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 Abstract 
Diphtheria remains a public health challenge in many settings, especially where vaccination coverage is 
incomplete and infections go undetected. A key challenge in controlling the disease is the often-overlooked 
role of asymptomatic individuals, who can silently sustain transmission. This study aims to develop a 
diphtheria vaccine treatment model to describe the transmission dynamics of diphtheria within the Nigerian 
population and to evaluate the impact of different vaccination scenarios and treatments on preventing and 
controlling diphtheria. Reported diphtheria cases in Nigeria were obtained from the Nigeria Centre for 
Disease Control (NCDC) and used to estimate the model's parameters.  We computed the basic reproduction 
number and received a mean value of the basic reproduction number (𝑅0) = 6.010, suggesting that 
diphtheria transmission can only be brought under control when existing interventions are improved. The 
sensitivity analysis identified key parameters that govern the transmission dynamics of diphtheria. 
Numerical solutions further showed that higher transmission rates rapidly reduce the susceptible population 
and intensify epidemics. In contrast, high vaccination coverage, timely completion of vaccine schedules, 
low immunity waning, and prompt treatment markedly reduce infections. While partial vaccination offers 
short-term protection, it is insufficient for long-term disease control without full immunization. The 
findings of this study reiterate the need for control strategies that go beyond symptomatic case management 
to include sustained vaccination, booster doses, and targeted efforts to limit asymptomatic transmission. 
The model offers practical insights to support evidence-based diphtheria control policies, particularly in 
resource-limited settings.  
Keywords: Diphtheria modeling; Mathematical modeling; Infectious diseases; Epidemiology;  
Intervention Strategies; Basic reproduction number 
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1. Introduction 

Diphtheria is an acute bacterial infection that is highly contagious and vaccine-preventable, caused 
mainly by Corynebacterium diphtheria but also by Corynebacterium ulcerans (1–4).  It spreads between 
people mainly by direct contact or through the air via respiratory droplets (1,5–7). The disease can affect 
all age groups; however, unimmunized children are most at risk. Symptoms often come on gradually, 
beginning with a sore throat and fever. In severe cases, the bacteria produce a poison (toxin) that causes a 
thick grey or white patch at the back of the throat. This can block the airways, making it hard to breathe or 
swallow, and also creates a barking cough. The neck may swell in part due to enlarged lymph nodes. 

Diphtheria can be fatal in 5-10% of cases, with a higher mortality rate in young children, and its 
outbreak in Nigeria has maintained a very high risk at the national level. On 27 April 2023, Nigeria reported 
suspected cases of diphtheria weekly to the WHO. However, between 30 June and 31 August 2023, Nigeria 
recorded an unusual increase in the number of confirmed diphtheria cases. From 30 June to 31 August 2023, 
a total of 5898 suspected cases were reported from 59 LGAs in 11 states across the country. The majority 
(99.4%) of suspected cases were reported from Kano (1816), Katsina (234), Yobe (158), Bauchi (79), 
Kaduna (45), and Borno (33).  Of the cumulative 8353 suspected cases reported since the outbreak was first 
reported in 2022, 4717 (56.5%) cases were confirmed (lab confirmed (169; 3.6%), epidemiologically 
linked (117; 2.5%), and clinical compatibility (4431; 93.9%)). While 1857 (22.2%) cases were discarded 
as not compatible with diphtheria, 1048 (12.5%) cases are pending classification, and 731 (8.8%) cases had 
an unknown diagnosis. The case fatality ratio dropped slightly from 6.7% during the last update to 6.1%. 
Of the 4717 confirmed cases, 3466 (73.5%) were aged 1 – 14 years; of these, 699 were aged 0-4 years, 
1505 were aged 5-9 years, and 1262 were aged 10 – 14 years. More than half of the cases (2656; 56.3%) 
were females. Only 1074 (22.8%) of the confirmed cases were fully vaccinated against diphtheria, 299 
(6.3%) were partially vaccinated. More than half of the cases (2801; 59.4%) were unvaccinated.       

The occurrence and sporadic spread of diphtheria in Nigeria reflect the inadequacy of national 
childhood immunization programmes (8).  Other factors associated with occurrence of diphtheria outbreaks 
and high infant mortality include: waning immunity, low vaccine coverage and access, including the need 
for booster shots over time, prevalence and potential role of asymptomatic carriers, delayed clinical 
recognition, and absence of treatment with antitoxin and appropriate antibodies (4,7–14). 

One useful tool for guiding outbreak control decision-making is mathematical modelling (15–17). 
Mathematical frameworks segment populations into unique compartments, such as susceptible, infected, 
and recovered (SIR) and its variants (18–21). These models are essential to simplifying the complexities of 
disease dynamics (22–24). Also, mathematical models make it easier to understand how infections spread 
in a community, estimate key parameters, predict how an outbreak might unfold, and provide frameworks 
for assessing how non-pharmaceutical and pharmaceutical interventions could change the course of an 
epidemic (25–27).  
A growing body of research uses mathematical modelling to enhance the understanding of diphtheria 
transmission and inform control strategies. Several studies take a detailed approach by dividing the 
population into multiple compartments representing different stages of infection and awareness. For 
example, (28) developed an eight-compartment model that distinguishes between aware and unaware 
exposed individuals, symptomatic and asymptomatic cases, and various stages of monitoring and isolation, 
providing a nuanced view of how the disease moves through a community. Similarly, (29) designed a model 
for the 2017 Jakarta outbreak that includes multiple types of carriers: primary, secondary, and chronic, to 
capture the significant role of asymptomatic transmission. Other studies focus on how vaccination and 
waning immunity influence transmission. (30) introduced a five-compartment system that incorporates 
vaccinated individuals and those with declining immunity, while (31,32) examined the impact of incomplete 
childhood immunization on diphtheria resurgence. 

Some models incorporate broader biological processes, including (4), who analyzed how 
asymptomatic infection and imperfect vaccination influence outbreaks and identified the minimum 
vaccination levels needed for eradication. (33,34) applied optimal control theory to explore combinations 
of vaccination, treatment, and awareness campaigns, showing that integrated interventions offer the best 
results. Environmental pathways have also attracted attention: (35,36) incorporated environmental 



contamination and public awareness in their models, highlighting the role of hygiene, disinfection, and 
booster doses in reducing transmission. One of the most comprehensive approaches is presented by (37), 
who explicitly modelled both human infection states and the environmental reservoir of C. diphtheriae, 
showing how improved hygiene, increased vaccination, and faster decay of bacteria in the environment can 
jointly reduce transmission. In a related effort, (38) employed a six-compartment model to evaluate the 
cost-effectiveness of various interventions, finding that combining prevention with vaccination yields the 
best value for public health. 

As we advance, these studies demonstrate a clear progression from basic disease models to more 
advanced frameworks that incorporate immune dysfunction, environmental factors, behavioural influences, 
and asymptomatic transmission. Despite the notable progress, it is necessary to incorporate treatment 
compartments, consider waning immunity, and explore multiple vaccination scenarios for more 
comprehensive evaluations.  

Therefore, this study aims to develop a diphtheria-vaccine-treatment model to describe the 
transmission dynamics of diphtheria within the Nigerian population and to evaluate the impact of different 
vaccination scenarios and treatments on preventing and controlling diphtheria.  

 

2. Materials and Methods 

2.1 Model Description 

This study develops a compartmental deterministic model to explore the transmission dynamics of 
diphtheria in a population where vaccination, waning immunity, asymptomatic and symptomatic infection, 
and treatment interventions play significant roles. The model subdivides the total human population into 
epidemiologically distinct compartments, including Susceptible (unvaccinated) (ܵ௎), making up of 
individuals who are unvaccinated and lose immunity due to vaccine ineffectiveness and waning over time. 
Fully vaccinated compartment ( ிܸ) consisting of individuals who have completed the primary vaccination 
program (3 doses of DTP). The partially vaccinated compartment ( ௉ܸ)comprises individuals who lose 
immunity due to waning and do not receive the full 3 doses of DTP. Exposed (E) individuals are exposed 
to diphtheria but are not yet infectious. The Asymptomatic infected compartment (ܫ஺) consists of individuals 
who have diphtheria without symptoms but can still spread the disease. The Symptomatic infected 
compartment (ܫௌ) comprises individuals who have diphtheria with symptoms and can spread the disease to 
others. The Treated (T) compartment comprises individuals receiving medical treatment for diphtheria. The 
Recovered (R) compartment comprises individuals who have recovered from diphtheria and have 
developed immunity. Recovered (R) are individuals who recovered from the diphtheria disease and have 
developed immunity. 

