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Abstract This study investigates the nonlinear dynam-

ics of towed two-wheeled trailers using a 4-DoF spatial

mechanical model. That is, yaw, pitch, and roll mo-

tions are all taken into account. The nonlinear govern-

ing equations are derived using the Lagrange equation

of the second kind. Geometrical nonlinearities and the
non-smooth nature of the lateral tire forces are con-
sidered. The normal loads at the wheels are precisely
calculated based on free-body diagrams, resulting in an

improved trailer model. To extend the globally stable

towing speed range, stability control is applied. Namely,

a differential braking scheme is implemented based on

the sign of the yaw rate of the trailer. A numerical bi-
furcation analysis is performed to investigate the large-
amplitude vibrations and unsafe (bistable) zones, where

stable rectilinear motion coexists with stable limit cy-

cles. Bifurcation diagrams show that with appropriately

chosen control gains, the size of the bistable region can

be limited. Since the modeling of the tire-ground con-

tact has a significant impact on the resulting vibrations,
different contact force models are considered. Namely,
the widely used Magic Formula and the brush tire mod-

els are implemented and investigated. Additionally, a

family of analytical creep models is presented, which
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can capture the essential properties of tire forces and

are easier to construct.
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1 Introduction

Lateral stability and handling of vehicles are key issues

for road transport and hence important research topics

for engineers. Analyses of linear vehicle models, which

formed the basis for vehicle design, date back to the

1950s and 1960s, respectively [53,40]. Nonlinear analy-

sis was not well-established for some time and therefore,

some of the phenomena in this research field remained

unexplored. However, as a result of the development of

mathematical tools and numerical methods, thorough

nonlinear investigations have become possible. For ex-

ample, the shimmy motion of steered wheels has been

studied extensively for a long time [39,43,47]. Recently,

new relevant results have been obtained using modern

mathematical tools [4,7,9–11,25,28,36,42]. Thanks to

these new approaches, the physical explanation of ev-
eryday problems has also become possible. For exam-
ple, the rocking motion of suitcases was analyzed in [18,

23]. More important nonlinear vehicle dynamics prob-

lems related to road vehicles, such as the wobble motion

of motorcycles and bicycles, have also been thoroughly
studied in [16,33,34,37,41,44,45].

Two-wheeled trailers are often involved in road ac-

cidents since many drivers do not select an appropriate
towing speed and/or payload position. The so-called
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snaking and rocking motions of trailers are such un-

wanted vibrations that are often generated by some ini-
tial impulses or perturbations caused by the driver or by
wind gusts or uneven roads [2,13,14,31,46,51]. In theo-

retical stability analyses, the pitch and the roll motions

of the trailer are typically separated from lateral dy-

namics. This approach is commonly used and accepted

in vehicle dynamics. However, some relevant phenom-
ena may be unexplored when in-plane models are used.
It is shown in [21,24], that the linearly independent

pitch motion affects the sense of the Hopf bifurcation

at the linear stability boundary. Thus, commonly used,

simpler trailer models that neglect the pitch and/or the

roll motion are not conservative with respect to safety

and are of limited use. Based on semi-analytical and nu-

merical bifurcation analyses, the spatial 4 DoF model

can also explore the critical domains of rocking mo-

tion, associated with the loss of contact of tires. There-

fore, this spatial model is recommended for exploring

all possible, safety-relevant nonlinear vibrations of two-

wheeled trailers.

In some cases, unwanted vibrations emerge after

the design stage of the vehicle, although extensive field

tests are always included. This issue led to the devel-

opment of stability control algorithms. The car-trailer

system can exhibit various types of loss of stability,
which are referred to by different terms in the litera-
ture. To prevent jackknifing, rollover, and snaking (also

called trailer sway), engineers have developed several

control strategies in the last decades [12,20,29,31,52].

Three major control classes can be summarized accord-

ing to the types of control actuation: differential brak-

ing, active steering, and active roll control. Differen-

tial braking can be achieved by braking either the tow-

ing car or the trailer, or both. The underlying mecha-

nism is simple. If the yaw rate of the vehicle exceeds

a threshold value, the differential braking system acti-

vates and brakes an individual wheel. Differential brak-

ing can be easily implemented on car-trailer combina-
tions equipped with an anti-lock braking system since
no additional actuators are needed [32,52]. In real ap-

plications, sensing, signal processing, and actuation all

require time. Therefore, time delay is also introduced by

the control. The presence of the time delay makes the

dynamical systems infinite-dimensional and the math-

ematical models more complicated. On the other hand,
the time delay can have a beneficial effect on the stabil-
ity properties of the controlled system. For instance, it

has been demonstrated that the time delay in the posi-

tion control of an elastic robotic arm has a stabilizing

effect [48]. Similar stabilizing effects have been observed

in the case of a human-controlled towing of vehicles [49]

and stabilization of an inverted pendulum [5,6].

In vehicle handling, tire modeling and tire-ground

contact modeling have relevant effects on the result-
ing vibrations. Thus, this research field has been in-
vestigated extensively for many decades, and there are

several tire models with different levels of complexity.

In the simplest case, a single contact point is consid-

ered between the wheel and the ground [38]. For more

complex tire models such as the brush tire model [9–

11] and the stretched string model [43,50], a finite con-

tact patch is considered, and the tire deformation is

represented with spring elements. In the case of semi-

empirical tire models, the tire force characteristics are

specified semi-empirically, namely by using shape func-

tions based on experiments with real tires. The most

famous semi-empirical tire model is the so-called Magic

Formula of Pacejka [39,40]. This model is widely used

in the industry since it does not require the handling

of a complex system of ordinary and partial differential

equations. On the contrary, the exact modeling of the

contact region requires many computational resources

and is not analytically feasible. For this reason, engi-

neers often use numerical tools with advanced dynam-
ical tire models.

This study supplements the existing literature, par-
ticularly the results of [24] by offering the following nov-

elties:

– the normal loads at the right and the left wheels are
precisely calculated, based on free-body diagrams,

– braking forces are implemented to enhance stability,
– physically realistic Magic Formula factors are used

to calculate lateral tire forces,

– the advantageous and disadvantageous effects of the

time delay, introduced by the controlled braking

forces, are shown,
– different contact force models are implemented, and

their effects on the periodic solutions are shown.

The paper is organized as follows. Section 2 presents
the spatial mechanical model of towed two-wheeled trail-

ers, the configuration, the geometric constraints of the
system and the kinematic expressions. Section 3 details
the forces and the main sources of the nonlinearities.

The nonlinear governing equations are derived using

the Lagrange equation of the second kind in Sec. 4. In

Sec. 5, the nonlinear governing equations are linearized

around the rectilinear motion of the trailer. The effects

of the vertical position of the center of gravity, the ap-
plied control gain and the feedback delay are shown
in linear stability charts. Nonlinear vibrations are in-

vestigated in Sec. 6. Namely, we perform a numerical

bifurcation analysis using continuation. The results are

shown on bifurcation diagrams, that illustrate the ef-

fects of the applied control gain, feedback delay, and
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contact force models. Our results are summarized in

Sec. 7.

2 Geometry and kinematics

2.1 Spatial mechanical model

In this study, we use a 4 degrees-of-freedom (DoF) spa-

tial mechanical model of two-wheeled trailers with non-
rigid wheel suspensions [21,24], where all the yaw, pitch,
and roll motions are considered, see Fig. 1. The trailer is

moving in the (x0, y0, z0) ground-fixed coordinate sys-

tem. The system is separated into three bodies: the

body of the trailer is modeled by a rigid body, and two

massless material points represent the contact points of

the right and the left wheels. The mass of the trailer is

denoted by m and the mass moment of inertia tensor

at the center of gravity C is JC. The longitudinal and

vertical positions of point C are given relative to the

axle of the wheels by parameters a and h, respectively.

