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Abstract

The Wilson-Cowan model is a set of two differential equations simulating the
dynamics of interacting populations of excitatory and inhibitory neurons. In its
original state, the model is applicable to epilepsy, however, this study seeks to (1)
provide a template of the model capable of depicting brain function in learning,
and effectively, memory; and (2) identify factors that are important for aiding
learning processes in individuals diagnosed with learning disorders. A modified
Wilson-Cowan model is introduced where synaptic weights evolve through Heb-
bian plasticity rules, incorporating weight decay to prevent runaway dynamics
and a rhythmic modulation term to simulate gamma oscillations. Stability anal-
ysis of the unforced system reveals a single, asymptotically stable fixed point.
When oscillatory modulation is applied, this fixed point evolves into a stable peri-
odic orbit, demonstrating that plasticity is gated to specific phases of the gamma
cycle, creating rhythmic ”learning windows.” This phase-dependent learning pro-
vides a mechanistic framework to the stability-plasticity dilemma by structuring
synaptic modification in time, preventing chaotic growth while allowing continu-
ous learning. The findings suggest that disruptions to this rhythmic organization
may underlie learning deficits, and propose that interventions aimed at entraining
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brain oscillations could enhance learning by restoring optimal timing for synaptic
plasticity.

Keywords: Hebbian plasticity, Gamma oscillations, Synaptic stability, Wilson-Cowan
Model

1 Introduction

Neurotypically, newly learned information is processed through the hippocampal com-
plex in a process termed memory consolidation, which also plays a key role in memory
recall Cipolotti and Bird (2006); Ryan, Nadel, and Keil (2001). It has commonly
been postulated that memories are firstly stored through synaptic changes in the
hippocampal cortex Meeter and Murre (2005). More specifically, changes in neural
excitatory and inhibitory firing patterns facilitate the underlying processes of memory
and learning. Mathematical models suggest that these processes show an initial depen-
dence on the hippocampal complex that eventually diminishes with time Meeter and
Talamini (2002). Several of these models suggest that the repeated reactivation of a
hippocampal-neocortical representation drives the systems level consolidation process
Ellenbogen, Payne, and Stickgold (2006); Stickgold (2005); Stickgold, James, and Hob-
son (2000). More recently, models simulating the consolidation process using neural
networks demonstrate that such models can explain several of the main characteristics
of amnesia and semantic dementia Meeter and Murre (2004, 2005).

Learning in the brain is primarily undermined by activity dependent changes in
synaptic strength, a process generally referred to as synaptic plasticity. One of the
most influential theories is Hebbian learning, which proposes that coactivation of neu-
rons strengthens their synaptic connection Hebb (1949). This principle demonstrates
how correlated activity leads to the reinforcement of synaptic connections, providing a
cellular mechanism for associative learning. Modern interpretations expand on this by

emphasizing that Hebbian plasticity is input specific and involves complex biochemical
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activity that is often triggered by postsynaptic calcium influx, primarily through acti-
vation of the NMDA receptor Malenka and Bear (2004). This calcium signaling acts
as a coincidence detector, allowing synapses to potentiate only when presynaptic glu-
tamate release coincides with postsynaptic depolarization. A fundamental challenge in
neuroscience is the stability-plasticity dilemma: the brain must remain stable enough
to retain established memories and skills, while simultaneously being plastic enough
to encode new information. Pure Hebbian learning, however, if left uncontrolled, can
lead to runaway excitation, which biological systems counterbalance through home-
ostatic mechanisms like synaptic scaling and inhibitory feedback Turrigiano (2012).
This limitation has prompted the development of hybrid models that combine Heb-
bian plasticity with homeostatic and inhibitory regulation to ensure stable learning in

biological and artificial systems Fox and Stryker (2017).

Ho-Co-ce
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I
|

Homeostatic
Responsa

Outcome [ Postsynaptic Activity |
Fig. 1: Runaway Plasticity and Synaptic Scaling Watt and Desai (2010)

@

Activity/Synaptic strength

As shown in Part A of Figure 1, Hebbian plasticity can lead to instability, where
strengthening of one synapse (through Long Term Potentiation, or LTP, shown on the
left) increases the likelihood that it will further drive the postsynaptic neuron to fire.

This elevated postsynaptic activity (middle) in turn makes it easier for other synapses
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to also undergo LTP (right), potentially resulting in runaway potentiation and reduc-
ing the statistical likelihood of a neuron effectively storing information Watt and Desai
(2010). In Part B, synaptic scaling provides a homeostatic mechanism that responds
to long term changes in postsynaptic activity. When postsynaptic activity drifts out-
side its optimal range, synaptic scaling adjusts all synapses proportionally (illustrated
here by changes in AMPA receptor content) to restore balance and maintain stable
activity levels.