 



 
 

 

Figure 1: Schematic Diagram of the Model 
Based on the model development description in 2.1, the schematic diagram in Figure 1, and the model 
assumptions: 
Model Assumptions 

(1) Every child is born susceptible, vulnerable if unvaccinated, and exposed to diphtheria. 
(2) The level of immunity wanes over time (for calculation, we assume 2 years and 5 months). 
(3) Over time, the effectiveness of the vaccine gradually diminishes leading to reduced  

protection against diphtheria (for calculation, we assume 2 years and 5 months).  
(4) Exposed individuals may not show signs of illness but can still be infectious.  
(5) Asymptomatic infected individuals play a significant role in the transmission of  

diphtheria. 
(6) Symptomatic individuals are highly contagious and can easily spread diphtheria. 
(7) Individuals with symptoms of diphtheria should be diagnosed and treated. 
(8) Infected individuals can recover from illness naturally and can die from illness. 
(9) Recovered individuals who developed immunity can lose the immunity and become  

Susceptible. 
Based on the stated assumptions, the following model equations are derived. ௗௌೆௗ௧ = ௨ߣ − ஺ܫ1ߚ) + ௌ)ܵ௎ܫ2ߚ + 𝑅ߜ + ߱ ிܸ + ݖ ௉ܸ − ௏ߚ) + ௉ߚ + ௎   (1) ௗ௏ಷௗ௧ܵ(ߤ = ௏ܵ௎ߚ + ߝ ௣ܸ − (߱ + ߬ + (ߤ ிܸ       (2) ௗ௏ುௗ௧ = ௉ܵ௎ߚ + ߬ ிܸ − ݖ) + ߝ + (ߤ ௉ܸ       (3) ௗாௗ௧ = ஺ܫ1ߚ) + ௌ)ܵ௎ܫ2ߚ − [(1 − ߙ(ߩ + ߙߩ + 1ߤ + ௗூಲௗ௧ (4)     ܧ[ߤ = (1 − ܧߙ(ߩ − ߠ) + 1ߤ + ߤ + ஺      (5)   ௗூೄௗ௧ܫ(஺ߛ = ܧߙߩ + ஺ܫߠ − ௌߛ) + 1ߤ + ߤ +  ௌ      (6)ܫ(߶



ௗ்ௗ௧ = ௌܫ߶ − ்ߛ) + ௗோௗ௧ (7)         ܶ(ߤ = ஺ܫ஺ߛ + ௌܫௌߛ + ்ܶߛ − ߜ) +  𝑅       (8)(ߤ
 ௗேௗ௧ = ௗௌೆௗ௧ + ௗ௏ಷௗ௧ + ௗ௏ುௗ௧ + ௗாௗ௧ + ௗூಲௗ௧ + ௗூೄௗ௧ + ௗ்ௗ௧ + ௗோௗ௧ = ௨ߣ +   .ܰߤ

 

 

 

Table 1: Description of Variable 

  
Variables Description 

Susceptible (Unvaccinated) population at time (t) ܵ௎(t) ிܸ(t) Fully vaccinated population at time (t) ௉ܸ(t) Partially vaccinated population at time (t) ܧ(t) Exposed population at time (t) ܫ஺(t) Asymptomatic infected population at time (t) ܫௌ(t) Symptomatic infected population at time (t) ܶ(t) Treated population at time (t) 𝑅(t) Recovered population at time (t) 
 

 

 

 

 

 

 

Table 2: Description of Parameters 

Parameters Description ߣ௨ Natural birth rate ߤ Natural death rate 1ߤ Diphtheria induced death rate 1ߚ Asymptomatic infection transmission rate 2ߚ Symptomatic infection transmission rate ߚ௏ The rate at which susceptible individuals become fully vaccinated ߚ௉ The rate at which susceptible individuals become partially vaccinated ߱ The rate at which fully vaccinated individuals become susceptible z The rate at which partially vaccinated individuals become susceptible ߬ The rate at which individuals go from being fully vaccinated to partially vaccinated  ߝ The rate at which partially vaccinated individuals become fully vaccinated ߩ Proportion of infectious population ߙ Rate of progression from the exposed class to either the asymptomatic compartment 
or the infected compartment ߠ The at which asymptomatic infected individuals become symptomatic infected ߶ The rate at which symptomatic infected become treated ߛ஺ The recovery rate for asymptomatic infected individuals ߛௌ The recovery rate for symptomatic infected individuals ்ߛ The recovery rate for treated individuals ߜ The rate at which recovered individuals become susceptible (loss rate of immunity)  



 

2.2. Basic Properties 

2.2.1 Positivity of the Solution 

Every epidemiological rate in the model is assumed strictly posiƟve and Įnite. We want to show that 
equations (1) to (8) are non-negative always, for all t ≥ 0. 
Theorem 1:  

let ߖ = {  
  (ܵ௎, ிܸ , ௉ܸ, ,ܧ ,஺ܫ ,ௌܫ ܶ, 𝑅) ∈ ℜ+8 , ܵ௎(0) > 0, ிܸ(0) > 0,௉ܸ(0) > 0, (0)ܧ > ஺(0)ܫ,0 > 0, ௌ(0)ܫ > 0, ܶ(0) > 0, 𝑅(0) > 0ܵ௎ + ிܸ + ௉ܸ + ܧ + ஺ܫ + ௌܫ + ܶ + 𝑅 ≤ ఒೠఓ }  

  
 (9) 

Then the solution of {ܵ௎(ݐ), ிܸ(ݐ), ௉ܸ(ݐ), ,(ݐ)ܧ ,(ݐ)஺ܫ ,(ݐ)ௌܫ ,(ݐ)ܶ 𝑅(ݐ)} are positive for all ݐ ≥ 0. 
 

 

Proof: 
Applying the method used by Wiah (39),  
we have  ݇1 = ௏ߚ) + ௉ߚ + 2݇,(ߤ = (1 − ߙ(ߩ + ߙߩ + 1ߤ + 3݇ ,ߤ = ߠ + 1ߤ + ߤ + ஺, ݇4ߛ = ௌߛ + 1ߤ + ߤ + ߶,  ݇5 = ߜ + 6݇ ,ߤ = ்ߛ + 7݇ ,ߤ = ߱ + ߬ + 8݇ ,ߤ = ݖ + ߝ +  .ߤ
 

From the susceptible population, we integrate by separation of parameters and find the integrating factor, 
we get ௗௌೆௗ௧ = ௨ߣ − ஺ܫ1ߚ) + ௌ)ܵ௎ܫ2ߚ + 𝑅ߜ + ߱ ிܸ + ݖ ௉ܸ − ௏ߚ) + ௉ߚ + ௎  ௗௌೆௗ௧ܵ(ߤ ≥ λᵤ − ݇1ܵ௎ =ௗௌೆௌೆ ≥ ∫= ݐ1݀݇− ௗௌೆௌೆ ≥ (ݐ)௎ܵ = ݐ1݀݇−∫ ≥ ܵ௎(0)݁−௞1௧ ≥ 0. 
From the Fully Vaccinated population, repeating the same procedure as above, we get ௗ௏ಷௗ௧ = ௏ܵ௎ߚ + ௉ܵߝ − ݇7 ிܸ→ௗ௏ಷௗ௧ ≥ −݇7 ிܸ→ௗ௏ಷ௏ಷ ≥ ∫ = ݐ7݀݇− ௗ௏ಷ௏ಷ ≥ =   ݐ7݀݇−∫ ிܸ(ݐ) ≥ ிܸ(0)݁−௞7௧ ≥0.  

From the Partially Vaccinated population        ௗ௏ುௗ௧ = ௉ܵ௎ߚ + ߬ ிܸ − ݇8 ௉ܸ→ௗ௏ುௗ௧ ≥ −݇8 ௉ܸ→ௗ௏ು௏ು ≥ ∫→ ݐ8݀݇− ௗ௏ು௏ು ≥  ݐ8݀݇−∫
= ௉ܸ(ݐ) ≥ ௉ܸ(0)݁−௞8௧ ≥ 0.    

From the Exposed population      ௗாௗ௧ = ஺ܫ1ߚ) + ௌ)ܵ௎ܫ2ߚ − ௗாௗ௧→ ܧ2݇ ≥ ௗாா→ ܧ2݇− ≥ ∫→ ݐ2݀݇− ௗாா ≥  ݐ2݀݇−∫
(ݐ)ܧ = ≥ ௞2௧−݁(0)ܧ ≥ 0.  

From the Asymptomatic infected population         ௗூಲௗ௧ = (1 − ܧߙ(ߩ − ஺→ௗூಲௗ௧ܫ3݇ ≥ ஺→ௗூಲூಲܫ3݇− ≥ ∫→ ݐ3݀݇− ௗூಲூಲ ≥ (ݐ)஺ܫ  = ݐ3݀݇−∫ ≥ ஺(0)݁−௞3௧ܫ ≥ 0.         