The kingpin (point A) is towed with a constant tow-

ing speed v in the x0 direction. The movement of the
kingpin is fixed in the z0 direction and not constrained

in the y0 direction. To have a relatively low degree-of-

freedom model and a moderate number of parameters,

we do not take into account the coupled dynamics of

the towing car and the trailer. Hence, the interaction

between them is modelled by the lateral stiffness klat
and by the lateral damping clat.

x0

z0y0

h
C

a
m,JC

L

O

R

w

l

A

y3
x3

z3

klat
clat

h0

v=const.
u

R'

L'

g

elat

FR
brake

elong

Fig. 1: The spatial, 4 DoF model of towed two-wheeled

trailers together with the braking force F brake
R at the

right wheel

The trailer is considered to be symmetric with re-

spect to its longitudinal plane, i.e., point C is located in
the center plane of the trailer. In the nominal position,
the towing bar is horizontal. The constant vertical dis-

tance between the kingpin and the ground is denoted

by h0. The longitudinal distance between the axle of the

massless wheels and the kingpin (i.e., the caster length)

is denoted by l. The track width, i.e., the distance be-

tween the two wheels is 2w.

For simplicity, we use a tire model that is based

on the creep-force idea of [39] considering the side slip
of the wheels. Then, the effect of the local deforma-
tions of the tire is applied to the rigid body model as a

resultant contact force law. Accordingly, we avoid the

presence of kinematic constraints, the system remains

holonomic, and the equations of motion can be derived

using the Lagrange equation of the second kind [19]. In
addition, the resulting governing equations are ordinary
differential equations, which are easier the handle.

2.2 Configuration and geometric constraints

The (possible) contact points of the wheels are located
at points R’ and L’, see Fig. 2. These (possible) contact

points are such geometrical points that define the points
of action of the tire forces, and they are also used to
calculate the suspension forces. In the followings, we use

the term ,,possible” to include the case when the wheels

leave the ground. Let us denote the distance measured

between the points R and R′ with sR, and the distance
measured between points L and L′ with sL, see Fig. 2.

R

O
L

L'

sR
sL

C

R'

elat

z3

y3

Fig. 2: The interpretations of the (possible) tire-ground
contact points R′ and L′; and the distances sR and sL

The massless material points representing the (pos-

sible) contact points of the right and the left wheels
have three DoFs each. The body of the trailer is con-

sidered as a rigid body, which has 6 DoFs. Therefore,

the system has 12 DoFs altogether without constraints.

Let us investigate the geometric constraints that re-

duce the number of DoFs if none of the wheels separates

from the ground. First, the contact points of the right

and left wheels located on the ground lead to two geo-

metric constraints. Next, the right and left suspensions

constrain the motion of R′ and L′ in the longitudinal

and lateral directions of the trailer, leading to overall

four further geometric constraints.

Moreover, we consider that the motion of the king-

pin is constrained in the longitudinal and vertical di-

rections. The latter assumption is based on real-life

observations and some related work in the literature.

Videos available on trailer stability issues on highways

show that vertical vibrations of the towing vehicle are
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often negligible compared to lateral vibrations. There-

fore, two geometric constraints can be formulated:

rx0

A = vt , (1)

rz0A ≡ h0 , (2)

where rx0

A and rz0A refer to the x0 and z0 coordinates of
the kingpin A, respectively. For further details, see [21,

24].
All in all, the number of geometric constraints is 8.

Thus, the system has n = 12−8 = 4 DoFs. To describe

the configuration uniquely, one has to choose four gen-

eralized coordinates. In this study, we use the Euler

angles: the yaw angle ψ, the pitch angle ϑ, the roll an-
gle φ; and the lateral displacement of the kingpin u.

Hence, the vector of generalized coordinates is

q =
[

ψ ϑ φ u
]T

. (3)

We define four frames. The ground-fixed global ref-

erence frame is denoted by F0 with the coordinate sys-
tem (x0, y0, z0). The other three reference frames Fk
are provided by means of subsequent angular rotations:
with the yaw angle ψ about the z0-axis, with the pitch

angle ϑ about the y1-axis, and with the roll angle φ

about the x2-axis. Hence, (x3, y3, z3), denoted by F3, is

the trailer-fixed moving reference frame. The rotations,
i.e., the transformation between the reference frames,
can be expressed with the following transformation ma-

trices:

T0,1 =





cosψ − sinψ 0

sinψ cosψ 0
0 0 1



 , (4)

T1,2 =





cosϑ 0 sinϑ

0 1 0

− sinϑ 0 cosϑ



 , (5)

T2,3 =





1 0 0

0 cosφ − sinφ
0 sinφ cosφ



 . (6)

With the help of these transformation matrices, a gen-

eral expression for the transform of an arbitrary vector r
can be derived as

rFi = Ti,j · rFj . (7)

The transform of an arbitrary matrix J can be ex-

pressed as

JFi = Ti,j · JFj ·TT
i,j , (8)

whereTT
i,j is the transpose of matrix Ti,j . The transfor-

mation between coordinate frames n and m is a series

of transformations:

Tn,m =
m−1
∏

j=n

Tj,j+1 , (9)

where n < m.

When the trailer deviates from the rectilinear mo-
tion (i.e., when ψ ̸= 0, ϑ ̸= 0 and φ ̸= 0), the lateral

and longitudinal directions with respect to the wheels

do not align with x0 and y0. More precisely, the lateral

unit vector elat is the projection of the rotational axis

of the wheels y3 to the plane of the ground (x0, y0), see
Figs. 1 and 2:

elat =









cosψ sinϑ sinφ−sinψ cosφ√
sin2 ϑ sin2 φ+cos2 φ

sinψ sinϑ sinφ+cosψ cosφ√
sin2 ϑ sin2 φ+cos2 φ

0









F0

. (10)

The longitudinal direction is perpendicular to the lat-

eral direction elat, therefore the longitudinal unit vector
can be calculated in the ground-fixed reference frame as

elong =









sinψ sinϑ sinφ+cosψ cosφ√
sin2 ϑ sin2 φ+cos2 φ

− cosψ sinϑ sinφ−sinψ cosφ√
sin2 ϑ sin2 φ+cos2 φ

0









F0

. (11)

These unit vectors will be used later to express the ve-

locity and force vectors in the corresponding directions.

2.3 Kinematics

To derive the nonlinear equations of motion using the

Lagrange equation of the second kind, some kinematic

quantities must be specified including the angular ve-

locity of the trailer and the velocities of points C, A, R,

L, R’ and L’.

The angular velocity vector of the trailer can be

represented in frame F3 as

ω = ψ̇T−1
0,3





0

0

1





F0

+ ϑ̇T−1
1,3





0

1

0





F1

+ φ̇T−1
2,3





1

0

0





F2

=

=





−ψ̇ sinϑ+ φ̇

ψ̇ cosϑ sinφ+ ϑ̇ cosφ

ψ̇ cosϑ cosφ− ϑ̇ sinφ





F3

.

(12)

The velocity of the kingpin A can be calculated as

the time derivative of the position vector rA in the
ground-fixed F0 reference frame:

vA = ṙA =
[

v u̇ 0
]T

F0
, (13)

where

rA =
[

vt u h0
]T

F0
(14)

considers the geometric constraints of Eqs. (1) and (2).

