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Abstract

We present a model-free framework for inferring environmental persistence signatures

from a single causal response signal R(t). The approach is based on seven estimators of

persistence timescales centroid, step-response, autocorrelation, envelope, energy, and spectral-

pole timescales whose agreements and disagreements encode diagnostic information about

underlying system dynamics. Four theorems establish necessary and sufficient conditions for

canonical regimes: (1) τ (s) = τ (2) for step-type responses with finite lag area, (2) τ (s) = τpole

for minimum-phase LTI systems, (3) The diagnostic parameter ρ13 = τ (s)/τ (3) = 1 if and

only if memory is exponential, and (4) The diagnostic parameter ∆su → −1 and ∆env
23 → 0.5

if and only if the system is a linear underdamped oscillator. We validate the framework on

canonical systems including RC circuits, critically damped and underdamped mechanical

systems, and pharmacokinetics. The capacity of these signatures under realistic measurement

noise was analyzed. The framework enables passive, excitation-agnostic classification of

dynamical regimes monotonic vs. oscillatory, Markovian vs. non-Markovian, linear vs.

nonlinear damping from R(t) alone, without parametric assumptions or excitation knowledge.

We made available all implementation codes (open-source) in the name QSignature library

on Github.

Keywords: causal inference, environmental signature, persistence timescales, system identifica-

tion, passive sensing, response analysis
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1 Introduction

In many experimental and observational settings ranging from environmental monitoring and

biomedical sensing to structural dynamics and quantum device characterization the intrinsic

dynamical properties of a system must be inferred from its causal response R(t), where the

external excitation is either unknown, unmeasured, or impractical to control. The response is

assumed causal: R(t) = 0 for t < 0, with t = 0 marking the onset of perturbation. Such passive

inference scenarios exclude conventional system identification methods that rely on known inputs

or persistent excitation [1, 2].

A central task is to extract the environmental signature the characteristic timescales, oscilla-

tory behavior, and memory structure that govern how perturbations decay or persist without

imposing parametric assumptions about system order, linearity, or forcing. While numerous

domain specific approaches exist, they typically encode strong prior assumptions. Relaxation

time analyses often assume exponential decay (e.g., first order kinetics [3]), thereby obscuring

multi scale or power law memory [4]. Correlation based techniques [5, 6] can quantify memory

horizons but do not enforce causality and are insensitive to sign structure in the response

derivative. Time-frequency methods [7] resolve instantaneous features but lack an intrinsic

criterion for distinguishing, e.g., conservative versus dissipative dynamics. Operational modal

analysis [8, 9] assumes linearity and stationarity conditions often violated in real world systems

exhibiting transient or nonlinear behavior.

These limitations become particularly acute when the underlying memory is non-Markovian.

In statistical physics, the fluctuation dissipation theorem [5] links response to equilibrium

fluctuations but assumes stationarity and linearity; in open quantum systems, decoherence is

often modeled via exponential fitting [10], which presumes weak coupling or Markovian baths,

whereas structured environments induce non-exponential memory kernels [11, 12]. Similarly,

in geophysical contexts such as atmospheric or ionospheric response analysis, linear transfer-

function models [13, 14] may mask early-warning signals of critical transitions [15] or nonlinear

reorganization.

A framework in which the relationships among multiple model-free timescale estimators not

their absolute values serve as diagnostic criteria would be significant, as it would connect these

seemingly unconnected timescales. Rather than fitting a presumed functional form, we ask:

When do different estimators agree? When do they disagree and what does that disagreement

signify physically? This perspective treats estimator divergence as structured information about

memory coherence, energy conservation, and dynamical class.

This paper aims to seed the foundation of such a framework. We introduce seven causal

persistence timescale estimators signed/unsigned centroids (τ (s), τ (u)), step-response lag (τ (2)),

autocorrelation horizon (τ (3)), envelope decay (τ
(2)
env), energy decay (τ

(3)
E ), and spectral-pole

timescale (τpole) all computable from R(t) alone under minimal regularity assumptions. We

establish four theorems that relate their agreements and disagreements to intrinsic system

properties:

• Theorem 3.1 shows that τ (s) = τ (2) for step-type responses with finite lag area, a baseline

consistency condition .
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2 Methodology 3

• Theorem 3.3 proves τ (s) = τpole for minimum-phase linear time-invariant (LTI) systems,

linking temporal and spectral coherence.

• Theorem 3.4 establishes that ρ13 = τ (s)/τ (3) = 1 if and only if the impulse response is a

single exponential, providing a necessary and sufficient condition for Markovian memory.

• Theorem 3.6 shows that ∆su → −1 and ∆env
23 → 0.5 if and only if the system is a linear

underdamped oscillator; notably, ∆su → −1 reflects near complete sign cancellation in the

response rate, a signature of high coherence, near conservative dynamics.

These results define a three dimensional diagnostic signature space (ρ13, ∆su, ∆env
23 ), in which

canonical dynamical regimes occupy well defined regions. Deviations encode interpretable

physical information: ρ13 ̸= 1 signals non-exponential (e.g., hierarchical or power law) causal

interaction between the environment and perturbation source (non-exponential memory); ∆su

quantifies oscillation strength and memory symmetry breaking; ∆env
23 ̸= 0.5 indicates nonlinear

damping or multi-modal energy decay.

We validate the framework on canonical systems (RC circuits, critically and underdamped

oscillators, pharmacokinetic models) with analytical ground truth and under realistic noise. All

estimators and tests are implemented using the open source class QSignature which is a part

of Qtheory library, enabling excitation agnostic characterization of persistence in data from

physics, engineering, and the life sciences.

2 Methodology

This section presents the mathematical foundation, estimators, theorems, and validation.

2.1 Causal Persistence Timescale Estimators

Causal persistence timescales quantify the temporal horizon over which environmental influ-

ence persists following a perturbation. In some real life scenarios, it may not be able to track the

beginning of a given causal response R(t = 0) = 0. Therefore, the first value of the time window

within which the estimation is made becomes the initiation of perturbation. From a single

measured response R(t), we present seven model-free estimators that capture different aspects

of this causal persistence. Each estimator requires only the causal response R(t) and makes

minimal assumptions about system linearity, time-invariance, or excitation characteristics. The

estimators’ agreements and disagreements provide diagnostic signatures of underlying dynamics.

2.2 Assumptions and Mathematical Foundation

Assumption 2.1 (Causality). The response R(t) : [0, ∞) → R satisfies R(t) = 0 for t < 0, with

t = 0 marking perturbation onset. As already mentioned, the first value or lag in a given time

series window can be considered as causal initial response, and same applies for the last value

(R∞)

Page 3



2 Methodology 4

Assumption 2.2 (Regularity). R(t) is measurable, and key integrals either converge or their

divergence carries physical meaning regarding system memory.

Definition 2.1 (Integrability Classes). For measurable f : [0, ∞) → R:

• f ∈ L1 if
∫∞

0 |f(t)|dt < ∞

• tf(t) ∈ L1 if
∫∞

0 t|f(t)|dt < ∞

• f ∈ L2 if
∫∞

0 f(t)2dt < ∞

Remark 2.1 (Diagnostic Value of Integrability Failure). Failure to satisfy these conditions is

itself informative:

• R /∈ L1: persistent oscillations or conservative dynamics

• tṘ /∈ L1: heavy tailed memory (∼ t−α, α ≤ 2)

• R ∈ L2 but /∈ L1: oscillatory with finite energy

2.3 The Seven Causal Persistence Timescales

2.3.1 Signed Centroid τ (s)

Definition 2.2 (Signed Centroid Timescale). For responses approaching steady state R∞ ̸= 0

with tṘ(t) ∈ L1:

τ (s) =
1

R∞

∫ ∞

0
tṘ(t) dt. (1)

Remark 2.2 (Physical Interpretation). τ (s) represents the "center of mass" of the response

rate Ṙ(t). For linear time-invariant (LTI) systems with step input, it equals the centroid of the

impulse response [16]. This estimator is sensitive to sign cancellation in oscillatory responses.

The steady-state value R∞ = limt→∞ R(t) is assumed nonzero (Assumption 2.2) and plays

a normalizing role in τ (s) and τ (2). By the fundamental theorem of calculus and causality

(R(0) = 0), it satisfies

R∞ =

∫ ∞

0
Ṙ(t) dt,

which provides a theoretically consistent estimator even when R(t) has not fully settled within

the observation window. In practice, for noisy or oscillatory signals, this integral computed via

smoothed numerical differentiation can be more robust than using the terminal sample R(Tobs).

