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Abstract

Accurately estimating the load on the origin server is crucial for the correct
and efficient operation of a Content Delivery Network (CDN). Since CDNs rely
heavily on caching, simulating caches with arbitrary topologies is essential. This
paper presents a methodology for modeling the Perfect Least Frequently Used
(PLFU) cache algorithm. While the literature has extensively documented vari-
ous eviction strategies, including Least Recently Used (LRU), First-In First-Out
(FIFO), and Random, there has been a lack of Markov models for frequency
based caching algorithms. This work addresses that gap. The PLFU cache algo-
rithm, being a stochastic process, can be represented as a Markov process after
the cache has been in operation for a sufficient period. The proposed model
enables the estimation of per-object miss rates for both single caches and cache
networks, applicable directly to the PLFU algorithm and indirectly to Tiny-LFU
strategies. Given that many CDNs employ LFU-like eviction policies, we show
that our novel model provides practitioners and decision-makers with a practical
tool for designing and deploying CDNs effectively.

Keywords: cache modeling, Markov model, W-TinyLFU, hit rate, Content Delivery
Network



1 Introduction

With the rapid growth in online content consumption, the importance of content
delivery networks (CDNs) has increased significantly. For efficient CDN management,
caching popular content is crucial because it reduces the load on the origin server
and user-perceived delays [1] by storing copies of objects in caches close to users. The
caching strategy applied plays a crucial role in achieving optimal caching performance.
A comprehensive survey by [2] classifies, compares, and presents the main features of
existing strategies, along with their respective advantages and disadvantages.

The Least Frequently Used (LFU) cache strategy is classified as a frequency-based
algorithm. LFU and its variants, such as Window-LFU [3] and Tiny-LFU [4], are
widely deployed in web caching systems [5], and are therefore highly relevant to the
modeling of Content Delivery Networks (CDNs).

Despite their practical importance, LEU-like algorithms have not yet been formally
modeled in the literature. This work addresses this research gap by developing an
analytical model for LFU-based cache replacement strategies. A model that accurately
captures the main characteristics of cache algorithms can support the design of energy-
efficient infrastructure and promote the sustainability of CDNs [6].
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Fig. 1 Multi-cache architecture

Empirical studies [4, 7] have shown that web access patterns typically follow heavy-
tailed distributions and are well approximated by Zipf-like or Pareto models, reflecting
the high skewness of content popularity. Consequently, the Markov model we developed
in this paper is evaluated using request traces generated from a Zipf distribution.

To this end, we generate a series of Zipf-distributed samples with a shape parameter
of 1.1 and a wide range of object population sizes IN. This setup enables the simulation
of caching behavior and facilitates a quantitative comparison between the cache hit
ratio (CHR) obtained from simulation and the corresponding CHR predicted by the
analytical model. The choice of the Zipf exponent 1.1 is motivated by prior empirical



research, which analyzed user viewing patterns at a major European ISP and found
this value to provide the best fit to observed traffic data [8]. The main contributions
of this paper are summarized as follows:

® We develop a stochastic model of the Perfect LFU caching policy and show that its
dynamics converge to a Markovian regime after a finite warm-up period.

e The proposed Markov model is validated not only on synthetic (Zipf-distributed)
data but also on real traffic obtained from a major European ISP.

® We provide a finite-sample analysis and explicitly quantify the number of requests
(warm-up period) required before the cache reflects the true popularity ranking.

e Using Hoeffding’s and Bernstein’s inequalities, we derive non-asymptotic lower
bounds on the warm-up time needed to ensure that the top-n most popular items
are correctly identified with high probability.

® We establish probabilistic guarantees for both ranking correctness among cached
items and protection against cache pollution by less popular items.

® We show that incorporating variance information through Bernstein’s inequality
yields significantly tighter bounds than Hoeffding-based estimates.

® We support our claims through Monte Carlo simulations, demonstrating close
agreement between theory and empirical convergence behavior.

® QOur model enables principled CDN dimensioning, ensuring that origin load remains
within safe operational limits while preventing unnecessary cache oversizing or
redundant deployment.

