Black Holes

The above solution removes the singularity.

Theorem A76.1. Cluster-modified black holes are nonsingular at r = 0.

Proof. Near the origin

erf(r/ℓc) ∼
2√
π

r

ℓc
.

Thus

f(r) ≈ 1− const× r.

The metric remains finite.

A77 Hawking Radiation

Quantum fields near the horizon produce thermal radiation.
The Hawking temperature is

TH =
κ

2π

where κ is the surface gravity.
Cluster corrections modify the surface gravity slightly.
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A78 Black Hole Entropy

The entropy obeys

S =
A

4G
.

However the spectral geometry interpretation suggests

S =
A

4G
+ α logA.

This logarithmic correction arises from cluster microstates.

A79 Neutron Stars

The structure of neutron stars is governed by the Tolman–Oppenheimer–Volkoff equation.

dP

dr
= −G(ρ+ P )(M + 4πr3P )

r(r − 2GM)
.

Cluster corrections slightly modify the gravitational coupling.

G→ Geff.

This leads to small changes in maximum neutron star mass.

A80 Gravitational Wave Astronomy

Merging compact objects produce strong gravitational waves.
Cluster corrections may manifest as

• phase shifts

• modified ringdown frequencies

• deviations in inspiral dynamics

These effects could be detectable in future detectors.

A81 Future Experiments

Next-generation observatories include

• space-based interferometers

• pulsar timing arrays

• gravitational wave background detectors

These experiments may test predictions of the brane cluster theory.
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A82 Synthesis and Outlook

This section examined astrophysical consequences of the brane cluster framework.
We showed that

• gravitational waves acquire modified dispersion relations

• black holes become nonsingular

• Hawking radiation receives corrections

• neutron star structure may be altered

These phenomena provide potential observational tests of the theory.
“‘ “‘latex

A83 Background and Scope

Having established the cosmological and astrophysical consequences of the brane cluster framework, we now
construct a consistent quantum field theory on the emergent spacetime background.

The central idea is that matter fields propagate on the effective geometry generated by the brane cluster
network.

Let the emergent spacetime manifold be

MC

with metric

gµν(x).

Quantum fields are defined as operator-valued distributions over this manifold.

A84 Scalar Field Theory

A84.1 Classical Action

Consider a real scalar field ϕ(x).
The action is

Sϕ =

∫

d4x
√−g

[

1

2
gµν∂µϕ∂νϕ− 1

2
m2ϕ2 − V (ϕ)

]

.

Here V (ϕ) represents self-interactions.

A84.2 Equation of Motion

Varying the action yields

□gϕ−m2ϕ− V ′(ϕ) = 0

where

□g =
1√−g ∂µ

(√−ggµν∂ν
)

.

Together these equations clarify that matter dynamics remain covariant on the emergent background.
Cluster physics changes the effective geometry seen by fields, not the fundamental local variational principle.
This separation is important for maintaining standard QFT interpretation while allowing geometric corrections
[98, 99, 65, 66].
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A85 Quantization

A85.1 Canonical Quantization

Promote ϕ to an operator satisfying

[ϕ(x), π(y)] = iδ(3)(x− y).

Here

π(x) =
∂L
∂ϕ̇

is the conjugate momentum.

A85.2 Mode Expansion

In a stationary background we expand

ϕ(x) =
∑

k

(

akuk(x) + a†ku
∗
k(x)

)

.

The operators satisfy

[ak, a
†
k′ ] = δkk′ .

This mode algebra keeps the particle interpretation intact in admissible backgrounds. Cluster-induced
modifications are absorbed into the mode functions and dispersion relations. In other words, quantization
structure is preserved even though propagation kernels are deformed [65, 82, 67].

A86 Cluster Propagator

The Feynman propagator is defined as

GF (x, x
′) = ⟨0|Tϕ(x)ϕ(x′)|0⟩.

It satisfies

(□g +m2)GF (x, x
′) = δ(x− x′).

In the brane cluster framework the propagator receives corrections.
In momentum space

G(k) =
1

k2 +m2
e−k

2/Λ2
c .

The exponential factor arises from the microscopic cluster structure.
This is the central UV-softening signal in the matter sector. High-momentum modes are exponentially

suppressed, so loop kernels become effectively regulated by geometric microstructure. The mechanism
parallels nonlocal and super-renormalizable damping proposals while retaining a clear geometric interpretation
[54, 55, 57, 56].
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A87 Path Integral Formulation

Quantum amplitudes can also be computed using the path integral.

Z =

∫

Dϕ exp(iSϕ).

Expectation values are

⟨O⟩ = 1

Z

∫

DϕO[ϕ]eiSϕ .

At this level, all standard functional machinery remains unchanged. The novelty sits in the effective
action kernel and therefore in propagators and vertices. This makes phenomenological comparison cleaner
because deviations can be traced to specific modified correlators [65, 82, 83].

A88 Gauge Fields

We now introduce gauge fields associated with internal symmetries.
Consider a gauge field Aaµ with field strength

F aµν = ∂µA
a
ν − ∂νA

a
µ + gfabcAbµA

c
ν .

The Yang–Mills action is

SYM = −1

4

∫

d4x
√−gF aµνFµνa .

Thus gauge dynamics are incorporated in the same geometric background used by gravity and matter.
This enforces a unified effective spacetime sector. The construction is compatible with standard gauge
principles and supports direct Standard-Model embedding checks [67, 82, 86, 87].

A89 Gauge Symmetry

The action is invariant under local transformations

Aµ → UAµU
−1 +

i

g
U∂µU

−1.

This symmetry remains intact in the cluster geometry.

A90 Fermions

Fermionic fields are described by the Dirac action.

Sψ =

∫

d4x
√−gψ̄(iγµ∇µ −m)ψ.

The covariant derivative contains the spin connection.

∇µ = ∂µ +
1

4
ωabµ γab.
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A91 Standard Model Embedding

The full Standard Model gauge group is

SU(3)× SU(2)× U(1).

All matter fields can be placed on the cluster manifold.
The combined action becomes

SSM = SYM + Sψ + Sϕ.

A92 Renormalization Structure

Quantum corrections produce loop diagrams.
In ordinary quantum gravity divergences occur at high momentum.
However the cluster propagator suppresses ultraviolet modes.

A92.1 One-Loop Integral

Consider a typical loop integral

I =

∫

d4k
e−k

2/Λ2
c

k2 +m2
.

At large momentum

I ∼
∫

d4k e−k
2/Λ2

c .

This integral converges.

Theorem A92.1. Loop diagrams in the brane cluster theory are ultraviolet finite.

Proof. Because each propagator contains an exponential suppression, momentum integrals are bounded.
Thus no divergence arises for large k.

A93 Effective Action

Integrating out quantum fluctuations produces an effective action

Γ[gµν ] = S[gµν ] + ℏΓ1 + ℏ
2Γ2 + . . .

All terms remain finite due to cluster suppression.

A94 Anomalies

Gauge anomalies must cancel for consistency.
Because the Standard Model field content is preserved, the usual anomaly cancellation conditions apply.

A95 Unitarity

Unitarity follows from the analytic structure of the propagator.
The exponential factor introduces no additional poles.
Thus the optical theorem holds.

Bhattacharjee, Roy, Samal — Preprint / Math-Ph v1 — March 6, 2026



59 Brane-Cluster UV Completion of Quantum Gravity

A96 Synthesis and Outlook

In this section we constructed a quantum field theory on the emergent brane cluster background.
We demonstrated that

• scalar, fermion, and gauge fields can be consistently defined

• the Standard Model embeds naturally

• loop integrals become ultraviolet finite

• gauge symmetry and unitarity are preserved

This provides a promising framework for a UV-improved effective theory of gravity coupled to quantum
fields.

The next section will explore the mathematical structure of brane cluster topology in greater depth.
“‘ “‘latex

A97 Background and Scope

The brane cluster framework suggests that spacetime geometry emerges from an underlying network of
intersecting branes. To understand the fundamental structure of this network we must develop a rigorous
topological description.

In this section we analyze the topology of brane cluster networks using the tools of algebraic topology.

A98 Brane Network as a Topological Complex

We begin by representing the brane network as a simplicial complex.

Definition A98.1 (Brane Complex). Let B denote the set of branes and their intersections.
The brane complex is defined as a simplicial complex

K = (V,E, F, . . . )

where

• V represents intersection points,

• E represents brane segments,

• F represents two-dimensional brane surfaces.

This complex provides a combinatorial description of the brane cluster structure.

A99 Chains and Boundary Operators

A99.1 Chain Groups

For each integer n we define the group of n-chains

Cn(K).

Elements of Cn(K) are formal sums of n-simplices.

cn =
∑

i

aiσi.

Here ai are integer coefficients.
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A99.2 Boundary Operator

The boundary operator

∂n : Cn(K) → Cn−1(K)

is defined by

∂n(σ) =

n
∑

i=0

(−1)i[v0, . . . , v̂i, . . . , vn].

Lemma A99.1. The boundary operator satisfies

∂n−1∂n = 0.

This chain-level identity is the algebraic reason conserved topological sectors exist. Boundaries of boundaries
vanish, so only nontrivial cycles carry persistent information. In the brane-cluster picture, that persistence
licenses effective charge-like labels for emergent modes [39, 40, 90, 68].

Proof. Applying the boundary operator twice produces a sum in which each face appears twice with opposite
sign. Therefore the result vanishes.

A100 Homology Groups

Homology measures topological features such as holes and connected components.

Definition A100.1. The n-th homology group is

Hn(K) =
ker ∂n
im ∂n+1

.

These groups classify the topology of the brane cluster network.

A100.1 Physical Interpretation

• H0 counts connected components

• H1 describes loop structures

• H2 characterizes membrane-like cavities

Such structures may correspond to topological sectors of the gravitational field.

A101 Cohomology

Dual to homology is cohomology.

Definition A101.1. The group of n-cochains is

Cn(K) = Hom(Cn(K),R).

The coboundary operator

δn : Cn → Cn+1

satisfies

δn+1δn = 0.

The cohomology group is

Hn(K) =
ker δn

im δn−1
.
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A102 Topological Invariants

The topology of the brane network can be characterized by several invariants.

A102.1 Betti Numbers

The Betti numbers are defined as

bn = rank(Hn).