The velocities of the center of gravity C and points R
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and L can be expressed by means of transport formulas

as

vC = vA + ω × rAC , (15)

vR = vA + ω × rAR , (16)

vL = vA + ω × rAL , (17)

where the position vectors can be given with the geo-

metric parameters of the trailer [21].

Based on Fig. 2, the position of point R′ can be

formulated in the frame F0 as

rR′ = rR − sR T0,3

[

0 0 1
]T

F3
, (18)

where rR = rA+rAR and the distance sR can be calcu-

lated based on the fact that R′ is the contact point of
the right tire. Namely, the vertical component of its po-

sition vector is zero in the ground-fixed frame: rz0R′ = 0.
Knowing the position vector of Eq. (18), the velocity

vector of point R′ can be calculated by differentiating

with respect to time:

vR′ = ṙR′ . (19)

Similar calculations can be done for the left tire, yield-

ing rL′ and vL′ = ṙL′ .

3 Forces and nonlinearities

Let us investigate the forces acting on the body of the

trailer and the two massless material points represent-

ing the (possible) contact points of the wheels. The

forces acting on the contact point of the right wheel

and the body of the trailer can be seen in the free-body

diagrams of Fig. 3. The classification of the external and
internal, active and constraint forces is summarized in
Table 1.

The overall mass m of the system is related to the

body of the trailer. Therefore, the gravitational force
acting on the body of the trailer can be calculated in

the ground-fixed frame F0 as

G =
[

0 0 −mg
]T

F0
, (20)

where g is the gravitational acceleration.

The force vector at the kingpin A contains exter-
nal constraint force components in the x0 and z0 direc-

tions, denoted by F x0

A and F z0A . Its y0 component takes

(a)

(b)

R'

elat

elong

y3

x3

z3

NR

KR
x3

KR
y3 FR

susp

FR
lat

FR
long

x0

z0y0

x0

z0y0

C
L

O

R

A

y3
x3z3

R'

L'

g

FR
susp

FL
susp

KR
x3

KR
y3

KL
x3

KL
y3

G

FA
y0

FA
x0

FA
z0

Fig. 3: Forces acting on the trailer: (a) the free-body

diagram of the contact point of the right wheel repre-

sented by the massless particle at R’, (b) the free-body

diagram of the body of the trailer

into account the deformation of the lateral spring and

damper. Thus, it is an active external force which can

be calculated as

F y0A = −klatu− clatu̇ . (21)

The normal load acting on the massless particle
at R’ is an external constraint force from the ground.

Since it is perpendicular to the ground, it only has a z0
component, denoted by NR, see Fig. 3(a). The lateral

and the longitudinal components of the tire force are

denoted by F lat
R and F long

R , respectively. These active
external forces act in the elat lateral and the elong lon-

gitudinal directions with respect to the wheel.
The connection of the wheels to the body (i.e., the

wheel suspension) is realized by the massless springs

and dampers of the suspensions and by the tubes fixed

to the body that constrain the wheels to move parallel

to the z3 axis. The movement of point R’ is constrained

by the tube in the x3 and y3 directions. Therefore, an

internal constraint force emerges between the tube and

the massless particle. The related constraint force com-

ponents are denoted by Kx3

R and Ky3
R in the free-body

diagrams.

Modeling of the suspension, lateral and longitudinal

tire forces are presented in details in Subsecs. 3.1-3.3.

Table 1: Classification of the forces acting on the trailer

Active force components Constraint force components

External force G,Fy0

A , F lat
R , F long

R , F lat
L , F long

L Fx0

A , F z0

A , NR, NL

Internal force F susp
R , F susp

L Kx3

R ,Ky3

R ,Kx3

L ,Ky3

L
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3.1 Suspension forces

Assume that the overall stiffness and the damping of

the right/left tires and their suspensions are denoted
by the parameters k and c, respectively. Then, the sus-

pension force F susp
R originates in the deformation of the

spring and the damper, and it acts as an internal ac-

tive force along the z3 direction. On the one hand, it

pushes the massless particle R’ to the ground, while its
counterforce lifts the body of the trailer at R.

We consider that the characteristics of the wheel
suspension forces are non-smooth [21,24], see Fig. 4.
Namely, if the suspension is fully compressed, we con-

sider higher stiffness and damping for the suspension.

We pay special attention to the rocking motion of the

trailer, namely, we consider that the right or left tire can

detach from the ground, and the related normal load
becomes zero. In the model, we assume that if this hap-
pens, the suspension relaxes and fully expands before

the wheel touches the ground again. This assumption

is based on small-scale experiments, too, see [21,24].

We neglect the effect of the unsprung mass by consid-

ering zero masses for the wheels. The suspension forces

are zeros if the suspension is fully expanded. If the sus-
pension is neither fully compressed, nor fully expanded,
normal operation occurs.

Accordingly, the piece-wise smooth formula of the

wheel suspension characteristics can be formulated as

Fs(s, ṡ) =











F0 + F∞ , if s < Lmin ,

F0 , if Lmin < s < Lmax ,

0 , if Lmax < s ,

(22)

for both of the right F susp
R = Fs(sR, ṡR) and the left

F susp
L = Fs(sL, ṡL) suspension forces. In Eq. (22), the

force characteristics are

F0 = −k(s− L0)− c ṡ , (23)

F∞ = −k∞(s− Lmin)− c∞ṡ , (24)

where L0 is the free length of the spring, Lmin is the

minimal length and Lmax is the maximal length of the
suspension. One should choose k∞ ≫ k and c∞ ≫ c to

appropriately imitate the collision in the suspensions.

The non-smooth characteristics of Eq. (22) can also

be expressed as follows:

Fs(s, ṡ) = ReLU (F0 ·H(Lmax − s) + F∞ ·H(Lmin − s)) ,

(25)

where H(x) is the Heaviside step-function, see e.g. [15].

The ReLU(x) = max{0, x} function in Eq. (25) guaran-

tees that the suspension force cannot be negative even

when the suspension expands rapidly (i.e., ṡ≫ 0).

The schematic non-smooth characteristic of the sus-

pension force Fs(s, 0) for the steady-state condition ṡ =

0 together with the switchings is shown in Fig. 4.

s

Fig. 4: The non-smooth characteristic of the suspension

force Fs(s, 0) for the steady-state condition ṡ = 0

3.2 Lateral tire forces

It is commonly accepted that lateral tire forces depend

linearly on the normal loads [39]. Thus, the lateral tire

forces are calculated as follows:

F lat
R = −NR µ(αR) , (26)

F lat
L = −NL µ(αL) , (27)

where µ(αR) and µ(αL) are the normalized tire force

characteristics, αR and αL are the side slip angles of

the right and left wheels, respectively.

The side slip angles for the right and the left tires

can be defined by

αR = arctan

(

vlatR′

vlongR′

)

, (28)

αL = arctan

(

vlatL′

vlongL′

)

, (29)

where the lateral and longitudinal velocity components

at the right and the left wheels are

vlatR′ = vR′ · elat , vlongR′ = vR′ · elong , (30)

vlatL′ = vL′ · elat , vlongL′ = vL′ · elong . (31)

Note that in Eqs. (28)-(29), we use the velocities of
the (possible) contact points R’ and L’ to calculate the

side slip angles. In many cases, the side slip angles are
usually calculated using the velocity of the wheel center
points. In steady-state conditions, the two different for-
malisms provide the same side slip angles. In transients,

there are some discrepancies, which, however, may be

marginal.
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Throughout most of this study, the normalized tire

force characteristics µ(αR) and µ(αL) are calculated us-
ing the Magic Formula [39]. The Magic Formula gives

the normalized tire force characteristics as

µ(αR) = D sin (C arctan (BαR − E (BαR − arctan(BαR)))) ,
(32)

µ(αL) = D sin (C arctan (BαL − E (BαL − arctan(BαL)))) ,
(33)

where B is the stiffness factor, C is the shape factor,

D is the peak factor and E is the curvature factor,
see Fig. 5. These factors and their reference values are

summarized in Table 2. In reality, these factors are not

accurately constants but they may depend on the nor-

mal load, the temperature of the tire, the camber angle,

etc., see [39]. For the sake of simplicity, we neglect these

dependencies and consider fixed values in this study.

