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I. SPECTRUM INVARIANCE UNDER LINEAR
TRANSFORMATIONS

We show the invariance of the spectrum under linear
transformation of the operator set by showing the respec-
tive transformations of the generalized eigenvalue prob-
lem. Let {O;}Y, be a set of operators and define the
respective span

6s) = O [ho) S = span{[¢;) }1Y, |

with the seed state |[ig).  For coefficients
(61,...,0N)T a state in the span is given as

(1)
0 —

N
0(0)) =S 0ilén) €S @

To get an eigenstates of the effective Hamiltonian pro-
jected in to the span one solves the generalized eigenvalue
problem

HO = E G, (3)

with matrices
Hi; = (¢s| H |p5)

Gij = (¢il#5) - (4)
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Now take any invertible matrix M € CV*¥ and define
a new operator set

R N ) ~ N N
Oa = ZMaiOia |¢a> =0, |1/)0> = ZM(M’ |¢z> .
=1 =1
(5)

The corresponding matrices are

Hab = <¢~7a| IA{ |Q~§b> = ZMaiHijMZj = (MHMT)aba
ij
Gab = (Galdp) = > MaiGi;M;; = (MGM)p.

ij

If the solution fo the eigenvalue problem is HO = EGO,
then set @ = (M~1)T@. With this ansatz we find

HO = MHM! (M~1)f6 = MHO
= EMGO = EMGM'(M~!)T6 = EG6.

(6)
(7)

Thus E is also an eigenvalue of the transformed problem
HO = EGO and the state is unchanged:

9O) = 6160 =D balde).  (8)

Hence, both the effective energies and the effective states
are invariant under linear transformation of the operator

set {O;}.
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II. QUANTUM-NUMBER-CONSERVING 66
AUTOREGRESSIVE SAMPLING

67

In the following, we outline our procedure for exclu-
sively drawing samples with fixed target quantum num-
bers for charge (Q°) and magnetization (M°). The e
method follows the prescription of Ref. [? ] and in- o
corporates operator-sequence constraints at every step of n
the sampling process, which allow us to apply operators
from the SCOL set to the state directly at sampling time,
while also patching sites. 72

73

1. Local Hilbert space and quantum numbers 10

75
The multi-orbital quantum impurity model graph can
always be organized into a linear chain, despite some links
get non-local connectivity, this is a worthwhile trade-off
for the autoregressive process to be feasible. Therefore we
consider a one-dimensional lattice of L sites with spinful

fermions. At each site i € {1,...,L} we use the local *

Hilbert alphabet "

78

(9) 79

80

Al :{\Im g, T? T\L}:{Ovlvz?’}?

where the last equality indicates a fixed integer encoding. *
Local charge or electron (@) and magnetization (M) *
contributions from each local Hilbert space configuration *

are o
85

Q) =10Q(2)=0, QM) =1, Q1) =2,
M(l)=-1, M(2)=0, M(1)=1, M(1}) =0.

(10)
(11)

. . . 86
For a configuration from the occupation basis x =

(1'1,...7
is

zr) € Af L the total charge and magnetization :;

89

L L 90
Qx)=> Qz:), Mx)=> M(z;). (12)=
i=1 i=1 92

93
The target symmetry sector is

XKoo ={x € A Q(x) =Q°% M(x)=M"}. (13)

95
2. Operator-sequence constraints %

To efficiently estimate the G matrix we sample di-
rectly pa(x) o | (x| O, [tbg) |2, where O; is a product of
fermionic creation and annihilation operators. This type
of operator can directly be applied to an autoregressive
|1g) and sampled, since O; simply enforces local occu-
pation configurations. These per-site restrictions are en-
coded in an operator sequence o8

99
(14)100
101
where at each site ¢ and spin flavor o € {1, }}: 102

op = (op',op*) € {0,1,2}*F x {0,1,2}*~,

g

e op? = 0 enforces the spin-o orbital to be empty,

ag

e opY =1 enforces it to be occupied,

e opy = 2 leaves it unconstrained.

A local state a € A; is allowed at site 4 if its spin content
is compatible with op,. We denote the allowed set by
Cop(i) C Aj.

8. Autoregressive factorization and logit masks

The RWKYV is an autoregressive network, meaning
that its respective Born probability distribution pg(x) =
| (x| |1g) |? factorizes over configurations as

L
po(x) = [ po(ee | x<t), (15)
t=1

where x<; := (x1,...,2¢-1) and @ are neural-network
parameters. We refer to x.; as the prefiz of length ¢t — 1,
that is the partial configuration obtained by fixing all
sites strictly to the left of £. The sampling process runs
sequentially starting from the empty prefix x.1 = @,
at step t the network is evaluated on the current prefix
to produce partial probabilities over the local alphabet
(which are the configurations of the local Hilbert space of
a lattice site), which allows a local state z; to be drawn
from the resulting conditional distribution

Ty~ (T | X<t) - (16)
Repeating this procedure for ¢ = 1,..., L yields a full
configuration x.

