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Abstract

This paper investigates a class of reaction-diffusion population models defined
on a bounded domain, which involves a general time-delayed per capita growth
rate and a general advection term. By the Lyapunov-Schmidt reduction method,
we establish the existence of spatially nonhomogeneous steady states when the
parameter A approaches the principal eigenvalue A\, of a non-self-adjoint ellip-
tic operator. A detailed analysis of the characteristic equation further confirms
the existence of Hopf bifurcations induced by large delays, which originate from
these steady states. Specifically, we show that when A approaches A, the crit-
ical delay value 7, required for stability loss tends to infinity. Subsequently,
by applying the center manifold reduction and the normal form theory, we as-
certain the direction of these Hopf bifurcations and the stability of the resulting
periodic orbits. Finally, we use numerical simulations to illustrate the validity of
theoretical results where the growths are Logistic-type and weak Allee.

Keywords: Reaction-diffusion; Advection; Delay; Hopf bifurcation; Non-self-

adjoint elliptic operator.

*Corresponding author

Email addresses: sjx427211@hnu.edu.cn (Jingxiao Song), shaofenzzou®hnu.edu.cn (Shaofen

Zou), rcw251@hnu. edu.cn (Chengwei Ren).



1 Introduction

In the last decades, effects of diffusion and time delays have drawn considerable at-
tention in the fields of mathematical biology and dynamical systems. Although many
studies have focused on dynamics near spatially homogeneous steady states (see, e.g.,
[7,11-15]), results concerning spatially nonhomogeneous steady states remain notably
limited. The main difficulty lies in establishing the existence of such nonhomogeneous
solutions, which is a task that typically demands sophisticated analytical tools such
as a priori estimates and topological degree theory. Moreover, even with existence
established, the associated characteristic equations of the linearized systems—often
transcendental due to the presence of delay—generally lack explicit algebraic forms.
This complicates the analysis of local stability and bifurcation. For these reasons,
developing a general analytical framework to study the stability and bifurcation of
spatially nonhomogeneous steady states in delay systems is of significant theoretical
and practical importance.

In spatially heterogeneous environments, organisms typically possess the ability
to sense and respond to local conditions through adaptive movement, which often
involves both random diffusion and directional advection (see, e.g., [21-32,34]). To
accurately capture such taxis behavior, it is essential to incorporate advection effects
into population models. In this context, we consider the following single-species model

with a general advection term

w = DV - [d(z)Vu(z, t) — b(z)u(z, t)] + ulz, t) f (z,u(z, t — 7)), ze€Q t>0,
u(z,t) =0, x € 0f, t>0,
(1.1)
where u(x,t) represents the density of the population at position z and time ¢, 7 > 0
is the time-delay parameter (often used to represent the maturity time of the species),
D represents the average rate of diffusion and advection, and €2 is a bounded domain
in R" (1 <n < 3) with a smooth boundary 0.

In particular, if there exists a function B(z) such that b(z) = d(z)VB(z), then
the problem can be significantly simplified by a change of variables. Although this
condition always holds in one-dimensional space, it is generally not satisfied in higher
dimensions unless the advection field is conservative. In this paper, we consider the
general case without the existence of B(x). Thus, the elliptic operator is intrinsically
non-self-adjoint and cannot be symmetrized, rendering classical variational methods

inapplicable and leading to significant analytical challenges.



Our proposed model (1.1) is capable of capturing not only the classical Logistic
growth but also growth with the “food-limited” effect and the weak Allee effect. The
Logistic growth model, a widely used model, describes population dynamics under
crowding effects driven by intraspecific competition. The food-limited growth model
constitutes a refinement of the classical logistic growth model. It describes a growth
limitation mechanism based on the proportion of unexploited resources, providing a
more realistic representation of population dynamics under resource scarcity (see, e.g.,
[35-37]). Meanwhile, the weak Allee effect describes the phenomenon in which the
reproductive and survival rates of individuals decrease when population sizes that are
relatively small (see, e.g., [25,38-40]).

Let t = ¢/ D, dropping the tilde sign, and denote A = 1/D and 7 = Dr. Then (1.1)

is transformed into the following equivalent model:

u =V - [d(z)Vu(z, t) — b(z)u(z, t)] + Mz, t) f (z,u(z,t — 7)), xe€Q, t>0,
u(z,t) =0, x €0, t>0.
(1.2)

Unless stated otherwise, we assume that f (x, u) satisfies the following assumptions:

(Hy) f(x,u) is a smooth function (for example, f has fourth-order continuous partial

derivatives), f (x,0) := m(x), and max, g m(z) > 0.

(H3) There exists a € (0, 3) such that d(z) € C*™(Q), m(z) € C*() and g(iﬂ) €
[C1*(Q)]", where n < 3 is the dimension of the domain . Moreover, d(z) >

0 for z € Q.

Busenberg and Huang [1] are pioneers in studying the dynamics near nonhomoge-
neous steady-state solutions in space. They utilized the perturbation method and the
implicit function theorem to study a class of time-delay diffusion Hutchinson equations
with Dirichlet boundary conditions. They established the theoretical framework for

the existence of nonhomogeneous steady-state solutions and Hopf bifurcations of
u = dAu(z,t) + du(z, t)[1 —u(z,t —7)], €, t>0,
u(z,t) =0, e, t>0.

In the one-dimensional spatial region €2 = (0, 7), they proved that when the parameter
Ais larger than d and approaches d, the unique spatial nonhomogeneous positive steady-
state solution will lose stability under large time delays 7 and Hopf bifurcation will

occur, thereby triggering the oscillation behavior of the system.

3



Inspired by the research of Busenberg and Huang [1], Su [7] extended the work
to the model with a more general form of per capita growth rate for one-dimensional
domains, and systematically analyzed the Hopf bifurcation behavior. The relevant
results of this model in the high-dimensional case can be found in the work of Yan
and Li [13]. Subsequently, Chen and Shi [2] further studied the stability and Hopf
bifurcation issues of positive nonhomogeneous steady-state solutions in the Logistic-
type population model with nonlocal diffusion terms. Chen and Yu [3] generalized the
conclusions in [1] to nonlocal time-delay reaction-diffusion population models. Based
on these, Jin and Yuan [9] established the Hopf bifurcation theory for a more general
type of reaction-diffusion-migration equations. It is worth noting that Guo and Ma [10]
innovatively applied the Lyapunov—Schmidt reduction method to study the dynamical
behavior of delayed diffusion equations under Dirichlet boundary conditions. One of the
significant advantages of this method is that the obtained nonhomogeneous steady-state
solutions have explicit algebraic expressions, thereby providing important convenience
for subsequent stability and bifurcation analysis.

Recently, Liu and Chen [4] considered a delayed reaction diffusion model with a

general advection term:

u =V - [d(z)Vu — b(z)u] + Mufm(z) — a(z)u(t —7)], z€Q, t >0,
u =0, x el t>0,

which provides important inspiration for our current research. Although the construc-
tive proof in [4] is effective for a specific Logistic-type rate, it is difficult to apply this
method directly to a more general per capita growth rate f(z,u).

In this paper, we utilize the Lyapunov-Schmidt reduction method to investigate the
bifurcation problem for a broad class of nonlinear terms, extending the existing theory
to a more general framework. This extension necessitates a rigorous re-derivation of
various analytical estimates and a complete re-evaluation of the center manifold and
normal forms,; as the calculations can no longer rely on the specific algebraic structure
of the model. Due to the technical complexities involved in these derivations, this
generalization is theoretically non-trivial.