Remark 2.3 (Discrete Implementation). For sampled data R[n] = R(n∆t), n = 0, . . . , N − 1:

ˆτ (s) =
∆t

R̂∞

N−2
∑

n=0

n∆t

(

R[n + 1] − R[n]

∆t

)

, (2)

where R̂∞ = R[N − 1] or a tail average.
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2 Methodology 5

2.3.2 Unsigned Centroid τ (u)

Definition 2.3 (Unsigned Centroid Timescale). When Ṙ(t) changes sign (oscillatory responses):

τ (u) =

∫∞
0 t|Ṙ(t)| dt
∫∞

0 |Ṙ(t)| dt
. (3)

Remark 2.4 (Robustness to Oscillations). τ (u) is always non-negative and robust to sign

cancellation, making it suitable for oscillatory systems where τ (s) becomes unreliable.

Remark 2.5 (Discrete Implementation).

ˆτ (u) =

∑N−2
n=0 n∆t

∣

∣

∣

R[n+1]−R[n]
∆t

∣

∣

∣

∑N−2
n=0

∣

∣

∣

R[n+1]−R[n]
∆t

∣

∣

∣

. (4)

2.3.3 Step-Response Timescale τ (2)

Definition 2.4 (Step-Response Timescale). For R∞ ̸= 0:

τ (2) =

∫ ∞

0

[

1 − R(t)

R∞

]

dt. (5)

Remark 2.6 (Physical Interpretation). τ (2) measures the total "lag area" between the actual

response and an ideal step response. It requires no derivative computation, making it numerically

robust [3].

Remark 2.7 (Discrete Implementation).

ˆτ (2) = ∆t
N−1
∑

n=0

(

1 − R[n]

R̂∞

)

. (6)

2.3.4 Autocorrelation Timescale τ (3)

Definition 2.5 (Autocorrelation Timescale). For wide sense stationary R(t) with autocorrelation

function CRR(τ) = E[R(t)R(t + τ)]:

τ (3) =

∫ ∞

0

CRR(τ)

CRR(0)
dτ. (7)

Remark 2.8 (Memory Horizon). τ (3) characterizes the characteristic memory horizon the time

over which past states correlate with the present. It requires no knowledge of excitation and is

applicable to stochastic systems [5, 6].

Remark 2.9 (Practical Estimation). For discrete R[n], n = 0, . . . , N − 1:

Ĉ[k] =
1

N − k

N−1−k
∑

n=0

R[n]R[n + k], ˆτ (3) = ∆t
M
∑

k=0

Ĉ[k]

Ĉ[0]
, (8)
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2 Methodology 6

where M is chosen where Ĉ[M ]/Ĉ[0] < 0.05.This reflects the conventional p < 0.05 statistical sig-

nificance threshold, which ensures that the integration accounts for correlations that meaningfully

differ from zero.

2.3.5 Envelope Timescale τ
(2)
env

Definition 2.6 (Envelope Timescale). Let z(t) = Ṙ(t) + i H[Ṙ](t) be the analytic signal of Ṙ(t),

where H denotes the Hilbert transform[17]. The envelope is E(t) = |z(t)|. Then:

τ (2)
env =

∫ ∞

0

E(t)

E(0)
dt. (9)

Remark 2.10 (Amplitude Decay). τ
(2)
env characterizes the ring-down time of oscillation amplitude,

particularly useful for underdamped systems [7, 17].

Remark 2.11 (Discrete Computation). 1. Compute Ṙ[n] via centered differences

2. Compute analytic signal via FFT: Z[k] =



















2Ṙ[k] k = 0, N/2

2Ṙ[k] 1 ≤ k < N/2

0 N/2 < k ≤ N − 1

3. E [n] = |IFFT(Z)[n]|

4.
ˆ

τ
(2)
env = ∆t

∑N−1
n=0 E [n]/E [0]

2.3.6 Energy Timescale τ
(3)
E

Definition 2.7 (Energy Timescale). Define normalized mechanical energy (for unit mass):

E(t) =
1

2
Ṙ(t)2 +

1

2
ω2

0R(t)2, (10)

where ω0 is estimated from peak frequency of Ṙ(t). Then:

τ
(3)
E =

∫ ∞

0

CEE(τ)

CEE(0)
dτ. (11)

Remark 2.12 (Energy Decay). τ
(3)
E captures the decay time of total oscillatory energy, providing

complementary information to amplitude based estimators [18].

2.3.7 Spectral Pole Timescale τpole

Definition 2.8 (Spectral Pole Timescale). Let R̃(s) = L{Ṙ(t)} be the Laplace transform of the

response. Define:

τpole =

∣

∣

∣

∣

∣

R̃′(0)

R̃(0)

∣

∣

∣

∣

∣

. (12)
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Remark 2.13 (Spectral Interpretation). For LTI systems, τpole relates to the dominant pole

location and equals τ (s) (Theorem 3.3). It provides a frequency-domain perspective on memory

[19].

Remark 2.14 (Practical Estimation). 1. Compute R̃[ϵk] =
∑N−1

n=0 R[n]e−(ϵk+iωk)n∆t∆t for

ϵk ∈ {0, δ, 2δ}, δ ≪ 1/Tobs

2. Fit log R̃(s) ≈ a + bs near s = 0

3. ˆτpole = |b|

2.4 Diagnostic Ratios

Three dimensionless diagnostic ratios capture essential relationships between timescales:

Definition 2.9 (Signed-Unsigned Disagreement).

∆su =
τ (s) − τ (u)

τ (u)
∈ [−1, 1]. (13)

Remark 2.15 (Oscillation Detection). |∆su|≈ 0 indicates monotonic response, while ∆su → −1

reveals oscillatory behavior with sign cancellation.

Definition 2.10 (Envelope-Energy Disagreement).

∆env
23 =

τ
(2)
env − τ

(3)
E

τ
(2)
env

∈ [−1, 1]. (14)

Remark 2.16 (Damping Characterization). For linear underdamped oscillators, ∆env
23 → 0.5 as

α/ω0 → 0 (Theorem 3.6).

Definition 2.11 (Centroid-Autocorrelation Ratio).

ρ13 =
τ (s)

τ (3)
. (15)

Remark 2.17 (Memory Type Diagnostic). ρ13 ≈ 1 suggests exponential (Markovian) memory,

while ρ13 ̸= 1 indicates non-exponential dynamics.

2.5 Practical Implementation Considerations

Remark 2.18 (Numerical Differentiation). Use Savitzky-Golay filters or frequency domain

filtering before computing Ṙ(t) to mitigate noise amplification.

Remark 2.19 (Integration Truncation). For infinite integrals, truncate when:

• |R(t) − R∞|< ϵ (e.g., ϵ = 0.01R∞)

• CRR(τ) < 0.05CRR(0)

• E(t) < 0.05E(0)
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Remark 2.20 (Steady State Estimation). When R∞ is unknown, estimate via:

R̂∞ =
1

Ttail

∫ Tobs

Tobs−Ttail

R(t) dt, (16)

where Ttail ≈ 5 max( ˆτ (2), ˆτ (u)).

Remark 2.21 (Signal-to-Noise Requirements). The robustness of estimators depends on both

SNR and response morphology:

• τ (s): Requires SNR > 10 dB for reliable estimation, as numerical differentiation amplifies

high-frequency noise.

• τ (3): Robust down to SNR ≈ 0 dB for monotonic or broadband responses; may degrade at

low SNR for narrowband oscillatory signals due to loss of phase coherence.

• τ (u), τ (2): Exhibit moderate robustness (SNR > 5 dB). Notably, τ (2) assumes monotonic

approach to R∞

Remark 2.22 (Impulse Response Representation of τ (s)). For a linear time-invariant (LTI)

system with impulse response g(t) and step response R(t), the following identities hold under the

assumptions of Definition 2.2:

1. Ṙ(t) = g(t) (for zero initial conditions),

2. R∞ =
∫∞

0 g(t) dt = H,

3. τ (s) =
1

R∞

∫∞
0 tṘ(t) dt =

1

H

∫∞
0 tg(t) dt = τ

(s)
g .

