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Abstract

Support vector machines (SVMs) are widely used for classification, but become
computationally expensive as datasets grow and data become high-dimensional
or nonlinearly separable. Quantum support vector machines (QSVMs) enhance
the traditional SVMs by replacing conventional feature mappings with quantum-
implemented embeddings that project data into high-dimensional Hilbert spaces,
potentially improving expressive power and efficiency. However, training QSVMs
on current noisy intermediate-scale quantum (NISQ) devices remains chal-
lenging, as constructing the quantum kernel matrix requires repeated circuit
executions and scales quadratically with dataset size. We propose NQ-SVM,
a hybrid quantum-classical method that incorporates the Nystrom approxima-
tion to enhance the scalability of QSVMs. By selecting a small set of landmark
points, the Nystrom method yields a low-rank kernel approximation, reducing
complexity from O(n?) to O(nm), while preserving the quantum advantages in
handling high-dimensional, non-linear data. Extensive simulations demonstrate
that NQ-SVM achieves comparable classification accuracy to classical SVMs
and full QSVMs, while substantially reducing training time and kernel evalua-
tion costs. These results underscore the potential of NQ-SVM as a scalable and
practical hybrid framework for near-term quantum machine learning (QML).
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1 Introduction

Support Vector Machines (SVMs) are widely recognized as one of the most effec-
tive supervised learning methods for classification, owing to their ability to construct
maximum-margin hyperplanes that separate data classes in high-dimensional spaces
[1-4]. By incorporating kernel functions, SVMs can also model nonlinear relation-
ships through implicit mappings into more tractable higher-dimensional feature
spaces, leading to strong accuracy and generalization performance [5-8]. Despite their
potential, classical SVMs face significant challenges when applied to large-scale or
high-dimensional datasets, particularly when complex kernel functions are involved
[6, 9, 10]. Training SVMs requires solving a quadratic optimization problem, and the
kernel matrix grows quadratically with the number of samples, resulting in substantial
computational and memory demands for large datasets [10-12].

To overcome these limitations, various enhanced formulations and parallel opti-
mization methods have been proposed to improve SVM scalability. Approaches such as
distributed and parallel SVMs, GPU-accelerated least-squares SVMs, low-rank kernel
approximations, decomposition techniques, and communication-efficient optimization
frameworks have achieved significant reductions in training time while maintaining
accuracy comparable to traditional SVMs [4, 6, 9, 13-15]. Despite these advances,
the scalability of kernel-based optimization on classical hardware remains limited
when dealing with exponential data growth and high-dimensional feature mappings.
These persistent challenges motivate the exploration of quantum computing (QC),
which leverages intrinsic parallelism and high-dimensional state representations to
potentially deliver superior performance.

QC departs from sequential classical processing by utilizing the principles of super-
position, entanglement, and interference to perform computations in high-dimensional
Hilbert spaces [16-19]. These properties enable quantum processors to execute com-
plex linear algebra operations, such as matrix inversion, eigenvalue decomposition,
and inner-product estimation, more efficiently than their classical methods [20, 21].
Hence, QC has become an attractive approach for data-intensive applications, with
the potential to accelerate machine learning tasks. By exploiting quantum parallelism
and high-dimensional state representations, quantum algorithms can overcome the
computational and memory limitations of classical techniques [22-25].

Quantum machine learning (QML) integrates quantum computation with tra-
ditional machine learning to enhance efficiency and model expressiveness. QML
algorithms exploit the exponentially large Hilbert space of quantum systems to encode
classical data into quantum states and enable computations that may be infeasible
on classical hardware [26-29]. By using quantum circuits for tasks such as kernel
evaluations, feature mappings, and similarity calculations, QML aims to achieve com-
putational acceleration and enhanced generalization across various learning problems



[30, 31]. Hybrid quantum-classical frameworks further enable practical QML imple-
mentations on NISQ devices by combining quantum feature extraction with classical
optimization [32-35].

The quantum support vector machine (QSVM) has emerged as one of the most
widely studied approaches for classification and pattern recognition. QSVMs leverage
quantum feature maps for high-dimensional data embedding and perform quantum
kernel evaluations to obtain inner products between the corresponding embedded
states [1, 28]. This capability allows QSVMs to exploit the expressive power of quan-
tum states and realize complex decision boundaries that may be difficult for classical
SVMs to represent. QSVMs typically adopt a hybrid architecture in which the quan-
tum processor performs state preparation and kernel estimation, while the classical
processor solves the convex optimization problem defining the SVM decision boundary
[32, 36-38]. This structure aligns well with NISQ hardware constraints by reducing
quantum resource demands while retaining theoretical equivalence to classical SVMs.
Moreover, by exploiting quantum parallelism for inner-product computations, QSVMs
can achieve polynomial or even exponential speedups in certain scenarios, particu-
larly when data access and feature encoding can be efficiently realized on quantum
hardware [39, 40].

While QSVMs demonstrate the potential for quantum advantage in kernel-based
learning, their practical deployment on NISQ devices remains constrained by the high
computational cost of kernel estimation [39, 41]. For a training set of n samples,
constructing the full quantum kernel matrix requires estimating all pairwise inner
products between encoded quantum states, leading to O(n?) quantum kernel evalua-
tions, including state preparations and measurements [41, 42]. This quadratic scaling
poses a significant challenge for large datasets or applications requiring frequent kernel
updates. Sampling noise, hardware errors, and limited qubit counts in NISQ devices
further exacerbate these issues, making full kernel computation time-consuming and
resource-intensive [28, 39, 43].

Low-rank kernel approximation techniques, most notably the Nystrom method,
have recently gained attention as promising approaches for reducing the computational
burden of handling the full kernel matrix [44—46]. The Nystrom approach approximates
the full kernel using a small subset of m landmark points (m < n), capturing the
essential structure of the data with substantially fewer kernel evaluations and reduc-
ing computational complexity from O(n?) to O(nm) [47-49]. Compared with random
feature methods, the Nystrom approximation often achieves better generalization due
to its data-dependent sampling strategy, which captures more informative spectral
properties of the kernel matrix [46]. Recent studies have shown that Nystrom-based
approximations can scale SVMs to large datasets while maintaining competitive accu-
racy even with substantial reductions in model size [47, 48, 50, 51]. When extended
to QC, the Nystrom method can be applied to quantum kernel matrices, allowing
a reduction in the number of required kernel evaluations and significantly lowering
quantum resource consumption.

To the best of our knowledge, the integration of scalable kernel approximation tech-
niques with QSVMs has been overlooked in the literature. This motivates the question



of whether classical kernel approximation methods, such as the Nystrom approxi-
mation, can be effectively incorporated into quantum kernel learning to improve the
scalability of QSVMs while maintaining classification performance. To this end, we
propose NQ-SVM, a hybrid quantum-classical framework that integrates the Nystrom
approximation into quantum kernel learning to enhance the scalability of QSVMs.
Instead of computing all pairwise quantum kernel entries, NQ-SVM selects a small
subset of representative quantum states and estimates their overlaps to approximate
the full quantum kernel matrix. This low-rank approximation significantly reduces the
number of quantum circuit executions required for training, enabling the model to han-
dle larger datasets and operate more efficiently on NISQ hardware. While the Nystrém
method offers a potential solution to the scalability limitations of quantum kernel eval-
uation, it introduces additional challenges arising from landmark selection, low-rank
approximation error, and numerical stability. Inaccurate landmark selection may lead
to poor kernel approximations that may reduce the effectiveness of the quantum ker-
nel. Furthermore, errors introduced by the Nystrém approximation can combine with
measurement noise and sampling uncertainty in quantum kernel estimation, resulting
in reduced kernel accuracy and stability within the learning process. To address this
challenge, we propose to study several landmark selection strategies and evaluate their
impact on the approximation quality and classification performance within the pro-
posed NQ-SVM framework. By choosing an appropriate number of landmark points,
NQ-SVM can maintain high classification performance while reducing computational
demands. Fewer quantum kernel evaluations also mitigate the effects of sampling noise
and device errors, improving the reliability of kernel estimation in NISQ settings.
This integration offers a scalable hybrid quantum-—classical learning framework that
preserves the expressive power of quantum feature spaces while achieving the compu-
tational efficiency of low-rank kernel methods. The main contributions of this paper
are summarized as follows.