The rest of the paper is organized as follows. In Section 2, we provide some prelimi-
nary knowledge to facilitate our subsequent discussions. In Subsection 3.1, we establish
the existence of nonhomogeneous steady-state solutions of equation (1.2) by exploiting
the Lyapunov-Schmidt reduction. We dedicate Section 3.2 to the eigenvalue problem

of the infinitesimal generator of the Cy-semigroup generated by the solutions of the



linearized system. In Subsection 3.3, by the local Hopf bifurcation theory, we obtain
some results on the stability of nonhomogeneous steady-state solutions and the exis-
tence of Hopf bifurcation phenomena. In Section 4, we derive an explicit formula which
can be used to determine the stability and bifurcation direction of the Hopf bifurcation
periodic solutions near the nonhomogeneous steady-state solutions. In Section 5, with
the weak Allee effect and the “food-limited” effect as examples, we give some numer-
ical results to demonstrate the obtained theoretical results. Finally, in Section 6, we

summarize our theoretical findings.

2 Preliminaries

In this section, we first introduce the spaces
X =H*(Q)NH;(Q), C. =C([-7,0,Y), C=C([-1,0],Y),
where
Hy(Q) = {ue H(Q) | u(z) =0 for all z € 00}, Y = L*(Q).
For a linear space Z, we denote its complexification by Z¢, which is defined as
Ze =272 ®iZ ={x1 +ixe| x1,29 € Z}.

Moreover, the domain, the kernel, and the range of a linear operator L are denoted as
P(L), N (L) and Z(L) respectively. Xc is a Hilbert space equipped with the inner
product

(u,v)x, = Z / (Dou) D% dx for u,v € X,
0

laf<2

where |a| = Y"1 | a; and D*u = &E?‘?lﬁ—_‘gm. The induced norm is ||u|x. = /{u, u)x,

for u € X¢. For the space Y¢, we define the inner product as
(u,v) = / u(z)v(z) dz for u,v € Y.
Q

The norm in Y¢ is then given by |lul|y. = v/(u,u) for u € Y.
We cite the following two results from [4,25,33], which are crucial for our subsequent

proofs.

Lemma 2.1. Assume that (Hy) and (Hy) hold. Then the eigenvalue problem

—

V- d(x)Vy — b(x)yY] + Am(x)yp =0, z €,
Y =0, x € 08,



admits a unique positive principal eigenvalue \,, which is also the principal eigenvalue

for
V- [d(@)VY] + b(z) - Vb + dm(z)p =0, € Q,

(2.2)

Moreover, there are the eigenfunctions ¢ and ¢* of (2.1) and (2.2) corresponding to
i, respectively, satisfying

¢, 0" >0 forx € Q, and /(bdx:/(b*d:c:l.
) )

For the above ¢ and ¢* given in Lemma 2.1, the following result is satisfied.

Lemma 2.2. Assume that (Hy) and (Hy) hold. Then % > 0.

3 Steady-State Bifurcations

3.1 Existence of Steady-State Solutions

Obviously, the positive steady states of (1.2) satisfy

-

V- [d(z)Vu —b(z)u] + Muf (z,u) =0, z€Q,

(3.1)
u(z) =0, x € 0N
Define F: X x R — Y by
F(u,\) = V- [d(z)Vu — b(z)u] + Muf (z,u) .
The linearization of F' at v = 0 is given by
Ly =V - [d(z)V¢ — b(x)¢] + Am(z)¢ (3.2)

and the corresponding adjoint operator is
Ly¢ =V - [d(x) V] + b(x) - Vé + Am(x)¢,

where L), is a Fredholm operator of index zero due to the standard elliptic theory.
For A, being the principal eigenvalue, N'(L),) = span{¢} and N(L} ) = span{¢*}.

Consequently, the spaces X and Y admit the following direct sum decompositions:
X=N(Ly) ® X = N(L}) © X, Y = N(Ly) @Y1 = N(L},) @ Y,
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where

X1:{wEX:/gb*wdx:O},Yl:R(LA*):{yGY:/gzﬁ*ydx:O},

Q Q

)?1:{wEX:/qﬁwdx:O},ﬁ:R(LK*):{yEY:/gbydx:O}.
Q Q

Based on Lyapunov-Schmidt reduction methods, denote () and I — () as the projec-
tion operators from Y onto Y; and .4 (L,, ) respectively. Then F'(u, \) = 0 is equivalent

to the following system

{QF(Ul + U2, )\) = 0, (33)

(I = Q)F(uy + ug, A) =0,
where u; € A (Ly,) and uy € X;. Notice that F(0,\) = 0 and QF,,(0, ) = L
Applying the implicit function theorem, we obtain a continuously differentiable map
h U4 — X; such that

%

h(0,A) = 0,QF (uy + h(uy,\),\) = 0 and h;, (0,\,) =0,

where l is an open neighborhood of (0, A\.) in .4 (L,,) x R. Substituting us = h(uy, A)

into the second equation of (3.3) gives
S(ur, A) == (I — Q)F(uy + h(ug, ), ) = 0.

Thus, each solution to §(uy, A) = 0 in 4l is in one-to-one correspondence with a solution
to F'(u,A) = 0.
As u; =t € A (Ly,) with t € R, substituting it into (3.3) and then applying the

inner product with ¢* on 2, we define

Bt.N) : = (6", F(to(x) + h(to(). A), V)
/qﬁ x) + h(to(z), ), N)dz.

We explore (¢, A) = 0 to locate the solution of F(t¢(x) + h(t¢(z), ), ) = 0. Noting
B(0,A) = 0 and B;(0,\.) = 0, we take the following function

BEA) ey 40
H(t,\) = t ’
Bi(0,N) ift=0.

A direct calculation yields

HL(0,0) = A5 (0, M) = (6%, FZ, (0, 1,) / m(z)ge" de 2 a



From Lemma 2.2, we know that Hj(0, A\,) # 0. Noting that H(0, \,) = 0 and applying
the implicit function theorem to H(t,\), we have A = A(t) that is defined in an -
neighbourhood of ¢ = 0 such that

and

More precisely, we have

/ 1 /i 1 * 1 * e
Hy(0,0) = 5804(0,A) = (6", Fi/, (0. M) [ _A/fxo&¢ddf

H}(0,0) = B{5(0,) € a
If b # 0, it follows from the Taylor expansion that
b
At) =X ——t+o(t) ast — 0,
a

If b= 0, we get
H!(0,\,) 1
N'(0) = —W =3 (0, M)
AU, Ax

A direct calculation yields

N(0) = = (6%, ELL (0 ABF) + 3(0", FLL (0010, Wy (0.1)[67)
— e (30 [ fte 000 e+ on [ 110, 000000 00
:_% (/Qf ' (,0)¢%¢* dx+2/f x, 0)wypd* da:)

where wy = h! (0, \.)[¢]* € X is the unique solution of the equation:
Ly, w2 + QF,,(0,\,)[¢]* = 0.

Thus, when b = 0 and \”(0) # 0, we get

200 — M)\ 2
u:i(—vmr> b+ 0= \).

Now we summarize the results for b # 0 and b = 0 in the following two theorems.



Theorem 3.1. If [, fl(z,0)¢*¢*dx # 0, then there exists a constant e > 0 and a
continuously differentiable mapping X — tx from (A — €, A) U (As, s + €) to R such

that (3.1) has a nontrivial solution

ux(x) = trp(x) + h(tad(z), A),

where ty satisfies ty = (A — \) B, + oA — \,), and the bifurcation coefficient [y, is
explicitly given by
]5 ¢¢*d$

Remark: Since ¢ > 0 on €2, the sign of the spatially nonhomogeneous steady-state
solution uy in Theorem 3.1 coincides with the sign of ¢). It follows that wu, is positive
with ¢, > 0 and negative with ¢, < 0. For the representative case f(x,u) = m(z) —u
(where f!(x,0) = —1), the solution u, is positive for A € (A, Ax + €), which is of more

interest for its biological significance.