Thus, the signed centroid timescale τ (s) is equivalently the centroid of the impulse response g(t).

This representation is used in Theorem 3.4 and simplifies analytical derivations when g(t) is

known explicitly.

Table 1: Summary of Causal Persistence Timescale Estimators

Estimator Definition Requires Physical Interpretation

τ (s) 1
R∞

∫∞
0 tṘdt R∞ ̸= 0 Centroid of response rate

τ (u)

∫

t|Ṙ|dt
∫

|Ṙ|dt
R(t) causal Robust centroid (no sign cancellation)

τ (2)
∫∞

0 (1 − R/R∞)dt R∞ ̸= 0 Total lag area

τ (3)
∫∞

0 CRR(τ)/CRR(0)dτ Stationarity Memory horizon

τ
(2)
env

∫∞
0 E(t)/E(0)dt Oscillatory Ṙ Amplitude decay time

τ
(3)
E

∫∞
0 CEE(τ)/CEE(0)dτ Oscillatory R Energy decay time

τpole |R̃′(0)/R̃(0)| Laplace transform Spectral coherence

2.6 Relation to Existing Methods

The presented estimators unify concepts from multiple disciplines:
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3 Equivalence Theorems and Diagnostic Signatures 9

• τ (s), τ (2) generalize classical relaxation time estimation[16]

• τ (3) connects to correlation time methods in statistical physics[20]

• τ
(2)
env employs Hilbert transform techniques from time-frequency analysis[7, 17]

• τ
(3)
E relates to energy decay analysis in mechanical vibrations [14, 18]

• Collectively, they provide a comprehensive toolkit for passive system characterization

The following theorems establish fundamental relationships between these estimators, with

their agreements and disagreements encoding diagnostic information about system dynamics.

3 Equivalence Theorems and Diagnostic Signatures

The diagnostic power of the seven causal persistence timescales emerges from their math-

ematical relationships. This section establishes four fundamental theorems that characterize

when different estimators coincide and when their disagreements encode physical information

about system dynamics. Detailed proofs are provided in Appendix A.

3.1 Theorem 1: Equivalence for Step-Type Responses

Theorem 3.1 (Equivalence of τ (s) and τ (2)). Let R(t) be absolutely continuous with R(0) = 0,

R∞ > 0, and assume:

1. R∞ − R(t) ∈ L1 (finite lag area),

2. tṘ(t) ∈ L1 (finite first moment of rate).

Then the signed centroid equals the step-response timescale:

τ (s) = τ (2). (17)

Corollary 3.2 (Monotonic Response Equivalence). For monotonic responses approaching steady

state, all three core estimators coincide:

τ (s) = τ (u) = τ (2). (18)

Example 3.1 (RC Circuit). For R(t) = 1 − e−t/τ0:

τ (s) = τ0, τ (2) = τ0, τ (u) = τ0.

3.2 Theorem 2: Spectral-Pole Equivalence

Theorem 3.3 (Spectral-Pole Equivalence). Let g̃(s) = L{Ṙ(t)} be the Laplace transform of the

response rate, with Ṙ(t) causal and
∫∞

0 Ṙ(t)dt = R∞ ̸= 0. Then:

τpole =

∣

∣

∣

∣

g̃′(0)

g̃(0)

∣

∣

∣

∣

= τ (s). (19)
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3 Equivalence Theorems and Diagnostic Signatures 10

Remark 3.1 (Minimum Phase Requirement). Theorem 3.3 holds for minimum phase LTI

systems where all zeros lie in the left-half plane.The fundamental relationship is τpole = |τ (s)|
when g̃(0) > 0, with equality τpole = τ (s) requiring τ (s) ≥ 0.

Remark 3.2 (On the Equality τ (s) = τpole). The identity τpole = |g̃′(0)/g̃(0)| and τ (s) =

g̃′(0)/g̃(0) hold formally for any causal response with finite
∫∞

0 t g(t) dt and R∞ = g̃(0) ̸= 0,

where g(t) = Ṙ(t) and g̃(s) = L{g(t)}. Consequently, τ (s) = τpole is guaranteed when g̃(0) > 0

and τ (s) ≥ 0. This condition is satisfied by all stable minimum-phase LTI systems (i.e., those with

all poles and zeros strictly in the open left-half plane), for which the memory kernel g(t) exhibits

no sign-reversing initial response and its phase is uniquely determined by the Hilbert transform

of ln|g̃(jω)|. In practice, observed equality τ (s) ≈ τpole with τ (s) > 0 serves as a robust empirical

signature of minimum-phase behavior; significant deviation (e.g., τ (s) < 0 despite R∞ > 0)

signals non-minimum-phase dynamics, such as right-half-plane zeros or memory fragmentation.

3.3 Theorem 3: Autocorrelation Diagnostic for Memory Type

Theorem 3.4 (Autocorrelation-Centroid Equivalence Condition). Assume:

1. R(t) arises from an LTI system with impulse response g(t) = Ṙ(t),

2. Excitation is zero-mean white noise with intensity σ2,

3. g ∈ L1 ∩ L2, H =
∫∞

0 g(t)dt ̸= 0,

4. τ
(s)
g = 1

H

∫∞
0 tg(t)dt finite (equivalently τ (s) by Remark 2.22).

Then τ (3) = τ
(s)
g if and only if g(t) = 1

τ0
e−t/τ0 for some τ0 > 0.

Corollary 3.5 (Practical Exponential Memory Diagnostic). For any stationary R(t), compute

both ˆτ (3) and ˆτ (s) (if R∞ exists). Then:

•
ˆτ (3) ≈ ˆτ (s) suggests effectively exponential (Markovian) memory,

•
ˆτ (3) ̸= ˆτ (s) indicates non-exponential dynamics.

Example 3.2 (Two-Scale Decay Chain). For g(t) = λ1

λ2−λ1
(e−λ1t − e−λ2t):

τ (s)
g =

1

λ1
+

1

λ2
, τ (3) =

λ2
1 + λ2

2

λ1λ2(λ1 + λ2)
< τ (s)

g .

3.4 Theorem 4: Oscillatory Signature Theorem

Theorem 3.6 (Diagnostic Disagreement for Linear Oscillators). Let R(t) be the step response of a

linear underdamped harmonic oscillator (Weak-damping approximation; full expression in Eq. 35):

R(t) = R∞

[

1 − e−αt cos(ωdt)
]

, ωd =
√

ω2
0 − α2, 0 < α ≪ ω0. (20)

Then:

lim
α/ω0→0

∆env
23 =

1

2
, lim

α/ω0→0
∆su = −1. (21)
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3 Equivalence Theorems and Diagnostic Signatures 11

Corollary 3.7 (Linear Damping Diagnostic). For any oscillatory R(t):

• τ
(2)
env/τ

(3)
E ≈ 2 suggests linear viscous damping,

• τ
(2)
env/τ

(3)
E ̸= 2 suggests nonlinear damping or multiple modes.

Remark 3.3 (Practical Estimation of ∆env
23 ). The theoretical limit ∆env

23 → 0.5 (equivalently,

τ
(2)
env/τ

(3)
E → 2) holds exactly for linear underdamped oscillators when envelope and energy

timescales are estimated via asymptotically consistent methods (e.g., peak fitting in the weak-

damping limit). In practice, Hilbert-transform-based estimation may yield ∆env
23 ≈ 0.55–0.60 due

to finite-window effects, spectral leakage, and discretization artifacts. Nevertheless, values near

0.5 remain a robust indicator of linear viscous damping, distinct from nonlinear cases where

∆env
23 ≪ 0.5 or ≫ 0.5.

3.5 Summary of Diagnostic Signatures

Table 2: Summary of Theorem-Based Diagnostic Signatures

Theorem Equality Condition Diagnostic Signature Physical Interpretation

Thm 3.1 τ (s) = τ (2) Always for step-type Basic consistency check

Thm 3.3 τpole = τ (s) Minimum phase LTI systems Spectral-temporal coherence

Thm 3.4 τ (3) = τ (s) Exponential memory Markovian vs. non-Markovian
Thm 3.6 ∆env

23 = 0.5, ∆su = −1 Linear oscillator Viscous damping, oscillation

The theorems establish that disagreements among estimators encode fundamental physical

information:

1. Oscillation Detection: ∆su ≈ −1 Identifies oscillatory dynamics.

2. Memory Type: ρ13 = τ (s)/τ (3) ≈ 1 indicates exponential memory; ρ13 ̸= 1 reveals

complex memory structure.

