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1. Mathematical description of the auxiliary model of the SSLM used in the
second case study

We derive the dynamics of the auxiliary model of the SSLM. Recall that the auxiliary model
consists of agents of three types: surviving agents with mark 0, new appearing agents with mark
+ and dead agents with mark —. The dynamics of this model are described by the Markov operator

L:L1+L2+L3

where

LFO) = D | @G- IFloy. Uyy) ~Fldy,

XE€YoUY+

describes that surviving and newly appearing agents produce and disperse offspring. Further,

LFO) = ) mIFGo\x7ey- U0 =FOI+ ) mIFGoy \x 1) =F¥))

X€Yo XE€Y4

where the first summand accounts for surviving agents dying and hence becoming dead agents
and the second summand accounts for new agents dying. Finally,

LFO =) ) @ @=NIFGo\ %y ux) - FO)]

XEY0 YEY0\XUY4

Y @@= NFEGr \xr) - FO,

XEY4 YEY+\XUY0

where the first and second line refer to surviving and new agents dying due to competition with
surviving and new agents. We use Mathematica code to derive the differential equations of the
leading terms of the cumulants. For the mean-field density we get

d
E%o = _qt,Odq

d
aqtﬁ = bq - qt,+dq

d
a%— = qt,Odq'

with the death rate d;, = m + A7(q.o + q¢+) and the birth rate b, = A*(q¢,0 + qr.+)- Further,

d (o0}
GePeo = =21 | K (0[G0000 + Fuo (0]l = (peody + o)

d ° B B
EPH = _27T_[0 ka (k)[gt,0,+ (k) + 9t +,+ (k)]dk - (pt,+dq + qt,+dp) + bp'

d 0]
GePee = 2 | K8 0018k0000) + o (OJdk + piody + aeody,

with the correction to the deathrate d, = A~ (pw + pH) and the correction to the birth rate b, =
A*(peo + pe+)- Finally,



d

%gt,o,o (k) = —Z(d_ (K)aeo [gt,0,+ (k) + Qt,o] + Gt0,0 (k)[d_(k)‘h,o + dq])!

d
—Gro+(k) =at (k)[gt,o,o (k) + gr0,+ (k) + Qt,o]

dt
- a_(k)[gt,+,+(k)qt,0 + (gt,0,0 (k) + ZQt,O)qt,+] —Jto.+ (k)(d‘ (k)[CIt,o + Qt,+])
+ 2d,,

d

agt,o,—(k) =a (k)qeo [gt,0,+ (k) = g+~ (k) + Qt,o] + [gt,0,0 (k) — Geo- (k)][d_(k)‘h,o + dq]:

d
—Ge++(k) = —2(51_ (K)aco [gt,0,+ (k) + Qt,o] —a*(k) [gt,0,+(k) + g+ () + Qt,o]

dt
+ G+ (O]a (K qe s + dg)),

d
—Gt+,-(0) = dg[Gro+(K) — Ger - (O] + @ (B[ Gr0,- (k) — G4 - (K)]

dt
+ () [0 (Feo4 () + Gerer (6) + @et) = e (Ge0,-(K) + Gee ()],

d

a.ﬁt,—,—(k) = 2(a (K)qr08¢+- (k) + Geo- ()@ (K)qeo + dq])-

2. Mathematical description of the auxiliary model used in the third case study

on cancer cells

For the auxiliary model of the cancer cells, we denote the configurations y = (ys,vg) =
(Y50, Ys,4»Ys— Yro» YR+ YR~) Where the first subscript refers to the cell type and the
second subscript to the auxiliary type. The dynamics of the auxiliary model are described
by the Markov operator

L = L1 + LZ + L3,
where

LiF(y) = Z Z fRdbM =) [F(Ymo Yms Y X, Y- vn) — FOV|dy

M,N€E{S,R} XEVM,0UY M +
M%N

describes birth events of both types of cells. Next,

LZF(Y) = z z m [F(YM'O \ X, yM,+’ )/M,— u .X') - F(Y)]
Me{S,R} X€¥y 0

" Z mF(Vy0 Vi \ % ¥y2) = FO)],

XYy 4

which describes the density-independent mortality. Finally,

LEM= > > | D awG-n+ D awk-2

M,NE{S,R} xEy ) o \VEV 0 \¥UYyy 4 Z€EYy oUYy 4+
M=%=N



[F(VM,O \ X, ¥ 4, Ym,~ U X, VN) - F(YM;VN)]

+ z Z ayu(x —y) + z ayn (x — 2)

XEYM,+ \YEYM,0\XVUVM,+ ZEYN,0VYN,+

[F(VM,O:VM,+ \ x, VM,—'VN) - F(YM:YN)]:

which accounts for surviving agents dying (and becoming dead agents) and new agents
dying (and disappearing) by intra- and interspecific interactions. We derive the
differential equations for the leading terms of the cumulants for this model. For agents of
type M € {S, R}, the evolution of the mean-field densities is

d
aQt,M,O = _qt,M,Odq,M

aQt,M,+ = BM(qt,M,O + qt,M.+) = qem+dgm

d
at qtm- = qt,M,—dq,M'