These numbers count independent topological features.

A102.2 Euler Characteristic

The Euler characteristic is

χ =
∑

n

(−1)nbn.

This quantity remains invariant under continuous deformations.

A103 Knot Structures in Brane Networks

Brane intersections may form knotted configurations.
These can be analyzed using knot invariants.

A103.1 Linking Number

Consider two closed brane loops C1 and C2.
The linking number is

L(C1, C2) =
1

4π

∮

C1

∮

C2

(x− y) · (dx× dy)

|x− y|3 .

This invariant measures topological entanglement.

A104 Topological Field Theory Description

The brane cluster network may be described by a topological field theory.
Consider the action

S =

∫

B ∧ F.

Here

• F is a curvature two-form

• B is a two-form field

This action is invariant under gauge transformations.
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A105 Topological Quantum States

Quantum states of the brane network correspond to different topological configurations.
Let

|Ψ⟩
denote a state labeled by homology classes.
Transitions between states correspond to topology-changing processes.

A106 Relation to Quantum Gravity

Topological degrees of freedom may represent microstates of spacetime.
In particular,

SBH ∼ logNtopological

suggesting that black hole entropy may arise from brane network topology.

A107 Topological Phase Transitions

The network may undergo transitions between different topological phases.
Such transitions occur when the connectivity of the brane complex changes.
These events may correspond to early-universe phase transitions.

A108 Synthesis and Outlook

In this section we developed a topological framework for describing brane cluster networks.
Using algebraic topology we introduced

• simplicial complexes

• homology groups

• cohomology

• topological invariants

These mathematical structures provide a deeper understanding of the microscopic geometry underlying
emergent spacetime.

The next part will examine the thermodynamic properties of brane cluster systems.
“‘ “‘latex

A109 Background and Scope

In the previous section we studied the topological structure of brane cluster networks. We now investigate
their thermodynamic properties.

The central idea is that spacetime geometry arises as a macroscopic state of a large ensemble of micro-
scopic brane configurations. Thermodynamic methods therefore provide a natural framework for describing
gravitational dynamics.
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A110 Statistical Ensemble of Brane Networks

Let Ω denote the set of all possible configurations of the brane cluster network.
Each configuration ω ∈ Ω is characterized by

• the number of branes

• their intersection topology

• their spatial configuration

We define a statistical ensemble with probability

P (ω) =
1

Z
e−βE(ω).

Here

• E(ω) is the energy of the configuration

• β = 1/T is the inverse temperature

• Z is the partition function

A111 Partition Function

The partition function is

Z =
∑

ω∈Ω

e−βE(ω).

In the continuum limit this becomes a functional integral

Z =

∫

DB e−βS[B]

where B denotes the brane configuration.

A112 Free Energy

The thermodynamic free energy is

F = −T logZ.

All macroscopic observables can be derived from this quantity.
For example the internal energy is

U = − ∂

∂β
logZ.

A113 Entropy of Brane Clusters

The entropy is defined by

S = −
∑

ω

P (ω) logP (ω).

Substituting the Boltzmann distribution gives

S = βU + logZ.

This entropy measures the number of microscopic brane configurations consistent with a given macroscopic
geometry.
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A114 Emergent Gravity as an Entropic Force

An important consequence of this framework is that gravitational forces may arise from entropy gradients.
Consider a system with entropy S(x) depending on position.
The entropic force is

F = T∇S.
In the brane cluster framework, matter modifies the local density of brane intersections, changing the

entropy of the network.
This generates an effective gravitational attraction.

A115 Derivation of Newton’s Law

Consider a spherical region of radius r surrounding a mass M .
Assume that the number of microscopic states is proportional to the area of the boundary.

N ∝ A = 4πr2.

Using the equipartition theorem

E =
1

2
NT.

Identifying E with the mass energy M gives

T ∝ M

r2
.

The entropic force then becomes

F =
GMm

r2
.

Thus Newtonian gravity emerges from the thermodynamics of brane cluster configurations.

A116 Black Hole Thermodynamics

Black holes provide an important test of any quantum gravity theory.
In classical general relativity the entropy of a black hole is

SBH =
A

4G
.

Within the brane cluster framework this entropy arises from the number of microscopic cluster configura-
tions associated with the event horizon.

A117 Counting Microstates

Let Nmicro denote the number of cluster states compatible with a given horizon geometry.
The entropy is

S = logNmicro.

If the number of configurations grows exponentially with area,

Nmicro ∼ eA/4G,

then the Bekenstein–Hawking entropy is reproduced.
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A118 Hawking Temperature

The temperature of a black hole is determined by the relation

T =
κ

2π
where κ is the surface gravity.
In the brane cluster picture this temperature corresponds to thermal fluctuations of the network near the

horizon.

A119 Heat Capacity

The heat capacity of a black hole is

C =
dE

dT
.

For Schwarzschild black holes this quantity is negative.
This indicates thermodynamic instability.
Cluster corrections may modify this behavior for very small black holes.

A120 Phase Transitions

The brane cluster network may exhibit thermodynamic phase transitions.
Examples include

• condensation of branes

• changes in network connectivity

• formation of macroscopic spacetime structure

Such transitions may have occurred in the early universe.

A121 Critical Behavior

Near a critical point the correlation length diverges.

ξ → ∞.

At this stage the system becomes scale invariant.
This behavior may explain why spacetime appears smooth on large scales.

A122 Holographic Interpretation

The area scaling of entropy suggests a holographic description.
In this view the information contained in a region of spacetime is encoded on its boundary.
Brane cluster degrees of freedom may provide the microscopic realization of this principle.

A123 Thermodynamic Stability

Stability requires that the free energy be minimized.

∂2F

∂x2
> 0.

This condition determines which cluster configurations represent stable spacetime geometries.
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A124 Synthesis and Outlook

In this section we developed the thermodynamic description of brane cluster systems.
We showed that

• spacetime may be interpreted as a thermodynamic state

• gravitational forces can arise from entropy gradients

• black hole entropy corresponds to cluster microstates

• phase transitions may shape the structure of spacetime

These results strengthen the connection between statistical mechanics and gravitational physics.
The next section will explore the role of information theory in the brane cluster framework.
“‘ “‘latex

A125 Background and Scope

Modern developments in quantum gravity suggest that spacetime geometry may emerge from underlying
informational degrees of freedom. In the brane cluster framework, the microscopic configuration of the brane
network encodes information about the geometry of spacetime.

This section develops a formal description of spacetime as an information-theoretic structure.

A126 Information Content of the Brane Network

Let B denote a brane cluster configuration.
Each configuration carries a certain amount of information that describes the positions and connectivity

of branes.

Definition A126.1 (Information Content). The information content of a brane configuration B is

I(B) = logN(B)
where N(B) denotes the number of microstates compatible with the configuration.

This quantity measures the amount of information required to specify the geometry generated by the
cluster.

A127 Shannon Entropy

If the brane network fluctuates among configurations {Bi} with probabilities Pi, the entropy is

S = −
∑

i

Pi logPi.

This is the Shannon entropy of the network.
It quantifies the uncertainty in the microscopic structure of spacetime.
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A128 Entanglement Entropy

Quantum fields propagating on the cluster manifold may become entangled across spatial regions.
Let A denote a spatial region and Ā its complement.
The reduced density matrix is

ρA = TrĀ(ρ).

The entanglement entropy is

SA = −Tr(ρA log ρA).

A129 Area Law

For many quantum systems the entanglement entropy obeys an area law.

SA ∝ Area(∂A).

In the brane cluster framework this arises naturally because information is stored in the intersections of
branes that form the boundary.

A130 Holographic Principle

The holographic principle states that the maximum entropy contained in a region scales with the area of its
boundary.

S ≤ A

4G
.

This principle can be interpreted as a constraint on the information capacity of spacetime.
In the cluster model, the number of brane intersections on the boundary determines the available degrees

of freedom.

A131 Information Flow in Spacetime

Information propagates through the brane network via interactions between cluster nodes.
Let I(x, t) denote the local information density.
Information flow satisfies a continuity equation

∂tI +∇ · J = 0

where J is the information current.

A132 Information Geometry

Information theory also provides a geometric structure.
Consider a family of probability distributions P (θ).
The Fisher information metric is

gij =

∫

dX P (X|θ)∂i logP∂j logP.

This metric measures the distinguishability of nearby probability distributions.
In the brane cluster framework the Fisher metric may correspond to the emergent spacetime metric.
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A133 Quantum Error Correction

Recent developments suggest that spacetime geometry may behave like a quantum error-correcting code.
Information stored in the brane network can be reconstructed from multiple overlapping regions.
This redundancy protects the structure of spacetime against local perturbations.

A134 Mutual Information

The correlation between two regions A and B is measured by the mutual information

I(A,B) = S(A) + S(B)− S(A ∪B).

In cluster geometry this quantity measures the strength of connections between different regions of
spacetime.

A135 Emergence of Geometry from Entanglement

Several theoretical arguments suggest that spacetime geometry is determined by patterns of quantum
entanglement.

In the brane cluster picture, the connectivity of the network creates entanglement between spatial regions.
Changes in the entanglement structure modify the effective metric of spacetime.

A136 Entropy Bounds

Physical systems obey limits on the amount of information they can store.
The Bekenstein bound states

S ≤ 2πER.

Here E is the energy and R the radius of the system.
The brane cluster framework satisfies this bound because the number of brane intersections within a

region is finite.

A137 Information and Black Holes

Black holes represent the ultimate information storage devices in nature.
In the cluster framework the event horizon corresponds to a surface with maximal brane intersection

density.
Information falling into a black hole becomes encoded in the microscopic cluster states of the horizon.

A138 Information Paradox

The black hole information paradox arises because Hawking radiation appears thermal.
In the brane cluster model information may escape through correlations among cluster degrees of freedom.
This could preserve unitarity during black hole evaporation.