The remainder of this paper is organized as follows. Section 2 reviews related work,
with a focus on analytical models for caching nodes and systems under well-known
caching strategies. Sections 3 and 4 present the preliminaries and the mathematical
framework required to establish the Markovian properties of the proposed Perfect LFU
algorithm. Section 5 provides a detailed description of the analytical model.

The evaluation of the model is presented in Section 6 for both a single cache node
and a cache system, and includes a comparative analysis of Perfect LFU, LFU, and
W-TinyLFU. Finally, Section 7 summarizes the main contributions of the paper and
outlines directions for future work.

2 Related Work

A substantial body of research has emerged over recent decades on the modeling of
cache replacement algorithms. Part of this literature focuses on the analysis of a single
cache node, as exemplified by [9]. In contrast, other approaches address networks of
caches with diverse topologies, as demonstrated in [10] and [11]. In this paper, the
proposed Markovian model is applied both to an individual cache node and to a cache
network, illustrated in Figure 1.

An overview of analytical techniques used for evaluating cache replacement strate-
gies is provided in [12]. That study surveys a range of tools applied to caching
algorithms, including Markovian modeling, and highlights that steady-state analyses
are typically intractable for large cache sizes. In contrast, our work demonstrates that



the proposed Markovian framework remains effective even for extremely large systems,
accommodating catalog sizes of 10 million objects and cache sizes exceeding 1 million.

Cache replacement algorithms such as FIFO, RANDOM, and CLIMB are analyzed
in [13] using a mean-field model, where the stochastic cache dynamics are approxi-
mated by a system of deterministic ordinary differential equations (ODEs). Solving
these ODEs yields closed-form expressions that approximate the miss probability of
each individual item.

Many works such as [10], [11], [9], [14] detail the use of Markov chain to model
the Least Recently Used (LRU) cache algorithm. In LRU caching, the state space S
has n + 1 states, S = {1,2,--- ,n,n + 1} where state i,1 < ¢ < n represents the
item’s position in the LRU list of size n, and state n + 1 indicates that the item is not
cached. Such definition for the state space S would not be appropriate for modeling
LFU-like cache algorithms because the number of frequencies of an item has been
accessed determines the LFU cache policy. Rather, in our Markov model we defined
the state space S as the various n-grouped combination of all available objects. In
LRU modeling when a request for the item occurs, the object (if present) is moved
to position 1; if it is absent so currently is in state n + 1, it is inserted at position 1
with its request probability. When other objects are requested, the item may either
remain in the same state or move down by one position, depending on its relative
ordering in the LRU list. These transitions define an irreducible and aperiodic Markov
chain for each object, whose stationary distribution gives the probability of occupying
each cache position. In contrast, our Markov model developed for the Perfect LFU
algorithms results a reducible Markov chain with three disjoint communicating classes
as presented in Section 5. In the LRU cache modeling, the stationary probability of
state n + 1 provides the object’s miss probability, and the overall cache hit rate can
be derived by aggregating these per-object results.

In [9], each item is modeled as a continuous-time Markov chain (CTMC). The
paper considers two cases: infinite and finite cache sizes. In the theoretical infinite-
cache case, each object is represented by a two-state Markov chain, where states 0 and
1 indicate whether the object is absent from or present in the cache. The transition
rates correspond to the object’s request rate and expiry rate, respectively. In our
model, however, we do not consider object expiry. Instead, the transition probabilities
depend solely on the request rate, together with an additional constraint: once the
cache warm-up period has elapsed, transitions in which a higher-ranked item would
be replaced by a lower-ranked one have zero probability.

For finite, practical caches in [9], each content item at each cache node is modeled
by a Markov chain whose states represent the possible positions of the item within the
LRU or FIFO stack, together with an additional state denoting that the item is not
cached as described above. An iterative CTMC solution is used to estimate the hit
probability of each object at time ¢, progressively refining the transition rates based
on the updated state probabilities.