W|th the death term dq,M = mM + AMM(CIK,M,O + Qt,M,+) + AMN(CIC,N,O + CIt,N,+) ConSiSting
of density-independent death, and intra- & interspecific interaction. Next, the evolution
of the first-order correction to the densities is given by

d @ 5 5
EPt,M,o = —Zﬂf ke dipgp (k) [gt,M,O,M,O(k) + ge.mo,m,+ (k)]
0

- Zﬂf kaiyy (k) [gt,M,O,N,O (k) + Gemon,+ (k)] —dmp
0
with the correction to the death term
dyp = MyPemo + AMM[(Pt,M,+CIt,M,0 + pt,M,Oqt,M,+) + 2Pe,m,09¢em,0]

+ AMN[(Pt,N,OQt,M.O + pt,M,Oqt,N,O) + (Pt,N,+Qt,M,o + Pt,M,OQt,N,+)];

Finally, recall that M € {S,R} and let N € {S,R} with N # M, then the evolution of the
leading term of the two-point cumulants is

d _
at 9t,M,0,M,0 (k)

= —2 (gt,M,O,M,O (k) [dq,M + dMM(k)qt,M,O]
+ qem0 [dMN (k)[gt,M,O,N,O(k) + gt,M,O,N,+(k)]
+ dym (k) [gt,M,O,M,+(k) + Qt,M,O]])'



d

i Gemom,+ (k)
= _qu,Mgt,M,O,M,+(k)
—qtm,0 (dMM (k) [gt,M,O,M,+ (k) + Gem+m+ (k)]
+ Ay [ Gem+n,0(K) + Geps+n,+ (K)])
+ by (k) [gt,M,O,M,O(k) + Gemom+ (k) + qt,M,O]
— Q.M+ (dMM (k) [gt,M,O,M,O (k) + Gemom+ (k)]
+ ayn (k) [gt,M,O,N,O (k) + JeMonN + (k)]) — 20ym (k)Qt,M,o qe.m,+»
%gt,M,O,M,— (k)
=dgum (gt,M,O,M,O(k) + gt,M,O,M,—(k))
+ qemo (dMM (k) [gt,M,O,M,O (k) + Gemom+(K) — Gemom,— (k)
- gt,M,+,M,— (k)]
+ dyy (k) [gt,M,O,N,O (k) + Gemon+ (k) — Gem—noK) — Gem—n+ (k)])
+ dym (k)CItZ,M,O'
d _
dt Gem,+m,+ ()
= 2by (k) (Gepmom+ (k) + Gem o+ () + Gepns)
= 29¢m,4m,+ (k) (dq,M + A (K) G +)
— 2qe,m+ (dMN (k) [g~t,M,+,N,O (k) + Gem+n,+ (k)]
+ Ay (O Femom+ (k) + Qo))
& Gonoran-(6)
= by (k) (gt,M,O,M,—(k) + gt,M,+,M,—(k))
+ dgm (gt,M,O,M,+ (k) — gt,M.+,M,—(k))
+ qen0 (@um ([ Femom+ ) + Ge .+ ()]
+ dyn (k) [gt,M,+,N,O k) + Jem+n+ (k)])
— e+ (Aam B Gemom,— ) + Fep+.m,- ()]
+ dyn (k) [gt,M,—,N,O k) + Jem-n+ (k)]) + Aum (K qemo0qem +»
d _
dt Jem,—m,— (k)

= 2dgmGemom,~ (k)
+ 2q:m0 (dMM (k) [gt,M,O,M,— k) + Gem+m - (k)]
+ dyn (k)[gt,M,—,N,O (k) + Gem -+ (k)]),



d _
- 9t,M,0,N,0 (k)

dt
= —qtmo0 (dMM (K)Gem+n,0k) + dyy (k) [gt,N,O,N,O (k) + gt,N,O,N,+(k)D
— qen,o (@ () Gemon+ (k) + Ay () [ Feromo k) + Femom+(K)])
— qt.m,09¢N,0 (dMN(k) + dNM(k))
— Gemon,o0k) [dq,M +dgn + aum(k) + dyy (k)],