Note that we also neglect the self-aligning moments of

the tires, which may have a negligible effect on the final

results.

Fig. 5: The schematic characteristics of the Magic For-

mula [39] with constant coefficients

Table 2: The Magic Formula parameters and their ref-

erence values

Notation Parameter name Parameter value

B stiffness factor 32.45
C shape factor 1.25
D peak factor 0.65
E curvature factor -1.24

3.3 Longitudinal tire forces

Although both the lateral and the longitudinal tire forces

are included in our mechanical model, we do not con-
sider any combined slip model. However, the longitu-

dinal tire force component is calculated independently
from the lateral one.

In case of an uncontrolled trailer, we assume that

the longitudinal speed of the trailer is constant, rolling

resistance is negligible, and no braking/driving is ap-

plied to the wheels. Consequently, the longitudinal tire

forces are zeros (F long
R = 0, F long

L = 0).

In this study, we focus on the case of non-zero lon-

gitudinal tire forces, namely, braking is applied to en-

hance stability. To control the snaking motion of the

trailer, we design a linear continuous-time state feed-

back controller, which operates with the braking forces

applied to the right and the left wheels. That is, dif-

ferential braking is used. For this vehicle control, we

use the longitudinal forces as control inputs, without
considering the longitudinal slips of the tires. Thus, by
assuming negligible wheel masses, we conclude that

F long
R = −F brake

R , (34)

F long
L = −F brake

L . (35)

We assume that the braking forces can suddenly appear

as longitudinal forces in the contact patch.

Some studies of car-trailer combinations include the
yaw rate and the hitch angle (i.e., the relative yaw an-

gle between the towing vehicle and the trailer) in the

feedback control, see e.g. [12]. In [31], such control al-

gorithms are investigated that contain the side slip an-

gle and the yaw rate; or the hitch angle and the hitch

rate; or all four of them. As a first step of the inves-

tigations, we analyze a simple control algorithm that

requires measuring as few state variables as possible.

Using our mechanical model, we cannot use the hitch

angle or the hitch rate, since the towing car is not mod-

eled as a vehicle. On the contrary, we assume that the

yaw rate of the trailer can be measured relatively easily

with an inertial measurement unit.

Consequently, we consider braking forces propor-
tional to the yaw rate ψ̇ with a feedback delay rep-

resenting the sensor delay, the computation time, and
the actuation lag altogether [21,22]. We take into ac-
count that the controller has a dead zone where no brak-
ing force is actuated. We denote the half-width of the

dead zone with Ωdz. Thus, the braking forces have non-

smooth characteristics. A braking force is driven to the
right wheel if the yaw rate exceeds Ωdz, and a braking

force is driven to the left wheel if the yaw rate drops
below −Ωdz. The piece-wise smooth characteristics of

the right and the left braking forces F brake
R and F brake

L

can be formulated as

Fbrake
R =

{

Kdψ

(

ψ̇(t− τ)− Ωdz

)

, if ψ̇(t− τ) > Ωdz ,

0 , if ψ̇(t− τ) < Ωdz ,

(36)
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Fbrake
L =

{

−Kdψ

(

ψ̇(t− τ) + Ωdz

)

, if ψ̇(t− τ) < −Ωdz ,

0 , if ψ̇(t− τ) > −Ωdz ,

(37)

where Kdψ is the control gain for the yaw rate and τ

is the feedback delay. The schematic non-smooth char-

acteristics of the braking forces can be seen in Fig. 6,

both for Ωdz = 0 and Ωdz > 0.

Fig. 6: The schematic non-smooth characteristics of the

braking forces for Ωdz = 0 (blue lines) and Ωdz > 0

(black lines)

3.4 Calculation of the normal forces

In Sec. 4, we use the Lagrange equation of the second

kind to derive the equations of motion. Then, the con-

straint forces are not provided by the derivation. How-

ever, in Eqs. (26)-(27), the expression of the normal

forces are required to calculate the lateral tire forces.

That is, the normal forces have to be calculated in a

different way.

Let us calculate the normal force for the right wheel

based on the free-body diagram of Fig. 3(a). Since the

mass of the wheel is neglected, equilibrium equations

can be written for the forces acting on the massless

particle:

NR +KR + Fsusp
R + Flat

R + Flong
R ≈ 0 . (38)

Note that Fsusp
R and Flong

R can be calculated based on

the considerations of Subsecs. 3.1 and 3.3, while the

Magic Formula µ(αR) can be substituted into Flat
R .

From the three scalar equations of the equilibrium (38),
we can express the two components Kx3

R and Ky3
R of the

constraint force, and the normal load NR. Finally, we

obtain

NR =
f(ϑ, φ)

g(ϑ, φ)
, (39)

where the numerator is

f(ϑ, φ) = F susp
R

1

cosϑ

1

cosφ

√

sin2 ϑ sin2 φ+ cos2 φ−

− F long
R tanϑ

1

cosφ
,

(40)

and the denominator is

g(ϑ, φ) = −µ(αR) cosϑ sinφ+

√

sin2 ϑ sin2 φ+ cos2 φ .

(41)

A similar free-body diagram could be drawn and

similar calculations could be done for the left wheel.

Based on these, the normal load at the left wheel NL

can be expressed with the Magic Formula µ(αL), the

longitudinal F long
L tire force and the left wheel suspen-

sion force F susp
L .

Note that in the model of [24], we used simplified

formulations for the normal forces. This enabled us to

rationalize the calculations and this model also provides

similar results regarding the stability and nonlinear vi-

brations as the exact model investigated in this study.

A comparison between the results of the approximate

model of [24] and the improved (exact) model is shown

in Sec. 5.

4 Nonlinear governing equations

Since the system is holonomic, the equations of motion

can be derived using the Lagrange equation of the sec-

ond kind [19]:

d

dt

∂Ekin

∂q̇k
− ∂Ekin

∂qk
= Qk, k = 1, . . . , n , (42)

where Ekin is the kinetic energy of the system, Qk is
the kth component of the generalized force, qk is the

kth generalized coordinate, and n = 4 is the number of
DoFs.

The kinetic energy of the system can be expressed

as follows:

Ekin =
1

2
m|vC|2 +

1

2
ω

T · JC · ω . (43)

We assume that the axes of the (x3, y3, z3) system
are principal axes of inertia to simplify calculations.

Therefore, the matrix of the mass moment of inertia

tensor JC at the center of gravity C with respect to the

trailer-fixed F3 reference frame is

JC =





JCx 0 0
0 JCy 0

0 0 JCz





F3

. (44)

The mass moment of inertia of the trailer depends on

the payload position. To take this into account, the fol-

lowing approximations are used:

JCx = m(4w2 + 4h2)/6 , (45)
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JCy = m(l2 + 4h2)/6 , (46)

JCz = m(l2 + 4w2)/6 . (47)

Namely, JCz provides the same value as the trailer setup
of [14], and JCx and JCy are formulated using the same

approach.

