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Abstract
Fluid flow through fractured rock masses is predominantly governed by connected fracture networks, in which intersections
may play a critical role in controlling flow redistribution and energy dissipation. However, the emergence of nonlinear flow and
its governing mechanisms at the network scale remain insufficiently quantified. This study investigates nonlinear flow
behaviour in connected pathways by integrating fracture geometry characterisation, laboratory experiments, and numerical
modelling. Borehole-derived fracture statistics are used to constrain representative intersection geometries, apertures, and
spacings. Laboratory flow tests reveal a transition from effective mixing at low flow rates to interface-dominated separation at
higher flow rates, with the degree of flow redistribution dependent on intersection geometry. Numerical simulations
demonstrate that fracture intersections generate a confined nonlinear zone characterised by streamline curvature, vortex
formation, and concentrated pressure loss, leading to pronounced deviations from linear Darcy behaviour. Parametric analyses
show that cross-sectional geometry has a dominant influence on flow resistance, while a significant scale effect highlights the
limitations of directly extrapolating laboratory-scale measurements to field conditions. Based on these findings, a modified
cubic law (MCL) is developed by introducing a geometry-dependent exponent into the aperture term to account for interaction-
induced nonlinear resistance. Validation against a fracture network model indicates that the classical cubic law overestimates
flow rates by approximately 30%, whereas the proposed formulation closely reproduces Navier-Stokes solutions over a wide
range of hydraulic gradients. The proposed model provides a computationally efficient and physically reliable approach for
incorporating nonlinear fracture flow into network- and field-scale hydraulic analysis.

1 Introduction
Fluid flow through fractured rock masses plays a critical role in geological and hydrogeological systems, including groundwater
circulation, geothermal reservoirs, and subsurface fluid transport 1–3. In such systems, fluid flow is often governed by fracture
networks rather than by seepage through the intact rock matrix. When fractures are highly interconnected, they form
preferential pathways that enhance bulk permeability and affect flow regimes. Intersections within these connected fracture
networks further complicate flow behaviour by inducing localised pressure losses, velocity redistribution, and flow separation,
which may result in pronounced deviations from classical linear flow assumptions 4,5.

In connected fracture systems, intersections are key structural elements that determine network connectivity and organise
flow paths, acting as “links” that enable fluid transfer between individual fractures 6,7. Their influence on flow behaviour is
manifested through several mechanisms. One important phenomenon is intersection flow localisation, where fluid velocity
becomes concentrated along the intersection lineament relative to the adjacent fracture planes. Kottwitz, et al. 8 showed that
when an intersection is aligned with the principal flow direction, it behaves analogously to a high-conductivity conduit and
provides a preferential flow pathway. The number and spatial distribution of intersections also determine whether a fracture
network reaches the percolation threshold, defined as the critical condition under which fractures form a continuous flow
network. Ozkaya and Mattner 9 reported that when the average number of intersections per fracture ( ) is between 1 and 2,
fractures form small clusters within limited influence on large-scale flow, whereas for  ≥2, clusters interact exponentially to
produce extensive connected channels. Huang, et al. 10 demonstrated that fractures remain hydraulically isolated and
contribute negligibly to macroscopic flow in the absence of interconnections. Similarly, Zhang, et al. 11 showed that fractures

with only one intersection behave as “dead ends” and generally do not sustain steady-state flow. Li, et al. 12 revealed that
intersections promote the formation of interconnected fracture clusters, among which a single well-connected cluster
containing a large proportion of fractures may dominate the total network flow.

Beyond the structural influence, intersections also govern local hydrodynamics by acting as converge points for fluids
originating from different pathways. Two conceptual models have been developed to describe transport behaviour at
intersections: complete mixing, which assumes that all incoming fluids and solutes mix fully within the intersection before
exiting 13,14, and streamline routing, which assumes that fluids pass through the intersection along distinct streamlines with
minimal mixing 6,15,16. Although these local mixing rules affect solute redistribution, previous studies suggest that the
geometric features of fracture networks, particularly the arrangement and connectivity of intersections, exert a stronger control
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on network-scale transport than the specific mixing model adopted 6. Moreover, intersections may introduce hydraulic
constrictions, defined as the minimum wall-to-wall distance at the plane where two fractures meet 17,18. When such
constrictions are significantly smaller than the apertures of the adjoining fractures, they generate strong velocity contrasts and
localised energy losses, thereby enhancing nonlinear flow effects. In extreme cases, steep pressure gradients near
intersections may even induce local flow reversal relative to the global pressure gradient 7,19,20.