& Geamom(B)
= by (k) (Gemom0 () + Gemon+(K))
—qdeMmo0 (dMM (K)Gem+n,+ (k) + apgy (k) [gt,N,O,N,+ (k) + gt,N,+,N,+(k)])
— qen+ (@nn (K Gemon,+ () + g ([ Femom0 () + Feom+ (K)])
— gm0 Qt,N,+(dMN(k) + aNM(k))
— JtmMoN+ (k)(dq,M +dgn + Aum(K)qemo + Ay (k)CIt,N,+)'

d
— Jemon,-(k)

dt
=dgnGemon,ok) — dguGemon—(k)
— o0 (@um [ Femon,— k) + Geman— (K]
+ Gun (O [Genon,- U + Gewn,-(O])
+ q¢no (dNN (k) [gt,M,O,N,O k) + Gemon + (k)]
+ Ay ([ Gemom0 K + Geom+K)]) + Qe mo9en,08nm k),

d _
dt 9t M+ N+ (k)
= by (k) (gt,M,+,N,O (k) + gt,M,+,N,+(k))

+ by (k) (gt,M,O,N,+ (k) + Gemen+ (k)) - (dq,M + dq,N)gt,M,+,N,+(k)

— e+ (Am B[ Femon+ ) + Geman+ ()]

+ dyn (k) [gt,N,O,N,+ (k) + Jen N+ (k)])

- qt,N,+(dNN (k) [gt,M,+,N,0 (k) + g~t,M,+,N,+(k)]

+ ann (K [Gemom+ ) + Gepo+ (K)]) = Qem+qen,+ (@ () + ayu (K)),

d
N gt,M,+,N,— (k)

dt
= dq,Ngt,M,+,N,O (k) — dq,Mgt,M,+,N,—(k)
+ by (k) (gt,M,O,N,— (k) + Gem4n,- (k))
— G+ (Anm () [ Genon,- (k) + Fe - (K]
+ aun (K [Genom,-K) + Ge+n,- ()])
+ q¢no (dNN (k) [gt,M,+,N,O k) + Jem+n+ (k)]
+ aym (k) [gt,M,O,M,+(k) + Gtm+M+ (k)]) + Qe+ 9en,+ A (),



d _
~7Y9tM,—N,— (k)

dt
=dguGemon,-k) + dgnGem,—no0k)
+ qem0 (dMM (k) [gt,M,O,N,— (k) + Gemen - (k)]
+ () [Genon-(K) + Geen-(K)])
+ qeno0 (dNN (k) [gt,M,—,N,O (k) + Gem—n+ (k)]
+ adym (k) [gt,M,O,M,—(k) + Jem+ M- (k)])-

3. Partitioning of the joint likelihood

The ordering of the grid cells may numerically effect the results of the likelihood
calculations with Eq. 1-3. Here we tested and show in Fig.1 the log-likelihood profiles of
Eq. 5-7 using a fixed ordering of the grid cells (black line) and with three random orderings
(coloured). The numerical differences of the profiles are negligible.
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Figure 1: Log-likelihood profiles of the model parameters. We use a fixed ordering of
the grid cells in Eq. 5-7 (black) and three random orderings (coloured). Profiles are
calculated varying one model parameter and using true parameter values for all other



model parameters. a, Profile for density-independent mortality m. b, Profile for
reproduction and dispersal rate A*. ¢, Profile for competition rate A~. d, Profile for scaling
of interaction kernels ¢.

4. Derivation of the conditional variance

LetZ = (Zy,...,Z,)" be a multivariate random variable with E[Z] = p and the variance-
covariance matrix X. For any k X n dimensional matrix U of rank k and vector b of length
kletUZ=b, A=1, — CUsuchthatZ = AZ + CUZ where C = ZUT(UZUT) 1. Then,

Var(Z|UZ = b) = Var(AZ + CUZ|UZ = b)
= Var(AZ|UZ = b) + Var(CUZ|UZ = b) + Cov(AZ,CUZ) + Cov(CUZ, AZ)
= Var(AZ|UZ = b) + Var(CUZ|UZ = b) + CCov(AZ,UZ) + Cov(UZ,AZ)CT

Since from Cov(AZ,UZ) = 0, if AZ and UZ would be independent (as explained in
Methods) and Var(CUZ|UZ = b) = CVar(UZ|UZ = b)C” = 0, the expression simplifies
to

Var(Z|UZ = b) = Var(AZ|UZ = b) = AVar(Z)AT,
where Var(z) = diag(2).
5. MCMC convergence analysis

Table 1: MCMC convergence analysis for case study 1. For each non-spatial and spatial
model, 4 chains were run for 11,000 iterations, of which we discarded the first 1000
iterations during which adaptation was applied, and thinned the remaining by 10 to obtain
1000 samples per chain. The mean and upper confidence interval (in brackets) for
potential scale reduction factor are reported.