e Algorithm Design: We develop NQ-SVM, a hybrid quantum-classical framework
that incorporates the Nystrom approximation with quantum kernel estimation,
enabling efficient feature construction without evaluating the full n x n quantum
Gram matrix. By reducing the number of state preparations and kernel evaluations,
our approach improves the practical feasibility of QSVMs on near-term devices and
allows training on large datasets.

e Data Preprocessing: We employ principal component analysis (PCA) to reduce
the dimensionality of the input data prior to quantum feature encoding, which helps
control circuit complexity and improves the efficiency of quantum kernel evaluation.

® Landmark Selection: We investigate multiple landmark selection strategies,
including uniform sampling, k-means clustering, and farthest-point sampling, and
analyze their impact on the performance of the Nystrom approximation in quantum
kernel estimation.

® Numerical Validation: We evaluate the proposed method on both the full and
reduced PneumoniaMNIST datasets, explore multiple quantum feature maps, and
compare different kernel construction strategies. Our simulations show that NQ-
SVM achieves comparable classification accuracy to the full QSVM approach
while significantly reducing computational requirements. We also analyze how



landmark size, regularization parameters, and qubit count influence performance.
Results demonstrate that NQ-SVM maintains stable accuracy even under finite
measurement shots and limited computational resources.

The rest of the paper is organized as follows. Section 2 review related works.
Section 3 discusses quantum feature encoding, kernel estimation, and variational
enhancements. Section 4 describes the algorithm design. Section 5 presents numerical
results, followed by the conclusions with a discussion of open challenges and future
directions in Section 6.

2 Related Works

The intersection of QC and machine learning has given rise to the field of QML.
Early study has introduced a quantum algorithm for SVMs based on the Har-
row—Hassidim—Lloyd (HHL) method for solving linear systems of equations [52].
Although this approach offers exponential speedup under strong assumptions, such as
access to, QRAM, quantum random access memory and fault-tolerant quantum oper-
ations, these requirements make it impractical for near-term quantum hardware. To
address these practical limitations of HHL-based methods, recent studies have intro-
duced QSVM frameworks designed for NISQ devices, based on quantum feature maps
and kernel estimation [53, 54]. In NISQ-based QSVMs, classical inputs are encoded
into quantum states using parameterized circuits, and kernel entries are obtained by
estimating inner products between quantum states. The resulting kernel matrix is
then used in a classical SVM optimization. This approach enables implementation on
near-term quantum devices and has been demonstrated on small-scale datasets [53]. A
connection between quantum feature maps and classical kernel methods has been also
studied by interpreting quantum kernels within the framework of reproducing kernel
Hilbert spaces [54]. These studies have not only shown potential quantum advantages,
introducing connection between quantum kernels and classical ML frameworks, but
also enabled the development of near-term quantum kernel-based learning methods.

Despite these advances, several challenges limit the scalability and performance
of QSVMs. A comprehensive overview of quantum learning algorithms has been pre-
sented, discussing key challenges such as noise resilience, data encoding, and hardware
scalability, as well as potential application of QML [55]. Recent studies have explored
variational and hybrid approaches to improve model expressiveness and robustness
to noise. Variational quantum classifiers introduce trainable circuit parameters opti-
mized using classical methods, enabling shallower circuits and improved tolerance to
hardware noise [56]. This approach has been further extended through quantum vari-
ational kernel methods, in which both the quantum feature map and the classifier are
jointly optimized to enhance classification performance [57]. In addition, experimental
studies on existing quantum hardware have demonstrated the feasibility of imple-
menting QSVMs using shallow circuits on small problem instances. Implementations
on trapped-ion quantum processors have shown performance comparable to classical
SVMs for limited-scale classification tasks, highlighting both the practical feasibility
and scalability limitations of QSVMs on current quantum devices [58].



Unlike existing works, in this study, we focus on improving the scalability of
QSVMs by integrating classical kernel approximation techniques into quantum kernel
learning. Specifically, we study the incorporation of the Nystrom approximation to
reduce the cost of quantum kernel evaluations, investigate the impact of different land-
mark selection strategies on approximation quality and classification performance, and
apply principal component analysis to reduce the dimensionality of input data prior
to quantum feature encoding. Through this hybrid quantum—classical framework, the
proposed approach aims to address practical limitations related to kernel construction

cost and circuit complexity in QSVMs.

Table 1 List of abbreviations
Abbreviation | Meaning
SVM Support Vector Machine
QSVM Quantum Support Vector Machine
QML Quantum Machine Learning
QC Quantum Computing
NISQ Noisy Intermediate-Scale Quantum
PCA Principal Component Analysis
PSD Positive Semi-Definite
RBF Radial Basis Function
CNOT Controlled-NOT Gate

Table 2 List of symbols

Symbol Meaning

x; € R? Input feature vector of sample 4

yi € {—-1,+1} Class label of sample %

w Weight vector defining separating hyperplane

b Bias term of the hyperplane

& Slack variable allowing margin violations

C Regularization parameter controlling margin vs. error
a; Lagrange multiplier in SVM dual formulation
K(xi,x5) Kernel function between samples i and j
KecR"*" Full Gram (kernel) matrix

Uy (x) Quantum feature map (unitary encoding)

|p(x)) Quantum state representing encoded data x
K(x,z) Quantum kernel (fidelity between feature states)
Z ={z1,...,2m} | Set of m landmark points (Nystrom)

W=K(Z,Z Kernel submatrix among landmarks

C=K(X,2) Kernel matrix between dataset X and landmarks
U,x Eigenvectors and eigenvalues of W

®(x) Nystrom feature embedding of x

q Number of qubits used in quantum circuits

S Number of measurement shots for kernel estimation
L Number of layers in quantum feature map (depth)




3 Quantum Computing Preliminaries

3.1 Fundamental of Quantum Computing

QC is an active research area that uses the rules of quantum physics to build new
types of computers for storing and processing information. Unlike classical computers
where information is stored in bits, which can be either 0 or 1. In a quantum computer,
information is represented by quantum bits, referred to as qubits. A qubit also has two
basic states, |0) and |1}, which can be associated with the ground and excited states
of a physical system, but unlike a classical bit, it can exist in a superposition of both
states at the same time [16]. Superposition allows a qubit to represent a combination
of |0) and |1), which gives quantum computers access to a larger space of possible
states. A general single-qubit state can be written as follows:

1) = ag 0) + o |1) € C?, (1)

where ¢ and a; are complex probability amplitudes satisfying the normalization
lao|? + |o1|* = 1. This means that when taking the measurement, the superposition

collapses, and the qubit becomes either a state |0) with probability HOéo||2 or |1) with
eq. 2 . . .
probability |aq]”, as displayed in Fig. 1.
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Fig. 1 Illustration of a qubit superposition

The idea of superposition extends directly from a single qubit to systems with
multiple qubits. While a single qubit is a combination of the basis states |0) and |1),
adding more qubits increases the size of the state space exponentially. For example,
a system of two qubits has four computational basis states |00),|01),|10), and |11)
which correspond to all possible combinations of the individual qubit states. A general
two-qubit state is a superposition of these basis states and can be expressed as follows:

[9h2) = apo [00) + o1 [01) + a0 [10) + a1 [11) (2)

where [1)5) € C* and the amplitudes satisfy |ago|® + |ao1|® + |a10|® + |11 |* = 1. This
representation generalizes to larger systems. An n-qubit state lies in a 2"-dimensional



complex vector space and can be written as follows:

|¢> = Z Ay |$> ’ (3>

ze{0,1}"

with suitable weights normalization ¢ g 1yn lax|® = 1 [19]. The ability to work
within such a large state space offers quantum algorithms a computational advantage
for solving certain problems more efficiently than classical approaches.

