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Abstract  17 

This study evaluates three real-time Kalman filter (KF) approaches—Mean Field (MKF), 18 



Site-Specific (SKF), and a novel Lagrangian (LKF)—to correct radar rainfall estimation 19 

biases. While the SKF addresses spatial heterogeneity by applying independent filters per 20 

gauge, the LKF uniquely utilizes optical flow to advect the bias correction field alongside 21 

moving storms. This prevents the erroneous spatial propagation of large correction factors 22 

into trailing light rain areas. Evaluated using a dense gauge network in northern China, 23 

the LKF demonstrates superior performance, reducing the raw radar’s systemic bias from 24 

-35.0% to -3.5% while minimizing overall errors. However, these performance 25 

improvements diminish rapidly beyond a 10 km distance from the training gauges. 26 

Furthermore, an analysis of optimized filter parameters reveals a fundamental physical 27 

constraint: the KF breaks down when radar measurement variance (S) exceeds the 28 

intrinsic process variance (Q). Because these errors are independent, the filter remains 29 

effective only when the observed residual variance is less than 2Q. This demonstrates that 30 

dynamic algorithmic corrections cannot compensate for fundamentally degraded radar 31 

observations. 32 
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1 Introduction 41 

Weather radars are uniquely able to provide high-resolution estimates of rainfall over 42 

large areas but the use of these data for applications such as flood warning is constrained 43 

by the presence of occasional large errors (Berne and Krajewski 2013).  Variability in 44 

the Z–R relationship has long been recognized as a source of error in radar rainfall 45 

estimation, dating back to early work such as Zawadzki (1975), and was one of the 46 

motivations for developing dual-polarimetric radar technology (e.g., Ryzhkov and Zrnić 47 

1995). However, fluctuations in the Z–R relationship are only one of many sources of 48 

uncertainty. Villarini and Krajewski (2010) identified nine contributing factors to errors 49 

in single-polarization radar rainfall estimates, including calibration issues, signal 50 

attenuation, ground clutter, beam blockage, vertical structure of precipitation, and 51 

temporal changes in the Z–R relationship. Borga et al. (2022) highlighted three key 52 

challenges: dynamic variations in the Z–R relationship, the complexity of the vertical 53 

reflectivity profile (VPR), and terrain-induced beam obstruction.  54 



For a single-polarization radar, radar reflectivity measured aloft must be corrected 55 

for these systematic errors and projected to the surface, and a Z–R relationship must be 56 

used to estimate the rainfall rate. The simplest approach is to select a Z-R relationship 57 

that has been published in the literature, e.g. Marshall and Palmer (1948). The next level 58 

in complexity is to use different relationships for stratiform and convective rain for 59 

example (Lee and Zawadzki 2005, You et al. 2022) and to classify the rainfall fields in 60 

real-time. Real-time adjustments based on rain gauge observations is widely used to 61 

improve the quality of operational radar rainfall estimates. Review of radar adjustment 62 

and gauge-radar merging techniques can be found in Ochoa-Rodriquez et al. (2019). 63 

Gauge adjustment techniques generally assume a uniform adjustment e.g. (Goudenhoofdt 64 

2009, Emmanuel 2012, Libertino et al. 2015, Imhoff et al. 2021) or local adjustment e.g. 65 

Seo and Breidenbach (2002).  66 

Algorithms that use a Kalman filter to predict mean field bias have been employed 67 

for operational bias correction for several decades (Smith and Krajewski 1991; 68 

Anagnostou et al. 1998; Seo and Breidenbach 2002; Chumchean and Seed 2006). More 69 

recently, Kim and Yoo (2014) developed a dual Kalman filter that accounts, at least 70 

conceptually, for systematic transitions between different rainfall regimes, such as 71 

stratiform and convective precipitation. Although Kalman filter–based dynamic 72 



correction techniques can improve overall accuracy by recursively updating bias 73 

estimates, the underlying assumption of a spatially uniform multiplicative bias correction 74 

becomes limiting in complex or heterogeneous rainfall situations. More critically, most 75 

existing methods apply static, grid-based corrections in an Eulerian framework—that is, 76 

at fixed spatial locations—without accounting for the movement of the precipitation 77 

system. Because convective storms typically produce rainfall at a given location for only 78 

a short duration, the filter has limited opportunities to adjust to biases arising from the 79 

underlying meteorological conditions. One way to overcome this limitation is to treat the 80 

bias as a property of the rain field itself, rather than of fixed locations. This perspective 81 

allows the gauge network to sample the evolving bias more effectively as the precipitation 82 

system moves across the domain. 83 

In this study, we implement and compare three Kalman filter–based radar bias 84 

correction approaches with increasing levels of spatial specificity and physical realism. 85 