Despite substantial progress in experimental, analytical, and numerical investigations, fluid flow through interconnected
fracture networks remains inadequately understood. Although nonlinear and non-Darcian flow behaviour has been examined in
individual fractures, its emergence and governing mechanisms at the network scale remain constrained. The influence of
fracture intersections on flow partitioning, local pressure losses, and energy dissipation has received limited quantitative
assessments. In this context, this paper combines laboratory experiments and high-resolution numerical modelling to
investigate nonlinear flow in connected pathways with varying apertures and intersection angles. Flow interaction mechanisms
are analysed in terms of velocity fields, pressure losses, and vortex formation. A modified cubic law is developed to describe
the relationship between hydraulic gradient and flow rate under nonlinear conditions. This study is expected to improve the
quantitative representation of intersection-controlled nonlinear flow and to provide a governing equation suitable for network-
and field-scale analyses.

2 Fracture geometry characterisation
Field data associated with rock fracture characteristics were compiled from documented cases of mining and tunnelling in
New South Wales, Australia 21,22, yielding a total of 277 datasets, as illustrated in Fig. 1(a). These data are analysed to derive
statistically representative descriptions of fracture orientation, aperture, and spacing. The resulting parameter ranges and
characteristic values are then used to guide the design of connected flow chambers and the specification of boundary
conditions for laboratory fluid flow experiments, thereby ensuring consistency between the experimental configuration and the
fracture systems observed in the field.

2.1 Fracture orientation
Fracture orientation describes the geometric direction of fractures within rock masses. In three dimensions, it is commonly
defined in by strike and dip, while in two dimensions it can be represented by fracture traces projected from dip points
according to dip angles 23,24. Figure 1(a) shows fracture orientations obtained from acoustic televiewer logging in two
boreholes.

Based on the dip angle distribution shown in Fig. 1(b), the fractures can be classified into low-angle and high-angle sets. Low-
angle fractures, with dip angles between 0 and 17 degrees, are mainly associated with bedding plane separation caused by
differential deformation between adjacent strata 25,26. In contrast, high-angle fractures, with dip angles ranging from 67 to 90
degrees, are primarily induced by tensile failure when the applied stress exceeds the tensile strength of the rock 27.

Therefore, the dip angle pattern suggests two dominant intersection geometries within the fracture system: (1) intersections
between high-angle and low-angle fractures at angles approaching 90 degrees, and (2) intersections between two high-angle
fractures with crossing angles up to about 46 degrees. These representative intersection configurations are therefore
incorporated into the design of flow chambers.

2.2 Fracture aperture
Fracture aperture refers to the separation between opposing fracture surfaces and directly controls the ability of a fracture to
transmit fluids. Field-scale aperture estimates can be calculated from borehole packer tests, such as Lugeon-type
measurements 28–30, as well as captured from high-resolution fracture images acquired using acoustic or optical televiewer
logging 31–33.
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Aperture values derived from these two independent approaches are combined to establish a statistical characterisation. As
illustrated in Fig. 1(c), the interpreted apertures range from approximately 0.46 mm to 10.73 mm, with a mean value of 3.93
mm. Accordingly, an aperture of 4 mm is adopted as a representative value for the fabrication of intersected flow chambers in
the laboratory. To further assess the influence of aperture variability on flow behaviour, additional aperture values ranging from
1 to 10 mm are examined through numerical simulations.

2.3 Fracture spacing
Fracture spacing is defined as the perpendicular distance between adjacent fractures within a rock mass and represents the
characteristic length scale of intact rock bounded by discontinuities. This parameter plays a critical role in influencing fracture
connectivity and the formation of continuous flow pathways within a fracture network. Borehole logging data, as shown in
Fig. 1(c), indicate that fractures developed within the zone exhibit spacings ranging from 0.1 and 1.0 m, with a mean value of
approximately 0.2 m.

Based on the geometric characterisation, the spacing of experimental flow chambers can be designed with a length of 0.2 m,
intersecting at prescribed angles of 45° and 90° at their midpoint. Under these conditions, the half-length of each flow path
(approximately 0.1 m) is more than an order of magnitude greater than the representative fracture aperture, allowing the flow
to stabilise before reaching the intersection region. In addition, the observed spacing also implies that individual fractures may
extend laterally over widths of up to 0.2 m if they are approximated as elliptical or near-circular features in three-dimensional
space. This geometric relationship ensures that the experimental setup can remain consistent with the scale and structural
characteristics of field-observed fracture systems.

3 Laboratory experiments
Laboratory experiments were conducted to investigate fluid flow through intersected fractures under controlled fluid flow
conditions. The experimental setup was designed based on the geometric parameters identified in Section 2, including
intersection angles, apertures, and pathway lengths. The test system ensures stable fluid injection, accurate pressure
measurement, and reliable data acquisition. This section describes the configuration of the flow chambers, experimental
apparatus, and procedures implemented during the flow tests.