From the Symptomatic Infected population ௗூೄௗ௧ = ܧߙߩ + ஺ܫߠ − ௌ→ௗூೄௗ௧ܫ4݇ ≥ ௌ→ௗூೄூೄܫ4݇− ≥ ∫→ ݐ4݀݇− ௗூೄூೄ ≥ (ݐ)ௌܫ = ݐ4݀݇−∫ ≥ ௌ(0)݁−௞4௧ܫ ≥ 0.         

From the Treated population ௗ்ௗ௧ = ௌܫ߶ − ݇6ܶ →ௗ்ௗ௧ ≥ −݇6ܶ →ௗ்் ≥ ∫→ ݐ6݀݇− ௗ்் ≥ (ݐ)ܶ  = ݐ6݀݇−∫ ≥ ܶ(0)݁−௞6௧ ≥ 0          

From the recovered population ௗோௗ௧ = ஺ܫ஺ߛ + ௌܫௌߛ + ்ܶߛ − ݇5𝑅 →ௗோௗ௧ ≥ −݇5𝑅 →ௗோோ ≥ ∫→ ݐ5݀݇− ௗோோ ≥ (ݐ)𝑅  = ݐ5݀݇−∫ ≥ 𝑅(0)݁−௞5௧ ≥ 0   



       

Therefore ܵ௎, ிܸ , ௉ܸ, ,ܧ ,஺ܫ ,ௌܫ ܶ, 𝑅 remains positive at every given time. The solutions of the model 
equations (1) to (8) are all positive. Hence, the model is valid. 
2.2.2 Equilibrium State 

We set the rate of change to zero at equilibrium. That is, setting all of the equations in the 

system (1) to zero, so that at equilibrium  ௗௌೆௗ௧ = ௗ௏ಷௗ௧ = ௗ௏ುௗ௧ = ௗாௗ௧ = ௗூಲௗ௧ = ௗூೄௗ௧ = ௗ்ௗ௧ = ௗோௗ௧ = 0.  

Disease-Free Equilibrium 

A disease-free equilibrium is reached in the model system (1-8) when infectious classes are zero. By putting 
the right-hand sides of each equation in system (1-8) to zero, the disease-free equilibrium can be determined. 
Equations solved yield the disease-free equilibrium in equation (10) 

( 
   
  
ܵ௎0.ிܸ0௉ܸ0ܫ0ܧ஺0ܫௌ0ܶ0𝑅0) 
   
  =

( 
   
   
 ఒೠ(ఛఌ−௞7௞8)௞1(ఛఌ−௞7௞8)+ఠ(ఌఉ೛+ఉೡ௞8)+௭(ఛఉೡ+ఉ೛௞7)ఒೠ(ఛఌ−௞7௞8)(ఌఉು−ఉೇ௞8)௞1(ఛఌ−௞7௞8)+ఠ(ఌఉ೛+ఉೡ௞8)+௭(ఛఉೡ+ఉ೛௞7)(ఌఛ−௞7௞8)ఒೠ(ఛఌ−௞7௞8)(ఛఉೡ+ఉು௞7)௞1(ఛఌ−௞7௞8)+ఠ(ఌఉ೛+ఉೡ௞8)+௭(ఛఉೡ+ఉ೛௞7)(ఌఛ−௞7௞8)00000 ) 

   
   
 

 .            (10)    

Local Stability of Disease-Free Equilibrium State 

We investigate the local stability of the equilibrium points using the theorem below: 
Theorem 2: The disease-free equilibrium of the model equations (1)-(8) is locally asymptotically stable if 𝑅0 < 1. 
Proof: 
Linearizing the model equations (1)-(8) at any arbitrary equilibrium point (ܧ∗). We also evaluated the 
Jacobian at the disease-free equilibrium to determine the local stability of the system and obtained; 

(0ܧ)ܬ =
( 
   
  
−݇1 ߱ ݖ 0 1ܵ௎0ߚ− 2ܵ௎0ߚ− 0 ௩ߚߜ −݇7 ߝ 0 0 0 0 ௣ߚ0 ߬ ݇8 0 0 0 0 00 0 0 −݇2 1ܵ௎0ߚ 2ܵ௎0ߚ 0 00 0 0 (1 − ߙ(ߩ −݇3 0 0 00 0 0 ߙߩ ߠ −݇4 0 00 0 0 0 0 ߶ −݇6 00 0 0 0 ஺ܫ஺ߛ ௌߛ ்ߛ −݇5) 

   
  

.   (11) 

Using elementary row transformation, the matrix above becomes (0ܧ)ܬ =

( 
    
 −݇1 ߱ ݖ 0 1ܵ௎0ߚ− 2ܵ௎0ߚ− 0 0ߜ ܽ1 ܽ2 0 −ܽ4 −ܽ5 0 ܽ60 0 −ܽ3 0 ܽ7 ܽ8 0 −ܽ90 0 0 −݇2 1ܵ௎0ߚ 2ܵ௎0ߚ 0 00 0 0 0 −ܽ10 −ܽ11 0 00 0 0 0 ߠ −ܽ12 0 00 0 0 0 0 0 −݇6 00 0 0 0 0 0 0 −݇5) 

    
 ,     (12) 

 

where 



ܽ1 = ఠఉೡ−௞1௞4௞1 ,ܽ2 = ௭ఉೡ−ఌ௞1௞1 ,ܽ3 = ఛ௭ఉೡ+ఛఌ௞1+ఠఌఉ೛+ఠఉೡ௞8+௭ఉ೛௞7+௞1௞7௞8ఠఉೡ+௞1௞7 ,  ܽ4 = ఉೡఉ1ௌ0ೆ௞1 , ܽ5 = ఉೡఉ2ௌ0ೆ௞1 , ܽ6 = ఉೡఋ௞1 , ܽ7 = ఉ1ௌ0ೆ (ఛఉೡ+ఉ೛௞7)ఠఉೡ+௞1௞7 , ܽ8 = ఉ2ௌ0ೆ (ఛఉೡ+ఉ೛௞7)ఠఉೡ+௞1௞7 , ܽ9 = ఋ(ఛఉೡ+ఉ೛௞7)ఠఉೡ∓௞7 , 

 ܽ10 = ఈఘఉ1ௌೆ−ఈఉ1ௌ0ೆ−௞2௞3௞2 , ܽ11 = (−1+ఘ)ఈఉ2ௌೆ௞2 ,  ܽ12 = ఈఘఏఉ2ௌ0ೆ+ఈఘఉ1ௌ0ೆ௞4−ఈఏఉ2ௌ0ೆ−ఈఉ1ௌ0ೆ௞4+ఈఘఉ2ௌ0ೆ௞3−௞2௞3௞4ఈఘఉ1ௌ0ೆ−ఈఉ1ௌ0ೆ−௞2௞3 , 
After computing the characteristic equations of the upper triangular Jacobian matrix, the eigenvalues are: 1ߣ = −݇6 < 2ߣ ,0 = −݇5 < 3ߣ,0 = −݇2 < 4ߣ,0 = −݇1 < 5ߣ ,0 = − ఈఘఉ1ௌ0ೆ−ఈఉ1ௌ0ೆ−௞2௞3௞2 ≺ 0,  

6ߣ                      = ௞4(ఈఘఉ2௞3+ఈఉ1௞4+ఈఏఉ2−ఈఘఉ1௞4−ఈఘఏఉ2+ఈఉ1(1−ఘ)௞4+ఈఉ2(ఘ௞3+ఏ−ఘఏ))ఈఘఉ1௞4−ఈఉ1௞4−ఈఉ1(1−ఘ)௞4+ఈఉ2(ఘ௞3+ఏ−ఘఏ) 7ߣ  , = −ఠఉೡ+௞1௞7௞1 ≺ 8ߣ ,0 = − ఛ௭ఉೡ+ఛఌ௞1+ఠఌఉ೛+ఠఉ೛௞8+௭ఉ೛௞7+௞1௞7௞8ఠఉೡ+௞1௞7 . 

For λ6 to be negative, then
2݇3ߚߩߙ)4݇  + 1݇4ߚߙ + 2ߚߠߙ − 1݇4ߚߩߙ − 2ߚߠߩߙ + 1)1ߚߙ − 4݇(ߩ + 3݇ߩ)2ߚߙ + ߠ − 1݇4ߚߩߙ((ߠߩ − 1݇4ߚߙ − 1)1ߚߙ − 4݇(ߩ + 3݇ߩ)2ߚߙ + ߠ − (ߠߩ ≺ 0, 

   ఈ(ఘఉ2௞3+ఉ1௞4+ఏఉ2−ఘఉ1௞4−ఘఏఉ2)ఈఉ1(1−ఘ)௞4+ఈఉ2(ఘ௞3+ఏ−ఘఏ) ≺ 1 ⇒ 𝑅0 < 1. This implies that, 6ߣ < 0 if  𝑅0 < 1,  
the disease-free equilibrium ܧ௢ of the equations (1) - (8) is locally asymptotically stable (LAS) if 𝑅0 < 1. 
 