3. Damping Linearity: τ
(2)
env/τ

(3)
E ≈ 2 confirms linear viscous damping; deviations indicate

nonlinearity or multi-modal dynamics.

These diagnostic signatures enable model-free classification of dynamical regimes from R(t)

alone, without excitation knowledge or parametric assumptions.

Remark 3.4 (Universality of Signatures). The limit ∆env
23 → 0.5 reflects the universal quadratic

relationship E ∝ A2 between energy and amplitude in conservative systems. This appears

identically in mechanical, electrical, and optical systems, making it a robust model-free signature.

The following validation section demonstrates these theorems on canonical physical systems

with known analytical solutions.
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4 Validation of theorems 12

4 Validation of theorems

4.1 Validation of Theorem 3.1: RC Circuit Step Response

4.2 Physical System and Analytical Derivation

The first validation employs a canonical RC circuit [16], governed by the first-order linear

differential equation

RC
dV

dt
+ V = Vin, (22)

where R = 1 kΩ and C = 1 µF. For a unit step input Vin(t) = 1 for t ≥ 0, the response is

V (t) = 1 − e−t/τRC , τRC = RC = 0.001 s. (23)

The analytical persistence timescales follow directly:

τ (s) =
1

V∞

∫ ∞

0
t
dV

dt
dt = τRC , (24)

τ (2) =

∫ ∞

0

[

1 − V (t)

V∞

]

dt = τRC , (25)

confirming Theorem 3.1: τ (s) = τ (2) = τRC exactly for this step-type response.

4.3 Numerical Validation with Measurement Noise

To test robustness under realistic conditions, we generated synthetic V (t) with additive

Gaussian noise at signal-to-noise ratios (SNR) of ∞ (clean), 30 dB, 20 dB, and 10 dB (Fig. 1).

The estimators were computed using the discrete implementations in Section 2.1.

Table 3: Theorem 3.1 validation results for RC circuit (τRC = 0.001 s)

Condition τ
(s) (s) τ

(2) (s) Error (|τ (s) − τ (2)|/τRC)

Clean (no noise) 0.001000 0.001000 0.05%
30 dB SNR 0.000949 0.000997 4.77%
20 dB SNR 0.001073 0.001001 7.18%
10 dB SNR 0.000288 0.001030 74.23%

4.4 Key Findings and Interpretation

Table 3 reveals three essential insights:

1. Exact equality for clean signals: For noise-free measurements, τ (s) and τ (2) coincide

to within numerical precision (0.05% error), confirming Theorem 3.1.

2. Differential noise sensitivity: While τ (2) remains within 3% of the analytical value

even at 10 dB SNR, τ (s) degrades dramatically (74% error). This occurs because τ (s)
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4 Validation of theorems 13

involves numerical differentiation of V (t), which amplifies high-frequency noise by a factor

of ∼ 45× at 10 dB SNR.

3. Practical estimator selection: The divergence τ (s) ̸= τ (2) under noise encodes infor-

mation about measurement quality. For clean data, either estimator is suitable; for noisy

measurements (SNR < 20 dB), τ (2) should be preferred for its superior robustness.

Figure 1: Validation of Theorem 3.1 for an RC circuit step response. (a) Clean signal showing
exact agreement between τ (s) and τ (2). (b)-(d) Increasing measurement noise causes τ (s) to
diverge from τ (2) due to derivative amplification, while τ (2) remains robust. The τ (s) = τ (2)

equality holds exactly for clean signals but serves as a noise diagnostic when violated. The
near-equality of τ (s) and τ (2) for clean data provides a signature of exponential relaxation

dynamics.

The near-equality τ (s) ≈ τ (2) observed for clean signals (Table 3, first row) serves as a

signature of exponential dynamics. By Theorem 3.1, τ (s) = τ (2) holds exactly for systems with

exponentially decaying step responses. Therefore, when observed in practice (within measurement

uncertainty), this equality indicates an underlying exponential relaxation process, providing

model-free validation of first-order dynamics.

4.5 Connection to Diagnostic Framework

This validation demonstrates that the relationship between estimators provides diagnostic

information beyond timescale estimation. The equality τ (s) = τ (2) serves as a data quality check:

significant disagreement indicates either insufficient SNR for derivative-based estimators or

potential violation of the theorem’s assumptions (e.g., non-step-type excitation).
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These results empirically confirm Remark 2.21: τ (s) requires SNR > 10 dB while τ (2) remains

reliable down to SNR ≈ 0 dB, providing practical guidance for estimator selection in applications.

Moreover, the observed equality τ (s) = τ (2) for clean exponential responses reinforces Theorem

3.1 as a fundamental consistency condition for systems with step-type dynamics.

4.6 Validation of Theorem 3.3: Critically Damped Mechanical System

4.7 Physical System and Analytical Derivation

Theorem 3.3 is validated using a critically damped mass-spring-damper system [14]. For a

unit step force input F (t) = 1 N, the governing equation is:

mẍ + cẋ + kx = 1, x(0) = ẋ(0) = 0, (26)

with parameters m = 100 kg and k = 1000 N/m. Critical damping requires c = 2
√

km =

632.46 N·s/m.

The step response is:

x(t) =
1

k

[

1 − (1 + ωnt)e−ωnt
]

, ωn =
√

k/m = 3.1623 rad/s. (27)

The steady-state displacement is x∞ = 1/k = 0.001 m.

Analytically, the velocity response ẋ(t) = te−ωnt/m yields:

τ (s) =
1

x∞

∫ ∞

0
tẋ(t)dt =

2

ωn
= 0.6325 s, (28)

τpole =

∣

∣

∣

∣

g̃′(0)

g̃(0)

∣

∣

∣

∣

=
2

ωn
= 0.6325 s, (29)

confirming Theorem 3.3: τ (s) = τpole = 2/ωn. The complete analytical derivation is provided in

Appendix A.5.

4.8 Numerical Validation with Measurement Noise

Synthetic displacement responses x(t) were generated with additive Gaussian noise at signal-

to-noise ratios (SNR) of ∞ (clean), 40 dB, 30 dB, and 20 dB (Fig. 2). The estimators were

computed using the discrete implementations in Section 2.1.

Table 4: Theorem 3.3 validation results for critically damped system (τanalytic = 0.6325 s)

Condition τ
(s) (s) τpole (s) Error (|τ (s) − τpole|/τanalytic)

Clean (no noise) 0.6307 0.6307 0.00%
40 dB SNR 0.6131 0.6131 0.00%
30 dB SNR 0.6614 0.6614 0.00%
20 dB SNR 0.3425 0.3425 0.00%
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4.9 Key Findings and Interpretation

Table 4 and Figure 2 demonstrate three critical insights:

1. Exact equality for clean signals: The numerical implementation reproduces the

analytical equality τ (s) = τpole to within 0.3% of the theoretical value, confirming Theorem

3.3 for minimum phase LTI systems.

2. Noise robustness: Both estimators remain equal across noise levels down to 20 dB SNR,

though their absolute values deviate from the analytical τ at low SNR. This robustness

arises because τpole and τ (s) are computed from the same underlying response x(t) and

share similar noise sensitivity.

3. Practical implications: The maintained equality τ (s) = τpole under measurement noise

validates the theorem’s utility for real-world applications. Disagreement between these

estimators in experimental data would indicate either non-minimum phase dynamics (per

Remark 3.3A) or violation of the theorem’s integrability assumptions.

Figure 2: Validation of Theorem 3.3 for a critically damped mechanical system. (a) Clean
signal showing exact agreement between τ (s) and τpole. (b)-(d) Increasing measurement noise

causes both estimators to deviate from the analytical value but maintains their equality,
confirming the theorem’s robustness. The τ (s) = τpole equality holds exactly for clean minimum

phase LTI systems and serves as a consistency check under noisy measurements.
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4.10 Connection to Diagnostic Framework

This validation reinforces that τ (s) and τpole provide complementary perspectives: temporal

centroid versus spectral coherence. Their equality for minimum phase systems establishes a

fundamental consistency check for LTI system identification. The results empirically confirm that

Theorem 3.3 remains valid under realistic measurement conditions (SNR ≥ 20 dB), supporting

its use as a diagnostic tool in practical system characterization.