The Mean Field Kalman Filter (MKF) assumes a spatially uniform, domain-averaged bias 86 

that evolves in time, providing a computationally simple baseline. The Site-Specific 87 

Kalman Filter (SKF) estimates and updates a separate bias for each gauge location, 88 

capturing spatial heterogeneity in radar-gauge discrepancies. Finally, the Lagrangian 89 

Kalman Filter (LKF) represents a novel formulation in which the bias is treated as a 90 



property of the precipitation system itself, advected along with the storm using velocity 91 

fields. This allows the filter to better track evolving bias structures under convective storm 92 

movement, addressing a key limitation of fixed-location Eulerian approaches. 93 

These three approaches are designed to test the hypothesis that incorporating spatial 94 

dynamics or storm motion can significantly improve radar-gauge bias correction, 95 

especially under heterogeneous and fast-changing rainfall conditions. To assess their 96 

performance, we apply each method to high-resolution radar and gauge data from 97 

northern China and evaluate the results using statistical error metrics across different 98 

rainfall intensities and storm types.  99 

2 Data and Method 100 

2.1 Data 101 

This study utilizes high-resolution weather radar and dense rain gauge observations 102 

collected over northern China from June to August 2022. As illustrated in Figure 1, the 103 

spatial scope is limited to a 150 km radius around the Beijing SA radar to minimize 104 

vertical profile uncertainties. To ensure independent evaluation, the gauge network was 105 

randomly partitioned into a 75% calibration set for parameter estimation and a 25% 106 

validation set for out-of-sample assessment. These two subsets are denoted by blue dots 107 



and yellow triangles in Fig. 1, respectively. Detailed descriptions of the radar quality 108 

control, optical flow temporal interpolation, and data preprocessing procedures are 109 

provided in the Supplementary Material. 110 

2.2 Model for Correction Factors 111 

Assume a network on N rain gauges located at positions 𝑥1,𝑥2, . . . , 𝑥௡  where the 112 

observed 15-minute accumulations are denoted ܴ௚(𝑥௜,  and the radar rainfall estimates 113 (ݐ

at the gauge locations are denoted ܴ௥(𝑥௜,  Following the approach of Ciach and 114 . (ݐ

Krajewski (1999), Ciach, Morrissey et al. (2000), Chumchean, Seed et al. (2006), and 115 

Berenguer and Zawadzki (2008), the true 15-min rainfall accumulation for at a location 116 

𝑥௜ and time t, denoted ܴ(𝑥௜,  is assumed to be related to the radar derived estimate 117 ,(ݐ

through a multiplicative correction a factor: 118 

ܴ(𝑥௜, (ݐ = ,𝑥௜)ߙ ,௥(𝑥௜ܴ(ݐ ,(ݐ (1) 119 

Here ߙ(𝑥௜,  is a random variable that accounts for the errors in the radar rainfall 120  (ݐ

estimates. These errors are primarily attributed to fluctuations in the Z–R relationship, but 121 

they also include residual errors from quality control and vertical profile correction 122 

procedures, as well as sampling errors due to projecting volumetric radar observations 123 

onto a surface point. 124 

Following Smith and Krajewski (1991), the correction factor ߙ(𝑥௜,  is assumed to 125 (ݐ



follow a lognormal distribution. Define the logarithmic residual ݕ(𝑥௜,  as: 126 (ݐ