Quantum entanglement is another key feature of multi-qubit systems. While super-
position allows a single qubit to occupy multiple states simultaneously, entanglement
produces strong correlations between qubits that have no classical counterpart [16, 19].
These non-classical correlations are essential for achieving computational advantages
and underpin the performance of many quantum algorithms, communication protocols,
and quantum learning methods.

3.2 Quantum Gates and Operations

Quantum computers are designed to run algorithms that can outperform certain clas-
sical approaches. To develop and execute these algorithms effectively, the states of
qubits must be manipulated in a precise and controlled way. This is achieved through a
quantum circuit which is constructed as an ordered sequence of quantum gates acting
on qubits [16]. Each gate changes the qubit state according to a specific transforma-
tion. A quantum gate acting on n qubits is represented by a (2" x 2™) unitary matrix
U, which satisfies UUT = UTU = I, where U is the adjoint (conjugate transpose)
of U, and I = 1 denotes the identity operator. This unitarity ensures that quantum
operations preserve probability and maintain the normalization of the quantum state.

Common single-qubit gates include the Pauli operators (e.g., Pauli-X), the
Hadamard gate H, and rotation gates such as R,. While the Pauli matrices (X,Y,Z)
form a fundamental set of operations that generate many single-qubit transformations,
the Hadamard gate, which has no classical analogue, plays a unique role by creating
equal-amplitude superposition from computational basis states and serving as a key
component in many quantum algorithms. These gates are defined as:

_ (01 _ (0=
X—0m<10>, ng<i O)’

Lo (4)
10
ZEUZ:<01),H:<VF _@).
V2 V2

With the ability to generate superposition and control phase relationships between
basis states, these operations play a central role in quantum computation. For example,
applying the Hadamard operator H to the ground state |0), the plus superposition
can be then derived as follows:

1

H|0) = —=(10) + 1)) = |+)- ()

S

2



Additionally, aside from the Pauli operators, there exist three additional Pauli-rotation
gates that allow continuous rotations of the state vector on the Bloch sphere. They
are generated by taking the exponential of the Pauli operators, given by:

Rx (0) = e~1X = cos gI — isin gX,

; 6 6
Ry () = e "3Y = cos 51 — isin §Y, (6)

; 6 9
Rz (0) = e~12% = cos §I — isin §Z.

It is apparent that rotations along two different axes can generate any arbitrary single-
qubit unitary. In particular, any single-qubit gate U can be decomposed using Euler

angles a, B, and + as follows:
U=Rz(a)Ry (B)Rz (7). (7)

This decomposition motivates the parameterization used in many hardware platforms,
including IBM’s superconducting qubits, where the universal single-qubit gate Ug is
defined as:

[% —iA [

CoS 5 e sin 2
Us (0,0, ) := <ei¢ Siﬁg ci(6+N) CO:g) : (8)

Probability

Fig. 2 Illustration of CNOT gate acting on the basis states.

While single-qubit gates provide basic state transformations for local operations,
universal quantum computation requires multi-qubit gates. These gates enable corre-
lated transformations that cannot be achieved with single-qubit operations alone. In
particular, two-qubit gates are essential for generating entanglement, a key resource
underpinning the performance of many quantum algorithms. A widely used two-qubit
operator is the Controlled-NOT (CNOT) gate, which flips the 2°¢ qubit conditioned on
the 15* qubit being in the |1) state, for instance, CNOT |00) = |00), CNOT [10) = |11).



Fig. 2 illustrates the CNOT circuit and its action on the computational basis states.
Mathematically, the controlled-bit-flip gate or CNOT gate can be expressed as follows:

CNOT : |l’1> ‘CL‘Q) — ‘3’31) |£L‘1 D .Z'2> s (9)

where x1, x5 denotes the control and the target qubit, respectively and & represents a
XOR function. The CNOT gate is a central component of many quantum algorithms
and is widely used in state preparation, entanglement generation, and quantum error
correction.

Multi-qubit operations extend the capabilities of two-qubit interactions to larger
systems. For an n-qubit system, the state lie in 2™-dimensional Hilbert space and
any operation acting on this state corresponds to a (2" x 2™) unitary matrix. These
multi-qubit gates can be built from smaller gates using the tensor product. For exam-
ple, if Uy acts on n; qubits and U, acts on ny qubits, then the tensor U; ® U,
implements an (nj + ng)-qubit transformation. This construction allows large quan-
tum operations to be built from small, well-defined components. In practice, arbitrary
single-qubit rotations combined with a two-qubit entangling gate such as CNOT are
sufficient to approximate any unitary on an n-qubit system. This enables the basis for
implementing quantum circuits on both simulators and real quantum hardware.

Fig. 3 Visualization of a simple quantum circuit.

By arranging these one-qubit and multi-qubit gates in a specified order, we obtain
a quantum circuit that implements a larger computation. Each gate corresponds to a
unitary transformation, and the entire circuit corresponds to the product of these uni-
taries in the order they are applied. The computation ends with measurement, which
converts the final quantum state into classical outcomes according to the encoded
probability distribution. Measurement collapses the quantum state into one of the
computational basis states, with probabilities determined by the amplitudes generated
by the circuit. Running the same circuit multiple times yields a distribution over mea-
surement outcomes, which is used as the circuit’s classical output. A simple quantum
circuit is shown in Fig. 3. In this circuit, a Z gate is applied to the 15¢ qubit, followed
by X, H, andY gates on the three qubits. A CNOT gate is then applied to the 15¢ and
2ndqubits, followed by a three-qubit gate acting on all qubits. The circuit concludes
with measurements on the 15 and 3'd qubits, yielding classical results.
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4 Nystrom—Quantum SVM Algorithm Design

This section reviews classical SVMs and kernel methods, highlights the computational
challenges of kernel evaluation, and introduces quantum feature maps and quantum
kernels that embed data into high-dimensional Hilbert spaces. We then integrate the
Nystrom approximation into QSVM to enable scalable training via efficient low-rank
kernel compression.