Of several mathematical models for brain function, one of the most popular is
the Wilson-Cowan model, which describes the interactions between excitatory and
inhibitory neural populations using coupled non-linear differential equations Wil-
son and Cowan (1972). Commonly used to simulate neural populations, the model
includes the macroscopic behavior of cortical tissue, including oscillatory states, multi-
stability, and transitions between attractor states, all vital elements to understanding
the underlying processes of memory encoding, retrieval, and how these processes dif-
fer in individuals with learning disabilities Deco, Jirsa, and McIntosh (2011); Freeman
(1975). While Hebbian learning describes the microscopic synaptic changes underlying
memory and learning, population level models like the Wilson-Cowan model provide
a macroscopic view, enabling simulations of dynamic, large scale neural populations.

To connect the microscopic and macroscopic levels of brain function, this paper
proposes a hybrid modeling framework that integrates Hebbian learning principles
with a modified form of the Wilson-Cowan model. By combining these perspectives,
it becomes possible to study how localized changes in synaptic strength influence
broader patterns of neural activity, and how population level dynamics can, in turn,
affect synaptic structure. This interaction is crucial to understanding how repeated
experiences lead to long term changes in brain function and how disruptions in this

cycle may contribute to cognitive deficits.
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The interaction between excitatory and inhibitory activity is a vital factor in both
learning and memory. When this balance is disturbed, it could lead to neurological
disorders. A growing body of research suggests that learning disabilities, including
attention-deficit /hyperactivity disorder (ADHD), dyslexia, and some forms of autism
spectrum disorder (ASD), may be associated with disruptions in the balance between
excitatory and inhibitory (E/I) neural activity Uhlhaas and Singer (2010); Yizhar et al.
(2011). In ADHD, studies have observed reduced inhibitory control in prefrontal cor-
tical regions, which may impair executive function and working memory, both critical
for effective learning Castellanos and Proal (2012). Dyslexia has been associated with
atypical neural oscillations and altered E/I dynamics in language processing regions,
which may contribute to difficulties in phonological decoding and reading acquisi-
tion Lehongre, Ramus, Villiermet, Schwartz, and Giraud (2011). Similarly, in ASD,
imbalances in E/I signaling, particularly in cortical microcircuits, are suggested to
affect information processing and cognitive flexibility, consequently impacting learn-
ing in both social and academic contexts Rubenstein and Merzenich (2003). While
the present model does not incorporate disorder-specific mechanisms or parameters,
these conditions motivate a broader investigation of how alterations in E/I dynam-
ics and oscillatory structure could, in principle, influence learning-related plasticity.
The model proposed in this paper serves as a theoretical framework for generating

hypotheses rather than as a direct model of any specific population.

2 Methods

2.1 Model Framework and Rationale

This study employs a computational modeling approach to investigate dynamic inter-
actions between neural population activity and synaptic plasticity in learning. The
model in this study builds off the Wilson-Cowan model, which describes mean fir-

ing rates of coupled excitatory (E) and inhibitory (I) neuronal populations Wilson



123

124

125

126

127

128

129

130

131

132

133

134

135

136

138

139

140

141

142

143

144

145

146

147

148

and Cowan (1972). The proposed model extends this framework by integrating activ-
ity dependent synaptic plasticity, where connection strengths between populations
become dynamic variables evolving according to Hebbian correlation principles. This
modification enables simulation of how learning at the synaptic level both influences
and is influenced by macroscopic network dynamics.

The core dynamical system is defined by a set of six coupled, first-order, non-
linear ordinary differential equations. Two equations govern fast-time-scale (neural)
dynamics of population firing rates, and four equations govern slow-time-scale (synap-
tic) dynamics of connection weights. An external oscillatory forcing term is added to
the synaptic equations to simulate the influence of gamma-band rhythms known to

modulate plasticity Buzséki and Wang (2012); Fries (2015).

2.2 Stability Analysis Procedures

Stability properties of the autonomous system (v = 0) were analyzed through the

following systematic procedure:

1. Fixed Point Identification: The equilibrium point (E,I,wgg, wgr, wWig, wrr)
was found by numerically solving the system of equations obtained by setting all
time derivatives to zero. This was implemented using SciPy’s fsolve function with
an initial guess near the expected biological regime.