Theorem 3.2. ]f/ fi(z,0)¢*¢* dx = 0 and N"(0) > 0 (respectively, \"(0) < 0), then
Q

there exists a constant € > 0 and a continuously differentiable mappings X — t{ from
(A, Ak +€) to R (respectively, A — t, from (A, — €, \,) to R) such that (3.1) has a

nontrivial solution

uyl (z) = t5 o(z) + h(tfd(x), \) (respectively , uy (x) =ty ¢(x) + h(ty d(x), \))

:l: .
where ty° satisfies

B 1/2
= () oo,

3.2 The Eigenvalue Problem

For small € > 0, denote Ajc := (A — €, \), Ao := (A, A\ +€), and A := Ay U Ao
Based on Theorems 3.1 and 3.2, we get the existence of uy(z) with A € A and i (x)
with A € Ay or A € Ay, which are all denoted as wu, in this section for convenience.

Linearizing system (1.2) at uy, we have
vy =V - |d(z)Vv — l;(x)v] + A f(x, up)v
xr e, t>0,
+ Aup fl (x,up)v(x, t — 1), (3.5)
v =0, x €N, t>N0.



It follows from [8] that the solution semigroup of (3.5) has the infinitesimal generator
A, satisfying
AU =1, (3.6)

for all ¥ € Dom(A, ), where
P (A:)) = {\IJ € CreNCyL - W(0) € Xg, W(0) =V - [d(z)VT(0) — b(z)¥(0)]
FAS (2, ux) U(0) + Aun f, (2, un) U(—7)}

and C,¢ = CY([~7,0], Y¢). Moreover, 1 € C is an eigenvalue of A, ,, if and only if
there exists ¥ (# 0) € X¢ such that A(\, p, 7)1 = 0, where

A7) =V - [d(2) Ve — b()y)]
+ A (z,up) Y+ Aupfl (2, uy) e — .

We can claim that with increasing time delay 7, eigenvalues of A, ) can cross the

(3.7)

imaginary axis according to the following discussion. Specifically, A, possesses a

purely imaginary eigenvalue p = iv (with v > 0) for some 7 > 0 if and only if
V- [d(z) V) — b(z)] + Af (2, ux) 0 + Munf! (z, uy) be? —ivp = 0 (3.8)

is solvable for (v,0,v) with v > 0,6 € [0,27), and ¥ (# 0) € X¢, where 7 satisfies
vt =0+ 2n7 for n € Ny :={0,1,2,3,... }.

We first establish the following estimates for solutions to (3.8) in the cases of

/ fi(x,0)¢%¢* dx # 0 and / fi(x,0)¢*¢* dz = 0, where the proof is inspired by [4].
Q Q

Lemma 3.3. Let (¥a, vz, 0)) be a solution to (3.8) with ¢y € Xc \ {0}, vx > 0, and

0, € [0,2m). Then the ratio ﬁ is bounded for A € A. Moreover, up to a scalar factor,

Wy can be represented as

Yy =rap+wy, 1y>0, wy € (Xy)c,
lallxe = 1|9llxe,

(3.9)

where Ty, wy, and Yy satisfy limy_,y, v\ = 1, limy_,,, wy = 0, and limy_\, ¥\ = ¢ in
(C**(Q)c, a and ¢ are defined in (Hy) and Lemma 2.1, respectively.

Proof. Ignoring a scalar factor, 1, can be represented as (3.9). The proof proceeds in
three steps.
Step 1. We prove that v, is bounded for A\ € A. In contradiction, we suppose that

it is unbounded. Then there exists a sequence {\,}>2; such that lim,_,., A\, = A\, and
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lim,, o vy, = 00. Since 6 is bounded and X is compactly embedded into C*(Q) (with
a € (0,1/2) from (Hgz)), there exists a subsequence (still denoted as {\,}) such that
lim 6,, =6, € [0,27] and hm Uy, = ¥, in (C*(Q))c. (3.10)

n—oo

Substituting (¢, v, 0, ) = (¥, , Va,, 0, , An) into (3.8) and multiplying by E/\n, we

integrate the resultant over €2 to get
<¢>\n7 LM¢M> - / |i)\>’<rrn/('r)|77Z)>\n|2 - )\nf(.']), u>\n)|¢)\n|2j| dl‘
Q

+ Ape”n / I, uy, uy, [y, |* do — iu,\n/ |9y, > dz = 0. (3.11)
0 0

Using the expression

<z/un,LA*wAn>=—/Q ()\vwmdﬁ/w ).V, o+ A, /m i, [ do,

we derive

U 10l 2s < max [B(2)][[ Vb, [| o + Ao max [ £ (2, un, )| [, oo [¥n, || 2a
e xeN

(3.12)
nd [ @)V, do < max B 900 Dl s + 2o [ 17wl da
+ e 7 s, ol 2, (313

Since (|9, [[xc = [9]lx., the sequences {[[Viiy, [[2}72, and {{|¢a, [|2}7Z, are bounded.
For lim, o vy, = 00, the inequality in (3.12) implies lim, oo [[¥a, ||z, = 0. This,
combined with (3.10), gives lim,_,o ¥y, = ¥, = 0 in (C*(Q))¢c. Due to (3.12), we get

lim / |Viby,,,|* dz = 0.

n=e Jo
By virtue of (3.12), it follows that lim,,_, v5,%), = 0 in Y¢. Rewrite (3.8) as
(Lx, = Da, + My, hn, =0,

where
My, ¥x, = Ua, = Aem(@)n, + A f (2, U, )Un, + A fh (2, un, Jur, Un, e — vy 1y,
As lim,, oo My, %y, = 0 in Y, the continuity of (Ly, — I)~! from Y¢ to X¢ implies

lim oy, = — lim (Ly, — 1)~ M), ¢, = 0 in Xc.

n—yo0 n—yo0
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This contradicts ||y, |lx. = ||¢]lx.. Thus, the boundedness of v, is proved.
Step 2. We claim limy_,, v, = 0 and limy_,, ¥y = ¢ in (C?**(Q))c. Obviously,

lim ry =1 and hn; wy = 0 in (C**(Q))c.

A= Ax

For any sequence {A\;}32, satisfying limy .. Ay = ., there exists a subsequence
{ Ak, }5°, (denoted as {\,}°° ;) such that

lim vy, =a >0, hm Oy, =0 € [0,27], and lim ¢, = ¢* in (C*(Q))c.

n—oo
Since lim,, o0 uy, = 0 in C*(Q) and lim,, ,o, My, ¥y, = ¥* —iary* in (C%(Q))c, by
the continuity of (Ly, — I)~! from (C*(Q))c to (C**(Q))c,

lim ¢y, = — lim (Ly, — 1) 7'My, s, = —(La, — 1) 714" —iay™) in (C**(Q))c.

This, together with lim, ,o, ¥, = ¥* in (C?*(Q))c, gives Ly, v* — iay* = 0. As
|1Ya, llxe = l@llx. and ¥* # 0, we see that ia is an eigenvalue of Ly, . This implies

a =0 and ¢* = c¢ with |c¢| = 1 based on 0 being the principal eigenvalue. Moreover,
¢ =1 due to (3.9). The claim is shown.

Step 3. We show that —*l remains bounded for A € A as A — \,. Without loss

of generality, we present the proof for the case / fi(x,0)¢*¢* dr # 0, as that for
Q
the case / fi(x,0)¢*¢" de = 0 follows from an analogous argument. Note that for
Q

/ fi(x,0)¢*¢* dx # 0, proving the boundedness of ”—* is equivalent to proving that of

o /\ E Choose a sequence {\;}7°; C A with lim;_, )\l = \.. To analyze the asymptotic

behavior, we define the auxiliary function mq(ty, \) by
f(x,trd + h(tad, N)) — m(z)
fulz,0)Bx.0(x) if A=\

Based on (¢*, Ly, ¥y,) = (L3¢, ¢¥5,) = 0, we substitute uy, and m,(ty,, A;) into (3.8),
and then multiply the resultant by ¢* to get

it A £\,

2 [t de = [ m(opngtde [ b Mo da
: (3.14)
+ \e N / fi(x, uy,) (/8/\1¢+ M}\)\l)) Py, ¢ da.