,𝑥௜)ݕ (ݐ = ln ܴ௚(𝑥௜, (ݐ − ln ܴ௥(𝑥௜, (ݐ , (2) 127 

The correction factor y is undefined when either ܴ௚  or  ܴ௥  is zero, and it becomes 128 

highly unstable when either value is close to zero. This instability is relatively frequent 129 

and arises from sources of random error in the measurement of ߙ(𝑥௜,  such the 130 , (ݐ

advection of the rain drops in the wind between the radar observations aloft and the rain 131 

gauge at the surface (Lack and Fox 2005) and the mismatch between the sampling volume 132 

of the radar and the rain gauge (Habib, Ciach et al. 2004). Therefore, ݕ(𝑥௜,  is 133  (ݐ

considered a valid observation when both ܴ௚ and  ܴ௥ exceed 0.25 mm and the absolute 134 

residual satisfies: 135 

,𝑥௜)ݕ| |(ݐ < 3 (3) 136 

Otherwise, ݕ(𝑥௜,  is excluded from the analysis. 137 (ݐ

If the spatiotemporal variation of the correction factors is assumed to consist of 138 

random fluctuations about a mean value plus a measurement error, then the observed 139 

correction factor can be expressed as: 140 

y(𝑥௜, (ݐ = ,𝑥௜)ߙ (ݐ + ,𝑥௜)ݒ (ݐ + (𝑥௜)ߤ (4) 141 

Here ߙ is a random variable ߙ(𝑥௜) ∼ ࣨ(0,  ఈ2) that represents the random fluctuations 142ߪ

of the correction factors about the expected value at location 𝑥௜, ߤ(𝑥௜), and ݒ is a random 143 



variable that represents the measurement error. ߤ(𝑥௜) reflects both the bias arising from 144 

the use of a fixed Z–R relationship and any systematic errors associated with the radar 145 

rainfall estimation algorithms at that location, for example partial occultation. 146 

2.3 Kalman filter model 147 

Following Kalman (1960), and in order to facilitate a comparison of the similarities 148 

and differences between the proposed methods, we transform the equation of the 149 

generalized Kalman filter into a more intuitive standard one-dimensional Kalman filter 150 

framework. The prediction step is written as: 151 

𝑥௞|௞−1 = ߶𝑥௞−1|௞−1, (5) 152 

௞ܲ|௞−1 = ߶2 ௞ܲ−1|௞−1 + (1 − ߶2)ܳ, (6) 153 

Where 𝑥௞|௞−1 is the predicted estimate of the state at time k, given data at time k-1, ߶  154 

is the state transition coefficient, i.e., the autoregressive coefficient. ௞ܲ|௞−1 represents 155 

the prediction error covariance, used to quantify the uncertainty of the prior state estimate 156 

at time k. Its calculation is based on the error covariance ௞ܲ−1|௞−1 of the previous time 157 

step, transmitted through the system dynamics process, and supplemented by the process 158 

noise covariance ܳ, which characterizes the uncertainty introduced by the model itself. 159 

௞ܭ = ௞ܲ∣௞−1௞ܲ∣௞−1 + ܵ  (7) 160 

𝑥௞|௞ = 𝑥௞|௞−1 + ௞ݕ)௞ܭ − 𝑥௞|௞−1) (8) 161 



௞ܲ|௞ = ܫ) − (௞ܭ ௞ܲ|௞−1 (9) 162 

Where S is the variance of the measurement error and 𝑥௞|௞ is the updated estimate 163 

based on the new observation ݕ௞. 164 

The filter is initialised by setting: 165 

𝑥0|0 = 0 (10) 166 

0ܲ|0 = ఈ2ߪ (11) 167 

If the observed correction factor is undefined at t, then set: 168 

𝑥௞|௞ = 𝑥௞|௞−1 (12) 169 

௞ܲ|௞ = ௞ܲ|௞−1 (13) 170 

2.3.1 Mean Field Kalman Filter algorithm 171 

MKF assumes that the deviation across the entire radar coverage area is spatially 172 

uniform. where the state definition in Eq. (5) is: 173 𝑥௞ = ௞ߚ (14) 174 

Where ߚ௞ is the logarithmic deviation of the overall average. 175 

The prediction step changes as follows: 176 ߚ௞|௞−1 = ௞−1|௞−1ߚ߶ (15) 177 

2.3.2 Site Specific Kalman Filter algorithm 178 

Under the SKF framework, we assume that radar bias is spatially non-uniform and 179 



captures local features by running a filter independently for each rain gauge station i, 180 

where the state definition in Eq. (5) is: 181 𝑥௞ = ,𝑥௜)ߙ (ݐ (16) 182 

The prediction step changes as follows: 183 ߙ(𝑥௜, ݐ|ݐ − 1) = ,𝑥௜)ߙ߶ ݐ − ݐ|1 − 1) (17) 184 