In practice the network does not produce probabilities,
but at each step t outputs unnormalized values that we
consider logarithms of positive numbers, known as logits
lo(t,- | x<) € Rl By applying the softmaz acti-
vation function actual conditioned probabilities can be
obtained,

po(- | x<¢) = softmax (lg(t, - | x<¢)). (17)

Without constraining ¢y every configuration x € A L
can be drawn. To impose hard constraints, we add a logit
mask my(- | x<¢) and instead use

lo = Lo + my, po(- | x<) = softmax(fg). (18)
The mask decomposes as
my(a) = m(a) + mi (), (19)

where mS® enforces the local operator sequence and m®™
is a quantum-number mask that removes choices incom-
patible with the global target constraints (Q°, M?).

The operator mask is purely local and therefore easy
to compute
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0, a € Cop(t), 135

miP(a) = w0 e
—00, otherwise

The quantum-number mask is more complex, since the

magnetization is not monotonically increasing, but can

also decrease throughout the generation process of a sam-

ple x.

. . 136
4. Quantum-number subspace restriction
137

138
The quantum-number mask thN is built from two ta-

bles, Muin(t, q) and Muax(t, ¢), which encode the achiev-
able magnetization intervals on suffixes for fixed electron
counts. 140
For t € {0,1,..., L} let the suffiz (tail of the chain af-
ter position ¢) starting at ¢ denote the sites {t+1,..., L},
with ¢ = L corresponding to the empty suffix. For each ,
integer g € {0,1,...,2L} we define

Muin(t,q) = min{ M(y) : y € AT, Q(y) =g,
y allowed by op on {t+1,...,L}},
(21)

Miyax(t,q) = max{ M(y) : y € AT™", Q(y) = q, 194
y allowed by op on {¢t+1,...,L} }.us

}
(22)

139

143

If no such configuration y exists, we set My (t,q) = +00
and M.« (t,q) = —oc0.
For the empty suffix at t = L,

146
147
148

Mmin(L7 0) = Mmax(L70) = 07 (23)

and for g # 0,

149

Muin(L, q) = +00, MmaX(LvQ) = —0. (24)

The first condition reflects that zero magnetization can
be achieved uniquely by the empty configuration with
zero electrons and the second ensures that it is impossibleiso
to place electrons on an empty suffix. 151
152
153
5. Recursive construction 154

155

The tables Myin(t, ¢) and Mp,ax(t, ¢) are computed by;se

a backward recursion in ¢, starting from the boundarys;
conditions at t = L. At a given suffix index ¢, the next,s
physical site to be filled is t 4+ 1. For each allowed local;s
state a € Cop(t + 1), any suffix configuration y on {t +
1,..., L} formed by placing a at t + 1 and an admissible,s
tail 4’ obeys 16

Qly) =Qa) +QY),  M(y) = M(a)+ M(y'). (25)

Thus, for fixed total electrons g on the suffix, choosing
a and distributing the remaining ¢’ = ¢ — @Q(a) electrons
on the tail yields magnetizations in e

{M(a) + Muin(t +1,¢"),...,M(a) + Mpax(t +1,q")}. 166

163

164

Taking the lower (upper) envelope over all allowed a gives

Mmin(t7 Q) = aGerli(rtl+1) [Mmin (t + 17 q—- Q(a)) + M(a)] )
(26)
Mmax(t, q) = el [Minax(t +1,q — Q(a)) + M(a)],
(27)

where terms with ¢ — Q(a) < 0 or ¢ — Q(a) > 2L are
forbidden and therefore treated as +oo (for My,,) and
—00 (for Muyax). Egs. (26]) and are evaluated for
t=L—1,...,0 using the boundary conditions at ¢t = L.

6. Quantum-number mask at step t

Assume a prefix x4 has already been sampled using
masked logits. We define the remaining budgets with
respect to the target quantum numbers (Q°, M?) as

Qe = Q° — > Q(:),

i<t

Mileft = MO - ZM(Q%)
i<t
(28)
If we choose local state a € A; at site ¢, the suffix {t +
1,..., L} must realize

q/ = Qleft — Q(a), m/ = Mieft — M(a) (29)

By the definitions 7, there exists at least one suf-
fix configuration consistent with the op restrictions and
achieving (¢’,m’) if and only if

0<q¢ <2L, Mumin(t,q") <m/ < Mpax(t,q'). (30)

We therefore define the quantum-number mask as

0, if ([30) holds,
m9N<a>={ 1 o (31)

—o00, otherwise.