4.1 Classical Support Vector Machines

A classical SVM is a supervised learning model primarily designed for binary clas-
sification. It aims to construct an optimal separating hyperplane in a (possibly
high-dimensional) feature space such that the margin between the two classes is max-
imized [2, 4]. The data points closest to this hyperplane, known as support vectors,
determine the classifier. Given a labeled dataset {(x;,y;)}7; with input feature vectors
x; € R? and labels y; € {—1, +1}, the soft-margin SVM seeks a hyperplane defined by
(w,b) that balances margin maximization with tolerance for noisy or non-separable
samples. This leads to the following convex quadratic program [?7]:

1 =
min §||w||§ +CY &
=1

st yi(w! x;+b)>1—¢&, Vi=1,n, (10)
Ei > 07 Vi = 17”7

where w and b denote the weight vector and bias that define the optimal separating
hyperplane, ; are slack variables capturing deviations from correct classification, and
C > 0is a regularization coefficient. A higher value of C imposes a stronger penalty on
misclassifications, leading to a smaller and tighter margin that fits the training data
strictly, while a lower C' value allows for a larger margin and more tolerance for mis-
classified points, which can improve generalization in noisy datasets. The optimization
problem (10), known as the primal problem, admits a global minimum and can be
equivalently reformulated into the dual problem by introducing Lagrange multipliers

o as follows [5]:
n n n

moz?x — %ZZaiajyiijZTXj —I—Zai
i=1

i=1 j=1

n
s.t. Zyi a; =0,
i=1

0<a; <C,Vi=1,n.
It is observed that the dual problem depends only on the inner products of the training
data, and it is easier to solve, as it involves only the Lagrange multipliers.
In practice, the linear formulation of SVMs is insufficient as real-world datasets

often exhibit complex, nonlinear structures that cannot be captured by a single hyper-
plane in R? [4, 6]. To address this limitation, SVMs are extended through kernel

(11)

11



methods, which implicitly map the input data into a high-dimensional feature space H
where linear separability becomes achievable [4]. This is achieved using a kernel func-
tion that computes inner products in the feature space without explicitly performing
the mapping, given by:

K (x5,%5) = (p(x:), d(x;))5, = d(x:) T d(x;), (12)

where ¢(-) : R? — H denotes the mapped feature vector. By substituting the kernel
function (12) for the inner products in the dual formulation (11), the classifier can
operate as if it were constructing a separating hyperplane in H without explicitly
computing the mapping. This substitution reformulates the dual problem (11) entirely
in terms of kernel evaluations, thereby enabling nonlinear separation in the original
input space while preserving the convex structure of the SVM. Consequently, the SVMs
equipped with appropriate kernels are capable of learning highly nonlinear decision
boundaries, bridging the gap between the simplicity of linear models and the flexibility
required for complex classification tasks.

Despite their effectiveness, classical SVMs suffer from scalability issues with large
datasets. Although kernel methods provide powerful representational capabilities, they
introduce significant computational and storage challenges. For a training set of size
n, the kernel matrix, defined as follows:

K = [K(xi, %)}’ j=1 € R, (13)

contains all pairwise kernel evaluations. It is obvious that constructing the full n x n
kernel matrix requires quadratic resources, that is, O(n?) evaluations and O(n?) mem-
ory space for storing. Also, solving the quadratic program with matrix operations
(e.g., inversion, eigen-decomposition) can further scale up to O(n?). For large datasets
with millions of samples, this becomes prohibitive, and training can be computation-
ally intractable. This quadratic bottleneck has motivated the exploration of low-rank
approximations that approximate K while ensuring prediction performance.

4.2 Quantum Support Vector Machines

Quantum kernel methods extend the classical SVM by leveraging quantum feature
maps to embed classical data into exponentially large Hilbert spaces. Let x € R?
denote classical data. To encode this data into a quantum state space, the circuit
associated with the feature map applies a unitary operator Uy (x) to an initial register
of g qubits prepared in the computational ground state. The resulting quantum feature
representation is given by:
|6(x)) = Uy (x)|0)*". (14)
The corresponding quantum kernel is then defined as the fidelity between two feature
states, given by:
K(x,z)

2
[(6(x) | 6(2)| .
®q 7t ®q|? (15)
= [(0]®4U(2) Us(x) |0)*9]".
This enables kernel evaluations in Hilbert spaces whose dimension may grow expo-
nentially with the number of qubits, potentially offering representational advantages

12



over classical kernels. As the kernel (15) is defined as the fidelity between quantum
states, K (x,z) satisfies the Mercer’s theorem and its corresponding Gram matrices
are guaranteed to be positive semi-definite.

In practice, quantum kernel K(x,z) can be evaluated on hardware using
interference-based circuits such as the SWAP test, or through a more hardware-
efficient overlap estimation circuit that applies the composed feature-map unitary
U;(z),qu(x) to the ground state and extracts the fidelity from the probability of
measuring in the computational basis. Let Py = |0)(0|®? denote the projector onto
the all-zero basis state. The resulting probability of observing this outcome is then
expressed as follows:

po(x,7) = Tr(Po Uf(2)Us(x)(0) (0| /Uf (x) Uy (2)). (16)

This probability corresponds directly to the fidelity between the two quantum fea-
ture states. Hence, quantum processors can compute the entries of the kernel matrix
through state preparation, unitary composition, and measurement. This enables the
application of classical SVM optimization to kernel matrices obtained directly from
quantum circuit evaluations.

Encoding strategies play an important role in shaping model expressivity and train-
ability. A variety of data-encoding techniques have been explored, including angle
(rotation) encoding, amplitude encoding, basis encoding, and Hamiltonian- or ZZ-
style feature maps, often augmented with data re-uploading and structured entangling
layers to enhance representational capacity.

4.2.1 Angle (Phase/Rotation) Encoding

Angle encoders implement a direct, hardware-efficient lift by mapping coordinates to
single-qubit rotations. Given scaling parameters o, 5 € R, the angle-embedding can

be expressed as:
q

Us(x) = [ [ Rz(axi) Ry (8x2), (17)
i=1
where R, () = exp(—i%0,). For a single qubit with Us(x) = Ry (Bx) and no
entanglement, the overlap value can be written as follows:

K(x,2) = |(6(x)[o(x)] = cos* (£ (x - 2)). (18)

For a register of ¢ qubits without entanglement, the overall feature state is a ten-
sor product of single-qubit states, and the corresponding kernel factorizes into the
product of the individual cosine-squared terms. This generates a stationary, periodic
kernel whose structure is governed by the rotation parameters. Introducing entangling
operations (e.g., CNOT gates) couples the qubits and generates more complex non-
linear interactions between features, expanding the spectral support of the induced
kernel K and enabling better representational capacity. The rotation scales o and (8
effectively serve as frequency-control parameters where small values lead to smoother,

13



low-frequency responses, whereas larger values introduce higher-frequency variations
that increase model flexibility but may also lead to overfitting when data are limited.

4.2.2 Commuting Ising/ZZ Feature Maps

Commuting Ising or ZZ feature maps encode classical data using diagonal Hamilto-
nians generated by single-qubit Z terms and two-qubit ZZ interactions, defined as
follows:

a
Us(x) = exp (z Z o;i(x)Z; + zz Bi;(x) ZiZj>, (19)
i=1 i<j
where o; and $;; denote scalar feature functions that determine how the input data
influences the local phases and pairwise coupling interactions, respectively. Since all
generators Z; and Z;Z; commute, the unitary Uy (x) is diagonal in the computa-
tional basis (Ug(x) shares an eigenbasis with the computational basis) and can be
implemented using shallow circuits. This makes ZZ-style feature maps practical for
near-term hardware.

4.2.3 Data Re-Uploading with Entanglement

Data re-uploading is a widely used method for increasing the expressive power of
quantum feature maps. The main idea is to apply the data-dependent single-qubit
rotations several times throughout the circuit, with each round of encoding followed by
an entangling operation. Repeated encoding enables the circuit to build progressively
richer nonlinear feature representations, while entangling gates combine information
across qubits to capture complex relationships between the input dimensions. A depth-
L data re-uploading feature map can be written as follows:

Us(x) = ( i RZ(QLXi)RY(ﬁLXi)>Uent,L

) (20)
. ( i1 Rz(a1x) RY(lei>>Uent,lv

where each layer consists of single-qubit encodings followed by an entangling unitary
operation Uent,r,- The parameters {ay, ,64}%:1 control the strength of the data encod-
ing at each layer, while the design of the entangling gates determines how information
is shared across qubits. As the depth L increases, the circuit can compose more combi-
nations of rotation and entangling operations, leading to greater expressive capacity in
the resulting feature map. With appropriate parameter choices and a moderate num-
ber of layers, data re-uploading circuits can approximate a wide range of continuous
functions, while keeping the circuit depth suitable for current devices.