From Step 2 and Theorem 3.1, we have limy_,, ¥y = ¢ in (C>*(Q))c

12



Letting [ — oo in (3.14) yields

vy 3 Jom(z)pe* da
lim su L o™ )
A SUP TN S 15 ¢¢* dz

This completes the proof. n
Lemma 3.4. If0 € 0(A;) for all (1, \) € Ry X A, then / fi(x,0)¢p*¢* dx = 0.
Q

Proof. By contradiction, assume [, f/(z,0)¢*¢* dz # 0. Choose a sequence {\,} with
lim,, oo A, = A.. If O is an eigenvalue of A, , for all 7 > 0, then there exists p = 0 for
(3.7). We substitute 1, = rx ¢ + wy, into (3.7) and multiply the resultant by ¢* to

have

U 0= 206 @) ) + Xt )] g 0) + )
Ao A F Xt &) fr(, g ) (g, @ () + way )¢ ()] dz + o(X,, — A)

n

where U, —txgb—i—h(t)\/gb )

With n — oo, we obviously have ry, — 1, |lwx ||y, . Then

[miwros ar+oxp [ e 000 ar=o
Q Q

We substitute 3y, given by (3.4) into the above equality to get

* me¢¢*dZE > / 2 1
/Qm(:z:)<bgb da + 2\, (_)\* T i@, 0)0%" du /qu(x,O)ng ¢"dx

_ /Q m(z)os" dz — 2 /Q m(z)os" dz — — /Q m(z)os" dz =0,

which contradicts Lemma 2.2. Thus, [, fi(z,0)¢*¢* dz = 0. O

Next, we intend to use the implicit function theorem to prove that (3.8) is solvable.
Since our primary interest lies in the occurrence of Hopf bifurcation, we must ensure

that 0 is not an eigenvalue of the infinitesimal generator A, . In view of Lemma 3.4, we

assume / fi(z,0)¢*¢* dx # 0 throughout the following analysis. For the boundedness

of 57, we set v = A — A |h. Noting ux(z) = tr¢(z) + h(taé(z), A), we focus on (3.8)
with v > 0, 0 € [0,27), and ¢ € Xc\{0} satisfying (3.9) to get

L, + (A= A)m(x) + A(f (2,un) = m(@)) = i]A = AJR](ré(z) + w(a))+
Atad(x) + h(tad(w), M) f (2, wn) (ré(2) +w(z))e™ = 0.

13
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We multiply (3.15) by ¢* to have

/qu*(ﬂ?)[h* + (A = A)m(a) + A(f (2, 1) = m(@)) —i]A = Bl (ré(z) + w(z))+
Mtad(@) + h(tap(x), M), (2, un) (ré(z) + w(z))e "¢ (x)dz = 0.

Recalling (¢*, Ly, (r¢ +w)) = 0 and dividing both sides of the above integral equa-
tion by A — A,, for A € Ay, with A — A, we obtain

[ & @lm(z) + Ai(w,0)836(0) — ihlo(a) + A5 S, (0,0) 6*(a)e 6" (x)do = .
Q
Separating the real and imaginary parts of the above equation, we get

Asind [ f (0o dr = [ 67 d,
Q Q

Ay, €OS 9/ fi(z,0) ¢*¢*dz = 0.
Q

This, combined with (3.4), implies

T P Jom(z)pp* d
0 =— =0 h=hy === : 3.16
Similarly, if A € Ay with A — A, we get
37 A Jom(z)pe* d
=" :=0,,h=nhy =2 . 3.17

Without loss of generality, we only consider the case of A € Ay as the other case

A € Ay, can be dealt with similarly.

Lemma 3.5. Assume that / fi(x,0)¢*¢* do # 0. Then there exists a continuously
Q

differentiable unique mapping A — (wx,7x, hy,0x) from Ase to (X1)c x R? such that

G(wy, 7y, hy, 0y, A\) = 0. Moreover, if X € Ay and (w*, 1, iAz)‘,G’\) solve the equation

G(w,r, h,0,)) =0,

. (3.18)
w € (Xy)c,h>0,7>0,0 € [0,2m),

then (w)‘,r’\,fALA,HA) = (w,\,m,fz,\,QA). Here G(w,r,iL,Q,)\) :(Xy)e x [0,00) x (0,00) X
[0,27) x R — (Y})c x C x R is defined by

~

G(U}, T, h, 67 )‘) = (glv g2, 93>T7
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where

(01 (w,7,1,0,7) = Ly.w+ (A = \)[m(@) + Ama(tr, A) — ih] (ré(z) + w)
FAEAG(x) + h(tad(x), N) fi(x, un) (ré(z) +w)e™

—(A =\ >92<w rh,0,\)p(),

ga(w,r, 7, 0,0) = [, ¢*()[m(x) + Xma(tx, A) — ih](ré(x) + w)dz
+A5\ fQ z) f1 (2, up)p(z) (ro(x) + w)e *da,
| gs(w, ) = |ré + w”xc — 19ll.-

Proof. Obviously, G(w,\*,T)\*,fAL,\*,H)\*,)\*) = G(O,l,i’b}\*,ﬂ/Q,)\*) =0. We define T" =
(T1, Ty, T3)T as the Fréchet derivative of G' with respect to (w,r, h, ) at (0,1, hy., /2,
A.). A direct computation shows that 7" : (X;)c x R®* — (Y})¢ x C x R is given by

p

Ti(x, K, ¢, 0) = Lyx,

Ty(x. 5, ¢, 0) /¢ 2) + Mo S, (2,0) 6(2) — XS £l (2, 0) 6(2)
b J(k6(@) + X(2)) do — iC [, ()6 (x) da
B o 11 (5,0) ()6 (x) da

ToOo ks C) = (9 \)xe + (6 B + 201612

Since T is a bijection from (X;)c X R3 to (Y1)c x C x R, the implicit function theorem

guarantees the existence of a continuously differentiable map A — (wy, 7y, h x, 0)) from
Ase to (X1)e x R3 such that (wy, 7y, by, 0y) solves (3.18).
To establish uniqueness, assume that (w?,r?, b, ) is another solution of (3.18).
We show that
(w, 1, fAL’\,G)‘) — (wa,, T, lAb\*,Q)\*),

as A — )\, in X¢ x R3. Note that limy_, 7* = 7y, = 1 and limy_,, w* = wy, = 0 in
(C%*(Q))¢. Furthermore, because the sequences {h*} and {#*} are bounded, for any
sequence {\,} with A\, — A, there exists a subsequence (still denoted as {\,}) such
that

lim hA* = h* and lim 0* = ™.

n—oo n—oo
Taking the limit of G/(w™», 7, hAn g An) = 0 with A\, — A, we get

Glwy,, ., K, 0™, \,) = 0.
This, combined with (3.16), implies
(h*,0%) = (ha,, 0.).
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We complete the proof. O

For v > 0, 6 € [0,27), and ¥ € X¢ satisfying (3.9), (v,0,1) solves (3.8) if and
only if (3.18) admits a solution (w,r, h,6). From Lemmas 3.4 and 3.5 we derive the

following result.

Theorem 3.6. Assume that / fi(x,0)p*¢* dx # 0. Then there exists € > 0 such that,

Q
for each A € A, system (1.2) has ezactly one spatially nonhomogeneous steady-state
solution. Its associated infinitesimal generator A.x has a pair of purely imaginary

eigenvalues +ivy if and only if

. 0y + 2
V== A= AT =T = 2T e N = {0,1,2,3,... 1, (3.19)
Ux

and a corresponding eigenfunction is 1\ = cipy. Here 1y is given by (3.9), and fAzA, 0
are defined in Lemma 3.5 such that
. 7T/2 Zf AE Age,
lim 6, =
AT A 3m/2  if A€ Ay
Remark: From the expression of 7, in Theorem 3.6, we observe that vy = O(|]\—
A]) as A = A.. Consequently, the bifurcation values of the delay satisfy the following
condition

/\13\1* Tr0 = 00. (3.20)

This result highlights that the Hopf bifurcation near A, is characteristic of large delay
dynamics, which is consistent with the findings in [1,7].