In [10], the LRU cache is modeled in a similar manner using Markov chains, and
the stationary distribution is used to determine the miss rate, consistent with the
approach in [9] described above. However, [10] and [11] extend the analysis to multi-
cache systems. [10] argues that each node’s behavior in a cache network depends on



both locally generated requests and requests forwarded from lower-level (child) caches
after misses. [11] extends the previous work further to more complex schemes. Our
model does not consider such a network topologies because they are not deployed
in real CDNs. Rather we analyze our model on multi-caches where the caches are
connected sequentially as shown in Figure 1. In [10] the combined inputs define an
effective request probability for each node, which then serves as the input to its Markov
chain. By propagating the miss probabilities upward through the network, the overall
miss rate of the multi-cache system can be derived.

[14] proposes a Markov-chain-based analytical model (MACS) to estimate the hit
rate in Content-Centric Networks (CCNs) for the LRU cache replacement algorithm
combined with the leave-copy-everywhere (LCE) insertion policy.

[11] builds on the MACS model for LRU, as introduced in [14] and [10]. In [10],
the model was extended to incorporate additional insertion policies, such as leave-
copy-down (LCD) and 2@Q), the latter being similar to TinyLFU [4], where items must
receive at least two accesses before entering the main cache. The work in [11] goes
further by generalizing MACS to a caching strategy which is a theoretical scheme that
places the most popular contents closest to clients.

The extant literature has primarily focused on estimating the cache hit ratio for
eviction algorithms. To the best of our knowledge, our work is the only study that
defines a Markov model for the perfect least frequently used (PLFU) eviction algo-
rithm. This model may also serve as a basis for estimating the TinyLFU algorithm,
as discussed in Section 7.4.

As discussed above, [11] present their Markov model for the LRU cache algo-
rithm. This journal paper also considers the LFU cache eviction strategy and notes
the following;:

The Least Frequently Used (LFU) algorithm, which requires a more complex replacement
process, is also interesting. However, it presents several shortcomings related to the inser-
tion of new popular contents or the purge of older ones. Moreover, the complexity of the
LFU functioning makes it harder to be modeled and analyzed.

The present paper aims to address this challenge by showing that, although the
Markov model developed for Perfect LFU requires an additional condition compared
to models for LRU, FIFO, and other algorithms mentioned above, it remains effec-
tive for practical purposes, including CDN sizing decisions, while also contributing to
considerations of environmental sustainability in CDNs.

3 Preliminaries

Users of a Content Delivery Network (CDN) request various types of content, such
as media files and web pages, thereafter referred to as objects or items. Caching fre-
quently requested objects is a fundamental mechanism for improving overall network
performance, as it reduces access latency and bandwidth consumption at the ingress
side.

To clearly state the assumptions and prerequisites for the subsequent sections, we
summarize below the background model and notation used throughout this paper.



3.1 Request Model and Assumptions

User requests are assumed to follow the Independent Reference Model (IRM). Under
this model, requests are statistically independent and identically distributed over time,
and the probability of requesting a given object remains constant. Furthermore, the
content catalog consists of a finite number of N objects.

Formally, at each discrete time instant ¢, wheret = 0,1,2,..., objecti € {1,..., N}
is requested with probability p;. It is also assumed that the popularity distribution of
objects follows a Zipf distribution, whose probability mass function is given in (1):

A
pi=P(X =i)= where Hpy(a) = Z Ta (1)
k=1

The parameter a > 0 characterizes the skewness of the popularity distribution, and
Hy (a) denotes the N-th generalized harmonic number.

These modeling assumptions are widely adopted in the literature and have been
employed in several prior studies, including [7, 13, 15, 16].

3.2 Cache Model and Notation

We begin by considering a single cache that stores a subset of requested items from
a finite catalog of distinct media objects. In Section 7.2, we show that the proposed
model readily extends from a single cache node to a cache network.