2.3.3 Lagrangian Kalman Filter algorithm 185 

SKF operates on a single-point time series, ignoring information that can be obtained 186 

from the spatial structure of the correction field. Since the correction factor depends on 187 

meteorological processes, it is reasonable to consider it as a precipitation field attribute 188 

that moves with the weather system within the region, rather than an attribute specific to 189 

a particular geographic location within that region. Based on this, we propose LKF. This 190 

method treats the correction factor y as a field transported by advection within the region, 191 

thereby increasing the amount of observational data available for estimating the true state. 192 

Assuming that the evolution of the correction field is sufficiently slow between 193 

observations, we can set: 194 ∂ݐ∂ߙ + ܞ ⋅ ߙ∇ = 0 (18) 195 

Where ܞ is the apparent velocity field estimated by the optical flow method (Horn and 196 

Schunck, 1981), and here the bias field ߙ(𝑥,  is a property of the precipitation cloud 197 (ݐ



itself, rather than a property of a fixed geographical location. We define the state in Eq. 198 

(5) as: 199 𝑥௞ = ,𝑥)ߙ (ݐ (19) 200 

 201 

The prediction step changes as follows: 202 ߙ(𝑥, ݐ|ݐ − 1) = 𝑥)ߙ߶ − ,ݐ݀(𝑥)܃ ݐ − ݐ|1 − 1) (20) 203 

Where 𝑥 is a set of regular grid points covering the entire region with a spatial resolution 204 

of 1 km; ܃(𝑥)  is the apparent velocity field, which is calculated and updated using 205 

,𝑥)ߙ ,𝑥)ߙ and  (ݐ ݐ − 1)  through an optical flow algorithm. For all three frameworks 206 

(MKF, SKF, and LKF), the update step follows the standard form described in Eq. (7-9), 207 

where the predicted state is adjusted by the latest valid gauge observation weighted by 208 

the Kalman gain. 209 

2.3.4 Parameter estimation 210 

The Kalman filter framework relies on three core parameters: the autoregressive 211 

coefficient, process noise variance, and measurement error variance. We independently 212 

optimized these parameters for each rain gauge using the Nelder-Mead algorithm to 213 

minimize the first-order autocorrelation of the residual sequence. To mitigate the 214 

equifinality problem and ensure physical relevance, strict boundary constraints were 215 



imposed during optimization. (detailed in the Supplementary Material) 216 

2.4 Evaluation Metrics 217 

The performance was independently assessed using the 25% validation gauge dataset. 218 

Three statistical metrics were employed: Mean Absolute Error (MAE), Root Mean Square 219 

Error (RMSE), and Percentage Bias. 220 

3 Results 221 

3.1 Parameter Relationship Analysis 222 

A common critique of multiparameter filtering is equifinality, where different 223 

parameter combinations yield similar performance. To address this, we examined the 224 

phase space dependence among the optimized SKF parameters (Fig. 2). The results reveal 225 

a strong, physically meaningful coupling rather than random mathematical artifacts. 226 

Gauges with lower measurement uncertainty (ܵ < 0.08) consistently exhibit higher ߶ 227 

and ܳ values. This indicates that when radar observations are relatively clean, the filter 228 

confidently assigns higher memory and process variance to track the true evolution of the 229 

Z–R relationship. Conversely, when measurement noise dominates (ܵ > 0.11, typically 230 

located at the edge of the radar scan or in mountainous regions), the signal from the 231 

underlying microphysical process is obscured. Crucially, the filter breaks down when the 232 



measurement variance (ܵ) exceeds the process variance (ܳ). Because the process and 233 

measurement errors are statistically independent, the total variance of the observed 234 

residuals is the sum of ܵ and ܳ. 235 

Supplementary Fig. S1 shows the spatial distributions and probability density 236 

functions of the SKF parameters. The autoregressive coefficient ߶ is lower near Beijing 237 

but higher in peripheral areas. Measurement variance ܵ is markedly higher at the radar 238 

edges and mountainous regions due to beam broadening and blockage, while process 239 

variance Q remains relatively uniform. The PDFs indicate mean values of 0.694 (߶ ), 240 