Density- Fecundity rate Death by Length scale of
independent At competition interaction ¢
death rate m rate A~
Non-spatial 1.32 (1.78) 1.02 (1.07) 1.42 (1.97) 1.00 (1.00)
Spatial 1.02 (1.05) 1.02 (1.05) 1.02 (1.04) 1.00 (1.01)
Normal
Spatial 1.01 (1.01) 1.01 (1.01) 1.02 (1.02) 1.01 (1.02)
Poisson

Table 2: MCMC convergence analysis for case study 2. For each non-spatial and spatial
model, 4 chains were run for 11,000 iterations, of which we discarded the first 1000
iterations during which adaptation was applied, and thinned the remaining by 10 to obtain
1000 samples per chain. The mean and upper confidence interval (in brackets) for
potential scale reduction factor are reported.

a) Unmarked Agents \




Density- Fecundity rate Death by Length scale of
independent At competition interaction &
death rate m rate A~
Non-spatial 1.00 (1.01) 1.01 (1.02) 1.04 (1.09) 1.01 (1.01)
Spatial 1.04 (1.10) 1.00 (1.00) 1.03 (1.08) 1.03 (1.08)
Normal
Spatial 1.01 (1.02) 1.03 (1.06) 1.01 (1.03) 1.02 (1.06)
Poisson
b) Marked Agents
Density- Fecundity rate Death by Length scale of
independent At competition interaction ¢
death rate m rate A~
Non-spatial 1.06 (1.15) 1.00 (1.00) 1.12 (1.30) 1.02 (1.07)
Spatial 1.03 (1.06) 1.00 (1.00) 1.04 (1.11) 1.02 (1.06)
Normal
Spatial 1.06 (1.17) 1.00 (1.01) 1.10 (1.27) 1.03 (1.08)
Poisson

Table 3: MCMC convergence analysis for case study 3. For each of the 9 models, 4 chains
were run for 11,000 iterations, of which we discarded the first 1000 jterations during which
adaptation was applied, and thinned the remaining by 10 to obtain 1000 samples per
chain. If visual inspection of the trace plots suggested that the chains were still in a
transient phase, we continued the MCMC algorithm for additional 1000 adaptive
iterations and additional 10,000 iterations which thinned by 10 obtained 1000 samples.
The mean and upper confidence interval (in brackets) for potential scale reduction factor
are reported. Asterisks indicate that one (*) or two (**) chains were discarded due to non-
convergence.

0.0 0.27* 0.8" 2.5 7.4 22.2 | 66.7** | 200.0" | 600.0
Fecundity of | 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.99 1.00
sensitive (1.00) | (1.01) | (1.00) | (1.00) | (1.00)| (1.00) | (0.99) | (1.00) | (1.01)
cells B
Fecundity of | 1.00 1.00 1.00 0.99 1.01 1.00 0.99 1.00 1.00
resistant (1.00)| (1.01) | (1.02) | (1.00) | (1.04)| (1.01) | (1.00) | (1.00) | (1.01)
cells By
Death by 1.00 1.00 1.03 1.00 1.00 1.00 1.00 1.00 1.00
competition | (1.01) | (1.00) | (1.06) | (1.00) | (1.01)| (1.01) | (1.02) | (1.01) | (1.00)
rate Agg
Death by 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
competition | (1.00) | (1.01) | (1.00) | (1.00) | (1.01)| (1.00) | (1.01) | (1.00) | (1.00)
rate Agg
Death by 1.00 1.00 1.00 1.00 1.07 1.00 0.99 0.99 1.00
competition | (1.00) | (1.00) | (1.01) | (1.01) | (1.17)| (1.01) | (0.99) | (1.00) | (1.01)
rate Agg
Death by 1.04 1.00 1.01 0.99 1.07 1.00 1.00 1.00 1.00
competition | (1.10) | (1.01) | (1.03) | (1.00) | (1.17)| (1.01) | (1.01) | (1.00) | (1.00)
rate Agg
Density- 1.00 1.00 1.01 1.00 1.00 1.00 1.00 1.00 1.00
independen | (1.00) | (1.01) | (1.03) | (1.00) | (1.00)| (1.00) | (1.00) | (1.01) | (1.00)




t mortality

mg

Density- 1.00 1.00 1.00 0.99 1.03 1.00 1.00 1.00 1.00
independen | (1.01)| (1.01) | (1.02) | (1.00) | (1.09)| (1.01) | (1.00) | (1.00) | (1.01)
t mortality

mg

Length 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
scale of (1.01)| (1.00) | (1.01) | (1.00) | (1.00)| (1.01) | (1.00) | (1.00) | (1.01)
dispersal g

Length 1.04 1.00 1.01 1.00 1.05 1.00 1.00 1.03 1.00
scale of (1.11)| (1.00) | (1.02) | (1.00) | (1.13)y (1.01) | (1.01) | (1.04) | (1.01)
dispersal lp

Length 1.00 1.00 1.01 1.01 1.06 1.00 1.01 1.01 1.00
scale of (1.00)| (1.00) | (1.01) | (1.02) | (1.16)| (1.01) | (1.04) | (1.03) | (1.00)
interaction

Ly




6 Justfication of formula (4)

6.1 Notations and main statement

We consider the Euclidean space R™, n > 1. We interpret elements from R" as column-
vectors: X = (z1,...,2,)7 € R Let M., ,,, denote the space of n X m matrices.