Let N denote the total number of distinct objects that may be requested. The
cache has a finite capacity of n objects, with n < N. In practice, cache sizes in CDNs
typically range between 10% and 20% of the catalog size N. All objects are assumed
to be of identical size. This simplification does not affect the validity of our model,
since although objects may have different sizes, their average size does not change
over time and can therefore be approximated by a fixed value of 1. Accordingly, cache
capacity is measured in terms of the number of objects stored.

At each discrete time step m, the cache is in a state determined by the set of
objects currently stored. This is denoted by

X (m) = set of objects contained in the cache at time m.

Each incoming request is for an object ¢ € {1,2,..., N}, generated according to
the popularity distribution defined in (1). For each request:

e If the requested object is already stored in the cache, a cache hit occurs.
® Otherwise, a cache miss occurs, and the cache state X (m) is updated according to
a replacement policy (e.g., LRU, LFU, FIFO, or Random).

The notation used throughout this paper is summarized in Table 1.

The Perfect LFU (PLFU) cache management process starts from an initial state
X (0), in which the cache is completely filled. The PLFU algorithm, as described
in [8], maintains two distinct data structures: one that stores the request frequencies of
objects currently in the cache (cache-records), and another that records the historical



Table 1 Summary of notation.

Symbol  Description

N Total number of distinct objects (i.e., the catalog size)
n Cache capacity (maximum number of objects stored)
X(m) Cache state at time step m

m Discrete time index (request number)

S State space (all subsets of {1,..., N} of size n)

i Index of a requested object (z € {1,...,N})

i Request probability of object i

fi Request frequency (number of requests for object %)

a Zipf exponent

frequencies of previously evicted objects (evicted items record). The request frequency
fi of object i represents the total number of times object ¢ has been requested.

During Perfect LFU operation, if the requested object is not found in the cache
(i.e., a cache miss occurs), the classic LFU eviction rule is applied: the object with the
lowest request frequency is removed, and both data structures are updated accordingly.
Specifically, the evicted object’s frequency is removed from the cache record and stored
in the evicted-items record, while the requested object’s frequency is removed from
the evicted-items record, incremented by one, and added to the cache record. In the
case of a cache hit, the Perfect LFU algorithm behaves identically to the in-memory
LFU algorithm by incrementing the requested object’s frequency in the cache record.

The cache state process {X (m)},,>0 forms a stochastic process driven by the ran-
dom request sequence satisfying the Independent Reference Model (IRM) assumption
also used in [16], [17]. The state space S is finite and discrete and consists of all possible
subsets of n objects drawn from the catalog of N objects.

The cardinality of the state space is given by the number of combinations of N
objects taken n at a time:

5] = (N )
n

Since the cache cannot store duplicate objects and the order of objects is irrelevant,
each cache state corresponds to a unique combination. Thus, the state space can be
written as

S = {51,82,...,8(11\{)}.

Under the definition above, the PLFU cache management process is not a Markov
process. This is because the cache state at time m does not depend solely on X (m—1),
but also on the entire request history through object frequencies f;.

In the following section, we introduce additional assumptions and modeling
refinements that enable us to represent the PLFU algorithm as a Markov process.

4 Theoretical Foundations

In this section, we develop the theoretical framework required to establish that, after
a sufficiently long time horizon, the Perfect LFU (PLFU) cache replacement algorithm



can be treated as a Markov process. Extending the notation summarized in Table 1,
we introduce the following assumptions, definitions, and results.

Let Ry, Ro, ..., R; denote a sequence of independent requests drawn from a discrete
probability distribution over a catalog of N distinct objects, with ordered probabilities

N
pL>p2 > > DN, Zpizl. (2)
i=1

For a given sample window of length ¢, define the empirical request frequency of

object i as
t

fi=Y YR =i},
k=1
which satisfies f; ~ Binomial(t, p;) and E[f;] = tp;.
We define the probability gaps between the n most popular objects as

A= Pi — Pn, 1<, A, = 155%1713_1 Aj=ppn_1—pn >0, (3)

and introduce the separation gap between the least popular object stored in the cache
and the most popular object outside the cache:

Aout = DPn — Pn+1 > 0. (4)

Since p; > pa > -+ > py > 0, both the internal smallest top—n gap and the boundary
gap are positive.