2. Jacobian Computation: The 6 x 6 Jacobian matrix J of the system was derived
analytically. Entries representing partial derivatives of each equation with respect
to each state variable were evaluated at the numerically identified fixed point.

3. Eigenvalue Analysis: Local stability of the fixed point was determined by cal-
culating eigenvalues \; of J using NumPy’s linalg.eig function. A fixed point is
asymptotically stable if and only if ();) < 0 for all 4.

4. Forced System Dynamics: The non-autonomous system (y = 0.02) was analyzed

through numerical integration. Emergence of a stable periodic orbit was confirmed
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by observing sustained, synchronous oscillations in all state variables at the driving
frequency (w = 251.33 rad/s = 40 Hz) and by plotting phase portraits and Poincare

sections.

2.3 Activation Function

Nonlinear activation functions Sg(z) and Sr(z), which map total synaptic input to

firing rate, were defined as identical sigmoidal functions:

_ 1
1 +exp(—a(z —0))

S(x) (1)

with gain ¢ = 1.5 and threshold # = —1.8. These parameters were analytically
derived by requiring the function to be consistent with fixed point firing rates (E*,
I*) identified for chosen external inputs (P.,, P;,), thus simulating model dynamics

to a biologically plausible operating point.

3 Models and Populations

3.1 Wilson-Cowan Model

The Wilson-Cowan model simulates excitatory and inhibitory neural functioning using

the following two coupled differential equations:

dFE
TEE:—E-l—(l—?”EE)'SE(wEEE_wEII+PE) (2)
dl
T]E:—I—|—(1—’I”II)'S[(’LU]EE—’LU][I+PI) (3)

Where:
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Table 1: Summary of variables and parameters in the Wilson-Cowan model

Symbol Description
E(t) Mean firing rate of the excitatory neuronal population at time ¢
I(t) Mean firing rate of the inhibitory neuronal population at time ¢
rg, 1 Refractory coefficients limiting population activity at high firing rates
wggr(t) Excitatory-to-excitatory synaptic weight (self-excitation)
wgr(t) Inhibitory-to-excitatory synaptic weight (inhibitory feedback)
wrg(t) Excitatory-to-inhibitory synaptic weight (feedforward excitation)
wrr(t)  Inhibitory-to-inhibitory synaptic weight (self-inhibition)
Pg(t), Pr(t) External inputs to excitatory and inhibitory populations
Se(-), Sr(-) Nonlinear activation functions mapping synaptic input to firing rate
T, T Time constants governing response speed of each population

The Wilson-Cowan model works by simulating how groups of excitatory and
inhibitory neurons influence each other’s average firing rates over time. Instead of
simulating individual neurons, the model treats each population as a whole, using dif-
ferential equations to track how their activity levels evolve. The excitatory population
(E) tends to increase its own activity (via self-excitation) and can also drive activity in
the inhibitory population (7). In contrast, the inhibitory population suppresses activ-
ity in both itself, known as self-inhibition, and in the excitatory population. These
interactions are quantified by the weights wgg, wgr, wrg, and wyy, which represent
the strength of the connections between populations (See Figure 2).

The dynamics of each population depends on a leaky integration mechanism: neu-
ral activity decays over time unless driven by input. The terms —F and —I in the
equations represent this natural decay. The remaining terms in each equation reflect
input-driven activation, where the total synaptic input to a population is passed
through a nonlinear activation function, typically a sigmoidal function, to determine
how strongly the population responds. This nonlinearity ensures that the firing rate
grows slowly at low input levels, increases rapidly around a threshold, and then satu-
rates, reflecting realistic neuronal behavior. The model also includes refractory factors,
(1 —rgFE) and (1 — r;I), which reduce the responsiveness of neurons as their activ-

ity increases, capturing the biological limitation that neurons cannot fire continuously
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without a refractory period. External inputs (Pg, Pr) allow for the simulation of the

effects of sensory stimuli or background brain activity.

The following diagram (Figure 2) shows

the connectivity of neurons in a homoge-

neous network. The total population that is

modeled comprises several billion of these

networks, all of which are interlinked under

the assumption that each neuron is coupled

with at least one other neuron in the pop-

ulation.

Within this model, fixed points represent Wik Vel Wit

steady states of population activity. The

stability of these points depends on the

Fig. 2: Assumed Neuronal Connec-

connection weights (wgg, Wer, Wig, Wir), tions

the refractory parameters, and the level
of external input. Small changes in these
parameters can shift the system from a
stable equilibrium to oscillatory dynamics
or even bistability, where the network can

switch between two distinct states of activ-

ity.