3.1 Flow chamber configuration
Flow chambers were manufactured to simulate fracture intersections with angle of 90 and 45 degrees, as shown in Fig. 2(a).
These configurations represent the dominant geometries identified from the fracture orientation analysis in Section 2. Each
flow pathway was designed with a length of 200 mm, a nominal aperture of 4 mm, and a width (treated as the out-of-plane
depth) of 2 mm, in accordance with the representative fracture spacing and aperture values derived from field observations.

The fracture pathways were precision-machined on stainless steel plates using computer numerical control (CNC) milling,
achieving a dimensional tolerance of ± 0.05 mm. This manufacturing approach ensures geometric consistency among
different chambers and minimises unintended variability in aperture and pathway length. A continuous peripheral groove was
also machined around the flow pathways to accommodate an O-ring cord, providing a reliable seal when the chamber was
assembled and thereby preventing water leakage and air intrusion during testing. Overall, this design allows the experimental
setup to reproduce key geometric features of connected fracture systems at a reduced scale, while maintaining consistency
with the characteristic dimensions and spatial arrangement of measured fractures.

3.2 Experimental setup
The flow chambers were formed by placing an acrylic plate over the machined stainless steel plate to enclose the flow
pathways, as shown in Fig. 2(b). The two plates were fixed together using 24 hexagon socket screws to prevent relative
displacement and to ensure reliable sealing during testing. This configuration provides a stable flow domain while allowing
visual observation of the intersection region. Four brass connectors were installed in the acrylic plate to serve as inlets and
outlets. As shown in Fig. 2(c), fluid injection was supplied by two syringe pumps assembled from acrylic tubes, stepper motors
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and guide rails, with several components produced by 3D printing. The pumps were operated by dedicated controllers to
maintain constant injection rates. Calibration tests indicate that the flow rate error ranges from 0.05% to 0.33%, mainly due to
the non-ideal circular shape of the acrylic tubes.

The pressure difference between each pair of inlet and outlet was measured using a differential pressure transducer with a
minimum resolution of 0.1 kPa. The outlet flow rates were monitored by non-contact flow meters with a resolution of 20
mL/min. All signals were recorded continuously using a National Instruments data acquisition module at a sampling frequency
of 100 Hz. Water at 20°C was used as the working fluid, with a density of 0.998 kg/L and a dynamic viscosity of 0.001 Pa·s.
The experiments were conducted under the following assumptions: (i) the internal surfaces of the flow chambers are smooth;
(ii) the pressure drop caused by flow interaction is mainly concentrated at the fracture intersection; and (iii) additional pressure
losses are related to the geometry of the inlet and outlet reservoirs.

3.3 Experimental implementation
Single-fracture flow tests were first carried out to examine the sealing performance and operational stability of the
experimental system. During these tests, the remaining flow branches were blocked using moulded resin gels, leaving only one
flow pathway active. Under constant water injection, the pressure drop and flow rate were monitored simultaneously to verify
that no water leakage occurred and that air did not enter the system, thereby ensuring that the measurements were not
affected by external disturbance.

Based on the results of validation, the injection rates for the intersected-fracture experiments were set between 60 and 200
mL/min. To visualise flow interaction at the intersection, a low-concentration blue dye solution was injected through one inlet,
while clear water was supplied through the other. Owing to the low dye concentration, its influence on fluid density and
dynamic viscosity can be neglected, and the overall flow behaviour remains unchanged. During each test, the pressure
difference across the flow chambers and the discharge rates at the outlets were continuously recorded, while steady flow
conditions were maintained. Each experimental condition was repeated several times to reduce random error and to confirm
the stability and reproducibility of the measured results, providing a consistent dataset for subsequent analysis.

4 Numerical modelling
A three-dimensional numerical model was established in COMSOL Multiphysics to reproduce the laboratory flow conditions
and to provide a quantitative interpretation of the measured pressure drop-flow rate relationship. The model was calibrated and
evaluated by comparing simulated pressured drops with those obtained from experiments at corresponding injection rates,
thereby enabling further investigation of more flow scenarios that cannot be readily configured under laboratory conditions.