To determine the transversality condition and the direction of the bifurcation, we
consider the adjoint operator of A(\,ivy, 7y ,). Using a similar argument as above, we

have the following result.

Theorem 3.7. Let A*(\,ivy, Tan) be the adjoint operator of A(N,ivx, Tan). Then
A, 1, ) =
V- [A@) VY] + () - T AS () 0"+ s (7, 03) €T+ pugp”

and the kernel space N (A* (X, ivx, Tr,)) = span {3} }. Moreover, up to a scalar factor,

Yy can be represented as

w; — ?)\(é* + @/\’ > 0, W)y € ()?1)@7

(3.21)
”Q/};“Xc = HQS*”X(N
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and it satisfies limy_,y, ¥} = ¢* in (C**(Q))c, where ¢*, a are defined in Lemma 2.1

and (Hy), respectively.
Now, we give some estimates to support the simplicity of ivy.

Lemma 3.8. Assume that / fi(x,0)¢*¢* da # 0. For n € Ny, we define
Q

Sn(A) 3:/91/)A¢_f\d$+)\ﬁ,n€_i9*/gf; (z, ur) urride,

where ¥y and Y5 are depicted in (3.9) and (3.21), respectively. Then S,(\) # 0 for X €
A.

Proof. We only consider A € Ay, (for A € Ay, the proof is similar). It follows from
Lemma 3.5 and Theorem 3.6 that 6y — 7/2, Ty n(A—As) — (g+2n7r)/h,\*, and ¥, — ¢
in X¢ as A = A.. These, combined with (3.4), produce

Ali_}n; Sn(A)
) )\* / *
= | 60" dw Zﬁg;* (g + 2n7r) /Q (2, 0)¢%¢" do (3.22)

_ [1 + i(g + 2n7r)] / o6 da # 0.
Q
This completes the proof. O
Now we show that the imaginary eigenvalue iv is simple in the following theorem.

Theorem 3.9. Assume that A € A. Then p = ivy is a simple eigenvalue of A, | x for
n e No.

Proof. 1t follows from Theorem 3.6 that A [A,, —iv)] = Span[e™?4),], where 6 €

[—Tan, 0] and ¢y is defined in Theorem 3.6. If ¢1 € [A,,  » — irvy]?, then

TX,ns

[Ar . ox — i1 € AN [A  x — ] = Span[e®*4)y].
Therefore, there exists a constant a such that
[Ar x — i1 = ae 0y,
which, combined with (3.6), yields

$1(0) = ivsd1(0) + ae™ %y, 0 € [—Tyn, 0] (3.23)
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with

$1(0) = V- |d(2)Vp1(0) — b(x)p1(0)| + Af (2, un) 1(0) + Af% (2, uy) uady (—Ton)-
(3.24)
Solving the differential equation (3.23), we have

61(0) = ¢1(0)e™? + afe Py, (3.25)
Due to ¢1(0) = ivagy(0) + arhy, we exploit (3.23)-(3.25) to get
A (Aiva, Tan) 61(0) =V - [d(2)Ve1(0) = B(x)61(0)] + AS (,un) 61(0)

A (2, uy) urgy (0)e ™A™ — sy (0) (3.26)

=ayy + CL)\T)an; (2, uy) ukw,\e_“’ﬂ*’”.

Recalling e~ ™™ = e~ from Theorem 3.6 and A* (), ivy, To,) ¥ = 0, we obviously

have

0= <A* ()‘7 iV}\’ T/\”) wia (bl (O)> = <w>)k\7 A (>‘> ’iV/\, T)\,n) ¢1 (O»
=aS,(N),

which implies a = 0 because of S,,(\) # 0 from Lemma 3.8. Therefore,
NN A ox— ) =N [Ar  —iva], 7=2,3,..., n€Ny,

and hence p = iv, is a simple eigenvalue of A,, ) for n € Nj. O

T, m»

3.3 Stability and Hopf Bifurcation

In what follows, we only consider the case / fi(x,0)¢?¢" do # 0. We first analyze the
Q
stability of the steady-state solution wuy of (1.2) for 7 = 0 and have the following result.

Proposition 3.10. If / fi(x,0)¢*¢" doe # 0, then there exists € > 0 such that for

Q
each X € Ay, all the eigenvalues of Agx have negative real parts. Consequently, for

7 =0 and \ € Ay, the steady-state solution uy of (1.2) is locally asymptotically stable.

Proof. Let {\}5°, C Ay be any sequence with lim,, o, A}, = A.. For each A/, denote

n

iy, as the principal eigenvalue of the following problem,

pp =V - [d(z)Vip — l;(w)w] + A f (x, u,\;l) Y+ Nun f (x, “ML) W), (3.27)

18



with ||¢x |ly. = 1. For each n > 1, ¥y, = vy ¢ + wy, with 7y, — 1, HYC — 0 as
n — 0o. we substitute uy, =tx ¢+ h (t%(ﬁ, Xn), Yy =1y ¢+ wy , and p = py into

(3.27) and then multiply the resultant by ¢*(z) to have

s

1 { L0 = 0067 @) o)+ Mo ) = 52| ) + wm}
A

- =0.
N —
AN 0(a) £ (s ) (g 6(2) + 0, ) <x>} de + o, — A.)
Obviously,
. M, A
L s v

Then for A, — X, < 0, we have Re (/% ) < 0 for sufficiently large n. Thus, there
exists € > 0 to guarantee that all the eigenvalues of A have negative real parts for
A€ Age. O

We can use a similar proof to that of Proposition 3.10 to obtain the following result.

Proposition 3.11. [f/ fi(x,0)¢*¢" do # 0, then there exists € > 0 such that, for each

Q
A € Ay, the infinitesimal generator Aoy has at least one eigenvalue with a positive real

part. Hence, for 1 =0 and XA € Ay, the steady-state solution uy of (1.2) is unstable.

Next, we establish the following transversality condition to support the existence

of Hopf bifurcations.

Theorem 3.12. Assume [, f,(z,0)¢°¢*dz # 0 and X € A. Then, for each fived
n € Ny, there ezists a unique continuously differentiable mapping T +— (u(7), (7)) from
a neighborhood O,, of Ty ,, into D,, x H,, with p(7x,) = vy and ¢¥(7xn,) = ¥r. Moreover,
for T € O,, u(t) is the unique eigenvalue of A, in D, with A\, u(7), 7)Y (1) = 0.

Surely
dN(TA n)
Re(———%) > 0,n € Ny.
el dr ) " 0
Proof. For = ivy being a simple eigenvalue of A ), the implicit function theorem
ensures that the eigenvalue branch p(7) can be uniquely extended in a neighborhood of

Tan- Differentiating A(A, u(7), 7)) (1) = 0 with respect to 7 and evaluating at 7 = 7, ,

yield
dp(Tan .
% [—tx = Aman fy (@, wn) unibre ™
. W) » (3.28)
+ A()\, wy, T)\,n)d—’ — Zl/)\)\fu (x, u)\) uhre 9 = 0.
T
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Note that

<w§, A(A,iVA,TA,n)d¢EZ?’")> = <A*()\,i1/A,TA,n)wf\, dwg:")> = 0. (3.29)

Then, exploiting ¢} to make inner product with (3.28), we get

dp(mam) <¢f\,iu>\)\fé (x,uy) u,\w,\e_wA>
dr (W5, 0x + AManfl (z, uy) quﬁAe—i@A)
B iVAAe*ie* Jo fl (@ un) unton(z )5 (z)da
B fQ w/\ (x)dx + A7y, pe 70 fQ Ih(x,uy) up(x )w_j‘\(x)dx
1

- [)\ / [ ) () ()05 () )y

This, combined with (3.16) and the expression of uy, 6y, vy, and 1y, induces
1 d n
() (/ b dx) > 0.

li R
Y e( dr )= hm)\ﬁk*
Based on Theorems 3.6, 3.9, 3.12, and Propositions 3.10, 3.11, we have the following

A=2e (A= Ay)?
result on the distribution of eigenvalues of A; ).