3.2 Modified Model

Although the original Wilson—Cowan model describes the dynamics of average firing
rates F(t) and I(t) using fixed synaptic connection strengths, the modified model
introduces time-dependent synaptic weights, wrg(t), wgr(t), wrg(t), and wrr(t),

that evolve according to Hebbian plasticity rules. These weight dynamics include
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Hebbian terms that are proportional to presynaptic and postsynaptic activity, along

with quadratic decay terms scaled by « to prevent runaway growth. In addition, a

modulation term v sin(wt) represents oscillatory input capable of inducing rhythmic

fluctuations such as theta- and gamma-band activity. The activation functions Sg(-)

and Sy (+) remain nonlinear mappings from input to firing rate, as in the original model.

The modified model is comprised of the following six coupled differential equations:

Where,

% = —E+ S (wpp(t)E —wgr(t)I + Pp(t)) (4)
dI

a =1+ (w[E(t)E—wII(t)I+PI(t)) (5)
dﬂ:le =7 (E2 - anEE(t)) + v sin(wt) (6)
dwpr _ n (EI — awg(t)) + v sin(wt) (7)

7 Bl v
quéE =n(IE — awig(t)) + vysin(wt) (8)
dwry _ (12 2 (t)) + 7 sin(wt) (9)

— n aw?; Ay sin(w

in addition to the variables from the original model, the following

parameters are defined:

Table 2: Summary of parameters in the modified
model

Symbol Description
n  Learning rate (plasticity strength)

a  Weight decay factor preventing runaway growth
v Amplitude of sinusoidal modulation
w  Frequency of sinusoidal modulation

10
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For analytical tractability, identical plasticity rules and oscillatory modulation are
applied to all four synaptic weights. This symmetric formulation serves as a mini-
mal modeling assumption that isolates the interaction between rhythmic forcing and
population dynamics rather than implying biological equivalence among synapse types.

The synaptic weights evolve according to Hebbian correlations, bounded by
quadratic decay, while the oscillatory drive introduces biologically relevant rhythms
that can structure plasticity over time. By allowing neural activity and synaptic con-
nectivity to co-evolve, the model captures dynamical behaviors absent in fixed-weight
systems, including adaptive stabilization, rhythm-dependent learning, entrainment,
and resonance phenomena.

In biological systems, oscillations often influence plasticity indirectly through fir-
ing rates, intracellular signaling, or neuromodulatory processes. Here, the oscillatory
drive is applied directly to the weight dynamics as a proof-of-concept simplification
that isolates the effect of rhythmic forcing on network-level plasticity while preserving
analytical tractability.

2 acts as a simple homeostatic mechanism that

The quadratic decay term aw
constrains synaptic growth and stabilizes network dynamics. Although more biologi-
cally detailed normalization mechanisms exist, this formulation provides qualitatively

similar stabilizing behavior with reduced mathematical complexity, allowing the

stability—plasticity interaction to be demonstrated explicitly.

4 Stability Analyses

4.1 Assumptions

Because this study employs a modified Wilson-Cowan framework, it adopts several
standard population-level assumptions. Neurons within each population are assumed
to lie in close spatial proximity, to connect randomly, and to form a sufficiently dense

network such that each cell receives at least one connection from within the population.

11
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These assumptions permit the neglect of spatial structure and allow the system to be
treated as spatially homogeneous. Time is also modeled as a continuous variable.

For analytical tractability, synaptic weights in the model are not explicitly con-
strained to remain non-negative. This permits the system to be treated as a smooth
dynamical flow in continuous state space and facilitates linear stability analysis of the
full six-dimensional system. Although biological synapses are strictly non-negative in
strength, the present study focuses on qualitative network dynamics rather than lit-
eral physiological interpretation of individual weight values. Negative weights therefore
should not be interpreted as inhibitory synapses, but rather as mathematical artifacts
that allow demonstration of the system’s stability and oscillatory behavior.

The plasticity equations governing the four synaptic weights are structurally
identical, implying symmetry among excitatory—excitatory, excitatory—inhibitory,
inhibitory—excitatory, and inhibitory—inhibitory learning dynamics. This symmetry is
imposed as a simplifying assumption to reduce the effective degrees of freedom and
isolate the fundamental interaction between oscillatory forcing and network plasticity.
While biological systems exhibit heterogeneous plasticity mechanisms across synapse
types, the symmetric formulation enables clearer analytical interpretation of stability
properties and avoids additional parameter dependencies that could obscure the core
dynamical behavior under investigation.