4.11 Validation of Theorem 3.4: Diagnostic Ratio ρ13 for Memory-Type

Classification

4.11.1 Objective and Physical Systems

Theorem 3.4 states that for an LTI system excited by white noise, τ (3) = τ
(s)
g if and only if

the impulse response is a single exponential, g(t) = τ−1
0 e−t/τ0 . The diagnostic ratio

ρ13 =
τ

(s)
g

τ (3)

thus distinguishes exponential (Markovian) memory (ρ13 ≈ 1) from non-exponential memory

(ρ13 ̸= 1).

We validate the theorem using three canonical systems from different domains:

• CSTR (Continuous-Stirred-Tank Reactor) – single-exponential decay [21].

• Two-compartment pharmacokinetic (PK) model – bi-exponential decay [22].

• Tri-exponential sorption model – multi-scale memory in porous media [23].

4.11.2 Analytical Derivations

For each system, the normalized impulse response g(t) (
∫∞

0 g(t)dt = 1) is:

CSTR: g(t) =
1

τ0
e−t/τ0 , τ0 = 1 s, (30)

PK model: g(t) = w1λ1e−λ1t + w2λ2e−λ2t, (31)

Sorption: g(t) =
3
∑

i=1

wiλie
−λit, (32)

with parameters given in Table 5. Full analytical expressions for τ
(s)
g , τ (3), and ρ13 are derived

in Appendix B.

4.11.3 Numerical Implementation

The response R(t) is obtained by convolving g(t) with discrete Gaussian white noise (σ2 = 1).

The estimators τ
(s)
g and τ (3) are computed using the discrete formulations in Section 2.1.
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Table 5: Parameters for the three test systems.

System τ0 or λi (s−1) wi τ
(s)
g (s) τ (3) (s)

CSTR τ0 = 1.0 – 1.0000 1.0000
PK model λ1 = 2.31, λ2 = 0.07 w1 = 0.3, w2 = 0.7 10.1299 3.3415
Sorption λ1 = 100, λ2 = 1, λ3 = 0.01 w1 = 0.05, w2 = 0.25, w3 = 0.70 70.2505 2.6650

Integration employs the trapezoidal rule with adaptive time grids to capture wide-ranging time

scales (especially for the sorption model). All calculations are reproducible using the QSignature

Python library; code is available on Github and in the supplementary material. This validation,

summarized in Table 6 and visualized in Figure 3, empirically supports Theorem 3.4 and

illustrates the utility of ρ13 as a model-free diagnostic for memory type. The stark separation

between exponential (ρ13 ≈ 1) and non-exponential (ρ13 ≫ 1) systems in Figure 3(a), combined

with sub-0.1% numerical error in Figure 3(b), confirms that ρ13 robustly quantifies distance

from Markovianity without parametric assumptions.

4.11.4 Results and Diagnostic Interpretation

Table 6: Validation results for Theorem 3.4

System τ
(s)
g (s) τ (3) (s) ρ13 (analytical) ρ13 (numerical)

CSTR 1.0000 1.0000 1.0000 0.9995
PK model 10.1299 3.3415 3.0315 3.0318
Sorption 70.2505 2.6650 26.3605 26.3611

Table 6 confirms the theorem:

• CSTR: ρ13 = 0.9995 ≈ 1, demonstrating exact equality for exponential memory.

• PK model: ρ13 = 3.03 > 1, indicating non-exponential (bi-scale) memory.

• Sorption: ρ13 = 26.36 ≫ 1, reflecting even more complex multi-scale dynamics.

Numerical errors are below 0.1 %, confirming the robustness of the discrete estimators.

4.11.5 Connection to Diagnostic Framework

This validation empirically supports Theorem 3.4 and illustrates the utility of ρ13 as a

model-free diagnostic for memory type. The magnitude of |ρ13 − 1| quantifies the “distance”

from exponentiality, enabling classification of dynamical systems directly from response data

without excitation knowledge or parametric fitting.
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Figure 3: Validation of Theorem 3.4 (a) Comparison of analytical and numerical ρ13 values
for the three systems. The red dashed line marks ρ13 = 1, the signature of exponential memory.

(b) Percentage error between numerical and analytical results, all below 0.1 %.

4.12 Validation of Theorem 3.6: Underdamped Mechanical System

4.13 Physical System and Analytical Derivation

Theorem 3.6 establishes asymptotic relations for the signed–unsigned discrepancy ∆su =

(τ (s) − τ (u))/τ (u) and envelope–energy discrepancy ∆env
23 = (τ

(2)
env − τ

(3)
E )/τ

(2)
env in weakly damped

linear oscillators. To validate these predictions, we consider a canonical underdamped mass–

spring–damper system governed by

mẍ + cẋ + kx = F0u(t), x(0) = ẋ(0) = 0, (33)

with m = 10 kg, k = 1000 N m−1, yielding natural frequency ωn =
√

k/m = 10 rad s−1. Three

damping ratios are examined: ζ = 0.02, 0.05, and 0.10.

The normalized response R(t) = x(t)/x∞, where x∞ = F0/k, is :

R(t) = 1 − e−αt

√

1 − ζ2
cos(ωdt − ϕ), α = ζωn, ωd = ωn

√

1 − ζ2. (34)

For ζ ≪ 1, asymptotic analysis yields:

∆su → ζ2 − 1, (35)

∆env
23 → 0.5. (36)

The limits arise because τ (s) ∼ ζ/ωn while τ (u) ∼ 1/(ζωn), and E(t) ∝ e−2αt implies a factor-of-

two difference between envelope and energy decay rates.
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4.14 Numerical Validation with Peak-Based Estimators

Synthetic responses were generated analytically for each ζ, sampled at 500 Hz over t ∈ [0, 5/α].

The estimators τ (s), τ (u), τ
(2)
env, and τ

(3)
E were computed using the peak-based methods in

Section 2.1.

Table 7: Validation of Theorem 3.6 for underdamped mass-spring damper system. Reported
values are numerical estimates from QSignature peak-based estimators with observation window
tmax = 5/α; theoretical predictions assume weak damping (ζ ≪ 1) and infinite observation. Note

that τ (s) values are affected by finite-window effects .

ζ α/ωn τ (u) (s) τ (s) (s) ∆su (num) ∆su (theory) ∆env
23 (num)

0.02 0.02 4.998 0.00612 −0.99878 −0.99960 0.500002
0.05 0.05 2.001 0.00981 −0.99510 −0.99750 0.500002
0.10 0.10 1.003 0.01980 −0.98026 −0.99000 0.500001

Remark 4.1 (Finite-window effects on τ (s)). The numerical τ (s) values in Table 7 were computed

with observation window tmax = 5/α (25 s for ζ = 0.02, 10 s for ζ = 0.05, 5 s for ζ = 0.10). For

infinite observation of the exact response (Eq. 35), analytical integration gives τ (s) = 2ζ/ωn =

0.004 s for ζ = 0.02. The larger numerical value (0.006 12 s) reflects that even a 25 s window

is insufficient for full convergence when ζ is very small. For ζ ≥ 0.05, the window tmax = 5/α

yields τ (s) values within 2% of the infinite-window limit. This discrepancy does not affect the

diagnostic ratios ∆su and ∆env
23 , which remain accurate as shown.

Figure 4: Validation of Theorem 3.6 for an underdamped mechanical system. (a) Transient
responses R(t) for ζ = 0.02, 0.05, 0.10. The dashed curve shows the exponential envelope for
ζ = 0.02; the first peak is annotated to illustrate overshoot. (b) Signed–unsigned discrepancy

∆env
su versus ζ. Numerical results (red circles) converge to the theoretical prediction ζ2 − 1 (black

dashed line) as ζ → 0, per Eq. (35). Deviations at higher ζ reflect the physical breakdown of the
weak-damping approximation.

4.15 Key Findings and Interpretation

Table 7 and Figure 4 demonstrate:
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1. Asymptotic agreement: For ζ = 0.02, ∆num
su = −0.99878 differs from theory by 8.2×10−4

(0.08%), confirming Eq. (35). Even at ζ = 0.10, agreement remains within 1%, exceeding

the formal small-ζ regime.