4.1 Model configuration
Single-phase incompressible flow was assumed, and the  turbulence formulation was applied to account for the onset
of nonlinear flow behaviour and the associated pressure losses within the intersection zone 34,35. The computational domain
was discretised using an unstructured triangular mesh. A minimum element size of 0.03 mm was selected to ensure adequate
spatial resolution while maintaining reasonable computational cost. Additional mesh refinement was applied around the
intersection region, where strong velocity gradients and flow interaction are expected. Specifically, a maximum element growth
rate of 1.03 was imposed along the four intersection edges, and the element size at the eight corner vertices was restricted to
0.05 mm. Boundary layer meshes were introduced along the fracture walls using six layers, with a stretching factor of 1.8 and a
thickness adjustment factor of 0.5, to improve the representation of near-wall flow behaviour.

Fully developed velocity profiles were prescribed at both inlets, while normal outflow conditions were assigned to the outlets.
With this configuration, the model reached stationary convergence within approximately 65 minutes for each simulation case.
The numerical simulations were performed over the same range of injection rates as those used in the laboratory tests.

4.2 Model calibration

k − ω
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The performance of the numerical model was evaluated by comparing simulated and measured pressure drops over a range of
injection rates. Figure 3(a) to (d) presents the calibration results for the four representative configurations. For each injection
rate, ten paired values of pressure drop and flow rate were obtained from repeated tests, and their mean values were used for
comparison with the numerical predictions. The agreement between experimental and simulation results was quantified using
the coefficient of determination ( ), calculated between the averaged experimental data and the corresponding numerical
values. The results  values for cases (a) to (d) are 0.987, 0.977, 0.978, and 0.979, respectively, indicating a consistently high
level of correlation across all tested configurations.

As shown in Fig. 3, the simulated pressure drop-injection rate curves closely follow the experimental trends for both
intersection angles and apertures. Minor deviations between simulated and measured values are primarily observed at higher
flow rates, which is potentially attributed to strong flow interaction and increased local velocity gradients within the
intersection zone. Overall, the calibration results demonstrate that the numerical model is capable of capturing the main
features of nonlinear flow behaviour and pressure loss associated with intersected fractures. Therefore, the valeted model can
provide a reliable basis for further numerical investigations, including the analysis of flow interaction mechanisms and the
development of simplified governing relationship for connected fracture systems.

5 Results and discussions

5.1 Flow interaction at intersection
Connected-fracture flow tests were conducted with water injection rates ( ) ranging from 60 to 200 mL/min. Within this
range, the total pressure drop reflects both the intrinsic flow behaviour along individual pathways and the interaction between
the two inflows within the intersection region. To capture potential interactions, a dilute blue dye solution was injected through
inlet I2, while clear water was injected through inlet I1, as shown in Fig. 4. Due to its low concentration, the dye has a negligible

influence on fluid density and viscosity 36,37.

For both the 90-degree and 45-degree intersection configurations, the colour distribution at the outlets varies with injection
rates. As illustrated in Fig. 4, the colour at outlet O2 becomes progressively lighter as the flow rate increases. At relatively low
flow rates, the dyed and clear fluids mix effectively within the intersection region before the outlet branches, resulting in
comparable colour intensities at O1 and O2. This phenomenon indicates strong mass exchange between the two inflows under

low-velocity conditions. With increasing injection rates, a distinct interface develops between the dyed and clear fluids within
the intersection zone. The formation of this interface limits transverse mixing and reduces mass exchange between the two
inflows. As a result, part of the dyed fluid is diverted from its direct pathway (I2-O2) towards the alternative branch (I2-O1). The
redistribution of discharge demonstrates that the interaction region acts as a control point for flow partitioning, and that the
efficiency of fluid mixing decreases as the flow becomes faster.

Explicit differences are also observed between the two intersection geometries. For the same injection rate, the 45-degree
intersection produces a lighter colour at outlet O2 than the 90-degree intersection. This indicates a smaller reduction in flow
velocity and a weaker redistribution on mass exchange across the intersection. In contrast, the 90-degree configuration
promotes stronger separation between the two inflows, leading to a more pronounced interface and a greater redistribution of
dyed fluid towards outlet O1. These observations suggest that intersection angle plays an important role in governing the
degree of fluid mixing and the partitioning of discharge between outlet branches.

Overall, the experimental results demonstrate that flow interaction at fracture intersections is characterised by a transition
from efficient mixing at low flow rates to interface-controlled separation at higher flow rates. The development of a distinct
interface supresses mass exchange between the two inflows and modifies their discharge pathways. This behaviour highlights
the importance of intersection geometry and flow rate in controlling fluid redistribution within connected fracture systems,
forming basis for interpreting the nonlinear pressure drop-flow rate responses observed in both experimental and numerical
investigations.