The generalized forces of Eq. (42) can be identified

as the coefficients of the virtual velocities in the virtual
power of the active forces:

δP =

n
∑

k=1

Qkδq̇k . (48)

For our system, the virtual power can be calculated by

the formula

δP = G · δvC + FA · δvA + Fsusp
R · δvR − Fsusp

R · δvR′

+ Fsusp
L · δvL − Fsusp

L · δvL′ + Flat
R · δvR′

+ Flat
L · δvL′ + Flong

R · δvR′ + Flong
L · δvL′ ,

(49)

where δvC, δvA, δvR, δvL, δvR′ and δvL′ are the virtual

velocities of points C, A, R, L, R’ and L’, respectively.

It is trivial to calculate the virtual velocities from the

velocity of each point, except for the kingpin A. For

point A, the virtual velocity reads

δvA =
[

0 δu̇ 0
]T

F0
(50)

due to the rheonomic constraint of the constant towing

speed v.

Considering all the nonlinearities, the nonlinear equa-

tions of motion of the controlled trailer can be written

in the general form:

M(q) q̈+ c(q̇,q) = 0 , (51)

where M(q) ∈ R
4×4 is the mass matrix and c(q̇,q) ∈

R
4×1 is a vector containing the remaining parts of the

equations including all the nonlinear and non-smooth

characteristics. Since we investigate the case, when the

trailer is braked, c(q̇,q) also depends on the control

gain Kdψ and the half-width of the dead zone Ωdz.

Note that thanks to the feedback delay τ , the delayed
states also appear in the equations of motion, and delay

differential equations describe the dynamics. Although
four second-order differential equations govern the sys-
tem, it has an infinite-dimensional state space. Due to

the complexity of the nonlinear governing equations, no

compact formula can be shown in the study.

5 Linear stability analysis

Let us investigate the case when the width of the dead

zone of the controller is zero, i.e., Ωdz = 0. In this
case, the braking forces affect the linear stability of the

trailer. Thus, let us perform linear stability analysis as
a first step of the investigations.

5.1 Linearized equations of motion

The nonlinear equations of motion are linearized around

the steady-state q(t) ≡ q0:

ψ(t) ≡ ψ0 = 0 ,

ϑ(t) ≡ ϑ0 = 0 ,

φ(t) ≡ φ0 = 0 ,

u(t) ≡ u0 = 0 .

(52)

Using the perturbation y(t) = q(t) − q0 around the
rectilinear motion, the linearized equations of motion

can be written as

Mlinÿ +Clinẏ +Kliny = Qlin , (53)

where Mlin is the mass matrix, Clin is the damping ma-

trix, Klin is the stiffness matrix of the linearized system

and Qlin is the generalized force vector related to the

control effort.

Based on Mlin, Clin and Klin, the linearized system

can be separated into two subsystems [21,24]. Namely,

the differential equation for the pitch motion can be

disjointed and the pitch motion forms a 1 DoF subsys-

tem with generalized coordinate ϑ, while the remain-

ing equations are coupled (forming a 3 DoF subsystem

with generalized coordinates ψ, φ and u). In vehicle

dynamics, this type of separation of the vertical dy-

namics (pitching, bouncing) and the lateral dynamics

(handling) is commonly used for linear analysis. Our

mechanical model also confirms this approach for the

dynamics of the trailer.

Although the 3 DoF subsystem is separated from

the pitch motion, the 1 DoF subsystem is dependent

on the yaw motion through the braking forces. Namely,

it forms a second-order differential equation:

JAyϑ̈+ 2c l2ϑ̇+

(

2kl2 −mgh− mgh0(l − a)

l

)

ϑ =

= h0(F
brake
R + F brake

L ) ,

(54)

where the mass moments of inertia about the y3 axis at

the kingpin A can be calculated as

JAy = JCy +m(l − a)2 +mh2 . (55)
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Since the braking forces in (36) and (37) depend on

the yaw rate ψ̇, the pitch motion can be investigated
based on the solution of the 3 DoF subsystem. When

the 3 DoF subsystem is unstable, the pitch motion also

diverges from its steady-state solution.

Therefore, let us write the governing equations for
the lateral dynamics of the trailer using the perturba-

tion vector of the 3 DoF subsystem:

ylat =
[

ψ φ u
]T

. (56)

The linearized equations of motion of the 3 DoF sub-
system can be written as

Mlatÿlat +Clatẏlat +Klatylat = Qlat , (57)

where Mlat is the mass matrix, Clat is the damping

matrix and Klat is the stiffness matrix of the linearized
3 DoF subsystem:

Mlat =





JAz mh(l − a) −m(l − a)

mh(l − a) JAx −mh
−m(l − a) −mh m



 , (58)

Clat =





2cl2 −2ch0l −2cl

−2ch0l 2cw
2 + 2ch20 2ch0

−2cl 2ch0 2c+ clat



 , (59)

Klat =





2BCDNl 0 0

−2BCDNh0 2kw2 −mgh− 2Nh0 0

−2BCDN 0 klat



 .

(60)

In these matrices, the mass moments of inertia about

the x3 and the z3 axes with respect to the kingpin A
are

JAx = JCx +mh2 , (61)

JAz = JCz +m(l − a)2 , (62)

and the values of the parameters N and c are

N =
mg

2

(

1− a

l

)

and c =
BCD

v
N . (63)

The vector of generalized forces related to the control
effort reads

Qlat =
[

−wKdψψ̇(t− τ) 0 0
]T

. (64)

5.2 Uncontrolled trailer

For the uncontrolled trailer, i.e., when the braking forces
are zeros, the linearized equation of motion of the 1 DoF

subsystem corresponding to the vertical dynamics can
be written as

JAyϑ̈+ 2c l2ϑ̇+

(

2kl2 −mgh− mgh0(l − a)

l

)

ϑ = 0 .

(65)

The general form of it is

ϑ̈+ 2ζωnϑ̇+ ω2
nϑ = 0 , (66)

where the natural angular frequency of the undamped

system ωn and the damping ratio ζ are defined as

ωn =

√

2kl2 −mgh− mgh0(l−a)
l

JAy
and ζ =

c l2

ωnJAy
,

(67)

respectively. Thus, the stability criteria for the vertical

dynamics correspond to

2kl2 −mgh− mgh0(l − a)

l
> 0 and c > 0 . (68)

The critical stiffness of the wheel suspension can be

calculated as

kcr = mg
hl + h0(l − a)

2l3
. (69)

To ensure linear stability, the stiffness of the wheel sus-

pension must exceed the critical value kcr, i.e., k > kcr
must hold. Of course, this critical stiffness is useful only
during the design phase of the trailer. In the case of an

existing trailer, the stability criteria of Eq. (68) may be

violated by overload (i.e., m > 2kl3

g(hl+h0(l−a))
) or badly

chosen position of the payload, in practice.

The linear stability of the rectilinear motion of the

trailer is not affected by the pitch motion if the criteria

of Eq. (68) hold. For an uncontrolled trailer, i.e., for

Qlat = 0, the linearized equations (57) and its expo-

nential trial solution ylat(t) = Aeλt with characteristic
root λ, provide:
(

Mlatλ
2 +Clatλ+Klat

)

Aeλt = 0 . (70)

Since eλt > 0 and we are not interested in the triv-
ial solution of A = 0, the following determinant (also

called the characteristic function) has to be zero to ful-

fill Eq. (70):

Dchar(λ) := det
(

Mlatλ
2 +Clatλ+Klat

)

. (71)

The characteristic equationDchar(λ) = 0 can be written

in the form of a 6th-degree polynomial equation for the

characteristic root:

Dchar(λ) = b0λ
6+b1λ

5+b2λ
4+b3λ

3+b4λ
2+b5λ+b6 = 0 .