0.111 (ܳ), and 0.080 (ܵ). These patterns demonstrate that local radar data quality strongly 241 

influences Kalman filter parameters. 242 

Therefore, for the filter to remain effective and extract meaningful signals, the 243 

variance of the observed residuals must be less than 2ܳ. When this threshold is exceeded, 244 

the filter intelligently reduces ߶ and ܳ, leading to highly conservative updates. This 245 

demonstrates the robustness of the parameter estimation algorithm and highlights that 246 

algorithmic correction cannot compensate for fundamentally degraded radar observations. 247 

3.2 Performance Evaluation of Kalman Filter–Based Correction Methods 248 

The performance of the MKF, SKF, and LKF methods was evaluated exclusively at 249 

the 25% independent validation gauges. Table 1 summarizes the overall error metrics. 250 



The raw radar exhibits a severe systemic underestimation, with a bias of -34.99%. While 251 

the MKF slightly reduces this bias, the LKF achieves the best overall performance, 252 

minimizing both the MAE and RMSE, and effectively eliminating the systemic bias. 253 

Interestingly, the SKF overcompensates, resulting in an overall positive bias and inflated 254 

RMSE. In the Fig. 3, the probability density functions of the estimation residuals further 255 

illustrate this: while the SKF and LKF produce sharper peaks near zero compared to the 256 

raw radar, the SKF's residual distribution exhibits a noticeable positive skew. 257 

3.3 Spatial Dependence of Error Metrics 258 

To address the spatial dependency of the correction methods, Fig. 4 presents the error 259 

metrics as a function of the distance to the nearest training gauge, supported by the 260 

observation counts in Table S1. The vast majority of the validation observations are 261 

located within 2–8 km from a training gauge. At close ranges, the SKF and LKF 262 

demonstrate substantial reductions in bias compared to the raw radar. However, this 263 

benefit diminishes with increasing distance. Beyond 10 km, the performance of the KF 264 

methods gradually converges. This highlights that the proposed KF frameworks function 265 

fundamentally as gauge-enhanced radar products. While the LKF maintains a more stable 266 

bias profile at larger distances, neither method can meaningfully extend the spatial 267 

influence of gauge information beyond the typical spatial decorrelation distance of 268 



localized convective storms. 269 

3.4 Error Characteristics across Rainfall Intensities 270 

As shown in Fig. 5 and Table S2, the performance disparities among the methods are 271 

strongly linked to rainfall intensity. For heavy precipitation events exceeding 30 mm/h, 272 

the raw radar severely underestimates rainfall. Both the SKF and LKF successfully 273 

correct this underestimation. However, in the light rainfall category of 0 to 5 mm/h, which 274 

constitutes the largest sample size of 20,483 observations, the SKF suffers from severe 275 

"over-correction," leading to the overall positive bias observed in Table 1. This occurs 276 

because large correction factors generated in heavy convective cores are erroneously 277 

propagated to adjacent light-rain areas via spatial interpolation. Crucially, the LKF 278 

effectively mitigates this over-correction. By tracking storm motion via optical flow, the 279 

LKF advects the high-magnitude correction factors along with the convective cores, 280 

significantly reducing the spurious amplification of light rainfall while preserving the 281 

correction accuracy in heavy rainfall. 282 

To explicitly demonstrate the physical efficacy of this Lagrangian framework, Fig. 6 283 

illustrates the temporal evolution of the LKF spatial correction factor ߙ during a severe 284 

convective event on June 12, 2022. Between 18:40 and 19:40, a high-magnitude 285 

adjustment core indicated by the red cluster with ߙ values exceeding 1.5 can be clearly 286 



observed advecting southeastward. In a Eulerian framework like MKF or SKF, these 287 

extreme correction factors would decay in place, erroneously amplifying trailing light 288 