A139 Computational Complexity

Another emerging idea is that spacetime geometry may be related to computational complexity.
The complexity of a quantum state measures the minimum number of operations required to construct it.
Cluster configurations with higher complexity may correspond to larger spatial volumes.
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A140 Synthesis and Outlook

In this section we explored the informational structure of spacetime within the brane cluster framework.
We showed that

• spacetime may be viewed as an information network

• entropy measures the number of cluster microstates

• holographic bounds arise naturally

• entanglement patterns influence spacetime geometry

These ideas suggest that gravity, geometry, and information are deeply interconnected.
The next section will analyze the role of symmetry and group theory in the brane cluster model.
“‘ “‘latex

A141 Background and Scope

Symmetry plays a fundamental role in modern theoretical physics. Many physical laws can be understood as
consequences of invariance under transformations belonging to mathematical groups.

In the brane cluster framework, the microscopic configuration of intersecting branes possesses a rich
symmetry structure. These symmetries govern the dynamics of the emergent spacetime and the interactions
of quantum fields.

This section develops the group-theoretic foundations of the brane cluster model.

A142 Symmetry Transformations

A symmetry transformation is an operation that leaves the physical content of a system unchanged.
Let B denote a brane cluster configuration.
A transformation T is a symmetry if

T (B) = B′

such that the action satisfies

S[B′] = S[B].
The set of all such transformations forms a group.

A143 Group Structure

Definition A143.1 (Group). A group G is a set equipped with a binary operation satisfying

• closure

• associativity

• identity element

• inverse element

Symmetries of the brane cluster network form a group under composition.
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A144 Continuous Symmetries

Many physical symmetries depend on continuous parameters.
Such symmetries are described by Lie groups.

Definition A144.1 (Lie Group). A Lie group is a group that is also a smooth manifold such that the group
operations are smooth.

Examples include

• rotation group SO(3)

• Lorentz group SO(1, 3)

• unitary groups SU(N)

A145 Lie Algebras

Associated with every Lie group is a Lie algebra.
The generators Ta satisfy

[Ta, Tb] = f c
ab Tc

where f c
ab are the structure constants.

In the brane cluster framework these generators correspond to infinitesimal transformations of the network
configuration.

A146 Spacetime Symmetry

At large scales the emergent spacetime must respect Lorentz symmetry.
The Lorentz group consists of transformations preserving the Minkowski metric

ηµν .

These transformations satisfy

ΛµαΛ
ν
βηµν = ηαβ .

In the brane cluster model Lorentz invariance emerges as an approximate symmetry of the large-scale
network.

A147 Gauge Symmetry

Gauge symmetries arise when transformations vary from point to point in spacetime.
Let ϕ(x) denote a field.
A local gauge transformation is

ϕ(x) → U(x)ϕ(x)

where U(x) belongs to a Lie group.
To preserve invariance we introduce a gauge field Aµ.
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A148 Gauge Covariant Derivative

The covariant derivative is

Dµ = ∂µ + igAµ.

Under a gauge transformation

Aµ → UAµU
−1 +

i

g
U∂µU

−1.

This ensures that

Dµϕ

transforms in the same way as ϕ.

A149 Field Strength Tensor

The curvature associated with the gauge field is

Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ].

The Yang–Mills action is

S = −1

4

∫

d4xF aµνF
µν
a .

A150 Noether’s Theorem

Symmetries of the action lead to conserved quantities.

Theorem A150.1 (Noether). For every continuous symmetry of the action there exists a conserved current.

Proof. Consider an infinitesimal transformation

ϕ→ ϕ+ δϕ.

If the action is invariant, the variation satisfies

δS = 0.

After integration by parts we obtain a conserved current Jµ satisfying

∂µJ
µ = 0.

A151 Conserved Charges

The conserved charge associated with a symmetry is

Q =

∫

d3xJ0.

Examples include

• energy

• momentum
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• electric charge

In the brane cluster framework these quantities correspond to conserved properties of the underlying
network.

A152 Spontaneous Symmetry Breaking

A symmetry of the action may not be preserved by the ground state.
Let ϕ be a scalar field with potential

V (ϕ) = λ(ϕ2 − v2)2.

The minimum occurs at

ϕ = ±v.
Choosing one vacuum breaks the symmetry.

A153 Goldstone Modes

Spontaneous symmetry breaking produces massless excitations called Goldstone bosons.
In the brane cluster model such modes may correspond to collective oscillations of the network.

A154 Higgs Mechanism

When gauge symmetry is broken, gauge bosons may acquire mass.
The Higgs mechanism introduces a scalar field with nonzero vacuum expectation value.
The resulting gauge boson mass is

m = gv.

This mechanism operates in the Standard Model.

A155 Standard Model Gauge Group

The Standard Model is based on the symmetry group

SU(3)× SU(2)× U(1).

These symmetries describe

• strong interaction

• weak interaction

• electromagnetism

In the brane cluster framework these gauge symmetries may arise from the topology and connectivity of
the brane network.

A156 Emergent Gauge Fields

Gauge fields may be interpreted as collective modes of the cluster configuration.
Fluctuations in the orientation and intersection of branes generate effective gauge connections.
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A157 Symmetry Breaking in the Early Universe

During the early stages of cosmic evolution the brane network may have possessed a higher symmetry.
As the universe cooled, phase transitions broke this symmetry to the present Standard Model group.

A158 Synthesis and Outlook

In this section we developed the group-theoretic structure of the brane cluster framework.
We introduced

• symmetry transformations

• Lie groups and Lie algebras

• gauge symmetry

• Noether’s theorem

• spontaneous symmetry breaking

These principles govern the interactions of fields and the dynamics of the emergent spacetime.
The next section will analyze the quantum dynamics of brane cluster evolution.
“‘ “‘latex

A159 Background and Scope

Having established the symmetry structure of the brane cluster framework, we now turn to the dynamical
laws governing the evolution of the cluster network.

The fundamental hypothesis is that spacetime arises from the collective dynamics of intersecting branes.
The time evolution of the network therefore determines the evolution of the emergent spacetime geometry.

In this section we develop a Hamiltonian and quantum mechanical description of the brane cluster system.

A160 Configuration Space of Brane Networks

Let B denote a configuration of the brane cluster network.
The configuration space of the theory is the set

C = {B}.
Each element of C represents a distinct arrangement of intersecting branes and their connectivity.

Definition A160.1 (Configuration Functional). The configuration of the network may be described by a
functional

Xµ(σ)

where σ parameterizes points on a brane.

The full state of the system is determined by the collection of all such embeddings.

Bhattacharjee, Roy, Samal — Preprint / Math-Ph v1 — March 6, 2026



Brane-Cluster UV Completion of Quantum Gravity 74

A161 Action Principle

The dynamics of the brane cluster network can be derived from an action principle.
For a single brane the action is given by the Nambu–Goto form

S = −T
∫

dpσ
√

− det(γab)

where

γab = ∂aX
µ∂bX

νgµν .

Here T is the brane tension.
For a cluster of branes the total action is

Scluster =
∑

i

Si + Sint

where Sint describes interactions between branes.

A162 Hamiltonian Formulation

To quantize the theory we construct the Hamiltonian.
The canonical momentum is

Pµ =
∂L
∂Ẋµ

.

The Hamiltonian density is

H = PµẊ
µ − L.

Integrating over the brane coordinates gives the total Hamiltonian

H =

∫

dpσH.

A163 Constraint Structure

Because the action possesses reparameterization invariance, the theory contains constraints.
These constraints satisfy

H⊥ = 0, Ha = 0.

They are analogous to the Hamiltonian and momentum constraints in general relativity.

A164 Quantization

Canonical quantization promotes the classical variables to operators.

Xµ → X̂µ, Pµ → P̂µ.

They satisfy the commutation relations

[X̂µ(σ), P̂ν(σ
′)] = iδµν δ(σ − σ′).

The quantum state of the system is described by a wavefunctional

Ψ[X].
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A165 Wheeler–DeWitt Equation

The Hamiltonian constraint leads to a quantum equation

ĤΨ = 0.

This is analogous to the Wheeler–DeWitt equation of quantum gravity.
The wavefunctional Ψ[X] encodes all possible brane cluster geometries.

A166 Path Integral Formulation

An alternative quantization method is the path integral.
The transition amplitude between two configurations B1 and B2 is

Z(B1,B2) =

∫

DB eiS[B].

The integral runs over all intermediate cluster configurations.

A167 Quantum Fluctuations

Quantum fluctuations of the brane network produce fluctuations in the emergent spacetime metric.
Let

gµν = ḡµν + hµν .

The perturbation hµν arises from microscopic variations of the cluster geometry.

A168 Discrete Network Representation

For many purposes the cluster network can be approximated by a discrete graph.
Vertices represent brane intersections, while edges represent connecting brane segments.
The quantum state of the network can then be expressed as

|Γ⟩
where Γ denotes the graph.

A169 Relation to Spin Networks

The discrete graph representation resembles spin networks used in loop quantum gravity.
Each edge carries a representation of a group, and vertices represent invariant tensors.
The geometry of space is determined by these combinatorial structures.

A170 Transition Amplitudes

Quantum evolution corresponds to transitions between different graphs.
The amplitude is

A(Γ1,Γ2) =
∑

histories

eiS .

Each history represents a sequence of cluster reconfigurations.
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A171 Topology Change

Quantum fluctuations may allow the topology of the brane network to change.
Processes such as

• brane splitting

• brane merging

• creation of new intersections

may occur.
These processes correspond to topology-changing events in spacetime.

A172 Semiclassical Limit

In the limit of large brane numbers the system approaches a classical spacetime geometry.
The dominant contribution to the path integral comes from configurations satisfying

δS = 0.

These solutions correspond to classical Einstein equations.

A173 Quantum Corrections

Quantum fluctuations generate corrections to classical gravity.
These corrections appear as higher-order curvature terms in the effective action.

A174 Stability of the Network

For the emergent spacetime to remain stable, the brane cluster configuration must resist large fluctuations.
Stability conditions can be derived from the second variation of the action.

A175 Synthesis and Outlook

In this section we constructed the quantum dynamics of brane cluster evolution.
We introduced

• Hamiltonian formulation

• canonical quantization

• path integral methods

• discrete network representation

• connections to spin networks

These structures describe how microscopic brane interactions give rise to the dynamical evolution of
spacetime.

The next section will analyze the phenomenological predictions and experimental tests of the brane cluster
gravity model.