(72)

Unfortunately, due to the complexity of the governing

equations, no compact formula can be shown for the

coefficients bi of the characteristic function. The stabil-

ity of the rectilinear motion can be investigated using
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the Routh-Hurwitz criteria [19]. Namely, the motion is

asymptotically stable if the real parts of all character-

istic roots are negative: Reλi < 0 for ∀i. The motion is

unstable, if there exists at least one characteristic root,

whose real part is positive.

On one perspective, no closed-form formula can be

derived for the critical towing speed, which is a crucial

parameter from vehicle stability point of view. Never-

theless, the Routh-Hurwitz criteria can be evaluated

numerically for a specific set of trailer parameters. The

reference values of the parameters used in this study are

summarized in Table 3. These are based on the studies

of [8,10,14,21].

For this reference parameter setup, dynamic stabil-

ity loss occurs at v = 29.5m/s. For v > 29.5 m/s, the

real part of the rightmost complex conjugate pair of

characteristic roots is positive. Consequently, the recti-

linear motion is linearly unstable, and the oscillations

of the trailer increase in time. For v < 29.5 m/s, all

roots have negative real parts. Therefore, the rectilin-
ear motion is linearly stable, and the oscillations decay
in time.

Many road accidents are caused by trailers being
loaded incorrectly. Therefore, it is worth investigating
the effect of the payload position on the linear stabil-
ity. In the linear stability chart of Fig. 7, the stability

boundary is marked with a thick black curve. The gray

shaded and white areas correspond to linearly stable

and linearly unstable rectilinear motion, respectively.

The dashed horizontal line corresponds to the reference
parameter setup of Table 3. By increasing the value of
the vertical position h, the critical towing speed can

be considerably increased. However, the critical speed
drops again for high payload positions, which is in good
agreement with our physical sense.

ble

Fig. 7: Linear stability chart: the effect of the vertical

position of the center of gravity on the linear stability.

The dashed horizontal line corresponds to the reference

parameter setup of Table 3 providing the critical towing

speed 29.5 m/s marked by the red dot

The mechanical model investigated in [24] has been

improved through the precise calculation of the normal

loads at the right and the left wheels. The compari-

son between the results of the two models is shown in

the linear stability charts of Fig. 8. Figure 8(a) shows

the comparison for the reference parameters setup of

Table 3. As can be seen, the two models basically pro-

vide the same results. However, for other parameter val-

ues, there can be a larger difference between the results

of the two models, see Fig. 8(b). As can be observed,

the stability boundaries are qualitatively the same, but

there is a notable quantitative difference.

5.3 Controlled trailer

For the controlled trailer, the stability properties can-
not be analyzed with the Routh-Hurwitz criteria any-
more due to the presence of the time delay in the control

loop. Hence, we use the semi-discretization method [26]

to draw linear stability charts. The semi-discretization

method approximates the infinite-dimensional monodromy

Table 3: Trailer parameters and their reference values

Notation Parameter name Parameter value

m mass of the trailer 879 kg
JCx mass moment of inertia about the x3-axis at point C 554 kgm2

JCy mass moment of inertia about the y3-axis at point C 2107 kgm2

JCz mass moment of inertia about the z3-axis at point C 2601 kgm2

a horizontal position of point C 0.24 m
h vertical position of point C 0.21 m
h0 height of the kingpin 0.35 m
l caster length 3.77 m
w half of the track width 0.95 m
klat lateral stiffness 13 kN/m
clat lateral damping 0.75 kNs/m
k stiffness of the suspension 30 kN/m
c damping of the suspension 0.95 kNs/m
Lmin minimal length of the spring 28 cm
Lmax maximal length of the spring 42 cm
L0 free length of the spring 48.5 cm
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(a)

(b)

Fig. 8: Comparison between the two models: linear sta-

bility boundaries for the approximate model of [24] and

the exact model. (a) For the reference parameter setup

of Table 3, (b) for the reference parameter setup of

Table 3, but for klat = 8.5 kN/m, clat = 0.8 kNs/m,
B = 18.23, C = 1.25, D = 0.65 and E = −1.25

matrix of the system with a finite-dimensional one. The

solution of the governing equations is asymptotically

stable if all eigenvalues (characteristic multipliers) of

this matrix are of modulus less than one. To perform

semi-discretization, the 3 DoF subsystem is transformed
into the state space form:

żlat(t) = Azlat(t) +Bu(t− τ) , (73)

u(t) = Dzlat(t) , (74)

where

zlat(t) =

[

ylat

ẏlat

]

(75)

and

u(t) = [F brake] , (76)

where

F brake = −Kdψψ̇(t− τ) . (77)

Matrix A and vector B of Eq. (73) can be obtained by

rearranging Eq. (57) as

ÿlat = −Mlat
−1Clatẏlat−Mlat

−1Klatylat+Mlat
−1Qlat .

(78)

Thus, by collecting the coefficients, one obtains

A =

[

0 I

−Mlat
−1Klat −Mlat

−1Clat

]

, (79)

B =
[

0 0 0 w
JCz

0 w(l−a)
JCz

]T

, (80)

respectively. Based on the control law of Eq. (77), the

vector D reads

D =
[

0 0 0 −Kdψ 0 0
]

. (81)

By implementing matrixA, vectorsB andD into MAT-

LAB, one can construct the finite-dimensional approx-

imation of the monodromy matrix [26] and draw the

linear stability chart of the system in the plane of two

parameters.

In the linear stability chart of Fig. 9, the stabil-

ity boundary and the stable region are plotted in the

plane of the towing speed v, and the control gain Kdψ.

The stability chart is constructed for the reference pa-

rameter setup with a center of gravity h = 0.27m and
by neglecting the time delay (i.e., τ = 0). The white

and the gray shaded areas correspond to linearly un-

stable and stable rectilinear motions, respectively. The

dashed horizontal lines correspond to the uncontrolled

case (i.e., Kdψ = 0). The critical towing speed, marked

by the red dot, is v = 48.6m/s for this setup. Based
on the linear stability chart, one can select the proper

value of the control gain for an arbitrarily chosen criti-

cal towing speed.

v [m/s]
0 10 20 30 40 50 60 70

-15000

60000

Fig. 9: Linear stability chart for the delay-free con-

troller: the effect of the control gain on the linear sta-
bility

According to our physical sense, having a non-zero

feedback delay in the control loop (i.e., τ > 0) may

have a significant effect on the stability properties of the
trailer. Therefore, linear stability charts are shown for
four different feedback delay values in Fig. 10. As can be

observed in Fig. 10(a), having a small feedback delay

slightly changes the stability boundaries compared to

the delay-free case. The linearly stable region is remark-

ably larger for τ = 0.05 s, see Fig. 10(b). This means

that the time delay can have a beneficial effect on the

stability properties.

Some former studies also explored that a time delay

can have a positive effect. It was mathematically proven

that for a fixed feedback gain for which the closed-loop
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Fig. 10: Linear stability charts for different feedback

delays. The dashed horizontal lines correspond to the

uncontrolled case for the reference parameter setup of

Table 3 with h = 0.27m

system is unstable with zero delay, the non-zero time

delay can ensure stability [1]. From an application point

of view, a non-zero time delay can also enhance the

performance of a lane-keeping controller [35].
Of course, the feedback delay cannot be arbitrarily

large. Namely, for larger feedback delays, the linearly

stable region shrinks considerably, see Fig. 10(c-d).