4.2.4 Amplitude Encoding

Amplitude encoding represents classical data by embedding a normalized vector
directly into the amplitudes of a quantum state. Given an input € R?, the encoding
prepares the normalized quantum feature state |¢(x)) = x/||x|| such that the compo-
nents of x serve as the amplitude coefficients of the computational basis. A minimum of
g qubits is required to satisfy 2¢ > d, enabling the encoding of an entire d-dimensional
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vector into the amplitudes of a 2¢-dimensional Hilbert space. The kernel induced by
amplitude encoding can be then expressed as follows:

P
Kez) = <Pl )

Despite its representational advantages, amplitude encoding poses significant practical
limitations on near-term quantum hardware. Preparing arbitrary amplitude states
typically requires circuit depths that grow with the input dimension or access to
specialized architectures such as QRAM, which are not available on current NISQ
platforms. Consequently, although amplitude encoding allows compact embeddings
in large Hilbert spaces, its use in practical quantum machine-learning experiments
remains limited.

4.3 Nystrom Approximation for Quantum Kernels

Quantum kernel methods, particularly QSVMs, offer a powerful framework for exploit-
ing quantum feature spaces whose dimensionality can scale exponentially with the
number of qubits. In practice, however, training QSVMs requires constructing the
full kernel matrix, which requires O(n?) quantum overlap (or fidelity) evaluations.
Each evaluation typically involves multiple circuit repetitions to suppress statistical
noise. As the dataset size n increases, this quadratic scaling in quantum queries and
classical memory becomes prohibitively expensive, posing a significant limitation to
deploying QSVMs on current NISQ devices. To address this challenge, low-rank ker-
nel approximation techniques, most notably the Nystrom method, provide an effective
strategy for reducing both quantum and classical resource demands while preserving
the expressive power of quantum feature maps.

The Nystrom approximation offers a principled approach to reducing the cost of
quantum kernel evaluation by constructing a low-rank surrogate of the kernel matrix.
Given a training set X = {xy, - ,X,}, the method begins by selecting a subset of
m < n landmark points Z = {z1,...,2z,} C X that capture the structure of the
dataset. Using these landmarks, two essential kernel sub-matrices then can be derived
as follows:

W=K(ZZ)eR™™ C=K(X,Z)e R"™, (22)
where W; ; = K(x;,2;) encodes pairwise similarities within the landmark set and
C;,; = K(z;,2z;) contains the kernel evaluations between all samples and the land-
mark points. Since quantum kernels are positive semidefinite (PSD), the sub-matrix
W is also PSD and admits an eigendecomposition W = UXU ", where U contains
orthonormal eigenvectors and ¥ = diag (o1, -+ ,0y,,) contains the non-negative eigen-
values. This decomposition enables the construction of an explicit low-dimensional
feature representation. Hence, for any input x € X, the Nystrom feature map can be
then defined as:

K(Xa Z1)
B(x)=kz(x)TUS™V2UT, ky(x) = : , (23)
K(x,2m)
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where kz(x) € R™ denotes the landmark-kernel vector. It is obvious that the Nystrom
embedding <i>(x) € R™ provides an explicit approximation of the implicit quantum
feature representation ¢(x), and by construction of the embedding (23), the inner
product between two Nystrom feature vectors can be expressed as follows:

P(x)T (X)) =kz(x)'USTU T ky (') = K(x,%), (24)

which provides a rank-m approximation to the quantum kernel value K (x,x’) € R™*".
This implies that the Nystrém embedding preserves the quantum kernel similarities up
to the approximation error induced by projecting onto the rank-m subspace spanned
by the landmark set Z € X. Applying the Nystrom embedding for all samples we can
obtain the corresponding low-rank approximation of the full quantum kernel matrix,
as follows:

K=cwicT =cus~tuTcT, (25)
where W1 denote the Moore-Penrose pseudoinverse of the landmark Gram matrix .
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Wieg = W + AL,

K~K

Optimization

Fig. 4 Architecture of the classical Nystrom SVM.

From (25), it is observed that K is obtained by projecting the columns of C' onto
the spectral subspace of W and scaling by its corresponding eigenvalues ¥, which
reduces the effective dimensionality of the feature space from n to m. Additionally, con-
structing the sub-matrices W and C requires only O(nm) quantum kernel evaluations,
each associated with a quantum state fidelity computation, representing a substantial
reduction from the O(n?) evaluations needed to construct the full Gram matrix. Since
each kernel evaluation corresponds to a quantum circuit execution, lowering the count
from O(n?) to O(nm) directly leads to a substantial decrease in runtime and quantum
hardware usage. Thus, the Nystrom method yields an efficient low-rank approximation
that preserves kernel values to high accuracy while significantly reducing the quantum
and classical computational resources, as shown in Table 3.

In practice, the landmark Gram matrix W often becomes ill-conditioned due to
correlations among the selected landmarks, finite-precision effects, and noise arising
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Table 3 Full vs NQ-SVM Complexity.

Method Kernel Evaluations | Memory
Full QSVM O(n?) O(n?)
NQ-SVM O(nm) O(nm)

[ Landmark
Selection

Preprocessing
Resizing & Normalization

2z 2z, Z

— Sampling
Medical Data \__ method /

~

Quantum Feature Map

A

O){Ry (m, B[R0 ) R(ws) 2
|0)+4Ry (m, 61 ){ R(wr) —|E(Ws)|r R(wo)
0) R(w2) R(ws) [R(w10)
|0)R, (, 63| R(ws) R(wn) | R(wn)

Non-linear mapping
z — ®(z) € R"

Classical

SVM
Optimization Kernel computation
Wieg = W+ A1,
K~K

%

Fig. 5 Architecture of the proposed NQ-SVM model.

from quantum kernel evaluations. This can lead to unstable eigenvalues and unreliable
Nystrom feature embeddings. To ensure a stable low-rank approximation, we introduce
a small regularization term and form the regularized matrix, defined as follows:

Wieg = W + AL, (26)

where I,, denotes the m x m identity matrix, A > 0 is a ridge regularization
coefficient. The corresponding Nystrom feature map is then constructed using the
eigen-decomposition of the regularized matrix, given by:

B(x) = kz(x)Wl/? = ky(x) US4+ AL,) " Y2UT, (27)

reg

Regularization ensures that all eigenvalues o; + A remain strictly positive, allowing a

well-defined and numerically stable computation of (Srey/ > = X+ AI)~1/2 and leading
to a robust Nystrom approximation of the quantum kernel, which is essential for

reliable QSVM training.
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4.4 Landmark Selection

The performance of the Nystrom approximation depends typically on the choice of
landmark set. These points determine the subspace used to approximate the quantum
kernel matrix, and different selection strategies provide different trade-offs between
computational cost and approximation accuracy. A common strategy is uniform ran-
dom sampling (URS), where landmark points are selected uniformly from the training
set, given by:

z; ~ Uniform(X), Vj =1,--- ,m. (28)
Despite its simplicity, this approach can yield strong approximations when the quan-
tum kernel matrix possesses a rapidly decaying eigenvalue spectrum or when the data
distribution is sufficiently diverse. Furthermore, in quantum implementations, uniform
sampling is particularly advantageous as it requires no additional quantum kernel
evaluations for the same encoded data points.