R2
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5.2 Localised nonlinear flow behaviour
Numerical simulations were conducted to investigate the detailed flow behaviour associated with the interaction between the
two inflows. The streamlines shown in Fig. 5 indicate that fluid flow remains approximately linear within the inlet branches,
where viscous resistance dominates and the velocity field is relatively uniform. After entering the intersection region, however,
the streamlines depart from straight trajectories and become significantly curved, indicating a transition from simple channel
flow to an interaction-controlled regime governed by flow redistribution between the two pathways.

With increasing injection rates, the streamline curvature becomes more pronounced for both intersection angles, as shown in
Fig. 5(a) and (c), demonstrating that flow interaction intensifies at higher velocities. Comparison between the two
configurations further shows that the 45-degree intersection produces a stronger local acceleration within the intersection
region than 90-degree intersection case. This results in a higher-velocity core along the interface between the two inflows and
a more focused main flow path. Comparatively, the 90-degree intersection promotes greater lateral spreading of the flow and
stronger deflection at the intersection.

Distinct vortex structures are consistently observed in the low-velocity zones adjacent to the main flow paths. As illustrated in
Fig. 5(a) and (c), a dead zone develops in the outlet region near the intersection and is separated from the primary stream by a
narrow shear interface. Across this interface, part of the high-speed flow in entrained into the stagnant region, forming a stable
recirculating vortex. This recirculation acts as a local energy sink and introduces additional hydraulic resistance.

The pressure fields shown in Fig. 5(b) and (d) further characterise the hydraulic behaviour of the dead zone. For both
intersection angles, the dead zone corresponds to the lowest-pressure region, reflecting weak throughflow and limited fluid
exchange within the recirculating area. In contrast, relatively high pressure is concentrated near the interface between the two
inflows, where flow redirection and interaction are most intense. A comparison between the two configurations indicates that
the interface pressure is higher for the 90-degree intersection than for the 45-degree intersection, implying stronger obstruction
and energy dissipation in the perpendicular case. The coexistence of low-pressure dead zones and high-pressure interaction
regions highlights the strong spatial heterogeneity of the pressure field induced by flow interaction and explains the formation
of a confined nonlinear region near the intersection.

To quantify the nonlinear behaviour, velocity and pressure were extracted along a survey line passing through the centre of the
intersection, as shown in Fig. 6. In the 90-degree scenario, the flow decelerates as it approaches the intersection and reaches a
minimum velocity at the centre, reflecting strong flow deflection and redistribution. However, in the 45-degree configuration, the
velocity increases across the intersection, indicating partial alignment of the two inflows and enhanced throughflow along the
interface. In both configurations, the velocity reaches a peak near the downstream side of the intersection and then decreases
sharply within the outlet branch due to vortex-induced resistance and flow separation. This effect becomes more pronounced
at higher flow rates and is particularly evident for the 90-degree intersection, where the recirculation zone has a larger fraction
of the flow cross-section.

The corresponding pressure profiles shown in Fig. 6(c) and (d) exhibit an approximately linear decline along the inlet branches,
followed by a concentrated pressure drop within the intersection region and a gradual recovery downstream. The localised
pressure loss is primarily associated with the interaction zone rather than with frictional resistance along the straight flow
paths. Increasing injection rates lead to a disproportionate increase in this local pressure drop, confirming the nonlinear nature
of the interaction-induced resistance. Although the intersection angle has a relatively small influence on the overall pressure
gradient for a given discharge, it significantly affects the spatial distribution of velocity and the extent of the recirculation zone.

Overall, the numerical modelling results demonstrate that flow interaction at the intersection gives rise to a confined nonlinear
zone characterised by streamline curvature, vortex formation, and concentrated pressure loss. This nonlinear zone governs
both the redistribution of flow between outlet branches and the additional energy dissipation reflected in the pressure drop-
flow rate relationship, providing a mechanistic explanation for the experimentally observed deviation from linear Darcy
behaviour.
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5.3 Governing equation development

5.3.1 Pressure drop responses to cross-sectional geometries
Numerical modelling results demonstrate that, although the intersection angle has only a limited influence on the overall
pressure drop, the cross-sectional geometry of connected pathways plays a dominant role in governing flow resistance. To
quantify the geometric effect, a parametric study was conducted using the calibrated model by varying pathway aperture and
width within ranges derived from field observations. Apertures between 2 and 10 mm and widths from 2 mm to 200 mm were
taken into account, representing a progressive transition from laboratory-scale flow pathways to geometries relative to in-situ
conditions.