6 Nonlinear analysis

Nonlinear vibrations often significantly affect the dy-
namics of vehicles. For instance, the presence of unsta-

ble limit cycles in linearly stable towing speed ranges
can cause large-amplitude vibrations. These limit cycles
may be related to dangerous subcritical Hopf bifurca-
tions that emerge at the linear stability boundary.

Thus, numerical bifurcation analysis is carried out

with DDE-BIFTOOL [17] to obtain information about
the global dynamics of the trailer. Namely, the Hopf bi-

furcations corresponding to the linear stability bound-

aries are located, and the branches of the emerging pe-

riodic solutions are followed using continuation. The

originally non-smooth governing equations are approx-

imated during the continuation by their smoothed ver-
sion, using approximate Heaviside-functions, see details
in [21,24]. Based on investigations on the shimmying

motion of a towed rigid wheel [25], the numerical bi-

furcation analysis with smoothing provides reasonable

results.

The detected stable and unstable limit cycles (also

called periodic solutions) are depicted in bifurcation di-

agrams, in the plane of the towing speed v and the

maximum amplitudes of the yaw angle ψ. Previous re-
sults showed that for a vertical position of the cen-

ter of gravity h = 0.27m, the Hopf bifurcation at the

linear stability boundary is subcritical and there ex-

ists a significantly wide bistable zone. This bistable

zone is considered unsafe, because the stable rectilin-

ear motion coexist with a stable periodic solution in

this towing speed region. Therefore, large enough per-

turbations can lead to large-amplitude vibrations. The

results are shown for the reference parameter setup with

h = 0.27m and considering the dead zone of the con-

troller, i.e., Ωdz = 0.1 rad/s.

6.1 The effect of braking

First, let us investigate the effect of the applied con-

trol gain. The results are shown for the delay-free case

(i.e., τ = 0). In the bifurcation diagrams of Fig. 11,

the dashed and the solid curves refer to unstable and
stable periodic solutions, respectively. Since the dead

zone of the controller is non-zero, the critical towing
speed is the same for all controller setups since the lin-
ear system is not influenced by the controller. The crit-
ical speed v = 48.6m/s where Hopf bifurcation takes

place is plotted with a red dot in the bifurcation dia-
gram.

Fig. 11: Bifurcation diagrams for the yaw angle ψ with

respect to the towing speed v, for the delay-free case

(i.e., τ = 0) and for different control gains

As can be observed in Fig. 11, the sense of the

Hopf bifurcation is the same for all investigated control

gain values. Namely, subcritical Hopf bifurcation takes

place, and an unstable branch emerges from the Hopf

point. For the uncontrolled case, the folding point of

the bifurcation branch is at approx. v = 36m/s, so the

bistable zone is approx. 12.6 m/s wide. By increasing

the value of the control gain, the width of the unsafe

(bistable) zone is significantly decreased. In addition,

the amplitudes of the stable periodic solutions are also

decreased to some extent. Based on these results, it

can be concluded that the unsafe (bistable) zone can
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be reduced, and the globally stable speed range can be

extended by differential braking.

6.2 The effect of feedback delay

As shown in Sec. 5, the feedback delay has a significant

impact on the stability properties. Therefore, it is worth

investigating its effect on the nonlinear vibrations, as

well.

The effect of the feedback delay is shown in the bi-

furcation diagrams of Fig. 12 for a fixed control gain

Kdψ = 5kNs. As can be seen, the width of the un-
safe (bistable) zone is decreased if the feedback delay is

increased, e.g., for τ = 0.05 s or τ = 0.1 s. The ampli-

tudes of the corresponding periodic solutions are also

considerably smaller. These are counterintuitive results

since they suggest that the feedback delay is indeed

beneficial. Of course, a very large feedback delay de-

grades the performance of the controller. For τ > 0.1 s,
the width of the unsafe zone is increased again. Note

that for τ > 0.2 s, the vibration amplitudes are also

increased compared to the delay-free case.

Fig. 12: Bifurcation diagrams for the yaw angle ψ with

respect to the towing speed v, for a fixed control gain
Kdψ = 5kNs and for different feedback delays

6.3 The effect of the used contact force model

Until now, the Magic Formula has been used to cal-

culate lateral tire forces. Using the Magic Formula has

its advantages and disadvantages. On the one hand,

its characteristics is smooth and the lateral tire force

can be calculated with a single formula for all side slip

angles. In addition, it is easy to implement into any

mechanical model. On the other hand, extensive exper-

imentation is required to precisely determine its factors

precisely for every type of tire, which may restrict con-

venient use. Moreover, it is not clear how each factor of

the formula affects the characteristics. For instance, the

slope of the curve at the origin depends on the prod-

uct BCD and D also affects the peak value of the char-
acteristics, see Fig. 5. Therefore, the peak factor D si-

multaneously affects two properties. Let us investigate

different contact force models. Namely, let us use the

brush tire model and a family of creep models when

calculating the lateral tire forces.

6.3.1 Brush tire model

The brush tire model [39] is one of the most used phys-

ical tire models, since it is relatively simple, but still

captures the dynamic tire-ground contact. The tire is

assumed to be a rigid wheel-rim and the tire tread

is represented by massless, elastic elements with dis-

tributed lateral stiffness and damping. These elastic el-

ements are pressed to the ground in the contact patch,

where they either stick to or slide on the ground. The

longitudinal deformation of the elastic elements is not
considered here. The lateral tire deformation generates
a distributed force. The resultant lateral tire force can
be calculated by integrating the distributed force in the

whole contact patch [7,8,39].

With the brush tire model, the lateral tire force can
be calculated with the static µ0 and the dynamic µ coef-

ficient of friction and the so-called cornering stiffness C̃.
The brush tire model parameters and their reference

values used in this study are summarized in Table 4.

The cornering stiffness depends on the half-length of the

contact patch and the stiffness of the elastic elements.

In reality, these depend on the normal loads, too. How-

ever, we assume that the cornering stiffness is constant

to simplify the calculations. To be able to match the lat-
eral tire force characteristics with the Magic Formula,
we normalize the tire force with the nominal vertical

load.

Table 4: The brush tire model parameters and their
reference values

Notation Parameter name Parameter value

µ0 static coeff. of friction 0.9
µ dynamic coeff. of friction 0.6

C̃ cornering stiffness 113000N

The normalized tire force characteristics given by

the brush tire model can be formulated as

µ(α) =











ϕ1 tanα+ ϕ2 tan
2 α signα

+ ϕ3 tan
3 α ,

if 0 ≤ |α| ≤ αcr ,

µ signα , if |α| > αcr ,

(82)
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where the critical side slip angle at which the sliding

region expands to the whole contact patch is

αcr = arctan

(

3µ0N0

C̃

)

. (83)

with the nominal vertical load N0 = mg/2. In Eq. (82),

the normalized coefficients of the brush tire model are

ϕ1 = C =
C̃

N0
, (84)

ϕ2 = − C
2

3µ0

(

2− µ

µ0

)

, (85)

ϕ3 =
C

3

9µ2
0

(

1− 2µ

3µ0

)

, (86)

respectively.

In this study, we match the Magic Formula factors
with the parameters of the brush tire model. Hence,

their characteristics agree in several aspects, see Fig. 13(a):

– the slope at the origin is the same,

– the maximum of the characteristics is the same,

– the maximum of the characteristics occurs at the

same side slip angle αpeak,

– for large side slip angles (i.e., α → ∞), both char-

acteristics yield µ(α) = µ.