rainfall after the convective core has moved away. In contrast, the visual evidence 289 

confirms that the LKF successfully uses optical flow to advect the correction field 290 

alongside the storm cell. By moving the extreme bias correction factors along the storm's 291 

trajectory, the LKF preserves the spatial representativeness of the correction and 292 

minimizes false alarms in post-storm regions. 293 

4 Discussion 294 

This study proposed and evaluated three real-time bias correction frameworks for 295 

radar rainfall estimation. By rigorously separating calibration and validation datasets, we 296 

demonstrated that dynamic correction mechanisms, particularly the LKF, significantly 297 

outperform static Z–R relationships. 298 

The introduction of the LKF represents a conceptual advancement by treating the 299 

bias as a property of the moving precipitation system rather than a fixed geographic 300 

location. As demonstrated across varying rainfall intensities, the Lagrangian approach 301 

successfully mitigates the over-correction problem associated with traditional Eulerian 302 

spatial interpolations in light rain, yielding the lowest overall RMSE and MAE. 303 

However, the Lagrangian assumption has inherent limitations. The LKF relies on 304 



optical flow to advect the correction field (Eq. 18), intentionally neglecting microphysical 305 

source/sink terms. During rapidly evolving convective events—where storms initiate or 306 

dissipate abruptly—this pure advection assumption is violated. The optical flow may 307 

propagate historical large correction factors into regions where the storm has already 308 

decayed, yielding localized over-corrections. Furthermore, the rapid degradation of 309 

performance beyond 8–10 km underscores that real-time correction algorithms cannot 310 

fully compensate for sparse gauge networks or fundamentally degraded radar 311 

observations. 312 

In conclusion, while the SKF provides strong local bias correction, the LKF offers a 313 

physically intuitive alternative that suppresses spatial over-correction. Future research 314 

should focus on integrating microphysical source/sink dynamics into the Lagrangian 315 

framework to further stabilize radar rainfall estimation under explosive convective 316 

conditions. 317 
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Figure Legends 412 

 413 

Fig. 1 Spatial configuration of the study area, topography, and the rain gauge network. 414 

The Beijing SA radar is denoted by a black star, surrounded by 50, 100 and 150km range 415 

rings. Blue dots and yellow triangles represent the training (75%) and validation (25%) 416 

gauge stations, respectively. 417 

 418 

 419 



Fig. 2 Phase space dependence among the optimized Kalman filter parameters. The 420 

scatter plot illustrates the coupling relationship between the measurement variance (S) 421 

and the process variance (Q), with colors representing the magnitude of the autoregressive 422 

coefficient (ϕ). 423 

 424 

 425 

Fig. 3 Probability density functions of the rainfall estimation residuals (estimated minus 426 

observed) for the raw radar,MKF, SKF, and LKF evaluated on the validation set. 427 



 428 

Fig. 4 Performance evaluation metrics, including (a) MAE, (b) RMSE, and (c) Bias, for 429 

the raw radar and three adjustment methods (MKF, SKF, LKF) as a function of the 430 

distance to the nearest training gauge.  431 



 432 

Fig. 5 Performance evaluation metrics, including (a) MAE, (b) RMSE, and (c) Bias, for 433 

the raw radar and three adjustment methods (MKF, SKF, LKF) under different rainfall 434 

intensity categories. The horizontal solid line in (c) denotes the zero-bias reference. 435 



 436 

Fig. 6 Spatial and temporal evolution of the LKF correction factor (ߙ) from 18:40 to 437 

19:40 LST on June 12, 2022. The panels demonstrate the advection of the bias 438 

correction field along the storm trajectory.  439 



Tables 440 

Table 1: Overall performance of the rainfall estimation methods evaluated on the 441 

independent validation set. 442 

Method RMSE (mm) MAE (mm) Bias (%) 

Radar 1.071 0.406 -34.993 

MKF 1.094 0.413 -26.039 

SKF 1.172 0.435 15.526 

LKF 1.052 0.366 -3.492 

 443 



Supplementary Files

This is a list of supplementary files associated with this preprint. Click to download.

solasupply.docx

https://assets-eu.researchsquare.com/files/rs-9046179/v1/68bbad1c1b9c8981573837fb.docx