For any two vector spaces X and Y, we denote by L(X,Y) the vector space of linear
mappings from X to Y. In particular, M, ,,, = L(R™,R™).

Consider the Hilbert space L? of random vectors X € R" with finite second moments:
E[||X||?] < oo and the inner product given by E[XT X5] for X;, X, € L? (note that here X]
is a row-vector).

Let Y be a random vector in R¥ with 1 < k < n. Denote by L% the closed subspace of
L? which consists of (Y )-measurable random vectors from L? i.e. X € L3 iff X € L? and
there exists a Borel mapping f : R¥ — R” with X = f(Y).

Let Z € L?. Tt is well-known that E[Z | Y] is the orthogonal projection of Z on L%, i.e.

EW"(Z-E[Z|Y])] =0 (1)
for all W € L}; moreover,
E[E[Z | Y]] = E[Z]. (2)
We denote also
Y =Y —E[Y], Szy i = Cov(Z,Y) € Moy,
Z:=27-E|Z, Yyy : = Cov(Y,Y) € My

Let us introduce the mapping 7' € L(R*¥, M, ;) b

k
ZJEYYY Um, 1<i,j<k. (3)
m=1
Then, we define
S(Y):=YYT - Syy — T(SyLY) € My, (4)
or, entry-wise, for 1 <1,5 <k,
~ o~ k ~
S(YV)i; =YY — (Syy)ij — O EYY; Vo] (S73 Y )me (5)
m=1

Next, let vec : My, — R* be the mapping which stacks the columns of a matrix from
M i, into a vector from R*; namely, for M € M i, one has

vec(M)iyr(i—1) = Mij, 1<4,j <k (6)

We define then
s(Y) == vec(S(Y)) € R¥, (7)



Now, we can introduce

[Z (s(Y))T] = Cov(Z,5(Y)) € My (8)
(s(V)(s(Y))T] = Cov(s(Y),s(Y)) € Mya . (9)

Xz
Yg

S - E
S - E

Theorem 1. Assume that Yyy € My and Xgs € Myz2 j2 are invertible matrices. Then

E[Z | Y] =E[Z] + C(Y — E[Y]) + Ds(Y) + Ry(Y), (10)

where

C L= Ezy(zyy) ! € Mn,k, (11)
D:=375(Tss) " € My, (12)

and R3(Y) € L% is orthogonal to all linear and quadratic polynomials offl7 in L3. The
entries of matrices Xz and Xgg can be found by formulas

k
(Bz8)irin1) = E[ZY:Y)] = > E[Y.Y,Y,|Ch, (13)

r=1

and

(Bs8)itki-1)pikg—-1) = E[Y;Y;Y,Y ] — (Zyy )i Cvy )pg
k k

— > ) EFYYIEYY. Y. (S s (14)

r=1 s=1

6.2 Proof of Theorem 1

We consider the orthogonal expansion of the centred (i.e. with zero mean) vector E[Z |
Y] — E[Z] through “powers” of Y

E(Z | Y] -E[Z]= ) ra(Y), (15)

m>1
where 7,,(Y) € L% is a “polynomial” of order m of Y such that
E[rm(Y)] = Elrpm(Y) e (Y)] = 0, 1<k<m. (16)

It will correspond to the orthogonal decomposition of L :

LY =P Hy = Hy © Hy ® H}O, . .. (17)

m>0



where HY. := R™ (the space of “constant random vectors”) and Hi is a subspace of the

space of all polynomial expressions of order m of Y which orthogonal to all lower order
polynomials.

Namely, let H{ := span(Y — E[Y]), i.e. H{ is the subspace of L? consisting of all
(centred, ) random vectors of the form A(Y — E[Y]) for some (deterministic) matrix A €

M, k.
Lemma 2. Let X € R™ be such that X L AY for any A€ M, . Then
E[XYT] =0 € M, (18)
Proof. We have that, for any A € M,, ,
0 =E[XT(AY)] = E[tr((AY)XT)] = tr(AE[Y XT]).

It is well-known that if, for a matrix M € My, ,,, one has that tr(AM) = 0 for any A € M,, 4,
then M = 0. Therefore, .

E[Y XT] =0,
and we can transpose both parts that implies (18). ]

Let r1(Y') be the orthogonal projection of the centred random vector E[Z | Y] — E[Z]
L} onto Hy, i.e.
EW"(E[Z | Y] -E[Z] - r(Y))] =0, (19)

for all W € H..
Proposition 3. Suppose that Xyy is invertible. Then

n(Y) =C - E[Y]), (20)

with C given by (11).