Another widely adopted technique is clustering-based landmark selection, where
algorithms such as k-means are employed to identify centroids that act as representa-
tive samples of the input space. In this approach, the landmarks are selected as the
cluster means, defined as follows:

1
e A va (29)
J

xec;

where {c; };":1 are clusters obtained by minimizing the total within-cluster variance,
given by:

m

min Y 0% e — 3 (30)

Cly-esCm <
Jj=1x€c;

The resulting centroids provide a set of landmark points that reflect how the data are
grouped and distributed in the input space, thereby offering an informative subset that
supports the construction of a reliable low-rank approximation to the kernel matrix.
This is particularly effective when the quantum feature map approximately pre-
serves neighborhood relationships in the classical space. By ensuring that the selected
landmarks provide balanced coverage over the data distribution, clustering methods
frequently lead to improved accuracy in the resulting Nystrom approximation.

The k-center method is an alternative approach for selecting informative land-
marks, focusing on maximizing dataset coverage by iteratively choosing points that
are farthest from the current landmark set, as summarized in Algorithm 1. Starting
from an arbitrary initial point z;, subsequent landmarks are chosen according to the
rule defined as follows:

Zigq = ar)g{erilyax 11;1;% |x —2zjll2, VE=1,...,m — 1. (31)

This procedure ensures that each new landmark lies in a region of the dataset that
has not been well represented by earlier selections, leading to all landmarkbeingre dis-
tributed across the dataset rather than concentrated in a single region. In practice,
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Algorithm 1 k-Center (Farthest-First) Landmark Selection

Require: Dataset {x; };.L:l, number of landmarks m, seed s
Ensure: Index set Z of m selected landmarks
1: Initialize RNG with s, pick ¢; uniformly from {1,...,n}, Z + {i1}
: dj — ||Xj 7Xi1||2 for allj: 1,...,TL
: for t =2 tom do
iy — argmax,g g dj
dj < min (dj7 ||Xj — X4, Hg) for all ] = 1, o, Nn
end for
return 7

[

® NP G AW

k-center often produces a more diverse and representative landmark set than uniform
sampling, particularly when the dataset contains clusters or uneven density. This typ-
ically leads to better approximations of the kernel matrix and more effective Nystrom
embeddings.

Additionally, a more advanced approach is leverage-score sampling, where each
point is selected with a probability proportional to its contribution to the approxi-
mate eigenspace of the kernel matrix. This strategy highlights data points that are
especially informative for capturing the structure of the kernel-induced feature space,
often leading to better low-rank approximations than uniform sampling. However,
computing leverage scores requires partial information about the kernel matrix, and
obtaining this information for quantum kernels demands additional quantum circuit
evaluations. This added requirement makes leverage-score sampling less practical for
quantum kernel methods, compared to other approaches like URS, k-center or k-mean
clustering.

4.5 NQ-SVM Training

After computing the features ®(x;), the remaining QSVM training process becomes a
standard supervised learning task. The Nystrom transformation compresses each data
point into an m-dimensional feature vector that captures the structure of the quantum
kernel using only the selected landmark set. This enables efficient training without
computing or storing the full n x n kernel matrix, while still preserving the nonlinear
relationships encoded by the quantum feature map. Before training the classifier, the
Nystrom features are standardized using statistics computed from the training split,
ensuring that all feature dimensions operate on a comparable scale, ®(x) < S (®(x))
with S (-) applying feature-wise centering and scaling. The SVM is then trained on
the transformed training features by solving the following optimization problem:

1 2 TF
min 3wl +c;max (0. 1= ya(w B(x;) + 1)) , (32)

where C' > 0 is the regularization parameter, controlling the margin—error trade-off.
The overall training procedure of the proposed NQ-SVM approach is summarized
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in Algorithm 2. Once trained, the final QSVM model consists of the learned clas-
sifier together with all pre-processing components, enabling prediction on new data
by recomputing its Nystrom features and applying the classifier. It is obvious that
the computational cost is reduced to O(nm) kernel evaluations, and the memory
requirement scales as O(nm), representing a dramatic improvement over the O(n?)
requirements of full QSVM. At the same time, the expressivity of quantum kernels is
preserved, enabling scalable quantum-enhanced learning.

5 Numerical Results

To evaluate the efficacy of NQ-SVM, we conduct numerical experiments on two med-
ical datasets: Breast Cancer (WDBC) and PneumoniaMNIST. For both datasets,
we assess classification accuracy, runtime efficiency, and kernel approximation qual-
ity under varying numbers of landmarks and landmark selection strategies. We also
analyze the effect of quantum measurement shots and demonstrate the scalability
advantages of NQ-SVM over the full QSVM.

Normal Normal
- o
= L
u
Pneumonia Pneumonia
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Fig. 6 Sample chest X-ray from PneumoniaMNIST

The WDBC dataset comprises 569 tabular samples obtained from fine-needle aspi-
rate (FNA) images of breast tissue, each labeled as benign or malignant. Each sample
is described by 30 continuous diagnostic features extracted from breast-cancer cell
nuclei, such as radius, perimeter, symmetry, and texture, providing a relatively clean,
low-noise representation of the two classes. PneumoniaMNIST is a large-scale medi-
cal imaging dataset designed for automated pneumonia detection. It consists of 5, 856
grayscale chest X-ray images resized to 28 x 28 pixels, forming a low-resolution medical
imaging benchmark suitable for both classical and quantum machine-learning models.
Each image is labeled as either normal or pneumonia. Fig. 6 shows example images,
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with normal cases on the top row and pneumonia cases on the bottom, highlighting
their visual differences.

Unlike the breast cancer dataset, PneumoniaMNIST exhibits higher variation and
overlapping visual patterns within each label category arising from differences in
patient anatomy, imaging equipment, and acquisition conditions, as shown in the
PCA visualizations in Fig. ??7. The PCA projection of WDBC in Fig. 7?7 reveals
relatively compact clusters and a clear separation between malignant and benign sam-
ples, with only small overlap near the boundary. In contrast, the PCA scatter for
PneumoniaMNIST displays broad overlap between normal and pneumonia cases, with
both classes across the first two principal components (PC1 and PC2), as shown in
Fig. ??7. The wide spread reflects the diverse visual characteristics of medical X-ray
images, including differences in contrast, lung structures, and disease patterns, which
are difficult to capture in a small number of principal directions. This implies that
PneumoniaMNIST has a more complex structure than the WDBC, and that simple
low-dimensional projections may not provide reliable separation between classes. These
characteristics imply that PneumoniaMNIST produces a noisier quantum kernel with
smaller and less stable eigenvalues, making it a more challenging benchmark for ker-
nel approximation than WDBC. The differences between the smaller, more structured
WDBC dataset and the larger, highly heterogeneous PneumoniaMNIST dataset pro-
vide a meaningful evaluation of how the proposed NQ-SVM performs under different
data configurations with varying levels of complexity and difficulty.
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Fig. 7 PCA 2D plots for datasets.

Before training, the data are standardized to zero mean and unit variance, and pro-
jected onto a lower-dimensional subspace using PCA. This preprocessing step reduces
noise and redundancy by concentrating the most informative variance into a small
number of orthogonal components, yielding a more stable representation that improves
generalization while reducing computational cost. To ensure compatibility with quan-
tum circuits, the number of principal components is chosen to match the number of
encoding qubits in the quantum feature map. Since current quantum hardware and
simulators support only a limited number of qubits at reasonable computational cost,
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we consider encoding circuits with 2 to 6 qubits in our experiments. In all cases,
the quantum kernels are constructed using a two-layer angle-encoding feature map,
followed by controlled-Z (CZ) entangling gates arranged in a linear or ring topol-
ogy, enabling nearest-neighbor interactions that introduce nonlinearity and inter-qubit
correlations.

Table 4 Performance of NQ-SVM under varying landmark size m

Landmarks WDBC (%) PneumoniaMINIST (%)
Train Acc.  Test Acc.  Train Acc. Test Acc.