A further simplifying assumption in the equilibrium derivation is symmetry

between certain synaptic weights. In particular, the equilibrium solutions for w},; and

EI IE V a

This equality simplifies the analytical solution but may not fully capture the distinct

wjp both yield

functional roles of excitatory-to-inhibitory versus inhibitory-to-excitatory connections

observed in biological networks.

12
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External inputs to the excitatory and inhibitory populations, Pg(t) and P;(t),
were held constant at baseline values (Pg, = —2.31, P;, = —3.81) to represent steady-
state conditions. The equilibrium and its local stability were first determined for the
unforced autonomous system by setting the oscillatory modulation amplitude to zero
(v=0).

The nonlinear activation functions Sg(x) and S;(x) were assumed to be identical

logistic sigmoid functions of the form

S(z) = (1 + exp[—a(z —0)]) ",

consistent with the original Wilson—Cowan formulation. The parameters a = 1.5 and
0 = —1.8 were selected to ensure consistency with the numerically identified biolog-
ically plausible fixed point of the unforced system (E* = 0.1263, I* = 0.0874). This
was achieved by substituting the equilibrium firing rate and its corresponding net

input into the logistic equation and solving for parameters satisfying
SE(U)*EEE* — U}*EII* + PEO) = E*.
The resulting function,
S(z) = (1 + exp[—1.5(x + 1.8)]) ",
reproduces the fixed-point firing rates.
For the linear stability analysis, the derivative of the activation function was
required for construction of the Jacobian matrix. Differentiation of the logistic function

yields
S'(z) = aS(z)(1 - S(x)).

13
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Thus, S% and S} were computed directly from this analytical expression using the
fixed-point values and their corresponding net inputs, rather than treated as free
parameters.

The stability analysis is local in nature, relying on the Jacobian linearized about
the fixed point, and is therefore strictly valid only for infinitesimal perturbations. All
remaining parameter values were chosen to be biologically plausible and representative
of a stable neural regime. When oscillatory modulation was introduced (v = 0.02),
the system was treated as a deterministic, non-autonomous dynamical system, and
the resulting periodic orbit was examined via numerical integration.

It is important to note that the present model is not fitted to empirical data
from any clinical population and does not include disorder-specific parameters. Con-
sequently, references to learning disorders throughout this work are intended as
conceptual motivation rather than as direct model validation or explanation of specific

clinical conditions.

4.2 Parameters Applied

The following values were substituted in the model to perform stability analyses.

Table 3: Parameter Values

14
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Parameter Description Reference

WEE 0.9 Nesse, Clark, and Noudoost (2024)
WET 2.0 Nesse et al. (2024)
WiE 1.0 Nesse et al. (2024)
wrr 1.9 Nesse et al. (2024)
Pg, -2.31 Nesse et al. (2024)
Py, -3.81 Nesse et al. (2024)
7 0.05 Kyriazos and Poga (2025)
o 0.01 Dohare et al. (2024)
v 0.02 Nesse et al. (2024)
w 251.33 Buzsaki and Wang (2012); Fries (2015)

The parameter values listed in Table 3 were selected to place the system in a biolog-
ically plausible dynamical regime and to illustrate the stability—plasticity interactions
of interest. They are not directly derived from experimental measurements of synaptic
weights or neural time constants in any specific population. Rather, these values were
chosen to ensure the system exhibits stable fixed points and phase-dependent learning

windows, allowing exploration of the model’s mechanistic properties.

4.3 Analytical Framework

To understand the dynamic behavior of the modified Wilson-Cowan model, a stability
analysis examined both the unforced system (v = 0) and the rhythmically modulated
system (7 = 0.02). The analysis followed a systematic approach involving fixed point
computation, linearization, Jacobian eigenvalue analysis, and numerical simulation of

the full non-autonomous system.

15



205 For the unforced system, first, the equilibrium points were identified by setting all

26 time derivatives to zero:

0=—E*+Sp(why - E* —wlhy - I* + Pg,)

0=—I"+S; (wiy - E* —wi, - I* + Pp)

207 The plasticity equations yield analytical expressions for the equilibrium weights.

28 Solving the quadratic forms:

E*
E* - E* — a(wyp)? =0 = wip NG
E*I*
E*- T —a(wEI)2—0:>w*EI: 5
I*E*
I E* —a(wp)?=0=wiy = o
I*

200 Substituting these into the neural activity equations gives the following:

(E*)? \/ﬁ
E* = S - : I* Pe
e ( Va o) + e
[T E (I°)?
I* — 'E* _ PL
St ( o \/a + 0)