As summarised in Table 1, the simulated pressure drop ( ) between the inlet and outlet exhibits two distinct trends. For a
given geometry,  increases monotonically with injection rates, reflecting enhanced flow interaction and vortex-induced
energy dissipation within the intersection zone. Conversely, for a given injection rate,  decreases with increasing pathway
geometry. Based on the data, regression analysis reveals that the geometric effect follows an explicit power-law relationship,
as shown in Table 1, with the exponent increasing from approximately 1.73 to 2.07 as the injection rate increases. Similarly,
Table 2 shows that  decreases with pathway width according to a power-law function, with the corresponding exponent
increasing from 1.37 to 1.51. These fitted relationships provide a quantitative description of the nonlinear geometric effect on
pressure losses and are consistent with classical concepts of hydraulic resistance expressed in the Darcy-Weisbach
formulation.

A pronounced scale effect is further observed by upscaling the pathway width from 2 mm to 200 mm. As shown in Table 2,
 reduces by nearly three orders of magnitude to only about 0.2% of its laboratory-scale value. This substantial reduction

demonstrates that pressure losses measured in small-scale flow chambers cannot be directly extrapolated to natural fracture
systems without accounting for geometric scaling effects.

Δ p
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Table 1

Pressure drop ( ) under different pathway apertures ( ) and injection rates ( )

mL/min

 (Pa)
Relationship

a = 1
mm

a = 2
mm

a = 3
mm

a = 4
mm

a = 5
mm

a = 6
mm

a = 7
mm

a = 8
mm

a = 9
mm

a = 
10
mm

60 2025.3 415.4 191.7 115.3 85.2 65.7 53.4 44.9 38.6 33.8

120 5555.3 1125.5 494.7 289.4 197.4 148.6 119.5 99.6 84.9 73.7

180 10216.7 2108.7 919.8 530.4 354.3 257.4 200.3 165.1 126.1 117.2

240 17423.8 2801.8 1367.5 805.6 566.6 328.0 289.8 240.1 184.1 168.2

300 24823.8 4001.8 2007.5 1155.6 806.6 458.0 401.8 325.1 250.1 225.2

360 33423.8 5401.8 2767.5 1565.6 1086.6 608.0 529.8 420.1 324.1 288.2

420 43223.8 7001.8 3647.5 2035.6 1406.6 778.0 673.8 525.1 406.1 357.2

480 54223.8 8801.8 4647.5 2565.6 1766.6 968.0 833.8 640.1 496.1 432.2

Δp a Q

Q Δp

Δp =

1536.5a−1.73

4379.9a−1.85

8582.5a−1.93

13476a−1.98

19743a−2.01

27197a−2.03

35844a−2.05

45692a−2.07
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Table 2

Pressure drop ( ) under different pathway widths ( ) and injection rates ( )

mL/min

 (Pa)
Relationship

w = 2
mm

w = 4
mm

w = 10
mm

w = 20
mm

w = 40
mm

w = 80
mm

w = 140
mm

w = 200
mm

60 131.8 28.1 5.8 2.4 1.1 0.5 0.3 0.2

120 272.8 59.3 12.8 4.7 2.2 1.0 0.6 0.4

180 523.4 115.9 23.0 8.7 3.7 1.6 0.9 0.6

240 712.8 159.3 32.4 11.1 5.1 2.2 1.2 0.8

300 1068.6 240.6 46.4 17.0 6.9 2.9 1.6 1.0

360 1312.8 299.3 58.4 19.1 8.5 3.6 1.9 1.3

420 1672.8 384.3 73.8 23.7 10.4 4.3 2.3 1.5

480 2072.8 479.3 90.8 28.7 12.4 5.1 2.7 1.8

5.3.2 Flow nonlinearity characterisation
The transport of fluid through intersected pathways can be interpreted using momentum conservation for incompressible
viscous media. In a general vector form, the governing relation can be expressed as

 (Eq. 1)

Where  represents the velocity field,  is the pressure,  is the viscous stress tensor, and  represents the external body
force per unit mass. For a Newtonian fluid with constant density and viscosity, Eq. 1 can be written as

 (Eq. 2)

Where  is the kinematic viscosity. The diffusion term  varies linearly with velocity, whereas the advection term
 introduces a nonlinear contribution proportional to the square of velocity. This mathematical expression implies

that, when strong streamline distortion and flow interaction occur at pathway intersections, hydraulic resistance cannot be
adequately described by a purely linear relationship.

To characterise this behaviour at the macroscopic scale, a dimensionless hydraulic gradient  is introduced:

 (Eq. 3)

Where  is the pressure difference between inlet and outlet and  is the characteristic flow length.