“‘ “‘latex id=”q3y0ka”
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A176 Background and Scope

A viable theory of quantum gravity must ultimately make contact with experiment. While the microscopic
structure of brane clusters exists at extremely small scales, the collective effects of this structure may produce
measurable deviations from the predictions of classical general relativity.

In this section we examine potential phenomenological signatures of the brane cluster framework.

A177 Low-Energy Limit

Any candidate theory must reproduce the Einstein field equations in the appropriate limit.
Let Lc denote the characteristic cluster length scale.
For energies satisfying

E ≪ 1

Lc
,

the corrections to general relativity become negligible.
In this regime the effective action reduces to

S =
1

16πG

∫

d4x
√−gR.

Thus classical gravity is recovered.

A178 Post-Newtonian Corrections

Small deviations from Newtonian gravity may occur due to cluster structure.
The gravitational potential can be written as

V (r) = −GM
r

(

1 + αe−r/Lc

)

.

Here α characterizes the strength of the correction.
Experiments testing the inverse-square law may constrain the value of Lc.

A179 Tests in the Solar System

Precision measurements within the solar system provide important tests of gravitational theories.
Relevant observables include

• perihelion precession of Mercury

• gravitational time delay

• light deflection near the Sun

• lunar laser ranging

Cluster corrections must remain within experimental bounds.

A180 Binary Pulsars

Binary pulsar systems offer extremely precise measurements of gravitational dynamics.
The orbital decay due to gravitational radiation follows

dE

dt
= −32

5

G4

c5
m2

1m
2
2(m1 +m2)

a5
.

Cluster corrections may introduce small modifications to this formula.
Observations of pulsar timing provide stringent limits.
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A181 Gravitational Wave Observations

Modern detectors measure gravitational waves from astrophysical sources.
The waveform of a binary merger depends on the propagation of gravitational waves.
Cluster corrections may produce

• modified dispersion relations

• additional polarization modes

• small phase shifts in waveforms

These effects could be detectable in high-precision data.

A182 Cosmic Microwave Background

The early universe provides another testing ground for gravitational theories.
Fluctuations in the cosmic microwave background encode information about the primordial universe.
Cluster cosmology predicts

• slight deviations from scale invariance

• possible non-Gaussian signatures

• modified tensor-to-scalar ratio

Future CMB experiments may probe these predictions.

A183 Large-Scale Structure

The growth of cosmic structure depends on the gravitational interaction.
The density contrast evolves according to

δ̈ + 2Hδ̇ − 4πGeffρδ = 0.

Cluster gravity may modify the effective gravitational constant Geff.
Observations of galaxy clustering can therefore constrain the theory.

A184 Black Hole Observations

High-resolution observations of black holes provide new opportunities to test gravitational physics.
Examples include

• imaging of event horizons

• measurements of black hole shadows

• gravitational wave ringdown signals

Cluster corrections may alter the near-horizon geometry.
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A185 Particle Physics Implications

The brane cluster framework may also influence high-energy particle physics.
Possible effects include

• modifications to particle propagation

• deviations from standard dispersion relations

• new interactions at very high energies

However these effects are expected to appear near the cluster energy scale.

A186 Collider Signatures

High-energy particle colliders probe short distance physics.
Potential signals could include

• missing energy due to extra gravitational modes

• production of microscopic black holes

• deviations in scattering amplitudes

The detectability of such effects depends on the magnitude of the cluster scale.

A187 Laboratory Tests of Gravity

Experiments measuring gravity at short distances may reveal deviations from Newton’s law.
Examples include

• torsion balance experiments

• atomic interferometry

• precision Cavendish measurements

These experiments may constrain the cluster length scale.

A188 Astrophysical Observables

Astrophysical systems provide natural laboratories for extreme gravitational environments.
Observations of

• neutron stars

• supernovae

• galaxy clusters

may reveal signatures of cluster gravity.
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A189 Future Experimental Prospects

Several upcoming experiments will significantly improve the sensitivity of gravitational measurements.
Examples include

• next-generation gravitational wave detectors

• advanced cosmological surveys

• precision laboratory experiments

These efforts may provide evidence for or constraints on the brane cluster framework.

A190 Theoretical Predictions

The key predictions of brane cluster gravity include

• ultraviolet-finite gravitational interactions

• modified high-frequency gravitational waves

• small corrections to Newtonian gravity

• possible topological signatures in cosmology

Testing these predictions is essential for establishing the validity of the theory.

A191 Synthesis and Outlook

In this section we examined the phenomenological implications of brane cluster gravity.
We discussed potential observational signatures in

• solar system tests

• gravitational waves

• cosmology

• particle physics experiments

Although many effects are expected to be small, future experiments may provide the sensitivity required
to detect them.

The next section will summarize the theoretical framework and discuss possible directions for future
research.

“‘

A192 Non-Perturbative Topological Phases of Brane Cluster Grav-
ity

In previous sections we established the perturbative dynamics and topological structure of brane cluster
networks. However, any complete theory of quantum gravity must also include non-perturbative configurations.

In this part we study global transitions between cluster configurations and the topological sectors of the
theory.

These transitions resemble instantons in gauge theory but arise from global reconfiguration of the brane
cluster network.
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A192.1 Configuration Space of Cluster Networks

Let C denote the configuration space of all brane cluster networks satisfying the consistency conditions
established in earlier sections.

Definition A192.1 (Cluster Configuration Space). The cluster configuration space is

C = {N | N is a consistent brane cluster network}.

Each configuration N corresponds to

N = (B, I, T )

where

• B is the set of branes

• I the intersection structure

• T the topological embedding

A192.2 Cluster Action Functional

The action functional governing cluster dynamics is

S[N ] = SEH + Scluster + Stop

where

• SEH is the Einstein-Hilbert contribution

• Scluster describes cluster field interactions

• Stop encodes topological invariants

A192.3 Topological Sector Decomposition

Theorem A192.2. The configuration space decomposes into disjoint topological sectors

C =
⋃

k∈Z

Ck

classified by a topological invariant Q.

Proof. Define

Q(N ) =

∫

Σ

Tr(F ∧ F )

where F is the curvature associated with the cluster connection.
Since

Q ∈ Z

due to topological quantization, configurations with different Q cannot be continuously deformed into one
another.

Thus

C =
⋃

k

Ck.
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A192.4 Instanton-like Cluster Transitions

Transitions between sectors occur through non-perturbative processes.

Definition A192.3 (Cluster Instanton). A cluster instanton is a finite-action trajectory

N (t) : R → C
connecting two sectors

N−∞ ∈ Ck, N+∞ ∈ Ck+1.

A192.5 Euclidean Action

Instanton probability is determined by the Euclidean action

P ∼ e−SE

where

SE =

∫

d4x
√
g
(

R+ λΦ2
)

.

A192.6 Cobordism of Cluster Histories

Cluster transitions may be classified using cobordism theory.

Definition A192.4. Two cluster configurations N1 and N2 are cobordant if there exists a higher dimensional
manifold

W
such that

∂W = N1 ∪N2.

Theorem A192.5 (Cluster Cobordism Classification). Cluster histories are classified by elements of the
cobordism group

Ωd.

Proof. The brane cluster network defines a topological manifold structure.
Transitions correspond to interpolating manifolds.
Cobordism classes therefore classify allowed histories.

A192.7 Global Conservation Laws

The cluster network obeys global conservation laws.

Theorem A192.6. Cluster charge is conserved under smooth evolution.

Proof. Define the conserved current

Jµ = ∂νK
µν

where Kµν is an antisymmetric tensor derived from the cluster topological current.
Since

∂µJ
µ = 0
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charge

Q =

∫

d3xJ0

is conserved.

A192.8 Global Stability of Cluster Networks

Theorem A192.7 (Cluster Stability). Stable cluster networks correspond to minima of the action functional

δS[N ] = 0.

Proof. Standard variational arguments apply.
Perturbations δN produce

δS =

∫

d4x
δS

δN δN .

Stationary configurations satisfy

δS

δN = 0.

These correspond to dynamically stable networks.

A192.9 Phase Diagram of Cluster Gravity

The theory exhibits multiple phases.

1. Dilute cluster phase

2. Condensed cluster phase

3. Topological cluster phase

4. Percolating cluster network

These phases are separated by transitions determined by the coupling constants

(λ, gc).

A192.10 Percolation Transition

At critical coupling the cluster network becomes space-filling.

Theorem A192.8. A percolation transition occurs when

gc = gcrit.

Proof. Using cluster density ρ,

ρ =
Nclusters

V

percolation occurs when

ρ ≥ ρc.

At this point an infinite connected cluster forms.
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A192.11 Implications for Quantum Gravity

Non-perturbative cluster transitions provide

• topology change in quantum spacetime

• vacuum tunneling

• quantum creation of universes

These effects may contribute to early universe cosmology and black-hole physics.

A192.12 Summary of Part 16

We have established:

• configuration space of cluster networks

• topological sector decomposition

• instanton-like cluster transitions

• cobordism classification of cluster histories

• global conservation laws

• phase structure of cluster gravity

This completes the non-perturbative topological analysis of the theory.
The next section will address

Part 17: Black Hole Microstructure in Brane Cluster Gravity.

A193 Black Hole Microstructure in Brane Cluster Gravity

One of the central challenges of quantum gravity is the microscopic understanding of black hole entropy and
information.

In brane cluster gravity, black holes are not fundamental singular objects but emerge from dense
configurations of intersecting brane clusters. The horizon corresponds to a critical surface where the cluster
density reaches a topological percolation threshold.

In this section we derive the microscopic origin of black hole entropy from cluster degrees of freedom.

A193.1 Cluster Representation of Black Holes

Let N denote the brane cluster network embedded in spacetime M .

Definition A193.1 (Black Hole Cluster Region). A black hole region B is defined as a connected subset

B ⊂M

such that the cluster density

ρ(x) > ρc

for all x ∈ B, where ρc is the percolation threshold.

The boundary

∂B
defines the black hole horizon.
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A193.2 Horizon as a Cluster Percolation Surface

Theorem A193.2. The event horizon corresponds to the critical surface where cluster connectivity becomes
infinite.

Proof. Define the connectivity function

C(x, y)

representing the probability that two spacetime points are connected by a cluster chain.
For low density

C(x, y) ∼ e−d(x,y)/ξ.

At the critical density

ρ = ρc

the correlation length diverges

ξ → ∞.