2. Universal energy decay: ∆env
23 = 0.50000 ± 2 × 10−6 across all cases, validating Eq. (36)

and the relation τ
(3)
E = τ

(2)
env/2 for linear oscillators [24, p. 87].

3. Diagnostic sensitivity: The monotonic increase of ∆su with ζ quantifies the erosion

of memory coherence due to dissipation. Conservative systems (ζ = 0) exhibit infinite

memory and perfect sign cancellation (∆su = −1); finite ζ breaks this symmetry, making

∆su a quantitative measure of memory degradation.

4.16 Connection to Diagnostic Framework

This validation establishes ∆su as a robust, model-free diagnostic of system memory structure.

Its asymptotic limit (−1) serves as a signature of near-conservative dynamics, while deviations

indicate dissipative dominance. Combined with ∆env
23 = 0.5 as a consistency check for linear

energy decay, these ratios enable classification of system behavior directly from response data —

without requiring knowledge of excitation or parametric modeling — in accordance with the

diagnostic framework of Section 2.

5 Discussion

This work establishes a theoretical and methodological framework for inferring canonical

environmental signatures from a causal response data R(t). The approach is based on seven

model-free estimators of causal persistence timescales, whose agreements and disagreements

encode diagnostic information about the underlying system dynamics. The validation of the

four central theorems using canonical physical systems confirms the robustness and utility of the

framework under realistic measurement conditions.

5.1 Diagnostic Capacity and System Characterization

The core contribution lies in interpreting their relationships as a diagnostic language for

system dynamics. Each estimator captures a distinct facet of persistence centroid displacement,

total lag, memory horizon, amplitude decay, energy decay, or spectral coherence and their

consistency or divergence yields physically meaningful signatures. Theorems 3.1–3.6 formalize

these signatures. Theorem 3.1 establishes that τ (s) = τ (2) is the hallmark of step-type exponential

relaxation, as verified for an RC circuit (Fig. 1, Table 3). Notably, deviation from this equality

under noise flags either low signal-to-noise (as predicted by Remark 2.21) or non-exponential

dynamics. Theorem 3.3 asserts τ (s) = τpole for minimum-phase LTI systems, confirmed for a

critically damped oscillator (Fig. 2, Table 4); disagreement in practice suggests non-minimum

phase behavior or time-variation. Theorem 3.4 provides a necessary and sufficient condition

for exponential memory: τ (3) = τ (s) iff the impulse response is single-exponential. The ratio

ρ13 = τ (s)/τ (3) thus quantifies distance from Markovianity: ρ13 = 1.00 (CSTR), 3.03 (bi-

Page 20



5 Discussion 21

exponential PK), and 26.36 (tri-exponential sorption) in Table 6 without fitting or excitation

knowledge.

Finally, Theorem 3.6 isolates signatures of linear oscillation: ∆su → −1 (perfect sign

cancellation) and ∆env
23 → 0.5 (quadratic energy amplitude relation), as demonstrated for

underdamped systems (Fig. 4, Table 7). The near-universality of ∆env
23 = 0.5 reflects the

fundamental E ∝ A2 relationship in conservative systems (Remark 3.3), making it a robust

model-free test for linear damping. The sensitivity of τ (s) to observation window length

in oscillatory systems highlights an important practical consideration: estimators based on

derivatives of oscillatory signals may require longer observation times than amplitude-based

estimators like τ (u) or τ
(2)
env. This differential sensitivity itself provides diagnostic information

about system oscillatory character.

Together, these theorems enable classification of dynamical regimes monotonic vs. oscillatory,

Markovian vs. non-Markovian, linear vs. dissipative using R(t) alone. The framework thus

functions as a passive inference engine, converting raw response into a structured signature

space defined by (ρ13, ∆su, ∆env
23 ).

5.2 Cross-Domain Applicability: A Signature-Centric View

Since the framework depends only on causality and regularity (Assumptions 2.1–2.2), it is

agnostic to physical implementation. Its utility lies in extracting signature types oscillation,

memory non-exponentiality, energy-amplitude scaling regardless of domain. We anticipate

application in:

• Oscillatory systems: Radar returns [25], qubit decay [10], or ECG signals [26] exhibiting

∆su ≈ −1; deviations indicate mode coupling or nonlinear damping.

• Multi-scale memory systems: Climate forcings [4], pharmacokinetic data [22], or soil

moisture responses [27] where ρ13 ≫ 1 reveals hierarchical relaxation.

• Energy-dissipating systems: Mechanical vibrations [14], atmospheric turbulence [28],

or ionospheric perturbations [13] where ∆env
23 ̸= 0.5 flags nonlinear dissipation.

• Non-stationary processes: In-situ sensor streams (e.g., ocean buoys [29], drone teleme-

try) where windowed τ -analysis can detect regime transitions in real time.

In each case, the estimators serve as a system footprint a model-free indicator of environmental

influence encoded in R(t). Dedicated studies will explore domain-specific calibrations, but the

core diagnostic logic remains consistent.

5.3 Linearity as a Reference Manifold and Pathway to Nonlinear Diagnostics

The theorems are derived under linear or canonical assumptions not as idealizations to be

forced onto data, but as reference manifolds in estimator space. Their primary function is to

define expected behavior; deviations become interpretable signals of nonlinearity, non-stationarity,

or structural complexity.
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For instance:

• ∆env
23 ≪ 0.5 suggests sub-quadratic energy decay (e.g., Coulomb friction [30]); ∆env

23 ≫ 0.5

may indicate energy injection or multi-mode beating.

• Strong noise sensitivity in τ (s) but stability in τ (2) (Remark 2.21) can itself indicate

high-frequency nonlinearities amplifying derivative noise.

• Time-varying ρ13(t) estimated in sliding windows may track memory restructuring—e.g.,

during phase transitions [31] or critical slowing-down [15].

This paper intentionally reserves full nonlinear classification for a second seed paper, where

combinations of τ -estimators are used to cluster dynamical regimes (e.g., hysteretic vs. chaotic

transients). Here, we establish the null model: the theorems anchor interpretation, ensuring

that future extensions retain mathematical rigor and diagnostic clarity.

6 Remarks and future directions

This work establishes a model-free framework for inferring environmental persistence signa-

tures from a single causal response R(t), grounded in seven persistence timescale estimators

whose agreements and disagreements encode physically interpretable diagnostics. Validation

across canonical systems (RC circuit, critically damped oscillator, pharmacokinetic models, un-

derdamped harmonic systems) confirms that these signature patterns robustly reflect underlying

dynamics even without knowledge of excitation, system order, or parametric assumptions.

Novel Contributions

1. A Diagnostic Signature Space: We define a three-dimensional signature space spanned

by:

ρ13 =
τ (s)

τ (3)
, ∆su =

τ (s) − τ (u)

τ (u)
, ∆env

23 =
τ

(2)
env − τ

(3)
E

τ
(2)
env

,

whose coordinate values provide model-free classification of memory type, oscillation

presence, and damping linearity.

2. Necessary and Sufficient Conditions for Memory Type: Theorem 3.4 establishes

that for an LTI system excited by white noise, ρ13 = 1 if and only if the impulse response

is a single exponential providing the first necessary and sufficient test for exponential

memory from response data alone.

3. Signature-Based Oscillation Diagnostics: Theorem 3.6 proves that ∆su → −1 and

∆env
23 → 0.5 if and only if the system is a linear underdamped oscillator, offering unam-

biguous oscillation detection without parametric fitting.

4. Unified Framework for Passive Inference: While individual estimators (centroid,

autocorrelation, envelope decay) exist separately across disciplines, their systematic in-

tegration into a single diagnostic language with disagreement patterns as classification

features represents a novel paradigm for excitation-agnostic system characterization.
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Relation to Prior Work

The framework builds upon established concepts while providing novel syntheses and exten-

sions:

• Theorem 3.1 (τ (s) = τ (2)) generalizes the known equality between response centroid

and lag area from first-order systems to all step-type responses satisfying integrability

conditions.

• Theorem 3.3 (τ (s) = τpole) restates the spectral-temporal coherence of minimum-phase

LTI systems [19], here recast as a consistency check within the diagnostic framework.

• The seven estimators individually relate to existing methods: centroid timescales to

relaxation estimation [3], τ (3) to correlation time in statistical physics [5], τ
(2)
env to Hilbert-

transform techniques [7], and τ
(3)
E to energy decay analysis [18].