The intuition behind this procedure is as follows.
Starting from ¢ = 1 with budgets (Q°, M°), the sampling
procedure at each step t draws x; from the masked logits
579 =g + mfp + m?N and updates (queft, Mieft). By con-
struction, m;® enforces local compatibility with op, and
m?N enforces the necessary and sufficient condition
for the existence of a completion.

By induction over ¢, every prefix sampled from this
procedure admits at least one completion in Xgo 70 con-
sistent with op. At the final step the suffix is empty, so a
completion exists if and only if the budgets are exhausted
exactly, which is guaranteed by the boundary conditions
on Mpin / max- Hence, every full configuration produced
by the masked autoregressive sampler lies in Xgo 0 and
respects all operator-sequence constraints.

7. Patching procedure

To reduce the effective sequence length of x we group
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sites into non-overlapping patches of size m by creatingiso
larger many-body local Hilbert spaces. Assume 7 divides,
L, then the new effective sequence length is P = L/7.
The patches are

(1,...,m), (741,...,27), ...

and the patch alphabet is
ATK' = -A;ra |A7T| = 47Ta (33)

with the patch state a = (ay,...,ar) € A,. We calculatess
the maps @ and M in the patched case additively,

192

(P =Drtl,... Pr),
(32)

Er(a) =) Qar),  Mi(a)=) M(ar). (34)
k=1 k=1

The operator sequence induces permissible patched sets 1
Ccim(t) = {a € Ay ay, € Cop((t — 1) + k) sz}, (35)
for patch index ¢t € {1,..., P}.

196

8. Patched autoregressive model and QN mask

We now express the Born distribution in terms of
patches,

(36)

p
pe(2) = Hpe(zt | 2<t), Lor
t=1 108

where 2; € A, and z.; denotes the patch prefix. Theg
network outputs logits lg(t,- | z<;) € RM=l, which areso
masked by 201
(37)202
203

now defined over the patch alphabet. The patched oper-a.
ator mask is

mi?(a) = {0’

—00

Za = 60 —+ m?p —+ m?N7

acc),

otherwise.

(38)

)

The patched quantum-number mask m?N is constructediz:

from patch suffix bounds Mr(;zl J max defined in analogy

to Eqgs. f with A; replaced by A, and (Q, M) by
(Ex, M,). This goes as follows: for t € {0,..., P} and”
q €{0,...,2L} we define z:

M (t,q) = min{ My (y) 1y € ALY, Er(y)=gq, 2
y obeys C'C()g) I3 (39)

212
ML (t,q) = max{ M. (y) : y € AL™", E.(y) =g,

max
y obeys C(()g) }. (40)™

214
The recursion is identical in structure to Egs. 7:215
Myt q) =

i min  [M)(t+1,q - En(a)) + Mz (a)];
accl® (t+1) r
(41)218

219

max [M(”) (t+1,9— Ex(a)) + M (a}},

() max
acCsp’ (t+1) 221

(42)222

M (t,q) =

max

=0 and M) (P,q) =

min

with M (P,0) = M{ZL(P,0)

min

+00, Mr(rf;)x(P, q) = —oo for ¢ # 0.

At patch step ¢, with patch prefix z.4, the remaining
budgets with respect to the target quantum numbers are

Qleft = QO - ZETI'(Z’M)7 Mieft = MO - Z MTK'(Z’M)

u<t u<t
(43)

For a candidate patch a, the suffix must realize
ql = Qieft — Er (0,), m' = Miets — Mr (a') (44)

The patched quantum-number feasibility condition is

M (¢ ¢) <m!' < ME) (t,q), (45)

min max

0<q¢ <2L,

and we set

(@) = {O’

—00,

if this condition holds,
. (46)
otherwise.

Since patches are non-overlapping and the additive
quantum numbers Q(-) and M(-) are extensive, there
is a one-to-one correspondence between site-level and
patched configurations that preserves (Q(x), M (x)) and
operator feasibility. As a consequence, the reachable
(g, m) pairs on any suffix are the same whether computed
sitewise or patchwise, and the patched mQN is equivalent
to a site-level m2N evaluated at patch boundaries.

III. DETAILS OF NUMERICAL
RENORMALIZATION GROUP SIMULATION

For the single- and two-orbital impurity problems the
reference data were obtained using full-density matrix
NRG [? | for a Wilson-chain discretization parameter of
A = 3, keeping up to 4000 states per iteration and a max-
imum Wilson chain length of L. = 35. The dynamical
correlators were computed at temperature T = 1076,

For the three-orbital impurity problem, we constructed
an effective NRG reference by attaching three additional
Wilson-chain bath sites with A = 12 to the third impurity
orbital and then performing a standard two-channel NRG
calculation with 8000 kept states. The Green’s function
was converged with respect to the discretization param-
eter A and the number of kept states. Since we do not
perform a dynamical mean-field self-consistency here, we
only require the spectral function of a single bath leg as
a reference for the NQS+SCOL results.
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