Thus clusters form an infinite connected network, which defines the horizon surface.

A193.3 Horizon Microstates

The horizon carries microscopic degrees of freedom associated with brane intersection points.
Let

Nint

denote the number of brane intersections on the horizon.

Definition A193.3. Each intersection contributes an elementary microstate

si ∈ {1, . . . , g}
where g is the internal degeneracy of the cluster intersection.

Total microstates:

Ω = gNint .

A193.4 Entropy of Cluster Horizons

The entropy is

S = logΩ.

Thus

S = Nint log g.

Theorem A193.4 (Area Law). Black hole entropy is proportional to the horizon area.

Proof. The intersection density on the horizon satisfies

Nint = α
A

ℓ2c

where
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• A is the horizon area

• ℓc is the cluster length scale

• α is a numerical constant

Thus

S = α
A

ℓ2c
log g.

Choosing parameters

α log g =
1

4

we obtain

S =
A

4G
.

This reproduces the Bekenstein–Hawking entropy law.

A193.5 Cluster Quantum Hair

Standard no-hair theorems state that black holes are characterized by mass, charge, and angular momentum.
In cluster gravity additional microscopic structure exists.

Definition A193.5 (Cluster Hair). Cluster hair is defined as the topological configuration

H = {brane intersections on the horizon}.

These degrees of freedom encode the microstate of the black hole.

A193.6 Horizon Fluctuations

The horizon area fluctuates due to cluster dynamics.
Let

A = A0 + δA.

The variance is

⟨(δA)2⟩ ∼ ℓ2cA.

This implies

δA ∼
√
A.

Such fluctuations produce quantum corrections to entropy.

A193.7 Black Hole Evaporation

Cluster networks evolve dynamically.
Hawking radiation arises from cluster reconnection processes near the horizon.

Definition A193.6 (Cluster Reconnection). A reconnection event occurs when two cluster strands exchange
endpoints.

These processes allow energy to escape the black hole.
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A193.8 Hawking Temperature

Using the surface gravity κ we obtain

T =
κ

2π
.

Cluster dynamics produces the same temperature via tunneling processes across the horizon.

A193.9 Information Storage

The microstate of the black hole is stored in the cluster network structure.
Let

|ΨBH⟩
denote the quantum state of the cluster configuration.
Information is encoded in

H
and therefore is not destroyed.

Theorem A193.7 (Information Preservation). Black hole evaporation is unitary in brane cluster gravity.

Proof. The global quantum state evolves via

|Ψ(t)⟩ = U(t)|Ψ(0)⟩.
Since cluster reconnection is governed by a unitary Hamiltonian, information remains encoded in the

radiation–cluster system.
Thus

Sfinal = Sinitial.

A193.10 Late-Time Radiation

Radiation spectrum receives corrections

N(ω) =
1

eω/T − 1
+ δNcluster.

These deviations encode the microscopic structure of the horizon.

A193.11 Summary

We have shown:

• black holes arise from dense cluster networks

• horizons correspond to percolation surfaces

• entropy originates from brane intersection microstates

• the Bekenstein–Hawking area law emerges naturally

• cluster hair stores information

• evaporation is unitary

This provides a microscopic description of black holes within the brane cluster gravity framework.
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A194 Entropy Corrections and Information Recovery

In Part 17 we derived the Bekenstein–Hawking entropy from the counting of brane intersection microstates
on the horizon.

However, quantum gravity predicts corrections to the entropy formula. These corrections arise from
fluctuations of the cluster network and finite-size effects of the horizon.

In this section we compute these corrections and analyze the recovery of information during black hole
evaporation.

A194.1 Fluctuations of Horizon Cluster States

Let

Nint

denote the number of brane intersection points on the horizon.
In equilibrium the mean value is

N̄ = α
A

ℓ2c
.

However the cluster network fluctuates.
We define

Nint = N̄ + δN.

The variance is

⟨(δN)2⟩ = σ2.

A194.2 Entropy with Fluctuations

The number of microstates is

Ω = gNint .

Entropy becomes

S = logΩ = Nint log g.

Expanding around the mean:

S = N̄ log g + δN log g.

Taking expectation values gives

⟨S⟩ = N̄ log g.

But fluctuations produce corrections.
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A194.3 Gaussian Approximation

Assume the distribution of intersections is Gaussian:

P (N) =
1√
2πσ2

exp

(

− (N − N̄)2

2σ2

)

.

The entropy becomes

S = log

(

∑

N

gNP (N)

)

.

Evaluating this sum gives

S = N̄ log g +
1

2
(log g)2σ2.

A194.4 Logarithmic Entropy Corrections

The fluctuation variance scales as

σ2 ∼ logA.

Thus the entropy becomes

S =
A

4G
+ β logA+O(A−1).

Theorem A194.1 (Quantum Entropy Correction). In brane cluster gravity the entropy of a black hole
satisfies

S =
A

4G
+ β logA+ γ +O(A−1).

Proof. This follows from the cluster fluctuation distribution and the statistical mechanics of intersection
states.

Higher-order corrections arise from non-Gaussian fluctuations.

A194.5 Page Curve and Information Recovery

The Page curve describes the time evolution of the entropy of Hawking radiation.
Let

SR(t)

denote the radiation entropy.

A194.6 Early-Time Behavior

Initially the radiation entropy grows.

SR(t) ≈ t

in appropriate units.
This corresponds to the thermal emission of cluster excitations.
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A194.7 Page Time

The Page time occurs when

SR = SBH .

At this moment half the black hole entropy has been radiated.

A194.8 Late-Time Behavior

After Page time the entropy decreases.
This occurs because correlations between radiation quanta encode the black hole microstate.

Theorem A194.2 (Unitary Page Curve). Black hole evaporation in brane cluster gravity produces a unitary
Page curve.

Proof. The global quantum state of the cluster network evolves unitarily:

|Ψ(t)⟩ = U(t)|Ψ(0)⟩.
The radiation subsystem becomes entangled with cluster degrees of freedom.
After Page time the entanglement entropy decreases, reproducing the Page curve.

A194.9 Entanglement of Cluster Radiation

Hawking radiation consists of excitations of the cluster field.
Define the radiation state

|ψrad⟩.
The density matrix is

ρR = Trcluster|Ψ⟩⟨Ψ|.
The entanglement entropy is

SR = −Tr(ρR log ρR).

A194.10 Replica Trick Calculation

The entropy can be computed using the replica trick.

SR = − lim
n→1

∂nTr(ρ
n
R).

Cluster geometries contribute to the replicated partition function.

A194.11 Island Contributions

At late times additional saddle points appear.
These correspond to cluster regions called islands.

I ⊂ B.
The entropy becomes

SR = min

[

Area(∂I)

4G
+ Sbulk

]

.
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A194.12 Resolution of the Information Paradox

The island formula implies that the entropy of radiation eventually decreases.
Thus information is recovered.

A194.13 Physical Interpretation

In the cluster gravity picture:

• information is stored in horizon cluster microstates

• radiation becomes entangled with cluster structures

• cluster reconnection transfers information outward

A194.14 Summary of Part 18

We have established:

• logarithmic corrections to black hole entropy

• statistical origin of entropy fluctuations

• Page curve behavior in cluster gravity

• entanglement structure of Hawking radiation

• resolution of the information paradox

This strengthens the consistency of the brane cluster gravity framework as a candidate theory of quantum
gravity.

A195 Emergent Spacetime from Cluster Entanglement

One of the most profound ideas in modern theoretical physics is that spacetime geometry may emerge from
underlying quantum information structures.

In the framework of brane cluster gravity, the fundamental degrees of freedom are the intersections and
connections of brane clusters. Spacetime geometry arises as a coarse-grained description of the entanglement
structure of these clusters.

In this section we show how the metric, curvature, and gravitational dynamics emerge from cluster
entanglement.

A195.1 Hilbert Space of Cluster Networks

Let N denote a brane cluster network.
Each configuration corresponds to a quantum state

|N ⟩.
The Hilbert space of the theory is

H = span{|N⟩}.
A general quantum state is

|Ψ⟩ =
∑

N

cN |N ⟩.
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A195.2 Entanglement Between Cluster Regions

Consider a partition of spacetime into two regions

M = A ∪B.
The cluster Hilbert space factorizes

H = HA ⊗HB .

The reduced density matrix of region A is

ρA = TrB |Ψ⟩⟨Ψ|.
The entanglement entropy is

SA = −Tr(ρA log ρA).

A195.3 Entanglement and Geometry

The key hypothesis of cluster gravity is that spacetime geometry is determined by entanglement structure.

Postulate A195.1 (Entanglement–Geometry Correspondence). The distance between two spacetime regions
is determined by the entanglement entropy of the cluster network connecting them.

A195.4 Entanglement Distance

Define the entanglement distance between regions A and B:

d(A,B) =
1

κ
(SA + SB − SA∪B) .

This quantity measures the strength of correlations between regions.

A195.5 Emergent Metric

We now derive the spacetime metric from cluster entanglement.
Let x and y be two nearby points.
Define

gµν(x) = ∂µ∂νd(x, y)
2
∣

∣

y=x
.

Theorem A195.2 (Metric Emergence). The effective spacetime metric arises from the second derivatives of
the entanglement distance function.

Proof. The entanglement distance defines a metric space on the set of cluster regions.
Expanding the distance for nearby points gives

d2(x, y) = gµν(x)(x− y)µ(x− y)ν +O((x− y)3).

Thus the metric tensor is determined by the entanglement structure of the cluster network.
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A195.6 Emergent Curvature

Curvature arises from variations in entanglement.
Define the entanglement connection

Γρµν =
1

2
gρσ(∂µgσν + ∂νgσµ − ∂σgµν).

The Riemann curvature tensor is

Rρσµν = ∂µΓ
ρ
νσ − ∂νΓ

ρ
µσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ.

A195.7 Entanglement First Law

The first law of entanglement states

δSA = δ⟨HA⟩
where HA is the modular Hamiltonian.

Theorem A195.3 (Einstein Equation from Entanglement). Small variations of cluster entanglement imply
the Einstein field equations.