Endemic equilibrium point (EEP) 
 

This is the state in which the infectious classes (E, IA, IS) are not zero. The Endemic equilibrium can be 
determined, and the equation solved yields EEP below: ܵ௎∗∗ = ௞2௞3௞4ఈ(ఉ1௞4+ఏఉ2+ఘఉ2௞3−ఘఏఉ2−ఘఉ1௞4). ிܸ∗∗ = (௞8ఉೇ+ఌఉುఛఌ−௞7௞8 ) ܵ௎∗∗. ௉ܸ∗∗ = ((௞7௞8−ఛ)ఉು+ఛ(௞8ఉೇ+ఌఉು)(ఛఌ−௞7௞8) )ܵ௎∗∗. 
∗∗ܧ  = ௞3஺1(1−ఘ)ఈ. 

∗∗஺ܫ = ( 
 (ఒ಺ಲ+ఒ಺ೄ)(௞7௞8−ఛ)௞8−ఠ௞8(௞8ఉೇ+ఌఉು)−௭((௞7௞8−ఛ)ఉು+ఛ(௞8ఉೇ+ఌఉು+௞1௞8(௞7௞8−ఛ)))−ఒೠ(௞7௞8−ఛ)௞8 ) 

 ௞4௞5௞6(1−ఘ)ఈ
ఋ௞8(௞7௞8−ఛ)(ఊಲ(௞4௞6(1−ఘ)ఈ)+ఊೄ௞6(ఘఈ௞3+ఏ(1−ఘ)ఈ)+ఊ೅(థ(ఘఈ௞3+ఏ(1−ఘ)ఈ)) ) . 

∗∗ௌܫ = (ఘఈ௞3+ఙ(1−ఘ)ఈ௞4(1−ఘ)ఈ ∗∗ܶ .1ܣ( = ߶ (ఘఈ௞3+ఙ(1−ఘ)ఈ௞4௞8(1−ఘ)ఈ ∗∗𝑅 .1ܣ( = (ఒ಺ಲ+ఒ಺ೄ)(௞7௞8−ఛ)௞8−ఠ௞8(௞8ఉೇ+ఌఉು)−௭((௞7௞8−ఛ)ఉು+ఛ(௞8ఉೇ+ఌఉು+௞1௞8(௞7௞8−ఛ)))−ఒೠ(௞7௞8−ఛ)௞8ఋ(௞7௞8−ఛ)௞8 . 
where A1= IA. 

Stability Analysis of Endemic Equilibrium State  
An important criterion by Routh-Hurwitz gives the necessary and sufficient conditions for all roots of the 
characteristic equation (with real coefficients) to lie in the left half of the complex plane. In other words, 
all the roots of the polynomial are negative or have real roots if and only if the determinant of all Hurwitz 
matrices is positive.  
Theorem 3 (Routh-Hurwitz Conditions) 



Let  ܬ = ( ௫݂(ݔ∗, (∗ݕ ௬݂(ݔ∗, ,∗ݔ)௫݃(∗ݕ (∗ݕ ݃௬(ݔ∗, be the Jacobian matrix of the non-linear system ௗ௫ௗ௧((∗ݕ = ,ݔ)݂ ௗ௬ௗ௧  ,(ݕ = ,ݔ)݃ ,∗ݔ)Evaluated at the critical point (ݕ ,∗ݔ)then the critical point ,(∗ݕ ;(∗ݕ
 1. Is locally asymptotically stable if trace (J)<0 and determinant>0 

2. Is stable but not asymptotically stable if trace (J)=0 and determinant (J)>0 

3. Is unstable if either trace (J)>0 or determinant (J)<0 

 

Differentiating and finding the trace and determinant, we get       

(∗ܧ)ܬ =
( 
    
 −(ܿ1 + ݇1) ߱ ݖ 0 1ߚ− 2ߚ− 0 ௩ߚߜ −݇7 ߝ 0 0 0 0 ௣ߚ0 ߬ ݇8 0 0 0 0 0ܿ1 0 0 −݇2 1ߚ 2ߚ 0 00 0 0 (1 − ߙ(ߩ −݇3 0 0 00 0 0 ߙߩ ߠ −݇4 0 00 0 0 0 0 ߶ −݇6 00 0 0 0 ஺ߛ ௌߛ ்ߛ −݇5) 

    
 

,  (13) 

where .ܿ1 = ∗∗஺ܫ1ߚ +  ∗∗ௌܫ2ߚ
The Trace is  −(1ߚܣ + ௭1௞4(1−ఘ)ఈ + ݇1 + ݇7 − ݇8 + ݇2 − ݇3 + ݇4 + ݇5 + ݇6),   (14)  

where 1ݖ = (ఘఈ௞3+ఙ(1−ఘ)ఈ)஺ఉ2௞4(1−ఘ)ఈ . 
The determinant is −ܵߠߩ߱ߙ௎∗∗ߚߝ)2݇5݇6ߚ௉ − (௏݇8ߚ + 2݇3ߚ)௉ܵ௎∗∗݇5݇6ߚߝߩ߱ߙ − ∝+(1݇4ߚ 1݇4ߚ)௏݇5݇6݇8ߚ∗∗௎ܵߩ߱ (2݇3ߚ− − ௏ߚݖ)2݇5݇6ߚ∗∗௎ܵߠ߬ߩߙ + (1݇ߝ  − 2݇4ߚ)௏ܵ௎∗∗݇5݇6ߚݖ߬ߩߙ − 1݇4ߚ)௏ܵ௎∗∗݇1݇5݇6ߚߝ߬ߩߙ-(1݇3ߚ − (2݇3ߚ − ௉݇7ߚ)2݇5݇6ߚ∗∗௎ܵݖߠߩߙ − ݇1݇8) − 1݇4ߚ)௉݇5݇6݇7ߚ∗∗௎ܵݖߩߙ (2݇3ߚ− − 1݇1݇4݇5݇6݇7݇8ߚ∗∗௎ܵߩߙ + 2݇1݇3݇5݇6݇7݇8ߚ∗∗௎ܵߩߙ − ߠ)்ߛ1ܿߝ߬ߩ߶ߜߙ − ݇3 + (7݇8݇ߠ 3݇7݇8்݇ߛ1ܿߩ߶ߜߙ+ − ௌߛߠ)1݇6ܿߝ߬ߩߜߙ + ஺ߛ − (ௌ݇3ߛ − ௌߛߠ)1݇6݇7݇8ܿߩߜߙ + ஺݇4ߛ − (ௌ݇3ߛ ௉݇5݇6ߚ2ߚ∗∗௎ܵߝߠ߱ߙ+ − ௏݇5݇6݇8ߚ2ߚ∗∗௎ܵߠ߱ߙ + ௉݇4݇5݇6ߚ1ߚ∗∗௎ܵߝ߱ߙ − ௏݇4݇5݇6݇8ߚ1ߚ∗∗௎ܵ߱ߙ ௏݇5݇6ߚ2ߚ∗∗௎ܵݖߠ߬ߙ+ + 2݇1݇5݇6ߚ∗∗௎ܵߝߠ߬ߙ + ௏݇4݇5݇6ߚ1ߚ∗∗௎ܵݖ߬ߙ + 1݇1݇4݇5݇6ߚ∗∗௎ܵߝ߬ߙ ௉݇5݇6݇7ߚ2ߚ∗∗௎ܵݖߠߙ+ + 2݇1݇5݇6݇7݇8ߚ∗∗௎ܵߠߙ + ௉݇4݇5݇6݇7ߚ1ߚ∗∗௎ܵݖߙ + 1݇1݇4݇5݇6݇7݇8ߚ∗∗௎ܵߙ ்ߛߠߝ߶)1ܿ߬ߜߙ+ 7݇8்݇ߛߠ߶+ + ௌ݇6ߛߝߠ + (஺݇4݇6ߛߝ + ௌߛߠ)1݇6݇7݇8ܿߜߙ + (஺݇4ߛ ௉݇2݇3݇4݇5݇6ߚߝ߱− ௏݇2݇3݇4݇5݇6݇8ߚ߱+ − ௏݇2݇3݇4݇5݇6ߚݖ߬ − 1݇2݇3݇4݇5݇6ܿߝ߬ 1݇2݇3݇4݇5݇6݇ߝ߬− − ௣݇2݇3݇4݇5݇6݇7ߚݖ − ܿ1݇2݇3݇4݇5݇6݇7݇8 − ݇1݇2݇3݇4݇5݇6݇7݇8 

 

The endemic equilibrium is locally asymptotically stable according to the first stability criterion as stated 
in the conditions for stability earlier, since the determinant is positive and the trace of the Jacobian is 
negative. 
2.2.3  Basic Reproduction Number, ࡾ૙ 

The basic reproduction number (𝑅0) is often described as the mean value of the secondary cases 
resulting from a typical primary case in a completely susceptible population. 𝑅0 is an important quantity in 
infectious disease systems epidemiology, which acts as a threshold value that controls the local stability of 
the disease-free equilibrium (40). If the reproduction ratio is greater than one, the disease will spread 
throughout the entire population; if it is less than one, the disease will die out over time. The basic 
reproduction number determines the direction of the disease (37). ܫ  ,ܧ஺,  ܫ௦  and the expected secondary 
infections depend on these classes. The rate of appearance of new infections in compartments ܫ is given by 
the matrix. 