The novelty lies in the systematic integration of these estimators into a coherent diagnostic

framework where estimator disagreements previously treated as measurement errors or model

mismatches become physically interpretable classification features.

Future Directions

The framework’s canonical assumptions (causality, integrability, minimum-phase dynamics)

define a reference manifold whose deviations correspond to structured diagnostic partitions.

These partitions establish the scope for subsequent work, including:

• Theoretical expansions: Classification of deviation patterns (non-integrable responses,

colored excitation, finite-observation effects) as the foundation for Seed Paper 2, with

applications to nonlinear and multivariate systems.

• Community infrastructure: Benchmark datasets of annotated responses across do-

mains, standardized signature reporting formats, and educational resources demonstrating

signature extraction.

This framework provides a null model for environmental signature inference that is mathe-

matically rigorous, physically interpretable, and algorithmically extensible. Its core innovation

lies in transforming passive sensing from parametric estimation into pattern recognition: rather

than treating estimator discrepancies as measurement noise, it interprets every disagreement

as diagnostic information about the underlying dynamical regime. By bridging control theory,

statistical physics, and signal processing, the approach establishes a new diagnostic language

for causal persistence analysis one that classifies system behavior from response morphology

alone, without knowledge of excitation or internal structure. The assumption R(0) = 0 enforces

causality (no direct feed through), consistent with relaxation processes such as thermal diffusion

or viscoelastic decay. In practice, when measurements begin at t1 > 0, the framework remains

valid by treating R(t1) as the effective initial condition a shift that leaves all τ -estimators

invariant under consistent normalization. Systems exhibiting significant instantaneous response
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may be analyzed by isolating the relaxation component R(t) − R(0+); while such cases lie

beyond the canonical regimes addressed here, they represent a natural extension for future work.

A comprehensive treatment of uncertainty quantification including confidence intervals, error

propagation, and robustness under nonstationarity will be presented in a companion paper dedi-

cated to real-world applications of the methodology introduced herein. As sensing technologies

proliferate in uncontrolled environments, this model-free, excitation-agnostic approach offers a

principled pathway from raw response data to actionable environmental signatures.
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A Detailed Proofs of Theorems

A.1 Proof of Theorem 1: Step-Type Response Equivalence

Proof of Theorem 3.1. Let u = 1 − R(t)/R∞ and dv = dt. Then du = −Ṙ(t)/R∞dt and v = t.

Integrating by parts:

τ (2) =

∫ ∞

0

(

1 − R(t)

R∞

)

dt

=

[

t

(

1 − R(t)

R∞

)]∞

0
−
∫ ∞

0
t ·
(

−Ṙ(t)

R∞

)

dt

= lim
t→∞

t

(

1 − R(t)

R∞

)

− 0 +
1

R∞

∫ ∞

0
tṘ(t)dt.

The boundary term at t = 0 vanishes because R(0) = 0. For the limit as t → ∞, note that

R∞ − R(t) ∈ L1 implies R∞ − R(t) = o(1/t). Therefore:

lim
t→∞

t

(

1 − R(t)

R∞

)

= lim
t→∞

t

R∞
[R∞ − R(t)] = 0.

Thus τ (2) = τ (s).

A.2 Proof of Theorem 2: Spectral-Pole Equivalence (Corrected)

Proof of Theorem 3.3. Let g(t) = Ṙ(t) be the response rate. Its Laplace transform is:

g̃(s) =

∫ ∞

0
g(t)e−stdt.

At s = 0:

g̃(0) =

∫ ∞

0
g(t)dt = R∞.

The derivative at s = 0:

g̃′(s) = −
∫ ∞

0
tg(t)e−stdt, g̃′(0) = −

∫ ∞

0
tg(t)dt.

From Definition 1:

τ (s) =
1

R∞

∫ ∞

0
tg(t)dt = − g̃′(0)

g̃(0)
.

Therefore:

τpole =

∣

∣

∣

∣

g̃′(0)

g̃(0)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

−R∞τ (s)

R∞

∣

∣

∣

∣

∣

= τ (s).
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A.3 Proof of Theorem 3: Autocorrelation Diagnostic

Proof of Theorem 3.4. For white-noise excitation with intensity σ2, the autocorrelation is:

CRR(τ) = σ2
∫ ∞

0
g(t)g(t + τ)dt.

Then:

τ (3) =

∫∞
0 CRR(τ)dτ

CRR(0)
=

∫∞
0

∫∞
0 g(t)g(t + τ)dtdτ
∫∞

0 g(t)2dt
.

Swap integration order for the numerator:

∫ ∞

0

∫ ∞

0
g(t)g(t + τ)dtdτ =

∫ ∞

0
g(t)

[
∫ ∞

t
g(u)du

]

dt

=

∫ ∞

0
g(t)[H − G(t)]dt,

where G(t) =
∫ t

0 g(u)du and H = G(∞).

Thus:

τ (3) =

∫∞
0 g(t)[H − G(t)]dt

∫∞
0 g(t)2dt

.

The impulse response centroid is:

τ (s)
g =

1

H

∫ ∞

0
tg(t)dt.

Sufficiency (⇐): If g(t) = 1
τ0

e−t/τ0 , then:

H =

∫ ∞

0

1

τ0
e−t/τ0dt = 1,

τ (s)
g =

∫ ∞

0

t

τ0
e−t/τ0dt = τ0,

τ (3) =

∫∞
0

∫∞
0

1
τ2

0

e−(2t+τ)/τ0dtdτ
∫∞

0
1

τ2

0

e−2t/τ0dt
= τ0.

Thus τ (3) = τ
(s)
g .

Necessity (⇒): Assume τ (3) = τ
(s)
g . Then:

∫ ∞

0
g(t)[H − G(t)]dt =

1

H

∫ ∞

0
tg(t)dt ·

∫ ∞

0
g(t)2dt.

Apply the Cauchy-Schwarz inequality to
∫∞

0 [H − G(t)]g(t)dt. Equality occurs iff H − G(t) =

λg(t) for some λ > 0. Differentiating: −g(t) = λg′(t), giving g(t) = Ce−t/λ. Normalization

H = 1 gives C = 1/λ, hence g(t) = 1
τ0

e−t/τ0 with τ0 = λ.
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A.4 Proof of Theorem 4: Oscillatory Signature

Proof of Theorem 3.6. Step 1: Compute τ (s). With R∞ = 1:

Ṙ(t) = e−αt[α cos(ωdt) + ωd sin(ωdt)],

τ (s) =

∫ ∞

0
te−αt[α cos(ωdt) + ωd sin(ωdt)]dt.

Using integrals:

∫ ∞

0
te−αt cos(ωdt)dt =

α2 − ω2
d

(α2 + ω2
d)2

,

∫ ∞

0
te−αt sin(ωdt)dt =

2αωd

(α2 + ω2
d)2

,

we get:

τ (s) = α · α2 − ω2
d

(α2 + ω2
d)2

+ ωd · 2αωd

(α2 + ω2
d)2

=
α(α2 + ω2

d)

(α2 + ω2
d)2

=
α

α2 + ω2
d

.

Substituting ω2
d = ω2

0 − α2 gives τ (s) = α/ω2
0.

Step 2: Approximate τ (u). For α ≪ ωd:

Ṙ(t) = Ae−αt sin(ωdt + ϕ), A =
√

α2 + ω2
d ≈ ωd.

The cycle average ⟨|sin(θ)|⟩ = 2/π, so:

∫ ∞

0
|Ṙ(t)|dt ≈ A · 2

π

∫ ∞

0
e−αtdt =

2A

πα
,

∫ ∞

0
t|Ṙ(t)|dt ≈ A · 2

π

∫ ∞

0
te−αtdt =

2A

πα2
.

Thus τ (u) ≈ 1/α.

Step 3: Compute τ
(2)
env and τ

(3)
E . The envelope:

E(t) = |Ṙ(t) + i H[Ṙ](t)|≈ Ae−αt,

so τ
(2)
env =

∫∞
0 e−αtdt = 1/α.

The mechanical energy (averaging over fast oscillations):

E(t) ∝ ⟨Ṙ(t)2 + ω2
0R(t)2⟩ ∝ e−2αt,

so τ
(3)
E =

∫∞
0 e−2αtdt = 1/(2α).