16



300 Simplifying the input terms:

* 1 * * T *
Input to F :ﬁ ((E )2 — (B2 .0 ) + P,
1
tmput to I* : (B )2 B = (1")?) + P,
301 Solving this coupled nonlinear system numerically revealed a single biologically

s plausible fixed point at:

E* =0.1263
I* = 0.0874
whp = 1.2630
wiy; = 1.0506
wip = 1.0506
wi; = 0.8740

ws 4.4 Linear Stability Analysis

s Next, the 6 x 6 Jacobian matrix J was evaluated at the fixed point to analyze local sta-
s bility. The system state vector is X = [E, I, wgg, wgr, wIE, wH]T, and the Jacobian
36 elements are partial derivatives of each equation with respect to each state variable.

307 The complete Jacobian matrix at the fixed point is:

17
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_—1 + Spwpr —Spwi; SpE* —SpI* 0 0 ]
Sty -1 — Stwi; 0 0 SLE* —SiI*
3o 2nE* 0 —2nawyp 0 0 0
- nl* nkE* 0 —2nawy; 0 0
nl* nkE* 0 0 —2nawig 0
0 2nI* 0 0 0 —2nowi;

The eigenvalues of J are as follows:

A1 = —0.675240
A2 = —1.000007
Az = —0.000889
A4 = —0.000889
As = —0.000881
Ae = —0.001051

These eigenvalues were obtained numerically by evaluating the Jacobian at the
fixed point using the parameter values listed in Table 3. The Jacobian was derived
analytically, and its eigenvalues were computed using standard numerical linear alge-
bra routines. Due to the dimensionality and nonlinearity of the system, closed-form
expressions for the eigenvalues are not available, and the stability analysis is therefore
local and parameter-dependent. All code related to evaluating Jacobian matrices and
eigenvalues is provided under the data availability statement.

Since all eigenvalues satisfy ®(\;) < 0 for ¢ =1,...,6, the fixed point is asymptoti-
cally stable, implying that small perturbations around equilibrium decay exponentially

and the system returns to the fixed point. The two most negative eigenvalues, A1 and

18
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Ao, correspond to fast stable modes associated primarily with the neural activity vari-
ables E and I, governing the rapid relaxation of population firing rates. In contrast,
the remaining eigenvalues (A3—Ag) are clustered close to zero, indicating the pres-
ence of slow modes. These slow eigenvalues are associated with the synaptic plasticity
dynamics and define a slow manifold on which the synaptic weights evolve gradually
toward equilibrium. The slowest timescale is determined by the least negative eigen-
value, A5 = —0.000881, implying that convergence of the synaptic variables occurs over
a much longer temporal horizon compared to the neural activity. This strong timescale
separation reflects a biologically realistic system in which neural firing adapts quickly,
while synaptic weights change slowly through plasticity. Finally, all eigenvalues are
real, indicating that the local dynamics near the fixed point are entirely relaxational,
with no intrinsic oscillatory components.

The absence of oscillatory eigenmodes in the Jacobian spectrum implies that no
intrinsic oscillations occur in the vicinity of the fixed point for the chosen parame-
ter regime. This conclusion is strictly local and applies only to small perturbations
near equilibrium. Due to the nonlinear and high-dimensional nature of the system,
other parameter regimes or larger perturbations may admit oscillatory dynamics,
bifurcations, or other complex attractors that are not captured by linearization. The
present analysis therefore characterizes local stability rather than the global dynamical

behavior of the system.

4.5 Modulated Dynamics

Introducing the oscillatory forcing term (v = 0.02, w = 251.33 rad/s) transforms the

system into a non-autonomous dynamical system:

19



342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

dwEE

T (E-E — awyy) + vsin(wt)
dzgfl =n(E-I-oawy;)+vsin(wt)
dtszE =n(I-E - owjg) + vsin(wt)
dZ;I =n(I-I-awi;)+vysin(wt)

Numerical integration of this forced system revealed that the stable fixed point
of the autonomous system evolves into a stable periodic orbit. This behavior is con-
sistent with the system undergoing a transition where the external rhythmic input
entrains the slow synaptic weight dynamics, causing all state variables to oscillate
synchronously at the driving gamma frequency. This observed transition to a peri-
odic orbit is therefore a consequence of the external rhythmic forcing, not an intrinsic
bifurcation of the autonomous system. The autonomous system’s fixed point remains
stable; the oscillation is a direct response to the continuous external drive.