ܨ = (0 ∘1ܵ௎ߚ 2ܵ௎∘0ߚ 0 00 0 0 ),  ܸ = ( ݇2 0 0−(1 − ߙ(ߩ ݇3 ߙߩ−0 ߠ− ݇4) , ܸ−1 = ( 
 1௞2 0 0−(1−ఘ)ఈ௞2௞3 1௞3 0−ఈ(ఏ+ఘ௞3+ఘఏ)௞2௞3௞4 ఏ௞3௞4 1௞4) 

 
, 

we calculate the eigenvalues to determine the basic reproductive number 𝑅0. Taking the dominant 
eigenvalue of the matrix 1−ܸܨ and computing |ܣ − |ܫߣ = 0 gives 

1−ܸܨ = 1ܵ௎0(1ߚ) − 2݇3݇ߙ(ߩ − 3݇ߩ)௎0ܵߙ2ߚ − ߠߩ + 2݇3݇4݇(ߠ − ߣ 1ܵ௎0݇3ߚ + 3݇4݇ߠ2ܵ௎0ߚ 2ܵ௎0݇40ߚ 0 − ߣ 00 0 0 − (ߣ = 0 

1ߣ = ఒೠ(ఛఌ−௞7௞8)ఈ(ఉ2ఘ௞3+ఏఉ2+ఉ1௞4−ఘఉ1௞4−ఘఏఉ2)(௞1(ఛఌ−௞7௞8)+ఠ(ఌఉ೛+ఉೡ௞8)+௭(ఛఉೡ+ఉ೛௞7))௞2௞3௞4,   2ߣ = 3ߣ  ,0 = 0.  

Clearly, the dominant eigenvalue, 1ߣ, is taken to be the basic reproduction number. Therefore  𝑅0   = ఒೠ(ఛఌ−௞7௞8)ఈ(ఉ2ఘ௞3+ఏఉ2+ఉ1௞4−ఘఉ1௞4−ఘఏఉ2)(௞1(ఛఌ−௞7௞8)+ఠ(ఌఉ೛+ఉೡ௞8)+௭(ఛఉೡ+ఉ೛௞7))௞2௞3௞4.        (16) 

 

Substituting for ݇1, ݇2, ݇3, ݇4, ݇7, ݇8, we have 

 𝑅0    = ఒೠ(ఛఌ−(ఠ+௭+ఓ)(௭+ఌ+ఓ))ఈ(ఉ2ఘ(ఏ+ఓ1+ఓ+ఊಲ)+ఏఉ2+ఉ1(థ+ఓ1+ఓ+ఊೄ)−ఘఉ1(థ+ఓ1+ఓ+ఊೄ)−ఘఏఉ2)((ఉೇ + ఉು + ఓ)(ఛఌ−(ఛఌ−(ఠ+௭+ఓ)(௭+ఌ+ఓ))+ఠ(ఌఉ೛+ఉೡ(௭+ఌ+ఓ))+௭(ఛఉೡ+ఉ೛(ఠ+௭+ఓ)))((1−ఘ)ఈ+ఘఈ+ఓ1+ఓ)(ఏ+ఓ1+ఓ+ఊಲ)(థ+ఓ1+ఓ+ఊೄ) .            (17) 

 

2.2.4 Sensitivity Analysis for the Parameters Using Basic Reproductive Number 

Sensitivity Analysis (SA) highlights the significance of model parameters by revealing their relative 
influence on the dynamics of diphtheria. It is a crucial tool for identifying key factors that drive disease 
transmission, offering valuable insights for implementing timely and effective intervention strategies   (41). 
According to (42), Sensitivity analysis is widely employed to assess the reliability of model predictions by 
evaluating their dependence on parameter values. Omitting this crucial step in modeling is often considered 
misleading, as it undermines the credibility and accuracy of the results. Sensitivity indices measure the 
relative changes in a variable when a parameter changes (43). In particular, the normalized forward 
sensitivity index expresses the proportional change in a given variable relative to changes in a specific 
parameter. When the variable is a differentiable parameter function, the sensitivity index can also be defined 
through partial derivatives, providing a rigorous mathematical framework for assessing parameter 
sensitivity. ܵటோ0 = డோ0డట × టோ0,          (18) 

where ߰ ∈ ܳ = ,1ߚ} ,2ߚ ,஺ߛ,௉ߚ,௏ߚ ,௦ߛ ߶, ,ߤ ,ߩ ,ߠ ,1ߤ ,ݖ ,ߙ ,ߝ ,௎ߣ ߱, ߬}  and R0 is the basic reproductive number as obtained in (17).  
The interpretation of the sensitivity analysis of our basic reproduction number is as follows. Parameters 
with negative sensitivity indices reduce the burden of diphtheria in the community when their values 
increase (indicating that the disease's basic reproduction number decreases as their parameter values 
increase). Parameters with positive sensitivity indices play an important role in the spread of diphtheria in 
the community, as their values increase (secondary infections increase). Therefore, to minimize the disease 
in the community, it is vital to decrease the positive indices and increase the negative indices. 
2.3 Variables and Parameter Values Estimations 

The values for the population-dependent parameters of the model are presented in Table 3. 
 

Table 3:  Values for the Population-Dependent Parameter of the Model 

Variables Values Source 



SU
 

1787416
 

(2)
 

VF
 

2306303
 

(2)
 

Vp
 

1410329
 

(2)
 

E
 

20725
 

(2)
 

I
 

4718
 

(2)
 

T
 

214
 

(2)
 

R
 

1000
 

Assumed
 

 

The values in Table 4 were obtained from either self-estimation or authors who have conducted similar 
research on diphtheria infection.  
Table 4:  Estimation of Parameters 

Parameters Value Reference Description ߣ௎ 100 (35) Recruitment rate  (35) 0.0000491431 ߤ Natural death rate 0.011 1ߤ Calculated Diphtheria-induced 
death rate 0.201 1ߚ* Estimated Asymptomatic infection 
transmission rate 0.0709 2ߚ* Estimated Symptomatic infection 
transmission rate ߚ௏ 0.95 (2) The rate at which 
susceptible individuals 
become fully vaccinated ߚ௉ 0.503* Estimated The rate at which 
susceptible individuals 
become partially 
vaccinated ߱ 0.0114* Estimated The rate at which fully 
vaccinated individuals 
become susceptible 

        z 0.00777* Estimated The rate at which 
partially vaccinated 
individuals become 
susceptible ߬ 0.0289* Estimated The rate at which 
individuals go from 
being fully vaccinated to 
partially vaccinated  0.0707 ߝ* Estimated The rate at which 
partially vaccinated 
individuals become fully 
vaccinated (35)  0.2 ߩ Proportion of infectious 
population  0.146 ߙ* Estimated Rate of progression 
from the exposed class 
to either the 



asymptomatic 
compartment or the 
infected compartment 0.000104 ߠ* Estimated The rate at which 
asymptomatic infected 
individuals become 
symptomatic infected ߶ 0.00567* Estimated The rate at which 
symptomatic infected 
become treated ߛ஺ 0.0714 (35) The recovery rate for 
asymptomatic infected 
individuals ߛௌ 0.042 (35) The recovery rate for 
symptomatic infected 
individuals 0.0714 ்ߛ Assumed The recovery rate for 
treated individuals 0.0011 ߜ Calculated The rate at which 
recovered individuals 
become susceptible (loss 
rate of immunity)  

 
 
 

3. Results 

3.1 Basic Reproduction Number 

The basic reproduction number,𝑅0, represents the average number of secondary infections 
generated by a single infected individual in a fully susceptible population. Utilizing the parameter values 
presented in Table 5, we calculated the mean 𝑅0 to be 6.010. Since 𝑅0 >1, this result indicates that the 
model is not asymptotically stable, suggesting that the disease will persist over time. Furthermore, Table 3 
illustrates the variations in 𝑅0 under different parameter values, offering additional insights into its dynamic 
behaviour. This high value suggests persistent transmission potential under current conditions. It does not 
align with (44)’s findings that diphtheria’s basic reproduction number can fall below one (R0 < 1), 
indicating the potential for the disease to fade out over time if current control measures are sustained. 