+ Z'V)\)\QTH’)\

/Q £ (203 a2 ()

]

Theorem 3.13. If [, fl.(z,0)¢*¢* dx # 0, then there exists a constant e > 0 such that

the following two statements hold.

(i) For each fized \ € Ay, the infinitesimal generator A, » has at least an eigenvalue

with positive real part for all T > 0.

(ii) For each fized X\ € Ao, the infinitesimal generator A, \ only has eigenvalues with
negative real parts when T € [0,7y), and ezactly 2(n+1) eigenvalues with positive

real parts when T € (Tyn, Tant1), 1 € No.

In summary, we have obtained the following results on the stability and Hopf bi-

furcation of the steady-state solution .
Theorem 3.14. If [, fl(z,0)¢*¢* dx # 0, then there exists a constant e > 0 such that

(i) for A € Ay, the steady-state solution uy of (1.2) is locally unstable for all T > 0;

(ii) for X € Mg, the steady-state solution uy of (1.2) is locally asymptotically stable
for 7 € [0,7r0). Moreover, for T = Ty, (n € Ny), (1.2) undergoes a Hopf

bifurcation at the positive steady state wy.

20



4 The direction of Hopf bifurcation

In this section, by virtue of the center manifold theorem and the normal form theory,
we investigate the direction of Hopf bifurcation and analyze the stability of bifurcating
periodic solutions for (1.2). Although the computational framework is similar to those
in [4,16-18,20], the non-self-adjointness of the elliptic operator along with the generality
of the nonlinear terms brings significant mathematical difficulties in computing the
center manifold. We demonstrate how to overcome these difficulties in the subsequent
analysis.

We first transform the steady-state solution wy and the bifurcation parameter 7y,
to the origin via the translations U(t) = u(-,t) —uy and 7 = 7\, + 7. Thus, v =0
corresponds to the Hopf bifurcation values. Rescaling time by ¢ = 7y ,,t to normalize
the delay and dropping the tilde sign, we can rewrite system (1.2) as

dU(t)

dt
where U, € C := C([—1,0],Y) is defined by U;(s) = U(t +¢) for ¢ € [-1,0]. The linear
operator Ly : C — Y and the nonlinear term .J : C x R — Y are defined respectively by

= TanLo(Ur) + J (U, ), (4.1)

Lo(Up) =V - [d(x)VU(0) — I;(x)Ut(O)] + A (2, un) U (0) + Aup fL (2, un)Ug(—1),

(4.2)
TV ) = YLo(Us) + A7 + Tan) | (U0) + w2) f, Ui(=1) + 1)
— unf(@,w) = f, un)U(0) = unfifw, u)Ui(=1)|. (4.3)
Then the solution semigroup of the linearized equation %Et) = TanLo(U:) has the

infinitesimal generator A, = satisfying A, ¥ = ¥ with the domain
D(Ar,,) = {¥ €CcnCl: W(0) € Xe, D(0) = TanLo(¥) }

where Ct := C*([—1,0], Y¢). Hence, we rewrite (4.1) in the following abstract form,

dU,
d_tt - ‘AT)\’nUt + XO‘](Uta /7)7
where
0 S € [_17 0)7
Xo(s) =
I ¢=0.

According to Theorem 3.14, after time rescaling, the infinitesimal generator A,, = has

exactly one pair of simple purely imaginary eigenvalues +ivy7y,. A corresponding
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eigenfunction of ivy7y,, is Yre™ ™ ¢ for ¢ € [—1,0], where v, is given by (3.9). We
denote it as p(s). Correspondingly, a eigenfunction associated with —ivy7y,, is p(s).
To compute the normal form coefficients on the center manifold, it is necessary to
consider the formal adjoint operator of the infinitesimal generator A,, . To this end,
following the framework in [19,20], we introduce the bilinear form ((-,-)) for ¥ € C¢
and ¥* € Cf := C([0, 1], Y¢) as follows:
0

(U™, W) = (¥*(0),W(0)) —1—)\7)\7”/ (U (s + 1), urfi, (z,uy) ¥(s)) ds.

-1

Lemma 4.1. Define the operator Ay, Z(Ar, ) — C& by AL W*(s) = —U(s) for
€ (0,1}, with the domain

9 (Ajm) - {\11 € CEN(CL) U (0) € Xe, —0+(0) = 72,V - [d(2)VT*(0)]
Franb(@) - VI (0) + Aanf (2, u2) TH(0) + Ay fl (2, uy) u,\\ll*(l)} ,
where (C2)' = C'([0,1], Ye). Then A% and A, satisfy
(A2, 07 0)) = (W, A, W) for W e DA, ) and W € (A ).

Proof. For ¥ € Z(A,, ) and ¥* € Z(A7 ),

0

(W 1) () W) ) s

- <n11*(0), V- [d(z)VT(0) — 5<:c>\1f(0)]>
—+ <\I/*<O), )\T,\,nf (l’ U,\) \IJ(O) + )\7—)\ nf; (.T, u/\) u)‘qj<_1)>
+ )\7-/\771 [<\IJ*(3 + 1) U)\f (fl? U)\) (S)>](11

(W%, A, W) <\IJ*  (Ar L 0)( )>+)\T>\,n/

— )\TA,n

j <\I}*(s—i—1) unfl (z,uy) ¥(s )>ds
*mmwmw+wnm/o

-1

= (A, v
=((Az, U, T).

<—\P*(s+1) uxfi (z,uy) W (s)>ds

]

To utilize the center manifold theory, we first decompose the space Cc as Cc = PHQ.

Here the center subspace P is given by P = span{p(<),p(s)} and @ is defined by
Q={Y eCc: ((¥",¥)) =0 for all ¥* € P},
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where P* = span{q(s),q(s)} is the formal adjoint subspace of P. Here q(s) = 15" ™n*
is an eigenfunction of A7~ corresponding to —ivy7y, for s € [0, 1] and ¢} is given in
T
(3.21). Let @, = (p(<),B(s)) and Up = (%(/\)q(s), %q@)) with S,()) in Lemma
3.8. One can verify that ((U,, ®,)) = I, where [ is the 2 x 2 identity matrix.
To obtain the flow of (4.1) on the center manifold, we first define the complex

coordinate z(t) on the center subspace as

1

2(t) = <<S_—(>\)Q(S>’ Ur)) (4.4)

and its component in the complementary subspace as
w(t)=U — ®, - (2(1),z(1)". (4.5)

According to the center manifold theory [8], on the local center manifold, w(t) can be
represented as w(z, Z), where

2 22

w(z, z) = wzo(g)§ + w1 (<)2Z + w02<§)§ +--- (4.6)

Consequently, the flow of (4.1) restricted to the center manifold is determined by the

following equation

1) =2 1@)@( ), U)
1 1
= o7 - A V) + g (s). X (U 0)

=ivaTAn2(t) +

Zinntanz(t) + 9(2,7),

where ) .
z z 2%z
9(z,2) = 9205 + g2z + o275 + 91— + - (4.7)
After some calculations, we have
2)\7—71 T —iUNT 1 Ik, —2LUNT,
g20 = S (X) /|:f1/¢ (;c,u,\) ”¢§¢§€ e iu)\f{ilu (va’)\) 1/1§%€ 2 X’n:| dz,
Q
AT, n 2% —IUN\T, S S
g1 =g 2;\)/[% (@, up) (€™ e A s PPY + un frny, (2, un) [a*5] do
"
2)‘7— n w T * 21U\ T,
g = 2 /[f ) TRTEEA 4 L Fl (3 B } d,
Q
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/ { w ful, (2, u0) wag(— 1) e™ ™ uy £l (2, uy) Yae” A Ay (—1)

Q

£ s (1) s O™+ S O™+ (1)
1 — — .
+ if” (z,un) 29305 + Pa(re” ™))

+ u)\ffg;u ($, ’LL)\) (w)\e_iu/\T/\’n)Qw)\eiu/\T/\’n} d.l‘, (48)
where, as in [2,18],

1920 1902 _

— _ 7J02 E 25U\TA nS 49

Wao(<) Vm,np@) + 3ymynp(<) + Exe , (4.9)
Z.911 911 _

= —— F 4.10

wi1(s) VATMP(C) +— e p(s) + F, (4.10)

with

) 1 .
Ex = =20A (A, 2ivy, 7o) " (fr (2, u) ¢§€_Z”H’”+§“Afﬁu (,ux) YRe” ™), (4.11)

Py = =M (X, 0,m00) " (£ (,w) (€™ [y [P 1, (2, 0n) [a]%). (4.12)

In order to compute wsy and w1, we provide estimates for E and F) as follows.