D

(a)

peak cr

(b)

Fig. 13: The normalized tire force characteristics µ(α)

calculated with the Magic Formula and the brush tire

model

By matching the two characteristics according to
these aspects, one can observe that for small side slip

angles, i.e., 0.01 rad < α < 0.05 rad, there is a notable

difference between the two characteristics, see Fig. 13(b).

Previous studies have shown that the side slip angle

usually remains within this range. Thus, notable differ-

ences in nonlinear vibrations are suspected when using

the brush tire model.

The effect of using the brush tire model is shown in

the bifurcation diagrams of Fig. 14 for both the uncon-

trolled and controlled trailers. In the case of the Magic

Formula and the brush tire model, the unstable and

stable periodic solutions are shown with black and blue

curves, respectively. As shown in the enlarged sections

of the bifurcation diagrams, a stable limit cycle emerges

from the Hopf point in a conical structure when using
the brush tire model. This is due to its non-smooth
nature [7]. The characteristics of the Magic Formula
is smooth. Thus, the unstable limit cycles emerge in a

paraboloid structure.

(a)

Fig. 14: Bifurcation diagrams for the yaw angle ψ with
respect to the towing speed v with the Magic Formula

and the brush tire model, (a) for Kdψ = 0 and (b) for

Kdψ = 5kNs

As can be observed in Fig. 14(a), the width of the

unsafe (bistable) zone is relevantly decreased and the

amplitudes of the vibrations are also decreased to some

extent when applying the brush tire model. The width

of the unsafe (bistable) zone is further decreased in case

of the controlled trailer, see Fig. 14(b). However, the

vibration amplitudes exceed the ones corresponding to

the Magic Formula for larger towing speeds.

Based on Fig. 14, it can be concluded that the struc-

ture and nature of the emerging limit cycles and vi-

bration amplitudes differ significantly when the Magic

Formula and brush tire model are implemented. There-

fore, this study emphasizes the importance of select-

ing the appropriate contact force model for our system.

Further theoretical and experimental investigation is

needed to determine which model is closer to reality.

In addition, it is suspected that the difference in results

would be smaller if the normalized tire force charac-



16 H. Zs. Horvath et al.

teristics matched more closely at small side slip angles.

Investigating this question is also a future task.

6.3.2 Creep models

Both the Magic Formula and the brush tire model are

widely used in the literature. However, we can choose a

family of analytical functions that capture the essential

properties of tire forces and are easier to be constructed.

In the literature of contact mechanics and dynamics of

railway wheelsets, this family of analytical functions are
called creep models. See [27,30] for a detailed overview

and [3] for an application example.

For creep models, the creep forces (i.e., the lateral

tire forces in our model) can be characterized as func-
tions of the creep velocities. Creep velocities are the

theoretical velocities of the contact points within the

scope of the rigid body model. In this study, the essen-
tial velocities are vlatR′ and vlatL′ , which can be calculated

by rearranging Eqs. (28)-(29) as

vlatR′ = vlongR′ tanαR , (87)

vlatL′ = vlongL′ tanαL , (88)

respectively.

Typical nonlinear creep models consist of two re-

gions. For small creep velocities, the relation between

the creep force and the creep velocity is linear. For

large creep velocities, the creep force saturates at a cer-

tain value and the curve tends to the Coulomb-friction

model. These regions can be combined with a sigmoid

function [3,4]. For our analysis, the normalized tire force

characteristics are calculated as

µ(vlat) = µ sigmoid

(

clatv
lat

µN0v

)

, (89)

for both the right and the left wheels by substituting

µ(vlatR′ ) and µ(vlatL′ ) in the formula. Using the relation-
ships of Eqs. (87)-(88), one gets the normalized tire

force characteristics given by the creep models as

µ(α) = µ sigmoid

(

clat tanα

µN0

)

, (90)

where the lateral creep coefficient clat is assumed to

be independent of the normal load. It is the slope of

the characteristics at the origin, therefore it is equal to

the normalized cornering stiffness C in the brush tire

model, and the product BCD in the Magic Formula.

The sigmoid function in Eq. (90) denotes a class of

functions with a unit slope at the origin, and tending to

±1 at infinity. Some typical analytic sigmoid functions

are the error function, the hyperbolic tangent function

and an algebraic function with a square root:

sigmoid(x) = erf

(√
π

2
x

)

, (91)

sigmoid(x) = tanh(x) , (92)

sigmoid(x) =
x√

1 + x2
. (93)

As a first step of the investigations, these three sigmoid

functions are implemented in our model.
The normalized tire force characteristics calculated

with the Magic Formula and the creep models are shown

in Fig. 15. On the one hand, using sigmoid functions re-

sults in characteristics that have no peak, see Fig. 15(a).

On the other hand, their smooth characteristics bet-

ter match the characteristics of the Magic Formula for

small side slip angles, see Fig. 15(b).

(a)

(b)

Fig. 15: The normalized tire force characteristics µ(α)

calculated with the Magic Formula and the creep mod-
els

The effect of using different creep models is shown in

the bifurcation diagrams of Fig. 16 for both the uncon-
trolled and controlled trailers. In the case of the Magic
Formula and the creep models, the unstable and sta-

ble periodic solutions are shown with black, light blue,

yellow, and light green curves, respectively. When the

Magic Formula and creep models are used, the normal-

ized tire force characteristics are all smooth. Therefore,

all unstable limit cycles emerge in a paraboloid struc-

ture, as also suggested in [7].

In addition, the characteristics of the bifurcation

curves are very similar to those obtained with the Magic

Formula. Implementing the error function (the func-

tion with the square root) in the model yields the clos-

est (the farthest) match to the Magic Formula in the

normalized tire force characteristics. Accordingly, the
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(a)

(b)

Fig. 16: Bifurcation diagrams for the yaw angle ψ with

respect to the towing speed v with the Magic Formula

and the creep models, (a) for Kdψ = 0 and (b) for
Kdψ = 5kNs

bifurcation curve is the one that most closely (least

closely) resembles the one obtained with the Magic For-

mula.
Figure 16 shows that the used contact force model

significantly affects nonlinear vibrations. Moreover, hav-

ing a peak in the normalized tire force characteristics

may not be very relevant. Simple functions can also ad-

equately describe lateral tire forces.

7 Conclusions

A linear stability analysis with semi-discretization and
a numerical bifurcation analysis with DDE-BIFTOOL

were performed on a 4 DoF spatial mechanical model
of two-wheeled trailers. The nonlinear governing equa-
tions of the system were summarized and precise calcu-
lations were carried out for the normal loads at the right

and the left wheels, yielding an improved trailer model.

A linear state feedback controller that incorporates a

feedback delay and a dead zone was designed.

The nonlinear equations of motion were linearized

around the steady-state and the linearized governing

equations were summarized for the uncontrolled and

controlled trailers. Linear stability charts showed the ef-

fects of the vertical position of the center of gravity and

the applied control gain on linear stability. It was shown

on bifurcation diagrams that the unsafe (bistable) zone

can be reduced through differential braking of the wheels.

Therefore, the globally stable towing speed region can

be extended.

It was also demonstrated, that having a non-zero

feedback delay can have a beneficial effect both on the

linear and both on the nonlinear stability properties. Fi-

nally, our results showed that the contact force model
used has a significant effect. Implementing the brush
tire model and simple analytic functions (creep models)

can affect the structure and the nature of the emerging

limit cycles, and the vibration amplitudes. Creep mod-

els, formulated with simple functions, can adequately

describe lateral tire forces.
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