Proof. Since 11(Y) € Hy-, we have that (20) holds for some matrix C € M,, ;. Then, each
W € Hy satisfies W = AY for some matrix A € M,, ;. Therefore, (19) reads

E[(AY)"(E[Z | Y] - E[Z] - CY)] =0 (21)
for all A € M, . By Lemma 2,
E[(E[Z | Y] -E[Z] - CY)YT] =0, (22)
E[(E[Z | Y] - E[2)Y"] = CE[YYT]. (23)
Next,
EYYT] =E[(Y —EY])(Y —E[Y])T] = Cov(Y,Y) = Syy, (24)
and
E[(E[Z | Y] - E[Z)YT] =E[(E[Z| Y] - E[Z))(Y ~ E[Y))’]
= E[E[Z | Y]Y"] - E[E[Z | V]|E[Y"]
=E[ZY"] —-E[Z]E[YT]
= COV(Z, Y) = Ezy. (25)
Therefore, (23) reads
ZZY == Czyy. (26)
Since Yyy is assumed to be invertible, (11) holds. O
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Since E[A(Y —E[Y])] = 0, we have that H{. | Hy- in L. We have, hence, the orthogonal
decomposition
L} = HY @ Hy @ H?, (27)

where H? := (HY @ H})* is the orthogonal complement to H{ @ H..

Corollary 4. For any Z € L?, the following expansion of E[Z | Y] € L% holds

E[Z | Y] =E[Z]+ C(Y —E[Y]) + Ra(Y), (28)

where C is given by (11) and  Ry(Y) L (Hy @ Hy,)

We can continue the orthogonal expansion. Note that that Hy can be described as the
subspace of elements from

Pl i=span(HY,Y)={c+ AY :c€R", A€ Mo i} (29)
orthogonal to HY.. Similarly, since YYT € My, ., we consider the space
P} = span(Hgf,?,??T)
—{c+AY +BYY"):ceR", A€ My, B € LMy, R} (30)

Next, we define HZ as the set of vectors from P2 orthogonal to HY @& Hy-.
Therefore, for an X € HZ, we have that X = ¢+ AY + B(YYT) for some ¢ € R",

Ae My, B e LMy, R") and also X L Hy and X L Hy. The first orthogonality means
that

0= E[X] =c+ BZyy,

C = —Bzyy.

Next, X | H{ means that X | AY for each A € M., . By Lemma 2,
0=E[XYT] =E[(c+ AY + BYYT))Y7]
= ASyy + E[BY Y)Y (31)

Consider the action of B: it’s a tensor (Bjj)i<i<ni<ij<t such that, for any M =
(M;;)1<ij<k, we have

k
(B(M)),=>_ ByMy, 1<l<n. (32)
ij=1
Therefore, since (??T)U = ?;?37 we have that:
k

(BOYYN)YT), = ByVi¥;Y,, 1<i<nl<m<k

4,j=1

hence, from (31), we obtain:
AYyy = —Bryvyy, (33)



where
k

(Bryyy)im = 3 ByE[YiY;Y,],  1<i<n1<m<k (34)

i,j=1

Therefore,
A= —(Bryyy)Zyy, (35)

and hence, X € H iff
X = —BSyy — (Bryyy)SyLY + BYYT. (36)

Recall that T € L(R*, M) is given by (3). Then, since Bryyy € M, we have for
v € R¥,

k

k k
((BHYYY Z BIiYYY mUm = Z Z Blz‘j]E[YinYm]Um
m=1

m=11i,j=1
k
Z i (Tv)i; = (B(T)),,

forall 1 <[ <mn,i.e.

(Bliyyy)l) = B(TU)7 v € Rk (37)
As aresult, X € HE iff
X =B(S(Y)), (38)
where S(Y') is given by (4).
By Corollary 4,
Ry(Y)=E[Z|Y]-E[Z] - C(Y —E[Y]) L H) © Hy.. (39)

Let ro(Y") be the next term of the orthogonal expansion of E[Z | Y], i.e. let ro(Y") be the
projection of Ry(Y) on HE.
Let D = D(B) € M,, ;2 be the unique matrix such that

B(M) = D vec(M), M e M.
Namely, all coordinates of and we can set, for v € R¥ and 1 <1< n,
(Dv)l = Z Blijvi%(j,l).
ij=1

As a result,
B(S(Y)) = Ds(Y). (40)

Now, we can find the conditions on D to have that
ro(Y) =D s(Y) (41)

would be the orthogonal projection of Ry(Y'), given by (39), on HZ; it can be done similarly
to how it was obtained for r1(Y).



Namely, since m(Y) € HZ, (41) holds with some D € M, 2. Next, Ds(Y) is
orthogonal projection of Ry(Y) on HZ iff

Ry(Y)—Ds(Y) LW, W e H;.
Each W € H} can be represented as W = As(Y), for some A € M,, ;2. Therefore,

Ro(Y) — Ds(Y) L As(Y)

for each A € M,, ;2. Applying Lemma 2 with & replaced by k* and Y replaced by s(Y),

have that
E[(R2(Y) = Ds(Y))s(Y)] =0 € M, .
Next, by (4),

E[S(Y)] = EYY"] = Syy — T(S;VE[Y]) = 0 € My,
therefore, by (7),
E[s(Y)] =0 € R¥.