 

Table 5.  Basic Reproduction Number 

 Varying Values 

Parameter 1 2 3 ߚ 0.901 0.201 0.0201 1ߚ௣ 0.0503 0.503 1.503 ߚ௩ 0.095 0.95 1.95 ߛ஺ 0.00714 0.0714 0.714 ߛ 0.709 0.0709 0.00709 2ߚ௦ 0.0042 0.042 0.42 0.00104 0.000104 0.0000104 ߠ 



 ૙ 0.5417901752 5.785074823 11.70305638ࡾ 0.9 0.2 0.02 ߩ 0.0567 0.00567 0.000567 ߶ 0.546 0.146 0.0146 ߙ 0.707 0.0707 0.0007 ߝ 0.289 0.0289 0.00289 ߬ 0.0777 0.00777 0.000777 ݖ ௨ 50 100 150 ߱ 0.00114 0.0114 0.114ߣ 0.00491431 0.0000491431 0.00000491431 ߤ 0.11 0.011 0.0011 1ߤ

Mean  ࡾ૙ 6.010 

 

 

3.2 Sensitivity of Basic Reproduction Number 

The sensitivity analysis of the basic reproduction number (𝑅0) provides crucial insights into the 
factors that most influence diphtheria transmission dynamics. The findings, as shown in Table 6, indicate 
that the asymptomatic infection transmission rate (1ߚ), symptomatic infection transmission rate (2ߚ), the 
rate at which susceptible individuals become partially vaccinated (ߚ௉),  the rate at which susceptible 
individuals become fully vaccinated (ߚ௏),   natural death rate (ߤ), diphtheria-induced death rate (1ߤ),  the 
recovery rate for asymptomatic infected individual (ߛ஺), the recovery rate for symptomatic infected 
individual (ߛௌ), recruitment rate (ߣ௨), the rate at which fully vaccinated individuals become susceptible 
(߱), the rate at which partially vaccinated individuals become susceptible (ݖ), the rate at which individuals 
go from being fully vaccinated to partially vaccinated (߬),  the rate at which partially vaccinated individuals 
become fully vaccinated (ߝ),  proportion of infectious population (ߩ), rate of progression from the exposed 
class to either the asymptomatic compartment or the infected compartment (ߙ), the rate at which 
asymptomatic infected individuals become symptomatic infected (ߠ), and the rate at which symptomatic 
infected become treated (߶)have the tendency to influence the spread of diphtheria. The asymptomatic 
infection transmission rate (1ߚ), symptomatic infection transmission rate (2ߚ),  recruitment rate (ߣ௨), natural 
death rate (ߤ),  rate of progression from the exposed class to either the asymptomatic compartment or the 
infected compartment (ߙ),  the rate at which fully vaccinated individuals become susceptible (߱), the rate 
at which partially vaccinated individuals become susceptible (ݖ), the rate at which individuals go from 
being fully vaccinated to partially vaccinated (߬), and the rate at which partially vaccinated individuals 
become fully vaccinated (ߝ) are positively sensitive parameters that can significantly elevate 𝑅0, 
exacerbating the spread of diphtheria. Conversely, the rate at which susceptible individuals become partially 
vaccinated (ߚ௉),  the rate at which susceptible individuals become fully vaccinated (ߚ௏),   diphtheria-
induced death rate (1ߤ),  the recovery rate for asymptomatic infected individual (ߛ஺), the recovery rate for 
symptomatic infected individual (ߛௌ), proportion of infectious population (ߩ), the rate at which 
asymptomatic infected individuals become symptomatic infected (ߠ), and the rate at which symptomatic 
infected become treated (߶) are negatively sensitive and can significantly reduce 𝑅0, thus minimizing the 
spread of diphtheria. 
 

Table 6: Sensitivity indices of ࡾ૙ to the model parameters  

Parameters               Value   Sensitivity Index 

 ௩ 0.95 -2.1178ߚ ௣ 0.503 -0.1909ߚ 0.8892 0.201 1ߚ 



௨ߣ ߩ 0.0107- 0.00567 ߶ 0.0053 0.0000491431 ߤ 0.1585- 0.011 1ߤ 0.0006- 0.000104 ߠ ௦ 0.042 -0.0792ߛ 0.1108 0.0709 2ߚ ஺ 0.0714 -0.7695ߛ  

0.2 

100 

-0.1122 

 0.9196 0.0114 ߱ 0.8356 0.0707 ߝ 0.2870 0.00777 ݖ 0.2011 0.0289 ߬ 0.0193 0.5611 ߙ 1.0000

 

 

3.3 Effect of Transmission Rate on the Spread of Diphtheria  
3.3.1 Effect of asymptomatic infection transmission rate ( ࢼ૚) on the Spread of Diphtheria 

Figure 1 highlights the central role of asymptomatic transmission in driving disease spread by 
examining the effects of varying the asymptomatic infection transmission rate (1ߚ) across key population 
compartments under three different values: low (0.0201 = 1ߚ), moderate (0.201 = 1ߚ), and high (0.901 = 1ߚ), 
representing increasing levels of transmission from individuals without clinical symptoms. As shown in 
Figure 1 (a), higher values of (1ߚ) lead to a much faster depletion of the susceptible population. When 
asymptomatic transmission is low, the susceptible pool declines gradually, reflecting limited spread. 
However, even moderate increases in (1ߚ) substantially accelerate this decline, while high asymptomatic 
transmission rapidly exhausts the susceptible population. This demonstrates that individuals without 
symptoms can play a dominant role in sustaining transmission, often outpacing control strategies that focus 
only on symptomatic cases. The exposed compartment [Figure 1 (b)] shows a similar pattern. Low 
asymptomatic transmission results in slow growth of exposed individuals, whereas moderate and high (1ߚ) 
values produce increasingly rapid increases. At high (1ߚ), the exposed population rises sharply and early, 
indicating widespread silent transmission and rapid seeding of new infections before symptoms appear. 
Figures 1 (c) and 1(d) further show that increases in (1ߚ) strongly amplify both asymptomatic and 
symptomatic infections. Higher asymptomatic transmission drives a steep rise in the asymptomatic infected 
population and, indirectly, fuels symptomatic cases through continued community spread. This coupling 
highlights how undetected carriers can silently intensify outbreaks and lead to large numbers of clinical 
cases downstream. Figure 1 (e) shows that higher (1ߚ) values lead to a much larger recovered population 
over time, reflecting extensive transmission throughout the community.  
 

 

 

(a)                                                                        (b) 
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Figure 1: Effect of Asymptomatic Infection Transmission Rate on the Spread of Diphtheria based on 
different Compartments at time (t) in weeks:  (a) Susceptible compartment; (b) Exposed compartment; (c) 
Asymptomatic compartment; (d) Symptomatic compartment; (e) Recovered compartment. 
  

3.3.2. Effect of Symptomatic Infection Transmission Rate ( ࢼ૛) on the Spread of Diphtheria 

Figure 2 illustrates how changes in the symptomatic infection transmission rate (2ߚ) influence the 
progression of the epidemic across multiple population compartments under three different values: low (2ߚ 
= 0.00709), moderate (0.0709 = 2ߚ), and high (0.709 =2ߚ) to capture increasing levels of transmission from 
symptomatic individuals. As shown in Figure 2 (a), higher values of (2ߚ) lead to a much faster decline in 
the susceptible population. When symptomatic transmission is low, the susceptible pool decreases slowly, 
indicating limited spread. However, even moderate increases in (2ߚ) markedly accelerate the loss of 
susceptibles, while high transmission rapidly depletes this compartment, driving it toward near-zero levels. 
This highlights the strong influence of symptomatic individuals on the speed and scale of disease spread. 
The exposed compartment [Figure 2 (b)] responds sharply to changes in (2ߚ). Low symptomatic 
transmission results in only a modest rise in exposed individuals, whereas moderate and high values 
produce increasingly rapid growth. At high (2ߚ), exposure rises steeply before leveling off, suggesting that 
a large fraction of the population becomes exposed in a short period. Notably, even small increases in (2ߚ) 
generate disproportionately large increases in exposure, emphasizing the sensitivity of early epidemic 
growth to symptomatic transmission. Figures 2(c) and 2(d) show that higher (2ߚ) amplifies both 
asymptomatic and symptomatic infections. Increased symptomatic transmission indirectly fuels 
asymptomatic cases through greater overall exposure, while symptomatic infections themselves grow in a 
strongly nonlinear manner, with high (2ߚ) producing near-exponential increases. This demonstrates that 
symptomatic transmission not only drives visible cases but also strengthens hidden transmission pathways. 
Figure 2 (e) indicates that higher (2ߚ) leads to a faster and larger accumulation of recovered individuals, 
reflecting the downstream effect of widespread infection.  
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Figure 2: Effect of Symptomatic Infection Transmission Rate on the Spread of Diphtheria based on different 
Compartments at time (t) in weeks: (a) Susceptible compartment; (b) Exposed compartment; (c) 
Asymptomatic compartment; (d) Symptomatic compartment; (e) Recovered compartment. 
 