5 87.39 85.09 90.92 83.50

10 91.20 89.47 91.92 84.75

20 95.89 92.11 92.92 86.75

40 97.07 94.74 93.67 86.50

60 97.07 94.74 93.42 86.75

80 97.07 94.74 93.50 86.75
100 97.07 94.74 93.58 86.75

Table 4 summarizes the training and test accuracies of NQ-SVM on the WDBC and
PneumoniaMNIST datasets for different landmark sizes. For WDBC, which contains
relatively low-dimensional and well-structured features, the quantum feature map is
implemented using a 4-qubit circuit with a simple line entanglement pattern. The
results show that NQ-SVM achieves strong and stable performance across a wide range
of landmark sizes. As the number of landmarks increases, training accuracy improves
from 87.39% to approximately 97%, indicating a more accurate approximation of the
quantum kernel. For small landmark sets (m < 10), test accuracy exhibits moderate
variability, ranging from 0.85 to 0.89, due to the limited representation capacity of the
low-rank kernel approximation. However, once the number of landmarks reaches m =
40, performance stabilizes, with test accuracy converging to approximately 94.74%
and training accuracy to 97.07%. This result suggests that the Nystrom approximation
has captured sufficient quantum kernel structure, and further increases in landmark
size yield diminishing performance gains.

For the more complex and heterogeneous PneumoniaMNIST dataset, a 6-qubit
circuit with a ring entanglement pattern is employed to provide greater expressive
capacity. Similar to WDBC, increasing the number of landmarks generally improves
performance, particularly when increasing m from 5 to 20. At m = 40, test accu-
racy drops slightly to 86.50%, which indicates that the selected landmarks may
not provide a balanced representation of the data at this size, leading to a small
reduction in generalization. For larger landmark sizes ( m > 60), both training
and test accuracy stabilize, with training accuracy exceeding 93% and test accuracy
converging to approximately 86.75%. These results indicate that, with a sufficient
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number of landmarks, the Nystrom approximation yields a reliable quantum kernel
representation.
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Fig. 8 ROC curve of NQ-SVM on PneumoniaMNIST

In medical classification, performance across varying decision thresholds is critical,
particularly for imbalanced datasets such as PneumoniaMNIST, where correctly iden-
tifying positive cases is clinically important. While accuracy reflects performance at a
fixed threshold, it does not fully capture a model’s ability to separate classes as the
threshold varies. Receiver operating characteristic (ROC) curves and the area under
the curve (AUC) address this limitation by quantifying class separability across all
thresholds.
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Fig. 9 AUC values for PneumoniaMNIST

Fig. 8 presents the ROC curve of NQ-SVM on the PneumoniaMNIST test set
when using m = 80 landmarks. The curve consistently lies above the diagonal base-
line, indicating that the classifier achieves high true positive rates (TPR) across a wide
range of false positive rates (FPR). The corresponding AUC value of approximately
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0.93 confirms that the classifier ranks positive samples correctly in most pairwise com-
parisons, showing reliable separation between pneumonia and non-pneumonia cases
across varying decision thresholds.

Fig. 9 illustrates how the test AUC varies with the number of landmarks. Consistent
with the accuracy trends in Table 4, the AUC improves steadily as the number of land-
marks increases from small to moderately large ones, rising from approximately 0.913
at m = 5 to about 0.929 at m = 80. This trend reflects the increasing expressiveness
of the Nystrom kernel approximation as more landmarks are incorporated, enabling
the classifier to better separate positive cases from negative ones across a wide range
of thresholds. However, beyond m = 80, AUC values plateau around 0.929, indicating
diminishing returns from additional landmarks. These results suggest that moderate
landmark sizes are sufficient to capture the essential structure of the quantum kernel
while maintaining strong and reliable classification performance.

These results underscore the strength of the Nystrom approximation in quantum
kernel learning. Despite the dimensionality reduction via PCA and the approximate
nature of the kernel reconstruction, NQ-SVM maintains high ranking performance
across clinically relevant operating points. Since AUC measures the probability that
positive samples are assigned higher scores than negative samples, the consistently high
AUC values for m > 40 indicate that the model can reliably distinguish pneumonia
from non-pneumonia cases even as decision thresholds vary. This property is important
in medical classification, where threshold selection may vary across diagnostic settings
or clinical priorities.

To further evaluate the efficiency of the Nystrom approximation, we examined the
eigenvalue spectrum of the landmark Gram matrix. Fig. 10 presents the eigenvalues for
m = 20 landmarks. The spectrum exhibits a clear decay, with the first few eigenvalues
dominating the distribution. In particular, the largest eigenvalue is more than twice
the magnitude of the second, and the top five eigenvalues account for the majority of
the total spectral energy. This concentration indicates that the effective dimensionality
of the quantum kernel space is substantially lower than the landmark size, justifying
the use of low-rank approximations. This rapid decay implies that NQ-SVM does
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Fig. 10 Eigenvalue spectrum of the landmark Gram matrix
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not require the full m-dimensional embedding to achieve strong performance. Instead,
truncation to the leading spectral components reduces computational overhead while
preserving classification accuracy, consistent with the observed performance plateau
beyond m = 20 landmarks. Together, Fig. 10 and Table 4 highlights that the proposed
method effectively balances scalability and performance by exploiting the spectral
redundancy of quantum kernels.
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Fig. 11 Nystrom approximation error

To quantify the Nystrom approximation quality, we compute the relative Frobenius
error between the full quantum kernel matrix and its Nystrém approximation for
varying landmark sizes. Fig. 11 reports the spectral error for m ranging from 10 to
300 across multiple random seeds. Across all trials, the error decreases monotonically
with increasing m and exhibits rapid convergence: when m < 50, the error already
falls below 0.05, and for m > 100, it approaches zero. The low variance across seeds
indicates that the approximation is stable with respect to landmark selection. This
result aligns with the eigenvalue spectrum in Fig. 10, demonstrating that the quantum
kernel matrix has low effective rank. Thus, NQ-SVM achieves strong performance
with relatively small landmark sets. The practical implication is that computational
costs can be reduced substantially without sacrificing accuracy, which is evident in
Table 4, where classification performance plateaued once m > 20. These observations
confirm that NQ-SVM is both spectrally efficient and empirically robust, making it a
scalable framework for quantum kernel methods.

To examine class-level performance, we present the validation confusion matrix for
NQ-SVM with m = 20 landmarks in Fig. 12. The results show that the model reliably
distinguishes between normal and pneumonia cases. Out of 400 validation samples,
283 pneumonia cases are correctly identified, with only 11 misclassified as normal.
For the normal class, 89 out of 106 samples are correctly predicted, with 17 being
incorrectly labeled as pneumonia. These results indicate that the model achieves both
high sensitivity (true positive rate for pneumonia) and strong specificity (true negative
rate for normal), with a slightly higher misclassification rate for the normal class.
This asymmetry is consistent with the dataset imbalance, where pneumonia samples
dominate, but it does not significantly affect the overall accuracy. Additionally, Fig. 13
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Fig. 12 Confusion matrix for NQ-SVM on PneumoniaMNIST (m = 20, seed = 42)

compares the confusion matrices of the proposed NQ-SVM with m = 40 landmarks
and the full QSVM for binary classification of malignant and benign samples for
the WDBC dataset. Despite relying on a low-rank Nystrom approximation, the NQ-
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Fig. 13 Confusion matrix comparison between Nystrom QSVM and full QSVM

SVM achieves classification performance that is highly comparable to that of the
full QSVM, demonstrating the effectiveness of the approximation. In particular, our
proposed model correctly classifies 70 benign samples, compared to 69 for the full
QSVM, while maintaining a similar number of correct malignant predictions. The
overall misclassification patterns of the two models are nearly identical, with only
a one-sample difference in each off-diagonal entry. This indicates that the Nystrom
approximation preserves the essential decision boundaries learned by the full QSVM.
These results demonstrate that the NQ-SVM offers an effective trade-off between
computational efficiency and classification performance. With a moderate landmark
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size, the NQ-SVM preserves the discriminative capability of the full QSVM while
enabling more scalable and resource-efficient deployment.