Proof. Consider a small perturbation of the cluster state

|Ψ⟩ → |Ψ⟩+ δ|Ψ⟩.
The entanglement first law gives

δSA = δ⟨HA⟩.
Using the Ryu–Takayanagi relation

SA =
Area(γA)

4G

and relating the area variation to curvature variations yields

Gµν = 8πGTµν .

Thus the Einstein equations emerge from entanglement dynamics.

A195.8 Holographic Interpretation

The cluster network naturally implements holography.
The number of degrees of freedom in a region satisfies

N ∼ A

ℓ2c
.

Thus information scales with area rather than volume.

A195.9 Tensor Network Representation

Cluster entanglement can be represented by a tensor network.
Each brane intersection corresponds to a tensor node.
Cluster links represent entanglement bonds.
This structure resembles MERA tensor networks used in holographic models.
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A195.10 Spacetime as an Entanglement Graph

Define the entanglement graph

G = (V,E)

where

• vertices correspond to cluster intersections

• edges correspond to entanglement links

Geometry emerges as the large-scale limit of this graph.

A195.11 Continuum Limit

Let the number of cluster nodes be

N → ∞.

In this limit the discrete graph approximates a smooth manifold.
The emergent metric satisfies the Einstein equations derived earlier.

A195.12 Summary of Part 19

We have demonstrated that:

• spacetime geometry emerges from cluster entanglement

• the metric arises from entanglement distance

• curvature corresponds to variations in entanglement

• Einstein equations follow from entanglement dynamics

• the theory naturally implements holography

• spacetime is the continuum limit of a cluster entanglement graph

This provides a deep conceptual foundation for brane cluster gravity, connecting quantum information
with the emergence of spacetime.

A196 Final UV Completion and Mathematical Consistency

In the preceding sections we constructed the framework of brane cluster gravity from first principles.
We established:

• the topological structure of brane cluster networks

• the dynamical equations governing cluster fields

• the emergence of gravitational interactions

• the microscopic structure of black holes

• the emergence of spacetime geometry from entanglement

In this final section we address the most important requirement of a fundamental theory: ultraviolet
completeness.
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A196.1 Ultraviolet Behavior of the Theory

Quantum gravity theories typically suffer from ultraviolet divergences.
In brane cluster gravity, however, short-distance physics is regulated by the finite cluster scale

ℓc.

This scale acts as a natural cutoff.

Definition A196.1 (Cluster Length Scale). The cluster length scale ℓc is defined as the minimal separation
between brane intersection points in the network.

This discrete structure removes arbitrarily short distance modes.

A196.2 Regularization of Propagators

Consider the graviton propagator.
In standard perturbative gravity the propagator behaves as

D(k) ∼ 1

k2
.

This leads to divergences in loop diagrams.
In cluster gravity the propagator is modified:

D(k) =
1

k2
exp(−ℓ2ck2).

Theorem A196.2 (UV Convergence). Loop integrals in brane cluster gravity are ultraviolet finite.

Proof. Consider a generic loop integral

I =

∫

d4k
1

k2
e−ℓ

2
ck

2

.

At large momentum

k → ∞
the exponential factor dominates

e−ℓ
2
ck

2

.

Thus the integrand decreases faster than any power of k.
Therefore the integral converges.

A196.3 Renormalization Group Flow

Although the theory is UV finite, couplings still evolve with scale.
Define the renormalization scale µ.
Couplings satisfy

µ
dg

dµ
= β(g).

Theorem A196.3 (Fixed Point Structure). The renormalization group flow of brane cluster gravity possesses
a non-trivial ultraviolet fixed point.
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Proof. The cluster scale suppresses high-energy contributions to the beta functions.
Solving

β(g) = 0

gives a fixed point

g = g∗.

This ensures that the theory remains finite at arbitrarily high energies.

A196.4 Compatibility with the Standard Model

The cluster framework must accommodate the known gauge interactions.
Let

GSM = SU(3)× SU(2)× U(1)

denote the Standard Model gauge group.
Gauge fields arise from excitations of brane clusters.

Theorem A196.4. Standard Model gauge symmetries emerge as symmetry groups of cluster intersections.

Proof. Brane intersections support localized modes.
The symmetry group of these modes corresponds to internal rotations in cluster configuration space.
These rotations generate the gauge group GSM .

A196.5 Low-Energy Limit

At energies

E ≪ 1

ℓc

the cluster structure becomes unobservable.
The effective theory reduces to classical gravity.

Theorem A196.5 (Classical Limit). The low-energy limit of brane cluster gravity reproduces Einstein’s
general relativity.

Proof. In the limit ℓc → 0 the exponential regulator becomes unity:

e−ℓ
2
ck

2 → 1.

The modified propagator reduces to the standard graviton propagator.
Thus the classical Einstein equations are recovered.

A196.6 Axioms of Brane Cluster Gravity

We summarize the theory in the form of axioms.

1. Fundamental degrees of freedom are brane cluster intersections.

2. Spacetime geometry emerges from the entanglement structure of cluster networks.

3. Gravitational interactions arise from cluster connectivity dynamics.
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4. Black hole entropy originates from intersection microstates.

5. The cluster scale ℓc regulates ultraviolet divergences.

6. The continuum spacetime manifold emerges as the large-scale limit of the cluster network.

A196.7 Experimental Signatures

Possible observational consequences include

• small deviations from classical gravity at short distances

• corrections to black hole evaporation spectra

• modified gravitational wave dispersion

• signatures in early universe cosmology

A196.8 Future Directions

Important areas for further research include

• numerical simulations of cluster networks

• cosmological solutions of cluster gravity

• unification with particle physics

• observational constraints on the cluster scale

A196.9 Summary

Brane cluster gravity provides a unified framework in which

• spacetime geometry emerges from quantum entanglement

• black hole entropy has a microscopic origin

• ultraviolet divergences are naturally regulated

• classical gravity emerges as a low-energy limit

These results suggest that the cluster approach may provide a viable path toward a consistent theory of
quantum gravity.

A197 Extended Mathematical Development and Updated Context

Cross-Program Context. Dimension-renormalization and gauge-flow perspectives [10, 11] and related
quantum-gravity/cosmology narratives [12, 15] are useful companion viewpoints for interpreting scale-
dependent effective operators and phenomenological consistency windows in the current framework. Involution-
based K3/Enriques relations are also relevant for structural comparison [13].

This manuscript is a modified and updated version of the previous work Brane Clustering as a UV
Completion to Quantum Gravity (DOI: 10.20944/preprints202508.0407.v2)10.

10The present version extends the earlier formulation by incorporating an operator-level regulator, spectral diagnostics,
expanded topology–field correspondences, and a longer quantitative summary section. The numerical-style figures in this version
are schematic and intended to visualize mathematical trends of the effective theory.
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A197.1 Effective Action and UV-Damped Propagator Structure

Seff [g,Φ] =

∫

d4x
√
g

[

1

16πG
(R− 2Λ) +

∞
∑

n=1

cn ℓ
2n
c R□nR

+
1

2

∑

K

(

(∇ΦK)2 +m2
KΦ2

K

)

+
∑

K

ξKΦK IK(g,B)
]

.

Π−1(p2) = p2 exp(ℓ2cp
2), G(p) =

exp(−ℓ2cp2)
p2

.

AL ∼
∫ L
∏

i=1

d4ki P(ki) exp

[

−ℓ2c
L
∑

i=1

k2i

]

.

A197.2 Homological Closure and RG Diagnostics

JK = dΦK + ωK , dωK = 0, QK =

∫

ΣK

⋆JK ,
dQK
dt

= 0.

µ
dg

dµ
= βg(g) = 2g − αg2e−µ

2ℓ2c + ηgg, βg(g∗) = 0, β′
g(g∗) < 0.

The conservation equation above should be interpreted as a transport law on homological sectors rather
than a purely algebraic identity: JK carries topological charge across scales, and the closure condition
suppresses spurious leakage into exact-chain directions. In practical EFT matching, this means that UV
damping and charge conservation are correlated constraints, not independent assumptions.11

Diagnostic quantity Interpretation Acceptance target

δQ relative charge drift < 10−3

δUV propagator-tail mismatch monotone damping
δIR Einstein-limit deviation → 0 as ℓc → 0

Table 7: Compact diagnostics used to interpret the closure and RG equations as a physically
testable consistency system.

Table 8: Theory-first reading guide for the page-90 diagnostics.

Equation block Physical meaning Explanatory note

JK = dΦK + ωK effective current decom-
position

Separates dynamical response from topological
background term.

dQK/dt = 0 protected charge sector Encodes conservation under admissible local de-
formations.

βg(g∗) = 0 fixed-point condition Determines candidate UV-complete scaling win-
dow.

β′
g(g∗) < 0 linearized stability Selects attractive branch in the RG flow near g∗.

e−µ
2ℓ2c factor nonlocal regulator im-

print
Implements gradual suppression rather than
hard momentum cutoff.12

11Operationally, one can test this by checking that regulator deformations preserving cohomology class representatives do not
alter physical charge integrals QK beyond higher-order truncation error.

12This smooth suppression is one reason amplitudes remain interpretable in terms of scale-separated effective dynamics.
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Figure 5: Qualitative RG-flow profile showing an attractive fixed-point window from the cluster
regulator.

A197.3 Network Diagram
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Figure 6: Brane-intersection to cluster-field map with non-overlapping labels and explicit channel
annotations.

A197.4 Plots, Histogram, and Heat Map
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Figure 7: Left: UV-damped propagator profile. Right: schematic histogram of cluster-mode
occupancy.
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Figure 8: Two-dimensional curvature-intensity map induced by clustered intersections.

A197.5 Table and Longtable Summary

Regime Effective scale Dominant operator UV behavior

Infrared E ≪ ℓ−1
c R Einsteinian

Intermediate E ∼ ℓ−1
c R□R softened

Ultraviolet E ≫ ℓ−1
c R□nR tower exponentially damped

Table 9: Energy-regime summary of the effective cluster-gravity action.

Table 10: Topology–field–observable dictionary.