 

Effect of Various Intervention Strategies on Diphtheria Prevalence 

The intervention strategies considered in this study include vaccination, encompassing various 
scenarios such as effective vaccination, ineffective vaccination, incomplete vaccination, vaccine waning, 
and treatment. 

3.4.1. Effective Vaccination Scenario 

Effective vaccination is determined using the rate at which susceptible individuals become fully 
vaccinated (ߚ௏)  and the rate at which partially vaccinated individuals become fully vaccinated 

Effect of the rate at which susceptible individuals become fully vaccinated (ࢂࢼ) on Diphtheria 
Prevalence 

Figure 3 illustrates the impact of the rate at which susceptible individuals become fully vaccinated (ߚ௏) on 
both the susceptible and fully vaccinated compartments over time under three different vaccination values: 
low (ߚ௏ = 0.15), moderate (ߚ௏  = 0.95), and high (ߚ௏ = 1.75) are considered to assess how vaccination 
intensity influences epidemic control. Figure 3 (a) shows that increasing (ߚ௏) leads to a more rapid decline 
in the susceptible population. At low vaccination rates, the reduction in susceptibles is gradual, leaving a 
large portion of the population vulnerable for an extended period. In contrast, moderate and high values of 
 produce a steeper decrease, with the highest vaccination rate resulting in a swift depletion of the (௏ߚ)
susceptible compartment.  Figure 3 (b) further indicates that higher values of (ߚ௏) significantly increase the 
size of the fully vaccinated compartment. As (ߚ௏) rises, the number of fully vaccinated individuals grows 
more rapidly and stabilizes at a higher level over time. 
 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

(a)                                              (b) 

  
        
Figure 3: Effect of the rate at which susceptible individuals become fully vaccinated (ߚ௏) at time (t) in 
weeks:   (a) Susceptible compartment; (b) Fully Vaccinated compartment 
    
Effect of the rate at which partially vaccinated individuals become fully vaccinated (ࢿ) on Diphtheria 
Prevalence 

Figure 4 shows how quickly moving people from partial to full vaccination influences overall 
protection in the population. When the transition rate (ߝ) is low, many individuals remain vulnerable for 
longer periods, slowing the reduction in susceptibility. As (ߝ) increases to moderate and high levels, the 
number of unvaccinated susceptible individuals drops much faster. Notably, the outcomes for moderate and 
high rates are very similar, suggesting that once vaccination schedules are completed promptly, further 
acceleration provides only limited additional benefit. The effect on the fully vaccinated population is 
particularly evident [Figure 4 (a)]. At low and moderate transition rates, the number of fully vaccinated 
individuals increases only slightly before declining, reflecting slow movement into full protection and the 
impact of waning immunity. In contrast, a high transition rate leads to a rapid buildup of fully vaccinated 
individuals, creating a stronger but temporary boost in population immunity. This highlights that fast 
completion of vaccination schedules can substantially improve short-term protection, although maintaining 
this benefit requires continued vaccination efforts. Changes in the partially vaccinated compartment further 
emphasize this point [Figure 4 (b)]. When progression to full vaccination is slow, partially vaccinated 
individuals accumulate and remain in this intermediate state. With faster transition rates, this group shrinks 
steadily as people move more quickly to full vaccination. 
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Figure 4: Effect of the Rate at which Partially Vaccinated Individuals become Fully Vaccinated (ߝ) on 
Diphtheria Prevalence at time (t) in weeks:   (a) Fully Vaccinated compartment: (b) Partially Vaccinated 
compartment 

 

3.4.2 Ineffective Vaccination Scenario 

Ineffective vaccination is determined by the rate at which partially vaccinated individuals become 
susceptible (z) on the susceptible compartment. Figure 5 illustrates how the rate at which partially 
vaccinated individuals lose their protection and return to susceptibility (Z) influences both the susceptible 
and partially vaccinated populations under three different values: low (Z = 0.000777), moderate (Z = 
0.0777), and high (Z = 0.777) to capture varying degrees of loss of partial immunity. Figure 5 (a) shows 
that when loss of partial protection is slow, the susceptible population declines rapidly and remains 
relatively low over time, indicating that partial vaccination continues to provide meaningful protection. As 
(Z) increases, this decline becomes much slower, leading to a larger pool of susceptible individuals. At high 
values of (Z), partial immunity wanes quickly, allowing many individuals to re-enter the susceptible class 
and increasing vulnerability to infection. This demonstrates that the durability of partial vaccine protection 
is critical for limiting the size of the susceptible population. Figure 5 (b) highlights the corresponding effects 
on the partially vaccinated compartment. At low (Z), the number of partially vaccinated individuals grows 
steadily, reflecting sustained retention of partial immunity. In contrast, high reversion rates cause a sharp 
decline in this compartment, as individuals rapidly lose protection and transition back to susceptibility. 
Moderate values of (Z) produce intermediate behaviour between these extremes. 
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Figure 5a: Effect of the Rate at which Partially Vaccinated Individuals become Susceptible (Z) on 
Diphtheria Prevalence at time (t) in weeks:   (a)  Susceptible Compartment; (b) Fully Vaccinated 
Compartment 
3.4.3 Incomplete vaccination 

The incomplete vaccination is determined by the rate at which susceptible individuals become 
partially vaccinated.  Figure 6 demonstrates how the rate at which susceptible individuals become partially 
vaccinated affects the susceptible compartment over time. The curves display three different values of the 
effect: 0.103 (red dashed), 0.503 (blue dashed), and 0.903 (solid green), representing low, moderate, and 
high levels, respectively.  Figure 6 (a) shows how increasing the rate at which susceptible individuals 
receive a partial vaccine dose changes the course of the diphtheria infection. When partial vaccination 
occurs slowly, many people remain fully susceptible for a long time. As the rate of partial vaccination 
increases, the susceptible population shrinks much faster, indicating that even a single vaccine dose can 
quickly reduce the number of people at highest risk of infection. At the highest uptake level, this reduction 
happens early and sharply, underscoring the value of rapidly expanding access to initial vaccination. The 
effects are also evident in the partially vaccinated compartment [Figure 6 (b)]. Higher partial vaccination 
rates lead to a larger number of people entering this compartment early on, producing a higher and more 
sustained peak. In contrast, lower vaccination rates result in fewer partially vaccinated individuals and a 
quicker decline over time. This pattern suggests that strong early uptake of partial vaccination not only 
reduces vulnerability but also maintains a meaningful level of intermediate protection in the population. 
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Figure 6: Effect of the Rate at which Susceptible Individuals become Partially Vaccinated (ߚ௉)  
 on Diphtheria Prevalence at time (t) in weeks:   (a) Susceptible Compartment; (b) Partially Vaccinated 
Compartment. 
 

3.4.4.  Vaccine Waning Scenario 

 

Vaccine waning is measured by the rate at which fully vaccinated individuals become susceptible 
and the rate at which individuals transition from being fully vaccinated to partially vaccinated 

 

Effect of the rate at which fully vaccinated individuals become susceptible ( ࣓) on the susceptible 
compartment 
 

Figure 7 illustrates how the rate at which fully vaccinated individuals lose immunity and return to 
susceptibility (߱) affects both the susceptible and fully vaccinated compartments under three different 
values: low (߱ = 0.00114), moderate (߱ = 0.0114), and high (߱ = 0.114) to reflect different levels of 
durability of vaccine-induced immunity. Figure 7 (a) shows that when immunity wanes slowly, the 
susceptible population declines rapidly and remains relatively small, indicating strong and lasting vaccine 
protection. As (߱) increases, this decline becomes much slower, and the susceptible pool remains larger 
over time. At high rates of immunity loss, vaccinated individuals return more quickly to susceptibility, 
sustaining vulnerability within the population. This highlights the importance of durable vaccine-induced 
immunity in effectively reducing the number of people at risk. Figure 7 (b) further demonstrates that (߱) 
strongly shapes the fully vaccinated compartment. At low and moderate values, the fully vaccinated 
population grows and is maintained at high levels, reflecting long-lasting protection. In contrast, when (߱) 
is high, the fully vaccinated population increases only briefly before declining steadily, signaling a rapid 
loss of immunity. Together, these results emphasize that faster waning of full vaccine protection undermines 
long-term vaccination benefits.  
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Figure 7: Effect of the Rate at which Fully Vaccinated Individuals become Susceptible ( ߱)on Diphtheria 
Prevalence at time (t) in weeks:   (a) Susceptible Compartment; (b) Fully Vaccinated Compartment 
 