Figure 7 compares linear and power-law relationships between the hydraulic gradient ( ) and the flow rate ( ) for different
apertures. The best-fit curves in Fig. 7 indicate that  varies with  following a second-order polynomial:

Δp w Q

Q Δp

Δp =

198.7w−1.37

421.9w−1.37

817.2w−1.43

1191.6w−1.43

1892.7w−1.47

2324.8w−1.47

3034.3w−1.49

3842.0w−1.51

ρ ( ) = −∇ p + ∇ ∙ Σ + ρ G
DV

Dt

V p Σ G

= κ ∇ 2V − ∇ p + (V ∙ ∇ ) V + G
∂ V

∂ t

1
ρ

κ κ ∇ 2V

(V ∙ ∇ ) V

I

I =
Δ p

ρ gLc

Δ p Lc

I Q

I Q
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 (Eq. 4)

Where  and  are fitting coefficients. The linear term represents viscous-dominated transport, while the quadratic term
represents additional resistance induced by inertial effects associated with streamline curvature, flow separation, and
interaction between intersected pathways. The increasing contribution of the quadratic term demonstrates that progressively
larger pressure gradients are required to sustain the same discharge under nonlinear flow conditions.

For comparison, laminar flow between parallel smooth plates is commonly approximated by the classical cubic law:

 (Eq. 5)

Where  is the aperture and  is the dynamic viscosity. As shown in Fig. 7, the linear representation systematically
overestimates the discharge for a given hydraulic gradient because it neglects flow separation, vortex formation, and energy
dissipation induced by pathway intersections.

To account for these effects, a generalised scaling form is proposed:

 (Eq. 6)

Where  and  are geometry-dependent parameters determined by regression analysis. For the smallest aperture, the
optimal fit yields  and , indicating a super-cubic correlation between discharge and aperture. Extending this
analysis to apertures ranging from 2 to 10 mm gives the results summarised in Table 3.

Table 3

Values of  and .

Aperture (mm)

1 3.277 0.996

2 3.371 0.993

3 3.460 0.992

4 3.509 0.990

5 3.570 0.990

6 3.612 0.988

7 3.659 0.987

8 3.676 0.985

9 3.688 0.984

10 3.699 0.983

Further regression analysis on the values of  and  yield

 (Eq. 7)

 (Eq. 8)

with  of 0.997 and 0.985, respectively. Eq. 7 indicates that the exponent  increases asymptotically with aperture, ranging
from 3.147 to 3.772. This trend suggests that deviations from cubic scaling persist even for relatively large openings, reflecting

I = AQ + BQ
2

A B

Q = a3I
ρ g

12μ

a μ

Q = Γ aξ I
ρ g

12μ

Γ ξ

Γ ≈ 1 ξ > 3

Γ ξ

ξ Γ

Γ ξ

ξ = 3.772 − 0.625 × 0.797a

Γ = 0.996 − 0.001a

R
2

ξ
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the sustained influence of nonlinear resistance mechanisms induced by flow interaction. In contrast, variations in  remain
negligible and may be approximated as unity over the investigated aperture range.

Substituting Eqs. 7 and 8 into Eq. 6 yields a modified cubic law:

 (Eq. 9)

Eq. 9 incorporates the effects of flow interaction and inertial dissipation into a compact constitutive form. Compared with the
classical cubic law, this expression provides an improved description of hydraulic behaviour in intersected pathways by
embedding the geometric control on nonlinear resistance into the aperture exponent.

5.3.3 Governing equation validation
A fracture network was established in COMSOL to validate the reliability of the proposed modified cubic law (MCL) and to
evaluate its performance against the full Navier-Stokes (N-S) solution, following the fracture network configuration reported by
Liu, et al. 37. The model domain is 1×1 m and consists of 15 fractures and 27 intersections, as illustrated in Fig. 8(a). Four inlets
were prescribed on the left boundary using a higher pressure head, and five outlets were prescribed on the right boundary
using zero pressure head. The top and bottom boundaries were treated as impermeable. Different apertures were assigned to
the 15 fractures according to the network morphology. To accurately resolve flow heterogeneity and local interaction effects,
the fractures were discretised using an extremely fine mesh. Water was used as the fluid, with physical properties specified
under standard temperature and pressure conditions. In addition, blocky entities separated by the fractures were assumed to
be impermeable.

The MCL formulation (Eq. 9) was implemented in COMSOL through a user-defined permeability function applied along each
fracture, with parameters determined from the fracture-specific aperture and the exponent derived from Eq. 7. Fluid flow
analysis was first conducted under a hydraulic gradient of 1×10− 5, and the resulting fluid pressure and flow velocity fields are
shown in Fig. 8(b) and (c), respectively. The results indicate that pronounced flow localisation and velocity heterogeneity can
be observed among different fractures, highlighting the nonlinear interaction effects captured by the MCL.