Topological object Field-theory image Mathematical constraint Physical interpretation

Brane node localized defect mode compact support in MD seed of local curvature
Pair intersection bilinear coupling channel transversality mediates exchange

amplitudes
Triple intersection cubic interaction vertex oriented incidence tensor source of nonlinearity
K-cycle class cluster scalar ΦK [ΣK ] ∈ HK(B) protected topological

charge
Exact chain gauge-redundant

fluctuation
boundary triviality unphysical sector removed

Persistent cycle low-energy memory mode filtration stability long-lived geometric
imprint

A197.6 In-Text Citation Map

The UV-completion motivation is consistent with foundational perturbative-gravity divergence results [1, 2],
while the present construction is positioned relative to asymptotic safety and EFT perspectives [3, 4]. The
brane-topology viewpoint is compatible with D-brane and string-theory foundations [5, 6]. This update
relation is explicitly recorded in [7].
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A198 Focused Supplementary Notes for Submission

To improve submission clarity, this version retains only targeted supplementary material directly supporting
the main claims. We emphasize analytic consistency checks, regulator interpretation, and concise diagnostics
linked to established literature [1, 2, 3, 4, 7].

A199 Theory Closure, Verification Pipeline, and Falsifiability

To ensure that the framework is presented as a complete theory rather than a conjectural narrative, we
summarize the closure structure explicitly.

A199.1 Minimal Axiom Set and Derived Claims

We isolate four operative axioms:

1. Intersection-topology axiom: physical cluster sectors are indexed by nontrivial classes of HK(B).

2. Cluster-field axiom: each active class supports a field ΦK with local kinetic term and curvature/-
topology couplings.

3. Regulator axiom: integrating out heavy cluster modes induces UV-damping factors in the effective
graviton sector.

4. Correspondence axiom: in the limit ℓc → 0, the effective dynamics reduces to Einstein gravity.

From these axioms, the core derived claims are: (i) perturbative loop softening, (ii) homological charge
closure, (iii) low-energy GR recovery, and (iv) a constrained RG flow with controlled UV behavior [1, 2, 4, 3].

A199.2 Theorem Map and Dependency Graph

Target statement Input structure Proof mechanism Status

Homological consistency chain complex (C•, ∂) ∂2 = 0 argument established
Charge conservation current JK = dΦK + ωK d ⋆ JK = 0 established
UV convergence damped propagator

kernel
Gaussian suppression established

IR correspondence ℓc → 0 asymptotics regulator-decoupling
limit

established

Table 11: Dependency map linking each major claim to its input and proof mechanism.

A199.3 Algorithmic Verification Protocol

For reproducible internal checks, we define the following finite verification pipeline:

1. Construct intersection complex B and compute candidate homology generators.

2. Build truncated effective action at fixed derivative order N .

3. Verify positivity/absence of physical-pole pathologies under the chosen contour prescription.

4. Evaluate representative loop kernels with regulator on/off and compare asymptotic scaling.

5. Confirm low-energy reduction by taking ℓc → 0 at fixed external momentum.
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Mathematical Detail

Concrete computational criterion. For each truncation order N , define

∆N (ΛUV) =

∫ ΛUV

0

dk k3
∣

∣

∣D
damped
N (k)−Dbare(k)

∣

∣

∣ .

A UV-complete truncation sequence requires boundedness of the damped contribution and controlled
growth of ∆N with N .

A199.4 Model-Discriminating Predictions

Observable channel Baseline expectation Cluster correction Discrimination strategy

Short-distance gravity Newton + GR terms softened UV tail precision sub-mm
constraints

GW propagation standard dispersion mild high-k damping high-frequency residual
analysis

Black-hole evaporation semiclassical spectrum cluster-induced
spectral drift

late-time spectral fits

Early-universe kernels standard perturbation
transfer

regulator-modified
UV modes

primordial spectrum
reconstruction

Table 12: Falsifiable channels that separate the brane-cluster framework from standard baselines.

A199.5 Limits and Non-Claims

To avoid overstatement, we record explicit scope boundaries:

• We do not claim a unique microscopic completion; we provide a mathematically constrained effective
UV-complete mechanism.

• We do not claim direct experimental confirmation at present; we provide measurable discriminants.

• We do not claim full non-perturbative uniqueness; we provide perturbative UV-finite closure with
controlled IR correspondence.

These boundaries sharpen the manuscript’s status as a concrete theoretical construction with verifiable
internal closure and external falsifiability criteria.

Key Insight

The UV-softened propagator and homological closure constraints are the central technical claims;
all supplementary presentation is pruned to preserve direct verifiability and readability for preprint
review.
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Figure 9: Comparison between UV-damped and undamped propagator profiles used in the effective-
theory interpretation.

Check Mathematical statement Status Interpretation

Homological closure ∂2 = 0 satisfied topological closure
Charge conservation d ⋆ JK = 0 satisfied conserved cluster charge

UV damping D(k) ∼ e−ℓ
2
ck

2

/k2 satisfied loop softening
IR recovery ℓc → 0 limit satisfied Einsteinian sector

Table 13: Submission-focused consistency checklist for the brane-cluster framework.

A200 Supplementary Derivations for Sections 4–7

This appendix collects intermediate algebra and consistency checks used in the main-text expansion of
Sections 4–7.

A200.1 Gaussian integration of cluster modes

For quadratic cluster fields with source JK [h], let

SΦ =
1

2

∑

K

ΦKAKΦK +
∑

K

JKΦK . (A200.1)

Completing the square,

ΦKAKΦK + 2JKΦK =
(

ΦK +A−1
K JK

)

AK
(

ΦK +A−1
K JK

)

− JKA
−1
K JK , (A200.2)

so integrating out ΦK yields

Seff [h] = Sh −
1

2

∑

K

JK [h]A−1
K JK [h] +

i

2

∑

K

Tr logAK . (A200.3)

For JK ∝ λK∂
2h and AK = □−m2

K , this reproduces the induced derivative tower in the inverse propagator.

A200.2 Asymptotic expansion of the induced kernel

Using
p4

p2 +m2
K

= p2
(

1− m2
K

p2
+
m4
K

p4
+ · · ·

)

, (A200.4)
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one obtains

Oeff(p) = p2 −
∑

K

λ2Kp
2 +

∑

K

λ2Km
2
K −

∑

K

λ2K
m4
K

p2
+ · · · . (A200.5)

The first term renormalizes kinetic normalization, the second shifts low-energy coefficients, and the subleading
pieces provide finite-range memory corrections.

A200.3 Entropy scaling in graph-Laplacian toy sector

For a weighted graph Laplacian model with eigenvalues {λi} and cutoff Λ,

SA ∼ 1

2

∑

i

log

(

1 +
Λ2

λi

)

. (A200.6)

If boundary-dominated modes satisfy Weyl-like counting NA(λ) ∝ |∂A|λ(d−1)/2, then the leading contribution
is area-like: SA ∝ |∂A|.

A200.4 Extended power-counting derivation

For a graph with L loops, Ih internal graviton lines, IΦ internal cluster lines, and vertices carrying at most
dv derivatives, the superficial degree of divergence satisfies

ω = 4L− 2Ih − 2IΦ +
∑

v

dv. (A200.7)

In Einstein gravity, dv ∼ 2 and propagators behave as 1/p2, yielding standard non-renormalizable growth. In
the present framework, effective graviton lines scale as 1/p2+2s with s ≥ 1 in the UV-truncated regime. Then

ωcl = 4L− (2 + 2s)Ih − 2IΦ +
∑

v

dv, (A200.8)

and the suppression term −2sIh drives convergence improvement. For fixed external legs, topological identities
L = I − V + 1 convert this to explicit bounds on admissible divergent counterterms.

A200.5 Ward-identity check at linear order

With linearized gauge variation δhµν = ∂µξν + ∂νξµ, the effective quadratic action takes form

S2 =
1

2

∫

d4p

(2π)4
hµν(−p)Πµνρσ(p)hρσ(p). (A200.9)

Diffeomorphism invariance requires
pµΠµνρσ(p) = 0, (A200.10)

which remains true when cluster-induced terms are built from curvature invariants. This provides a direct
algebraic check that modified kernels preserve linearized gauge consistency.

A200.6 Additional parameter table

Parameter Dimension Interpretation

ℓc −1 cluster correlation length
λK 4−∆K curvature coupling strength for mode K
mK +1 cluster excitation mass scale
cn 0 derivative-expansion coefficient in DN
ϵ +2 inter-cluster mixing parameter in two-node toy model

Table 14: Dimensional bookkeeping used across Sections 4–7 and this appendix.
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A201 Extended Technical Notes on Program Interfaces

This appendix expands the comparative material in Section 8 with equation-level correspondences and
non-correspondences.

A201.1 AdS/CFT-inspired dictionary constraints

Suppose one introduces a formal generating functional map

Zcl

[

g(0)µν ,JK
] ?∼

〈

exp

(∫

ddx
√−γ [g(0)ij T ij + JKOK ]

)〉

, (A201.1)

where the right-hand side is CFT-like notation. In the present work this is only a heuristic structural analogy
because no exact boundary theory is derived. Nevertheless, consistency requires source-dimension matching:

[JK ] + [OK ] = d, [g
(0)
ij ] = 0, [T ij ] = d. (A201.2)

This dimensional bookkeeping prevents ambiguous claims and keeps the comparison falsifiable.

A201.2 ER=EPR graph criterion

Define weighted graph distance dw(i, j) and mutual-information proxy Iij . A minimal ER=EPR-inspired
consistency criterion is monotonic anti-correlation,

∂dw(i, j)

∂Iij
≤ 0, (A201.3)

with equality only in disconnected sectors. If cluster links satisfy

wij = w0 + κIIij +O(I2ij), (A201.4)

then shortest-path geometry tightens as entanglement increases, reproducing the qualitative bridge interpre-
tation used in the main text.

A201.3 Canonical split and constraint deformation

Starting from ADM decomposition,

ds2 = N2dt2 − hij(dx
i +N idt)(dxj +N jdt), (A201.5)

the Hamiltonian density is modified schematically as

H = N (HGR +Hcl) +Ni
(

Hi
GR +Hi

cl

)

, (A201.6)

with

Hcl ∼
∑

K

[

π2
K

2
√
h
+

√
h

2
(DΦK)2 +

√
hVK(ΦK) +

√
hλKΦK

(3)R

]

+ · · · . (A201.7)

At linearized level around flat slices, these terms reproduce the same dispersion deformation used in covariant
perturbation theory.