Furthermore, S(Y)?T € Mz, and

E [S(Y)?T} i+k(i—1),m =E [S(Y)iJrk(jfl)?m} =E [S(Y)Z]?m} )

where we used (6). By (5),

k&
S(Y)ij = YiY; = (Syy)iy — Y Y BNV ](55 )Y
r=1 s=1
Hence,
E[S(Y), Y] = BNVl — 3 S EFY, V(8574 BV Y] = 0,
r=1 s=1
since

~

k
SO BN Y Y57 ) BV Y]

r=1 s=1

E[Y:Y;Y ) (553 )rs (v y )sm

I
E
WE

1

ﬁ
Il
—
»
Il

E]Y,Y;Y,)(Z5 vy )m

I
hE

1

g
Il

B

r=1

Therefore, by (44),
E[s(Y)Y"] =0 € Myzy,

and taking transposition, we obtain that

E[Ys(Y)!] =0 € Mo,
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(42)



and therefore,
E[(CY)s(Y)T] =0 € M,y e, (46)

where C' € M, . is given by (11).
Then, from (42), (44), (46), and (39), we have a simplified condition on D:

E[(E[Z | Y] = Ds(Y))s(Y)"'] =0 € M, e,
that gives the normal equation:
E[E[Z | Y]s(Y)"] = DE[s(Y)s(Y)"];
where we used that (Ds(Y))s(Y)" = D(s(Y)s(Y)T) € M, 2. Since s(Y') is o(Y)-measurable,
E[E[Z | Y]s(Y)"] = E[E[Zs(Y)" | Y]] =E[Zs(Y)"],
and hence we can rewrite the normal equation:
E[Zs(Y)"] = DE[s(Y)s(Y)"].
By (44), we can replace here Z by Z := Z — E[Z]. and therefore, we will get by (8) that
Yizs = DYgs.

Since we assume that Zgg is invertible, we will get then (12).
As a result,

ro(Y) = Lz5(Xgg) vec S(Y) (47)

We can compute also the entries of ¥ z5 € M, y2. Namely, for1 </ <mnand1 <1i,j <k,
we have by (8) and (45) that

(ZZS)l,iJrj(kfl) = ]E[Zl(s(y»ij]
E[ZYY, - ZZ]E V.Y,V )(S0)mEZY)).

Since Yyy is a symmetric matrix, (X3 )rs = (X34 )sr, and then

> )EAY] = (Szv Sy = Cir

where C is given by (11). Therefore, (13) holds.
Next, we compute the entries of Ygg € M2 2. We have, for 1 <4,5,p,q <k,

(Ess)itk(G-1)p+ka-1) = E[8(Y)itn-1)5(Y )ptag-1] = E[S(Y)i5.5(Y ) pg)-

Denote

Y (Y) 1 =YY, — (Byy)ij,
k k

Hy(YV) =Y ENYV](553 )rsYe,

r=1 s=1



so that, by (45),

Then
E[S(Y);;S(Y)pg] = E[(zw) — Hyj(Y))(Spg(Y) = Hpg(Y)]
B[Sy (V)5 (V)] — E[S5(Y) Hyg(Y)]
— B[S0y (V) Hyj (V)] + E[Hy (V) Hyy (V)]
and since E[H;;(Y)] = E[H,,(Y)] = 0, we can continue
= E[S;(Y) (V)] — E[Y;Y; Hpy (V)]
— E[Y,Y, Hy;(Y)] + E[Hyj (V) Hpq(V)):

Next,
E[Xi(Y)E5(Y)] = EYY;Y, Y] — (Zyy)ij (Zyvy ) pgs
and L
E[Y;Y; Hpy(Y)] =D ) B, YY) (S5 E[YiY; Y]
r=1 s=1
Similarly,
E[Y,Y,H;;(Y)] =Y ) BNV, (Sy))nE[Y,Y Y, (48)
r=1 s=1
and

E(H;(Y)Hy(YV)] =33 3 Y BNV V(S nE, Y, Yo (S5 ) v B[Y. Y.

Since IE[?S?S/] = (Zyy)ss, and

kK k
Z Yy 'rs yy)r s’(EYY)ss’ - Z(Z}_/;’%‘sésr’ - (Z;%f)rr’a
s=1 s’:l s=1
we have
k k S
E[H;(Y)Hy(Y)] =Y Y EVY,YEY,Y,Y, (593 = B[V, Y, Hy(Y)),
r=1r'=1
by (48).

As a result, we obtain (14).
This finishes the proof of Theorem 1.