Subsequent fluid flow analyses were conducted by progressively increasing the hydraulic gradient to assess the robustness of
the MCL relative to the conventional cubic law and the full N-S solution, as summarised in Fig. 8(d). The results show that, for a
given hydraulic gradient, the cubic law systematically overestimates the flow rate by approximately 30%, potentially due to its
neglect of nonlinear effects induced by fracture intersections and velocity redistribution. In contrast, the MCL yields
substantially improved predictions, achieving an  of 0.99 relative to the N-S solution for hydraulic gradients up to 1×10− 3.
This agreement demonstrates the capability of the MCL to represent super-cubic aperture dependence and the influence of
geometric heterogeneity within interconnected fracture networks.

Beyond this range, however, the MCL tends to underestimate the flow rate under a fixed gradient, which is likely attributed to
enhanced inertial contributions and weak turbulence effects that are not explicitly represented in the semi-empirical
formulation. Nevertheless, the MCL effectively bridges the gap between the conventional cubic law assumption and the full N-
S solution, providing a computationally efficient yet accurate approach for modelling fluid flow in fracture networks. Moreover,
the proposed approach offers a practical basis for extending semi-empirical fluid flow analysis to field-scale models,
facilitating the incorporation of nonlinear fracture flow behaviour into hydrogeological and reservoir-scale simulations.

6 Conclusions
This study investigated nonlinear fluid flow in connected fractures by integrating laboratory experiments and numerical
modelling. Field data were collected to identify representative fracture geometries, apertures, and spacings. Laboratory flow
tests with dye visualisation showed that fracture intersection acts as key control of flow partitioning and mixing, with a
transition from effective mixing at low flow rates to separation at higher flow rates. This behaviour is dependent on intersection
geometry, with perpendicular intersections producing more pronounced flow deflection than oblique configurations.

Γ

Q = a3.772−0.625× 0.797a

I
ρ g

12μ

R
2
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Numerical simulations revealed that intersections generate a confined nonlinear zone characterised by streamline curvature,
vortex formation, and concentrated pressure loss. Within this zone, hydraulic resistance departs from linear Darcy behaviour
and is governed by interaction-induced energy dissipation. Quantitative analyses indicated that cross-sectional geometry
dominates flow resistance, whereas intersection angle plays a secondary role, and a significant scale effect shows that
laboratory-scale results cannot be directly extrapolated to field conditions without geometric scaling.

A modified cubic law (MCL) was developed by introducing a geometry-dependent exponent into the aperture term to account
for nonlinear resistance associated with flow interaction and recirculation. Validation against a fracture network model showed
that the classical cubic law overestimates flow rates by 30%, whereas the MCL closely reproduces the Navier-Stokes solution (

 for hydraulic gradient up to 1×10−3. At higher gradients, underestimation tends to occur and reflects the
increasing influence of inertial effects that are not explicitly represented in the semi-empirical formulation.

Overall, fracture intersections alter flow behaviour by inducing localised nonlinear resistance and geometric control on
discharge. The proposed MCL provides a compact and physically informed governing equation for fracture flow analysis,
enabling efficient incorporation of nonlinear flow behaviour into network- and field-scale simulations for subsurface fluid flow
analysis.
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Figure 1

Rosette plots of fractures derived from borehole (a) BH1 and (b) BH2, accompanied by (c) statistical analyses in terms of dip
angle, aperture, and spacing.

Figure 2

Schematic of the experimental system: (a) flow pathways with varying apertures and intersection angles, (b) overall
configuration of the flow chambers, and (c) syringe pump units.
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Figure 3

Numerical model calibration for (a) aperture of 4 mm and dip angle of 90 degrees, (b) aperture of 4 mm and dip angle of 45
degrees, (c) aperture of 7 mm and dip angle of 90 degrees, and (d) aperture of 7 mm and dip angle of 45 degrees.
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Figure 4

Fluid flow tests for dip angles of (a) 90 degrees and (b) 45 degrees 38.

Page 18/22



Figure 5

Velocity magnitude and pressure under (a-b) 90-degree intersection and (c-d) 45-degree intersection conditions.
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Figure 6

Quantitative assessments of (a-b) normalised flow velocity magnitude and (c-d) normalised pressure at different injection
rates and intersection angles.
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Figure 7

Comparison of linear and power-law relationships between hydraulic gradient and flow rate under different apertures (α).
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Figure 8

Validation of the modified cubic law (MCL) (Eq. 9). (a) Fracture network developed in COMSOL. (b-c) Distributions of fluid
pressure and velocity magnitude under a hydraulic gradient of 6×10-5. (d) Comparison of flow rates predicted by the cubic law,
MCL, and N-S equations.
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