Lemma 4.2. Assume A € Ay.. For the above E) and F\, we have

TIx
b\ = d F\ = 4.13
A /\_)\*(CACbJrU,\) and Fy =575 (4.13)
where cy € C, and ny, Ny € (X1)c satisfy
I -2 lim [|nllx. =0, and lim |[7;[x. =0 (4.14)
Jim o3 = iy A e =0 and Jiy ke =0

Proof. We first derive the estimate for E). The estimate for F can be obtained in a
similar manner and we omit the detail here. To analyze the singular behavior near the
critical value \,, we introduce the auxiliary function @/AJ = (A= A\ E). It follows from
(4.11) that ¢ satisfies the following equation:

o . 1 .
AN, 2ivy, Tan) = —2A(A — A)) (f;(:v, uy)ye A 4y Y (, uA)wie_Qw”*f”) )

2
(4.15)
To resolve the singularity as A — \,, based on the space decomposition, we set 1@
co +n with ¢ € C and n € (X;)c. Replacing ¥ by c¢ + 1, we substitute up(z) =
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txd(x) + h(trp(x), N) and vy = (A — X,)hy into (4.15) to have
L.+ (A= X)) + Ama(ta, A) = 2ih)(co + 1)
+ A0+ h(tag, V) fu(w,un) (e +m)e”"

- _2)‘(>‘ - )\*) <f;($, U)\)wi@iw + %U,\f;/u(x, U/\)w?\e%e) .

One can see that 1 solves (4.15) if and only if the pair (1, ¢) satisfies the following
system
Fln e, A) =0, (4.16)

where F = (f1, f2)” : (X1)c X C x R — (Y})c x C, moreover,

;

fim e, A) = Lan+ (A= M) [m(@) + Ama(ta, ) — 2ih](co +n)+
Atad + h(trxd, N)) fl (z,uy) (cop + 77)6_219
F2AA = A)(f (2, wn) Y3 + qunfi, (2, un) Yfe ™)
(A=A )f2(77707 A,
fo(n.e,N) = [olm(z) + A (ta, A) — 2ihy](cd + 1)+
AP+ "&“i?)f’ (2, ux) (6 + n)e 27"
2N (2, un) YRe ™™ 4 qunfy, (x,ux) Pie )¢ da.

At the critical value A = A, the equation fi(n,c, A\) = Ly,n = 0 implies that n = 0.

\

By substituting n = 0 into f; = 0 and utilizing
Jo moo* dx
A Jo Julw,0) @2 da’ ™
one finds that f>(0, ¢, A.) = 0 is satisfied if and only if
21
c=————=:¢
B (2i—1) 7
The Fréchet derivative of F with respect to (1, ¢) at the point (0, cy,, A.), denoted
as T: (X1)e x C = (V1) x C, is given by

_ Jo moo* da
Joodrda

’ﬂ' ~
Br, = — =3 by,

e

T = (Tla TZ)Tv

where )
TI[XH%] = LA*Xv

To[x, k] = = [ |m(z)¢* + Amy(0, X,)o* — 2ihy, ¢

+ABL G fulw,0)e™2¢*| (k¢ + ) da
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Since T is a bijection from (X;)¢ x C to (Y1)c x C, the implicit function theorem
ensures that there is a continuously differentiable mapping A +— (7, ¢,) such that
F(nr,ca, A) =0 for X € Ay and (ny, ¢x) = (1., ¢n,) for A = \.. Hence,

) 21 . .
)\lig\l* cy = m and )\lig\l* = 0 in Xc.
n
Taking a similar argument as above, we have the following result for A € Aq..
Lemma 4.3. Assume A € Aq.. For the above E) and F, we have
E)\ = (C)Jﬁ + T])\) and F)\ = ﬁ>\ (417)
A — . A=A
where ¢y € C, and ny, 7y € (X1)c satisfy
. 2i ) . .
Jim ¢ = m>A15§* I llxe = 0, and lim [[7i]jxc = 0. (4.18)

It is well known that the following quantities determine the direction and stability
of bifurcated periodic orbits (see [8,18,20]):

i ’902|2 g21
= -9 2 _ g2
C1(0) AT (911920 911 3 > + 5
L — _ Re(G1(0))
Re(UI(TA,n)) ’

52 = QRG(Cl(()))
Precisely,

1. po determines the direction of the Hopf bifurcation: if py > 0 (respectively,
pe < 0), then the bifurcating periodic solutions exist for 7 > 7,, (respectively,

T < Tan), Where the bifurcation is called forward (respectively, backward);

2. [ determines the stability of bifurcated periodic solutions: the bifurcated peri-
odic solutions are orbitally asymptotically stable (respectively, unstable) on the

center manifold if 5y < 0 (respectively, fo > 0).

Finally, we have the following results on the Hopf bifurcation.

Theorem 4.4. If / fi(x,0)p*¢" do # 0, then there ewists € > 0 such that for each

Q
(n,\) € Ng x A, a branch of spatially nonhomogeneous periodic orbits of (1.2) emerges
from (T,u) = (Tan,ur). Moreover, the direction of the Hopf bifurcation at T = Ty, is

forward. Specially,
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(i) if X € Ag, the bifurcated periodic solutions emerging from T = Ty are locally

asymptotically stable;
(ii) if A € Aqe, the bifurcated periodic solutions are locally unstable.

Proof. First, we consider the case A € Ay.. As A — )., we obtain the limits for the

following essential quantities:

lim S,(3) = [1 +i (g + 2n7r>} /Q 60" dz,

lim ()\ - )\*)F)\ = O,

A=A
: 1 /m
/\151;\1* Tan(A— A) = N (5 + 2n7r> ,
21
lim (A — \)E\ = ——¢.
pim ( B= g ai-n?

Then we substitute the above limits into the expressions for g;; given in (4.8). A direct

calculation yields

, 2i(m + 4nm)
1 )\ - )\* - B I
AL)\*< )920 B, (2 4 i(m + 4n))
RO A =0
, —2i(m + 4n)
1 )\ - )\* - B I
Jlim ( 902 B (2 +i(m + 4nm))
) 2(m +4nm)(1 — 3¢ Stm(1 +4n
lim (3 — A)2gm — 2( ) ) 2 (L+4n) N
A=A B3, (10 + 5i(m +4nm)) — 335 |2 +i(7 + 4n7)|

Hence, limy_, 5, Re((A — \,)2%g21) < 0 and limy_,», Re((A — A,)2C1(0)) < 0.