6.3 Beyong mean field expansion: linear term
For Z = (Zy,...,Z,)T € R", we have

E[Z)] = q(Z); + £*p(Z); + o(?), (49)
Var(Z;) = %q(Z)i + Ed%p(X)i + o(e%), (50)
COV(ZZ‘7 Z]) = €dg(Z, Z)z] + O(&d). (51)



We consider matrices @, P,G € M,, ,,, given by

Q = diag(q1(2), ..., q.(2)), (52)
P = diag(p1(2), ... ,pa(2)), (53)
Gy = 9(2)y, 1# Gy = 0. (54)
Then,
E[Z] = Q + %P + o(e?), (55)
Cov(Z,2) = 6'Q + &*(07'P + G) + o(e?). (56)
Suppose that
Y=U2Z  Ué€My,  rank(U)=Fk. (57)
Then
E[Y] = UQ + °UP + o(e%), (58)
and since
Cov(Y,Y) =E[YY"]
—E[UZ(UZ)") = UE[ZZ"|UT = U Cov(Z, Z)UT,
and
Cov(Z,Y) = E[ZY7]
—E[Z(UZ)") = E[ZZ"|UT = Cov(Z, 2)U7,
we have
Syy = 6 tUQUT 4+ (6 'UPUT + UGUT) + o(e?), (59)
Yy =6 'QUT + (67 PUT + GUT) 4 o(e9). (60)

In particular, ¥yy is invertible. To calculate its inverse, we note that, for any By, By €
M. i, with invertible By, one has

(Bo +¢?By) ™t = Byt — By ' BiBy 4 o(e).

If Q does not contain zeroes on the main diagonal, then UQU7 is invertible, and therefore,
Yor = 6(UQUT) ™! — eHUQUT)HOUPUT + s2UGUT(UQUT)™ + o(e%). (61)
As a result, the matrix C' from (11) has the form

C = Ezyz;%/
= QUT(UQU)™!
+e((P+3G)UT(UQUT)™ (62)
— QUT(UQUT) U (P + 6G) UT(UQUT)‘1> +o(ed).



6.4 Beyong mean field expansion: quadratic term

Recall that matrix D in (10) has form (12) similar to the form of C, with Y replaced by
s(Y). Matrix Yg5 has entries given by (14). Normally, we expect that

255 = 0(1) =a+ €dﬁ + O(Ed>
Next, note that
E[|s(Y)|*] = E[s(Y)"s(Y)] = tr Zss
(here the norm is taken in R*’). Thus Xgg = O(1) implies s(Y") = O(1).
Therefore, the order in € of

Ds(Y) =3z5(Zss) 's(Y)

is the same as the order of ¥ g.

(Note also that $gs = O(e%), @ > 0 would imply then that s(Y) = O(g2), s0 (Xgg5) 's(Y) =
O(e™2), and 25 would need to have an additional smallness in ¢.)

The problems is, however, that, by (13), ¥zs may have order O(1). In principle, it
depends on U. If U is such that C' = O(1), i.e. if QUT(UQUT)™! does not “disappear”

then since E[gzz] has always a diagonal term when ¢ = j = r it has also the order O(1)
with the leading term 6 2Q;. Therefore, Y75 = O(1) unless some cancellation happen.
Therefore, r(Y) = O(1) as well.

6.4.1 Case study 1

Let U = (O I), where O is the zero matrix from M, ,_j, and I is the unit matrix from
M.k, we have that Z = (XY)T, where X is the unobserved pat and Y is the observed part.
Then

E[Z|Y]=(EX|Y]Y)",

and to calculate E[X | Y] we can use the same formulas as above, with the crucial difference
that Cov(X,Y’) now does not contain the main diagonal elements as X and Y are “disjoint”,
le.

EXY = €dG + O(Z‘:d).

Then the corresponding
C =YxyYyy = ?G(6Q 7" —¥(...)) = e%6GQ™" + o(e™),
hence,

E[X | Y] = E[X]+ Sxy Yoy (Y —E[Y]) + 7o(Y) + ...
=Q+e'P+eGQ " +o(eh) +ro(Y) +. ... (63)

Note that here C' = O(&?) because in (62)
QUT(UQU)™ = (05,)".

Next, by (13),
(Xx8)itjk—1) = o(€) (64)

Indeed, o
]E[XZY;Y;] = 51'7]'(571 COV(X[, Y;) + 0(€d) = 5i7j5d(571011' + 0(€d)
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and ip
i ten
Q+e'p

EYiY;Y;] = dijr—5;

O(e%).
Since, by the above,
Cr = €0(GQ™ V) + 0(e) = £%6G, Q7 + o(e?),

we obtain:

k
S ENYYC) = 6i5e%07 G + o(e”),

r=1

that exactly cancels E[),ZZ,YV;,YV;], this proves (64). As a result, r2(Y) = o(e).
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