The system exhibits phase-dependent dynamics where the effective learning rate

becomes:

n <1 + (- EV_ w2, sin(wt))

for non-zero Hebbian terms, creating temporal windows for enhanced plasticity.
All state variables oscillate rhythmically at the driving frequency, w, with amplitudes
modulated by intrinsic network dynamics. The model demonstrates that learning is
enhanced during specific phases of the oscillation while being suppressed during others.
This creates rhythmic ”learning windows” that repeat at approximately 40 Hz (gamma
frequency), as defined by the modulation frequency w = 251.33 rad/s. During each
gamma cycle, the actual learning rate modulates around the baseline = 0.05, creating

optimal temporal windows for synaptic modification.
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The expression for the time-dependent effective learning rate should be interpreted
heuristically rather than as a formal mathematical derivation. The oscillatory modula-
tion introduces both additive and multiplicative influences on the plasticity dynamics,
and the effective learning rate formulation serves as an intuitive interpretation of how
rhythmic forcing gates synaptic modification over time. This representation is not
intended as a rigorous reduction of the governing equations, but rather as a concep-

tual tool for understanding phase-dependent learning effects observed in numerical

simulations.

4.6 Simulated Plots

Unforced Dynamics (y =0)

Firing Rate

— wee(t)

0.90

Synaptic Weight wee
Firing Rate

7

0

250 500 750 1000 1250 1500 1750 2000
Time (ms)

Forced Dynamics (y = 0.02, 40 Hz Gamma)

0 25 50 75 100 125 150 175 200
Time (ms)

Fig. 3: Numerical simulation of the modified Wilson-Cowan model.
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On the left, the unforced dynamics (v = 0) are simulated. The system converges
to a stable fixed point, with the synaptic weight, wgg, showing slow, asymptotic
convergence. On the right, the forced dynamics (v = 0.02) are simulated. The system
exhibits a stable periodic orbit, with all variables oscillating at the gamma frequency
(40 Hz), demonstrating rhythmic entrainment. Time series show excitatory firing rate,
E(t) (blue), inhibitory firing rate, I(¢t) (red), and excitatory synaptic weight, wgg(t)

(green, right axis).

Simulation Results: Unforced and Forced Dynamics

Figure 3 illustrates the temporal evolution of the excitatory and inhibitory popu-
lations (E(t) and I(t)) and the corresponding synaptic weight, wgg(t), under both
unforced and rhythmically forced conditions. In the unforced case (y = 0), the system
exhibits intrinsic stability, with both E(t) and I(t) rapidly converging from their ini-
tial values to steady-state equilibrium points. This behavior confirms the asymptotic
stability predicted by the eigenvalue analysis in Section 4.4, where all eigenvalues of
the Jacobian equate to negative real parts. The synaptic weight, wgg(t), in contrast,
evolves on a slower timescale, gradually approaching its equilibrium value, wy 5. This
separation of timescales between fast neural dynamics and slow synaptic adaptation
reflects the system’s ability to maintain stability while permitting gradual learning
through plasticity. The results confirm that, in the absence of rhythmic modulation,
the modified model’s network settles into a single asymptotically stable fixed point.
When rhythmic modulation is introduced (y = 0.02), the system transitions from
a stable fixed point to a stable periodic orbit. The oscillatory input at the gamma fre-
quency (approximately 40 Hz) entrains both neural activity and synaptic dynamics,
leading to rhythmic fluctuations in E(t), I(t), and wgg(t). These oscillations demon-
strate that plasticity is temporally gated by the phase of the external rhythm: synaptic

modification is enhanced during specific phases of the gamma cycle and suppressed
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during others. This phase-dependent organization of plasticity creates rhythmic ”learn-
ing windows” that structure synaptic change in time, providing a mechanistic solution
to the stability—plasticity dilemma. In effect, the network learns continuously yet
remains dynamically stable, as oscillatory entrainment constrains synaptic growth and

coordinates neural activity across populations.

5 Discussion

The phase-dependent learning demonstrated by this model implements a temporal
Hebbian principle, where the efficacy of synaptic modification depends on the precise
timing of neural activity relative to an ongoing gamma oscillation (around 40 Hz). This
rhythmic organization creates discrete ”learning windows” that repeat each gamma
cycle, structuring synaptic change in time rather than allowing it to occur continuously.
This mechanism provides an elegant solution to the stability-plasticity dilemma: the
network can incorporate new information during specific phases while maintaining
operational stability during others.