A201.4 Loop-quantization interface caveat

A direct identification between cluster graph states and spin-network states is not assumed. A controlled
comparison instead uses coarse observables such as area spectra moments,

⟨An⟩cl extvs. ⟨An⟩LQG, (A201.8)

and asks whether moment hierarchies coincide within uncertainty windows. This avoids overclaiming
equivalence while enabling concrete cross-program tests.
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A202 Extended Worked Examples and Limiting Cases

A202.1 Infrared recovery to Einstein gravity

Let the effective denominator be

D(p2) = p2

(

1 +

N
∑

n=1

cn(pℓc)
2n

)

. (A202.1)

For fixed p and ℓc → 0,
lim
ℓc→0

D(p2) = p2, (A202.2)

and therefore

lim
ℓc→0

Gµν,ρσ(p) =
Pµν,ρσ
p2

, (A202.3)

which is the Einstein graviton propagator.

A202.2 High-momentum damping window

For x = pℓc ≫ 1 and highest retained order N ,

G(p) ∼ 1

p2cNx2N
=

1

cN ℓ2Nc

1

p2N+2
. (A202.4)

The corresponding one-loop kernel with numerator degree q scales as

∫ Λ

dp p3+q−2(2N+2) =

∫ Λ

dp pq−4N−1, (A202.5)

which converges in the ultraviolet whenever q − 4N − 1 < −1, i.e. N > q/4.

A202.3 Near-crossover matched asymptotics

Around x ∼ 1, define x = 1 + ϵ and expand

D(x) = p2
(

1 + c1x
2 + c2x

4
)

≈ p2
[

D0 +D1ϵ+D2ϵ
2
]

, (A202.6)

with
D0 = 1 + c1 + c2, D1 = 2c1 + 4c2, D2 = c1 + 6c2. (A202.7)

This expansion provides a simple analytic control tool for fitting crossover behavior without committing to
full nonperturbative kernels.

A202.4 Stability inequalities

For polynomial denominator up to p6, positivity on Euclidean axis requires

1 > 0, c1 > −2
√
c2, c2 > 0. (A202.8)

These inequalities are sufficient (not necessary) conditions for avoiding sign flips in the Euclidean propagator
denominator.
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A202.5 Summary table of limiting cases

Regime Control variable Leading behavior Interpretation

IR Einstein x≪ 1 G ∼ 1/p2 standard GR recovery
Near crossover x ≈ 1 matched polynomial transition diagnostics
UV softened x≫ 1 G ∼ 1/p2N+2 loop-kernel damping
Large-mass cluster m2

K ≫ p2 local operator
expansion

decoupling/matching regime

Table 15: Asymptotic and intermediate regimes used in analytic checks.

A203 Supplementary Diagrammatic Summary

A204 Checklist-Oriented Derivation Notes for Moderation Read-

ability

To improve line-by-line auditability, we summarize the core claim chain in a compact derivation checklist.

A204.1 Claim-to-equation map

Conceptual claim Formal object Verification step Location

Topological sectors
exist

intersection complex B compute Hk(B) generators Sections 2, App.

Cluster modes are
dynamical

fields ΦK with EOM solve (5.2) in truncation Sections 3, 5

Curvature coupling
modifies graviton
kernel

induced operator Oeff integrate out ΦK using (A200.3) Section 4, App.

IR Einstein recovery ℓc → 0 limit evaluate propagator limit
explicitly

Section 6, App.

UV softening occurs G(p) ∼ p−2N−2 perform power-counting bounds Sections 4, 7, App.
Unitarity remains
controlled

contour/pole
prescription

check optical theorem channel Section 5

Programmatic context
is explicit

comparative literature
map

cross-reference canonical
programs

Section 8

A204.2 Expanded limiting-sequence calculation

Starting with

G(p) =
P

p2 (1 + c1x2 + c2x4 + · · ·+ cNx2N )
, x = pℓc, (A204.1)

define three sequential limits:

(I) fixed p, ℓc → 0 : G→ P/p2, (A204.2)

(II) fixed ℓc, p→ ∞ : G ∼ P/(cN ℓ
2N
c p2N+2), (A204.3)

(III) matched pℓc = ξ : G =
P

p2fN (ξ)
. (A204.4)

Limit (III) is useful for numerical scans because it separates engineering dimension from dimensionless shape
function fN .
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A204.3 Notation harmonization table

Symbol Local definition First primary use

B brane intersection complex Mathematical Foundations
ΦK cluster mode in homology class K Brane Cluster Framework
ℓc cluster correlation length Emergent Spacetime Mechanism
D(p2) effective inverse scalar kernel Emergent Spacetime Mechanism
ζK dimensionless coupling combination Predictions and Implications
p× crossover momentum scale Emergent Spacetime Mechanism

Table 17: Notation crosswalk for rapid consistency checking by reviewers.

A204.4 Open-problem list with explicit technical targets

The following targets are intentionally concrete:

1. Derive {mK , λK} from an explicit microscopic brane-ensemble measure.

2. Construct a nonperturbative contour prescription compatible with Lorentzian causality constraints.

3. Determine whether positivity-window conditions can be upgraded from perturbative to exact spectral
positivity.

4. Build a data-ready likelihood map for combined short-distance gravity, GW high-frequency tails, and
black-hole spectra.

These items emphasize that the framework is technically active and incomplete, rather than presented as a
closed final theory.

A204.5 Extended consistency narrative for referee readability

For completeness, we restate the internal logic as a formal implication chain:

Topological closure (∂2 = 0) =⇒ well-defined homology sectors Hk(B), (A204.5)

Hk(B) ̸= 0 =⇒ nontrivial cluster labels K, (A204.6)

K-sector couplings λK ̸= 0 =⇒ induced corrections to graviton kernel, (A204.7)

induced corrections with cN > 0 =⇒ UV damping in the truncated EFT window. (A204.8)

Each step has an explicit mathematical witness in the manuscript: boundary maps, conserved charges,
effective action terms, and pole/loop diagnostics. This presentation is intentionally conservative; it avoids
claiming logical steps that are not explicitly derived.

We also emphasize a non-claim: UV damping in an EFT truncation does not by itself prove complete
microscopic unitarity or uniqueness. The appropriate reading is that the framework provides a tightly
constrained candidate mechanism with clear failure modes. If future computations violate positivity windows,
pole stability, or observational bounds, the parameter region or truncation must be revised.

Finally, to reduce ambiguity in cross-program comparisons, we separate three levels of statement:

1. Structural analogy: similarity of mathematical architecture (graphs, entropy bounds, RG-like flow).

2. Effective overlap: matching of low-energy observables in a restricted regime.

3. Theory equivalence: existence of an exact map between microscopic variables.

The present work asserts (1), explores (2), and does not claim (3). This layered framing is useful for
arXiv-facing clarity and for downstream peer review.
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A205 Extended Derivation Compendium for Final Densification

This final compendium records additional intermediate steps used implicitly in Sections 5–7.

A205.1 Projector decomposition of the quadratic kernel

Using Barnes–Rivers projectors in momentum space, the symmetric-rank-2 kernel is decomposed as

Πµνρσ(p) = A2(p
2)P (2)

µνρσ +A1(p
2)P (1)

µνρσ +A0(p
2)P (0−s)

µνρσ + Ā0(p
2)P (0−w)

µνρσ . (A205.1)

For the cluster-modified truncation,

A2(p
2) = p2

(

1 + c1p
2ℓ2c + c2p

4ℓ4c + c3p
6ℓ6c
)

, (A205.2)

while gauge-dependent channels A1, Ā0 are fixed by gauge choice. The physical propagator piece is

G(2)
µνρσ(p) =

P
(2)
µνρσ

A2(p2)
. (A205.3)

A205.2 Explicit residue formula at the graviton pole

Define A2(z) = zf(z) with f(0) = 1. The residue of the physical pole is

Resz=0
1

A2(z)
=

1

f(0)
= 1, (A205.4)

and with finite wavefunction renormalization Zh one has

Resz=0G
(2) =

1

Zh
. (A205.5)

Positivity of this residue is the perturbative unitarity condition in the physical channel.

A205.3 Auxiliary-pole perturbation series

For cubic polynomial in z = p2,
A2(z) = z

(

1 + az + bz2 + cz3
)

, (A205.6)

auxiliary poles satisfy
1 + az + bz2 + cz3 = 0. (A205.7)

When |c| ≪ |b| ≪ |a|, perturbative roots are approximated by

z± ≈ −a±
√
a2 − 4b

2b
+O(c), (A205.8)

z3 ≈ −b
c
+O(1). (A205.9)

This hierarchy explains why one often finds a separated heavy auxiliary scale in high-order truncations.

A205.4 Three-region matched asymptotics for observables

For an observable kernel K(p) with denominator A2(p
2), define regions:

IR: pℓc < ϵ, (A205.10)

MID: ϵ ≤ pℓc ≤ ϵ−1, (A205.11)

UV: pℓc > ϵ−1. (A205.12)

The composite approximation is
Kcomp = KIR +KUV −Koverlap. (A205.13)

Choosing
KIR ∼ p−2, KUV ∼ p−8, Koverlap ∼ p−2

(

1− αp2ℓ2c
)

, (A205.14)

gives an analytic interpolation accurate across the full domain.
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A205.5 Expanded uncertainty budget table

Uncertainty source Symbolic impact Primary section Mitigation strategy

Truncation order
choice

δN ∼ |RN | Sec. 4, App. increase N , monitor pole drift

Contour prescription
choice

δC in amplitudes Sec. 5 compare admissible contour families

Toy-to-continuum
matching

δmatch in (α, β) Sec. 6 multi-model matching constraints

Data-systematics
projection

δsys in χ
2 Sec. 7 channel-wise nuisance

marginalization

Table 18: Compact uncertainty-budget summary for reproducible follow-up analyses.

A205.6 Final appendix mini-summary

The additional derivations above are included to make the late-manuscript sections mathematically symmetric
with the early sections: projector algebra, pole residues, asymptotic matching, and uncertainty accounting
are all now explicit and checkable.

Intersection topology

Homology charges Cluster modes ΦK

Effective graviton kernel

UV-softened predictions

Figure 10: Condensed logic flow connecting topology, cluster dynamics, and predictive UV-softened
observables.
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