For A € Ay, by a similar discussion, we have

lim S,(\) = {1 +1 (3—7 + 2n7r)] / o¢* du,
/\—>)\* 2 QO
lim (A — \)F, =0,

A= s
3T
— (5 +2n

i 7yn(A— A) = 2 207),
A=A hi.

lim v\Ty, = il + 2n,
A= As ’ 2

lim (A — \)E 24

im (A= M\)Ey = ———0,
A=A AT BL i+ )

, 2i(3m + 4nm)

lm (A — A)geo = , ,
Jim ( 920 = B i3 + dnm))
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A A =0,
_ —2i(3m + 4nm)
lim (A — A)goz = :
Jim ( 902 = B 1B + Anm))
: 2(3m + 4nm)(—1 — 34) 8im(3 + 4n)
lim (A — \,)%ga1 = .
Jlim ( )9 B2 (10 + 5i(37 + 4nm))  3B2[2 +i(37 + 4nm)|?

There also exists limy_,5, Re((A — Ay)%g21) < 0 and lim,_,5, Re((A — A,)?C1(0)) < 0.
Based on the discussion for A € Ay and A € Ay, we declare that the direction
of the Hopf bifurcation is forward and the bifurcating periodic orbits are orbitally
asymptotically stable on the center manifold. However, according to Theorem 3.14,
for these two cases, the stabilities of the spatially nonhomogeneous steady state u, are
different. This leads to a distinction for the overall stability of the manifold, yielding
opposite conclusions for A € Ay, and \ € Aq.. O

5 Two Illustrative Examples

In this section, we conduct numerical simulations to validate our theoretical results.

We first consider a food-limited model. As the logistic growth has been thoroughly

analyzed [4], we focus on the model originally proposed by Davidson and Gourley [41],
Ov(z,t) _ _d82v(x,t) k—v(z,t—1)

ot Ox? k+cv(x,t — 1)’

where r > 0 is the growth rate, & > 0 is the carrying capacity, ¢ > 0 is a constant,

+ro(z, t) (5.1)

and r/c represents the mass replacement at saturation. To incorporate population
movement toward favorable habitats, we introduce a general advection term. After

non-dimensionalization, the model is read as

u =V - [d(x)Vu — b(a)u] + )\u(x,t)%, reQ t>0, (5.2)
u(z,t) =0, x e 0, t>0,
with the initial condition
u(z,t) =n(z,t),z € Q,t € [—7,0]. (5.3)
To illustrate the dynamics, we set the domain and the initial condition and then fix

some parameters as follows:

Q={(z,y) eR*| (& —7)* + (y — m)> <7}, n(z,t) = 0.1,

d(z,y) =14 0.1z + 0.1 5( ) = cos e o8y =0.5 54)
T,y) = Adx . xT,y) = c=0.0.
7y y? 73/ Si T 2781 y 2 9

28



u along custom line: (3.14,0.00)->(3.14,6.28) u along custom line: (3.14,0.00)->(3.14,6.28)

! 018 0.18

. 0.9

0.16 016
. 208

0.14 0.14
. = 0.

0.12 0.12
. 0.6

0.1 01

0.08 0.08

0.06 " 0.06
¥ 0.04 2 0. 0.04
X 0.02 . 0.02

0

o
©

o
=

=3
3

o
@

=)
~
=3

o
w

o

o
o

o

o

relative position along sample line (0->1)
&

relative position along sample line (0->1)
)

=3
=3

o

o

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500
time t time t
(a) 7=8 (b) 7=10

u along custom line: (3.14,0.00)->(3.14,6.28)

1

. 0.25
: 0.2
: 0.15
’ 0.1

: 0.05

u along custom line: (3.14,0.00)->(3.14,6.28)

1
} 09
: 08
07
’ 06
: 05
0.4
03
02
0.1

=)
©

=3

©

o
@

o

o

=3
3
o
~

o
=Y

=3

o

o
IS

o

=

=3
©

o

©

5}
)

relative position along sample line (0->1)
&
S
o

relative position along sample line (0->1)
o
o

=3
o

o
o

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500
time t time t
(c) T=12 (d) =20

Figure 1: Numerical simulations for system (5.2) with A = 1.0. (a) 7 = 8: convergence
to steady state. (b) 7 = 10: oscillatory convergence. (c)-(d) 7 = 12,20: emergence of

stable periodic solutions.

Based on f(0) = m(z) = 1, the principal eigenvalue ), determined by the linearization
of system (5.2) at the trivial equilibrium v = 0, is approximately 0.9 and f/(0) < 0.
Thus, we know that (5.2) has a positive steady state u, for A € Ay. due to Theorem
3.1.

Fix A = 1.0 > A\, = 0.9. The simulations are presented in Figure 1. For small delays
(t = 8,10), the solution approaches the positive steady state, although noticeable
oscillations appear at 7 = 10. As 7 increases further to 12 and 20, the steady state
loses stability, and the solution converges to a stable time-periodic solution. The period
and amplitude of these oscillations increase as 7 increases. This phenomenon aligns
perfectly with our theoretical prediction. In other words, the increase of 7 drives the
system toward criticality, beyond which a forward Hopf bifurcation generates stable
periodic solutions.

Next, we build the following model incorporating the weak Allee effect to illustrate
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our theoretical results,
u =V - [d(z)Vu — b(z)u] + 2 u(z, t)(1 — u(z, t — 7)) (u(z, t —7) +0.5).  (5.5)

For convenience, we choose the same spatial domain, initial condition, and parameters
as specified in (5.4). Still this model satisfies f(0) = m(x) = 1. Thus the critical value
remains A, ~ 0.9. However, as f'(0) > 0, the positive non-trivial steady state exists for
A€ A, Fix A =0.8 < A\, = 0.9. Our analysis indicates that the bifurcated periodic
solutions are locally unstable and thus it is practically difficult to capture them in nu-
merical simulations. However, as illustrated in Figure 3, numerical simulations reveal
that stable periodic patterns can still emerge as the delay 7 increases beyond the bifur-
cation threshold 7y, (here, 7y, lies between 5.5 and 9.5). For population models with
a weak Allee effect, it is well known that there often exist bistable phenomena or global
attractors, so it should be emphasized that this numerical observation does not con-
tradict our local stability results. We hypothesize that this phenomenon is attributed
to the existence of global attractors or additional stable branches not captured by the
local analysis around the small solution branch. Actually, for this case with general

advection, these numerical observations are consistent with findings in
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Figure 3: Simulations for the weak Allee effect model with A = 0.8. (a) Convergence
to the steady state. (b)—(c) Emergence of periodic solutions. (d) Asymptotic stability
of the periodic orbit for large delay.

6 Summary and Conclusion

In this paper, we investigate the dynamics of a class of reaction-diffusion population
models incorporating a general advection term and a time-delayed per capita growth
rate. Based on the principal eigenvalue A, of the associated non-self-adjoint elliptic
operator, our study centers on the existence, stability, and Hopf bifurcation of spatially
nonhomogeneous steady states when the parameter X lies in A, i.e., the e-neighborhood
of \,.

By employing the Lyapunov-Schmidt reduction method, we first establish the ex-
istence of spatially nonhomogeneous steady states for A € A. Subsequently, spectral
analysis indicates that the time delay 7 plays a critical role for losing the stability of
steady states. Specifically, we demonstrate that as A approaches \,, the critical delay
threshold required to trigger instability tends to infinity (i.e., limy_,, 7a 0 = 00), which
implies that the system becomes increasingly robust near A\, even with bigger delay.

Furthermore, the center manifold theorem and the normal form theory allow us
to derive explicit formulas for determining the direction of Hopf bifurcation and the
stability of bifurcated periodic orbits. The analysis indicates that the dynamics depends
critically on the form of the function f, i.e., the per capita growth rate. We build two
examples to support the theoretical results. For the logistic-type growth, because of
Jo fi(x,0)¢*¢* dz < 0, the positive steady state exists for A € Ay and remains locally
stable for small delays. Moreover, a forward Hopf bifurcation occurs and induces the
emergence of stable periodic orbits when the delay increases. For the weak Allee effect
growth, because of [, fl(z,0)¢*¢*dz > 0, the positive steady state is unstable for

A € Ay.. Consequently, the bifurcated periodic solutions are likewise unstable.
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