Table 5 Comparison between NQ-SVM (m = 20) and a
weak CNN model on PneumoniaMNIST (balanced split)

Model Accuracy Fl-score AUROC
NQ-SVM (m = 20) 0.8675 0.8921 0.9193
Simple CNN 0.6550 0.7915 0.6983

To further highlight the performance of NQ-SVM, we compare it against a sim-
ple convolutional neural network (CNN) trained for 10 epochs on the same balanced
PneumoniaMNIST split (1200/400/400). The CNN achieved a final test accuracy of
65.5%, an Fl-score of 0.7915, and an AUROC of 0.6983. In contrast, NQ-SVM with
m = 20 landmarks reached a test accuracy of 86.8%, with substantially higher F1-
score and AUROC values (see Table 5). Although the CNN learning curves indicate
stable convergence, performance plateaus early and generalization remains weak, par-
ticularly on the test set, underscoring the limitations of shallow CNNs when trained
on limited medical imaging data. By comparison, NQ-SVM effectively leverages the
expressive power of quantum kernels combined with efficient low-rank approxima-
tion, yielding significantly improved discrimination between normal and pneumonia
cases, as reflected in Fig. 12. Thus, while the CNN fails to surpass 70% AUROC,
NQ-SVM achieves performance above 90%, showing superior generalization and class
separability under limited training data.
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Fig. 14 NQ-SVM approximation vs. full QSVM models

Fig. 14 compares the performance of NQ-SVM with m = 40 landmarks against
the full QSVM, which uses the complete kernel matrix without approximation. Both
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methods achieve an accuracy of 94.74% on the WDBC dataset, indicating that the
Nystrom approximation with m = 40 captures the essential structure of the quantum
kernel. Beyond this point, increasing the number of landmarks yields no measurable
performance gains, as the decision boundary and generalization capability are already
well approximated. This indicates that a moderately sized landmark set can match
the performance of the full QSVM while significantly reducing computational cost,
showing the efficiency and scalability advantages of NQ-SVM.

Table 6 Performance of NQ-SVM under different encoding strategies,
circuit depths, and qubit counts.

Encoding Qubits Layers Train Acc. Test Acc. AUC

(%) (%)
Angle (RY) 2 1 89.3 87.0 0.927
Angle (RY) 2 2 91.4 88.6 0.934
Angle (RY) 2 3 91.0 88.2 0.932
Angle (RY) 3 1 92.5 90.3 0.941
Angle (RY) 94.8 92.8 0.952
Angle (RY) 3 3 94.1 92.1 0.949
Angle (RY) 4 94.2 92.1 0.947
Angle (RY) 4 97.1 94.7 0.958
Angle (RY) 4 3 96.8 94.3 0.955
Angle (RY) 6 1 93.0 91.0 0.943
Angle (RY) 6 2 95.2 93.0 0.950
Angle (RY) 6 3 94.8 92.8 0.948
Amplitude 2 1 85.2 82.7 0.914
Amplitude 2 2 87.0 84.2 0.920
Amplitude 2 3 87.5 84.5 0.921
Amplitude 4 1 90.3 87.5 0.931
Amplitude 4 2 92.8 89.4 0.938
Amplitude 4 3 93.5 90.0 0.941

Table 6 compares the performance of NQ-SVM for different quantum encoding
strategies and different numbers of data-reuploading layers. The results show that
angle encoding consistently outperforms amplitude encoding. For angle encoding,
increasing the number of layers from one to two yields a noticeable improvement in
both accuracy and AUC. The two-layer circuit achieves the best overall performance,
with a test accuracy of 94.7% and an AUC of 0.958. In this setting, four qubits and a
simple RY-based feature map provide sufficient expressive power to capture the struc-
ture of the WDBC dataset without overfitting. Although adding a third layer increases
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circuit depth, it does not further improve performance and instead leads to a slight
degradation, suggesting that deeper circuits introduce unnecessary complexity relative
to the dataset size.

Amplitude encoding exhibits weaker performance across all tested depths. This
outcome is expected in the present experimental setting, as amplitude encoding
requires normalization and embedding of the full input vector into quantum state
amplitudes, making the representation more sensitive to data variations. Moreover,
preparing amplitude-encoded states is more demanding, and the limited number of
available qubits restricts its ability to capture high-dimensional structure. Conse-
quently, amplitude encoding remains inferior to angle encoding even with multiple
reuploading layers. Overall, these results indicate that angle encoding with two data-
reuploading layers and four qubits offers the best balance between expressiveness and
stability. This configuration consistently achieves the strongest performance among the
tested options and is therefore the most suitable choice for the NQ-SVM framework
used in this study.

6 Conclusion

In this work, we proposed NQ-SVM, a scalable quantum kernel method that integrates
the Nystrom approximation with quantum feature maps to address the computational
bottleneck of full QSVMs. By reducing kernel construction complexity from O(n?) to
O(nm), the method enables efficient training on larger datasets while preserving the
expressive power of quantum kernels. Extensive simulation results confirm that NQ-
SVM achieves classification accuracy comparable to full QSVMs, while substantially
reducing the computational cost of kernel construction. Importantly, only a small
fraction of landmark points (m < n) is sufficient to maintain strong performance,
validating the scalability of the proposed approach. As a result, NQ-SVM offers a
promising and scalable framework for quantum-enhanced classification. Future work
will explore adaptive landmark selection strategies, robustness under realistic quan-
tum noise, and deployment on near-term quantum hardware to further assess the
practicality of this approach in real-world quantum machine learning applications.
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Algorithm 2 NQ-SVM Training

Require: Training, testing data (X, Ytr), (Xte, Yte), number of qubits ¢, layers L,

scale «, shots S, number of landmarks m, ridge parameter A\, SVM regularization
C, landmark strategy.

Ensure: Landmark set Z, Nystrom eigenpairs (X, U) of Wieg, trained SVM classifier

1:
2:

f0).

Construct a standardization transform S from X, set Xy, < S(Xy) for k € {tr, te}.
Compute a PCA projection P with ¢ components using A, set X + P(Xy) for
k € {tr, te}.

Compute a feature-wise min-max map M_, - on Xy, set X8 — M (k)
for k € {tr, te}.

Select index set Z from A}, using landmark selection strategy (e.g., Alg. 1):

Z <+ SELECTLANDMARKS (X;"®, m, strategy, seed)

Construct a g-qubit state-preparation ¢(-) with parameters (L, v, entangling, .S).

6: Create quantum kernel matrices:

9:
10:

Compute landmark Gram matrix W € R™*™:

Wi = |(6(z:) | 6(2;))]"-

Compute cross-kernel matrices Cy, for each k € {tr, te}:

. k 2
Cr(i,5) = [ (o) | é(z)))]"

Create the regularized landmark kernel Wie:
Wieg ¢ s(W + W) + AL,

Compute the eigendecomposition: Wiy = ULU T with
Y = diag(o1,. .., 0m)-
Construct the inverse of the landmark Gram matrix:

W71/2 — U271/2 UT7

reg

= diag(aflﬂ, e ,0;11/2).

Create Nystrom features: &), = C’kWr;gl/z, k € {tr,te}.

Standardize in Nystrom space: ®(x) < Sp(P(x)).

Training SVM: fit LinearSVC on (&%r, Ytr) using the regularization C.
return {Z,U, X, scaler, PCA, f(-)}.

where $,—1/2
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