Effect of the rate at which individuals go from being fully vaccinated to partially vaccinated (࣎) on 
fully vaccinated compartment 

 

Figure 8 illustrates how the rate at which individuals move from being fully vaccinated to partially 
vaccinated (߬) reflects waning immunity and vaccination coverage over time. Three scenarios are 
considered: low (߬ = 0.00289), moderate (߬ = 0.0289), and high (߬ = 0.289), representing increasing levels 
of loss of full protection. Figure 8 (a) shows that as (߬) increases, the fully vaccinated population ( ிܸ) 
declines more rapidly. When waning is slow (low and moderate (߬), full vaccination coverage is largely 
preserved, with only a gradual reduction over time. In contrast, a high transition rate results in a sharp and 
sustained decline in the fully vaccinated population, indicating that full protection cannot be maintained 
without additional interventions. This highlights how the rapid waning of immunity can quickly erode gains 
achieved through vaccination programs. The corresponding effects on the partially vaccinated compartment 
( ௉ܸ) are shown in Figure 8 (b). At low (߬), the partially vaccinated population steadily decreases, as few 
individuals lose full protection and progress toward lower immunity states. With moderate (߬), the partially 
vaccinated group initially grows, reaches a peak, and then declines, reflecting a temporary accumulation 
due to waning from full vaccination. At high (߬), however, the partially vaccinated population increases 
continuously, driven by a sustained flow of individuals losing full immunity. 
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Figure 8: Effect of the Rate at which Individuals go from being Fully Vaccinated to Partially  
Vaccinated (߬) on different Compartments at time (t) in weeks:   (a) Fully Vaccinated Compartment; (b) 
Partially Vaccinated Compartment. 
3.5 Treatment Scenario 

Figure 9 illustrates how the recovery rate of treated individuals (்ߛ) shapes the progression of 
infection and recovery across multiple compartments under three different values: low (0.00714 = ்ߛ), 
moderate (0.0714 = ்ߛ), and high (0.714 = ்ߛ) to capture differences in treatment effectiveness. 
Figure 16a shows that higher recovery rates among treated individuals slow the growth of asymptomatic 
infections. When recovery is rapid, fewer individuals remain infectious for extended periods, leading to 
lower levels of asymptomatic cases over time. In contrast, slow recovery allows infections to persist longer, 
resulting in a faster and larger accumulation of asymptomatic individuals. This indicates that effective 
treatment can indirectly reduce silent transmission within the population. 
A similar pattern is observed for symptomatic infections in Figure 9 (b). As (்ߛ) increases, the number of 
symptomatic cases grows more slowly and reaches much lower peak levels. Low recovery rates are 
associated with sustained and higher symptomatic burdens, whereas high recovery rates substantially 
suppress symptomatic prevalence. This highlights the critical role of timely and effective treatment in 
limiting disease severity and spread. The impact on the treatment compartment is shown in Figure 9 (c ). 
When recovery is slow or moderate, individuals accumulate in treatment, leading to a rapidly growing 
treatment burden. In contrast, a high recovery rate results in a much slower increase, as patients exit 
treatment more quickly. Figure 9 (d) demonstrates that faster recovery dramatically accelerates the rise in 
the recovered population, contributing to earlier buildup of population immunity. 
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Figure 9: Effect of the Recovery Rate for Treated Individuals( ்ߛ) on the Spread of Diphtheria at time (t) 
in weeks:   (a) Asymptomatic Infected Compartment; (b) Symptomatic Infected Compartment; (c) 
Recovered Compartment; (d) Treatment Compartment.  

4. Discussion of Results 

The results from Figures 1 and 2 clearly show that both asymptomatic and symptomatic transmission 
drive diphtheria spread, with asymptomatic transmission emerging as a particularly powerful yet often 
overlooked contributor. Our findings align with growing evidence that asymptomatic individuals sustain 
transmission for extended periods, enabling quiet spread before detection(34,45,46). As the asymptomatic 
transmission rate increases, the susceptible population declines rapidly, while the exposed compartment 



surges, in line with (46), who demonstrated that even modest asymptomatic transmission accelerates 
epidemic growth. Similarly, (29,34) showed how silent transmission undermines strategies focused solely 
on isolating symptomatic cases. Higher symptomatic transmission rates produce comparable effects: rapid 
depletion of susceptibles, sharp rises in exposed and infected compartments, and disproportionately large 
epidemic responses, even from small increases (29,34). Symptomatic cases also indirectly amplify 
asymptomatic infections by boosting overall exposure (46). Meanwhile, elevated asymptomatic 
transmission leads to a large recovered population, reflecting uncontrolled spread and widespread recovery 
at the cost of larger outbreaks (47). Although recovery builds immunity, it often arises reactively rather than 
through prevention, underscoring the limitations of symptom-only controls. 
Figures 3 and 4 demonstrate vaccination's central role in curbing transmission, through both high coverage 
and schedule completion. Faster transitions from susceptible to fully vaccinated states shrink the at-risk 
pool, consistent with studies emphasizing vaccination's reliability for diphtheria control 
(7,28,30,35,37,38,47). Slow progression from partial to full vaccination leaves many partially protected and 
transmission-competent (4,29,34). Notably, moderate and high completion rates yield similar susceptibility 
reductions, suggesting diminishing returns beyond reasonable timelines (28,34,48). 
Figure 6 underscores the partial vaccination's important but limited protective effect. Faster first-dose 
uptake reduces the fully susceptible pool, providing short-term risk reduction, especially early in outbreaks 
when full schedules are impractical (32,34,46,47,49). Low uptake sustains high vulnerability, while higher 
rates mimic first-dose campaigns that curb spread pre-full coverage. 
Figures 7 and 8 reveal waning immunity's strong influence on long-term dynamics. Low waning rates 
sustain small susceptible pools and large fully vaccinated compartments, ensuring durable control  
(31,34,47). Higher rates replenish susceptibles, enabling persistent transmission despite coverage (29,46). 
Gradual shifts from full to partial vaccination at higher waning rates leave individuals with incomplete 
protection, insufficient against infection or onward spread (28,34,47). 
Figure 9 illustrates that a faster recovery from treatment suppresses both asymptomatic and symptomatic 
infections by shortening infectious periods, alleviating healthcare burdens, and accelerating population 
recovery. This aligns with evidence on rapid case management's transmission-interrupting effects 
(28,29,34,35,46,47).  
 This study has several notable strengths, including a comprehensive compartmental model that 
explicitly incorporates asymptomatic and symptomatic transmission, multiple vaccination states 
(unvaccinated, partially vaccinated, and fully vaccinated), waning immunity, and treatment dynamics, 
enabling a realistic depiction of diphtheria transmission and control. Extensive sensitivity analyses across 
numerical solutions further bolster robustness by pinpointing key drivers, such as asymptomatic spread, 
vaccination coverage, waning immunity, and treatment efficacy, and by drawing parameters from NCDC 
surveillance data for contextual relevance. However, limitations include the assumption of homogeneous 
mixing, which overlooks spatial heterogeneity and behavioural factors such as vaccine hesitancy, health 
system constraints, and uncertainties in adherence. Future research should integrate stochastic and spatial 
models alongside optimal control strategies to jointly optimize vaccination, boosters, and treatment under 
resource constraints, and to target measures against asymptomatic carriers. 

5. Conclusion 

In this study, we developed a diphtheria vaccine-treatment model with eight compartments: Susceptible 
(unvaccinated) population (ܵ௎), fully vaccinated ( ிܸ), partially vaccinated ( ௉ܸ), exposed (E), asymptomatic 
infected (ܫ஺), symptomatic infected (ܫௌ), treated (T), and recovered (R). The calculated basic reproduction 
number (𝑅0) was found to be greater than 1, indicating that, under current conditions, diphtheria is likely 
to increase over time unless control measures are improved. Sensitivity analysis identified drivers of (𝑅0), 
highlighting the critical role of certain parameters in sustaining and suppressing the spread of diphtheria. 
The model shows that both asymptomatic and symptomatic transmission significantly contribute to disease 
spread, with asymptomatic carriers often enabling silent, prolonged transmission. The evaluation of 
intervention strategies shows that vaccination, especially rapid progression to full coverage, is the most 
effective intervention. Partial vaccination and waning immunity underscore the need for timely booster 
programs and sustained coverage. Rapid treatment and recovery further suppress transmission and reduce 



healthcare burdens. This study emphasizes the necessity of comprehensive vaccination strategies, vigilant 
monitoring of asymptomatic transmission, and rapid treatment to achieve and sustain diphtheria 
elimination. 
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