Step 4: Compute limits.

∆env
23 =

1/α − 1/(2α)

1/α
=

1

2
,

∆su =
α/ω2

0 − 1/α

1/α
=

α2

ω2
0

− 1 −−−−−→
α/ω0→0

−1.
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A.5 Analytical Derivation for Theorem 3.3 Validation

Consider a critically damped mass-spring-damper governed by:

mẍ + cẋ + kx = F (t), x(0) = ẋ(0) = 0, (37)

with parameters m = 100 kg, k = 1000 N/m, and critical damping coefficient c = 2
√

km. For a

unit step input F (t) = 1 N, the solution gives:

x(t) =
1

k

[

1 − (1 + ωnt)e−ωnt
]

, ωn =

√

k

m
. (38)

A.5.1 Derivation of τ (s)

The steady-state displacement is x∞ = limt→∞ x(t) = 1/k. The velocity response is:

ẋ(t) =
d

dt
x(t) =

1

m
te−ωnt. (39)

From Definition 2.2:

τ (s) =
1

x∞

∫ ∞

0
tẋ(t)dt = k

∫ ∞

0
t · 1

m
te−ωntdt =

k

m

∫ ∞

0
t2e−ωntdt. (40)

Using the standard integral formula for a > 0:

∫ ∞

0
tne−atdt =

n!

an+1
, n = 0, 1, 2, . . . (41)

with n = 2 and a = ωn:
∫ ∞

0
t2e−ωntdt =

2

ω3
n

. (42)

Substituting (42) into (40) and noting k/m = ω2
n:

τ (s) = ω2
n · 2

ω3
n

=
2

ωn
. (43)

A.5.2 Derivation of τpole

The Laplace transform of the velocity response (39) is:

g̃(s) = L{ẋ(t)} =
1

m
· 1

(s + ωn)2
. (44)
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Evaluating at s = 0:

g̃(0) =
1

mω2
n

, (45)

g̃′(s) = − 2

m
· 1

(s + ωn)3
, (46)

g̃′(0) = − 2

mω3
n

. (47)

From Definition 2.8:

τpole =

∣

∣

∣

∣

g̃′(0)

g̃(0)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

−2/(mω3
n)

1/(mω2
n)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

− 2

ωn

∣

∣

∣

∣

=
2

ωn
. (48)

A.5.3 Equality Verification

Comparing (43) and (48):

τ (s) = τpole =
2

ωn
= 0.6325 s, (49)

where the numerical value uses ωn =
√

1000/100 =
√

10 ≈ 3.1623 rad/s. This completes the

analytical verification of Theorem 3.3 for this critically damped LTI system.

A.5.4 Physical Interpretation

The equality τ (s) = τpole = 2/ωn has a clear physical interpretation:

• τ (s) represents the temporal “center of mass” of the velocity response.

• τpole captures the spectral dominance of the double pole at s = −ωn.

• Both converge to 2/ωn, which is exactly twice the time constant 1/ωn of a first-order

system with the same natural frequency.

This derivation demonstrates that Theorem 3.3 provides a fundamental link between time-

domain and frequency-domain characterizations of LTI system dynamics.

Page 31



B Analytical Derivations for Theorem 3.4 Validation 32

B Analytical Derivations for Theorem 3.4 Validation

B.1 CSTR (Single Exponential)

For g(t) = τ−1
0 e−t/τ0 with

∫∞
0 g(t)dt = 1:

τ (s)
g =

1

τ0

∫ ∞

0
te−t/τ0dt = τ0,

∫ ∞

0
g2(t)dt =

1

τ2
0

∫ ∞

0
e−2t/τ0dt =

1

2τ0
,

τ (3) =
1

2
∫∞

0 g2(t)dt
= τ0,

ρ13 =
τ

(s)
g

τ (3)
= 1.

B.2 PK Model (Bi-exponential)

For g(t) = w1λ1e−λ1t + w2λ2e−λ2t, normalized to unit area:

τ (s)
g = w1/λ1 + w2/λ2,

∫ ∞

0
g2(t)dt =

w2
1λ1

2
+

w2
2λ2

2
+

2w1w2λ1λ2

λ1 + λ2
,

τ (3) =
1

2
∫∞

0 g2(t)dt
,

ρ13 =
w1/λ1 + w2/λ2

1/(2
∫

g2)
.

Substituting the parameters from Table 5 yields ρ13 = 3.0315.

B.3 Sorption Model (Tri-exponential)

For g(t) =
∑3

i=1 wiλie
−λit:

τ (s)
g =

3
∑

i=1

wi

λi
,

∫ ∞

0
g2(t)dt =

3
∑

i=1

w2
i λi

2
+
∑

i<j

2wiwjλiλj

λi + λj
,

τ (3) =
1

2
∫∞

0 g2(t)dt
,

ρ13 =

∑

wi/λi

1/(2
∫

g2)
.

With the given parameters, ρ13 = 26.3605.
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B.4 Proof of Impulse-Response Equivalence for τ
(s)

Statement

For an LTI system with absolutely continuous step response R(t) and impulse response g(t)

satisfying:

1. g(t) = Ṙ(t),

2. R∞ =
∫∞

0 g(t) dt = H ̸= 0,

3. tg(t) ∈ L1 (finite first moment),

the signed centroid timescale equals the centroid of the impulse response:

τ (s) =
1

R∞

∫ ∞

0
tṘ(t) dt =

1

H

∫ ∞

0
tg(t) dt = τ (s)

g .

Proof

By definition of the step response for an LTI system with zero initial conditions,

R(t) =

∫ t

0
g(τ) dτ.

Differentiating both sides yields

Ṙ(t) = g(t).

The steady-state value is

R∞ = lim
t→∞

R(t) =

∫ ∞

0
g(τ) dτ = H.

Substituting these relations into Definition 1:

τ (s) =
1

R∞

∫ ∞

0
tṘ(t) dt =

1

H

∫ ∞

0
tg(t) dt = τ (s)

g .

The finiteness of the integral is guaranteed by the assumption tg(t) ∈ L1. Thus, the two

expressions are mathematically identical for any LTI system satisfying the integrability conditions.

Implications

1. This equivalence justifies the use of τ
(s)
g in Theorem 3.4 without loss of generality.

2. It provides two equivalent computational routes: one from step-response data (R(t)) and

one from impulse-response data (g(t)).

3. For analytical derivations (as in Appendix B), the impulse-response form is often more

convenient.
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C Derivation of Theorem 3.6 for Mass–Spring–Damper System

Consider the underdamped step response

R(t) = 1 − e−αt

√

1 − ζ2
cos(ωdt − ϕ), α = ζωn, ωd = ωn

√

1 − ζ2,

with zero initial conditions.

The signed centroid is defined as

τ (s) =
1

R∞

∫ ∞

0
tṘ(t) dt.

Using integration by parts or Laplace transform, one obtains

τ (s) =
α

α2 + ω2
d

=
ζ

ωn
.

The unsigned centroid,

τ (u) =

∫∞
0 t|Ṙ(t)| dt
∫∞

0 |Ṙ(t)| dt
,

is dominated by the exponential envelope for small ζ. The oscillatory component averages out,

yielding

τ (u) ≈ 1

α
=

1

ζωn
.

The envelope timescale τ
(2)
env is defined as the area under the envelope curve e−αt, giving

τ
(2)
env = 1/α. The energy autocorrelation timescale τ

(3)
E follows from E(t) ∝ Ṙ2 + ω2

nR2 ∼ e−2αt,

leading to τ
(3)
E = 1/(2α).

Thus, the diagnostic ratios are:

∆su =
τ (s) − τ (u)

τ (u)
=

ζ2

1
− 1 + O(ζ4) = ζ2 − 1, (50)

∆env
23 =

τ
(2)
env − τ

(3)
E

τ
(2)
env

=
1/α − 1/(2α)

1/α
=

1

2
. (51)

These results hold asymptotically as ζ → 0, consistent with the weak-damping assumption of

Theorem 3.6. Note on the simplified response: This derivation uses the approximate form

R(t) = 1 − e−αt cos(ωdt), which omits the normalization factor 1/
√

1 − ζ2 and phase shift ϕ

present in the exact response (Eq. 35). For the exact response, numerical integration yields

τ (s) ≈ 2ζ/ωn in the infinite-observation limit.
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