The model naturally implements three distinct temporal scales that work in
conjunction: fast (~ms) neural firing dynamics, medium (~25ms) gamma rhythm
oscillations, and slow (~seconds) synaptic plasticity dynamics. This multi-scale tempo-
ral architecture enables the network to process information rapidly, organize learning
rhythmically, and accumulate experience gradually. Although all connection types are
modulated by the same oscillatory rhythm, they may be differentially affected depend-
ing on the precise timing of pre- and post-synaptic activity relative to the oscillation
phase, introducing an additional layer of specificity in synaptic modification.

The findings align with and extend previous work on oscillatory influences
on plasticity. The observed phase-dependent learning windows are consistent with
experimental evidence showing gamma-phase dependent plasticity in cortical and hip-

pocampal circuits Huerta and Lisman (1993), theta-gamma coupling during memory
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tasks Huerta and Lisman (1995), and phase-specific stimulation effects on learning.
The model provides a mechanistic explanation for how such rhythmic coordina-
tion could emerge from the interaction between population dynamics and synaptic
plasticity rules.

The key insight from this analysis is that learning is not a continuous process,
but occurs in rhythmic bursts synchronized to brain oscillations. This represents a
fundamental organizational principle that prevents chaotic synaptic growth through
temporal structuring, coordinates distributed learning across multiple brain regions,
and allows flexible network reorganization while maintaining operational stability.

Several testable predictions emerge from this framework: (1) stimulation at differ-
ent gamma phases should produce qualitatively different learning outcomes, (2) the
optimal timing for inducing plasticity depends critically on the oscillation phase, and
(3) learning should be maximal when inputs arrive during the ” preferred phase” of the
plasticity rhythm. These predictions could be tested using phase-specific transcranial
stimulation (e.g., tACS) or rhythmic sensory stimulation paradigms.

From a clinical perspective, these findings generate hypotheses regarding how dis-
ruptions in rhythmic coordination might contribute to learning difficulties. The model
suggests that interventions aimed at entraining oscillatory patterns could potentially
enhance learning by restoring optimal timing for synaptic plasticity. However, it is
crucial to emphasize that the present model does not provide direct evidence for
clinical efficacy; establishing such relevance would require empirical validation in bio-
logical systems and human populations. The model serves primarily as a theoretical
framework for understanding rhythm-plasticity interactions rather than as a clinical

prediction tool.
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6 Conclusion

This study has developed and analyzed a hybrid computational framework that inte-
grates the macroscopic dynamics of the Wilson-Cowan model with the microscopic
principles of Hebbian synaptic plasticity. By introducing time-dependent synaptic
weights governed by correlation-based rules and modulated by oscillatory input, the
model bridges a gap between population-level neural activity and synaptic change.
The stability analysis confirms that the unforced system possesses a stable fixed point,
ensuring baseline operational stability. More significantly, the introduction of rhyth-
mic modulation transforms this equilibrium into a stable periodic orbit, revealing that
synaptic plasticity is structured into discrete, phase-dependent ”learning windows.”

The key theoretical advance of this model is its demonstration that gamma
frequency oscillations can temporally organize synaptic modification, providing a
mechanistic solution to the stability plasticity dilemma. By gating plasticity to specific
phases of an oscillation, the network can incorporate new information continuously
without succumbing to runaway excitation or catastrophic interference. This phase
dependent learning implements a temporal Hebbian rule, where the precise timing of
pre- and postsynaptic activity relative to the ongoing brain rhythm determines the
magnitude and direction of synaptic change.

The model suggests that, in principle, disruptions in rhythmic coordination could
influence learning-related plasticity in addition to static E/I imbalances. Whether
such mechanisms play a causal role in specific conditions such as ADHD, dyslexia,
or ASD remains an open empirical question beyond the scope of the present model.
Consequently, interventions aimed at entraining oscillatory patterns, such as rhyth-
mic sensory stimulation or transcranial alternating current stimulation, represent
promising directions for future experimental investigation. However, establishing any
clinical efficacy would require empirical validation in biological systems and human

populations.
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In summary, this model posits that learning is an inherently rhythmic process.
The interplay between fast neural firing, medium speed network oscillations, and slow
synaptic plasticity creates a multi-scale temporal framework that is fundamental to
stable, effective learning in biological systems. By formalizing this principle, the model
provides a tool for future explorations into the dynamical origins of cognitive deficits
and the development of temporally precise, biologically informed interventions. Over-
all, the present work should be interpreted as a theoretical and mechanistic model,
intended to generate hypotheses about rhythm—plasticity interactions rather than to

provide direct clinical predictions.
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