We consider the event that all cached objects are requested more frequently than
any non-cached object:

£ = {min o> s} ®)
which ensures that the cache contains exactly the set of n most popular objects.

In addition, we define the event that the least popular cached item is correctly
identified, i.e., item n attains the smallest request frequency among the true top-n
objects:

A={vVi<n:fi—fn>0}. (6)

Together, the events F and A ensure that the set of cached objects coincides with
the true set of the n most popular objects, and that the n-th ranked object has the
smallest observed request frequency among the cached items. These events play a
central role in characterizing the asymptotic behavior of PLFU and in establishing
Markovianity after sufficient observation time. The number of requests required until
this property holds is referred to as the warm-up period of the cache.

Corollary 1 establishes the existence of a finite warm-up period after which the
Perfect LF'U algorithm can be treated as a Markov process.



Corollary 1 (Almost-Sure Stabilization of Empirical Top-n and Bottleneck Item) Let 1 <
n < N and suppose
p1 >p2>--->py > 0.

Then, almost surely, there exists a finite time T such that for allt > T':
min f;(t) = fn(t) (7)
i<n

and the empirical top-n frequency set equals the true top-n frequency set.

Proof We have

Ain = min (pi *pn) =pn—1—pn >0, Aout 1= Pn — Pn+1 > 0.
1<i<n—1

Set 1
£ = 1 min{Aim Aout} > 0.

By the Strong Law of Large Numbers, for each k =1,..., N,
fi(@) as.

B 22t 00),

so almost surely there exists a finite 1" such that for all ¢t > T" and all k,

fkT(t)—pk‘<6.

Now consider any @ < n. Then

filt) _ f@) _ (fi(t) 7%) ¥ (pi — pn) + (pn - f"T(t)) > e+ Ajp —e=Ay, — 2 >0,

t t t

because € < Ay /4. Hence f;(t) > fn(t) for all i < n.
Similarly, for any j > n,

(T
fnT(t)_LT()z_5+Aout_5:Aout_25>0:

since € < Aout/4. Hence fn(t) > f;(t) for all j > n.
Combining the two displays we obtain, for all t > T,

Ji() > fn(t) > f;(t) Vi<n, Vj>n.
Therefore fn(t) = min;<,, f;(t) and every top-n empirical frequency exceeds every outsider’s

frequency; equivalently, the empirical top-n set equals the true top-n set. This completes the
proof. O

Next, we determine the length of the warm-up period, i.e., the number of requests
required for the Perfect LFU process to enter its Markovian regime.

Our analysis relies on Hoeffding’s inequality [18] and Bernstein’s inequality [19].
For completeness, these results are stated in the Appendix as two lemmas, which are
then used to establish our main results in Theorem 2 and Theorem 3. These theorems
provide lower bounds on ¢ that guarantee Pr(E N A) > 1 — o where the right-hand
side represents the confidence level and the events E and A are defined in (5) and (6),
respectively. The Appendix also includes the proofs of these theorems.

Let’s examine what the results are for the warm-up period in various catalog sizes,
N. The formula obtained for ¢ in Theorem 2 can be used to calculate the number of



Table 2 Cache Warming-Up Times (# of Requests)

N Hoeftding Bound  Bernstein Bound  Monte Carlo Bound
100 2.24 x 107 2.34 x 106 8.38 x 10*
200 5.08 x 108 6.52 x 107 8.75 x 10°
400 1.15 x 1010 1.59 x 10° 7.19 x 109
800 2.58 x 1011 3.61 x 1010 6.63 x 107
1600 5.69 x 1012 7.88 x 1011 6.10 x 108
3200 1.24 x 1014 1.67 x 1013 5.61 x 109
6400 2.66 x 1015 3.49 x 1014 5.16 x 1010
10000  1.90 x 1016 2.45 x 105 1.42 x 101t

requests needed for the cache to separate the frequencies of the top n items from all
the others and guarantee at the same time that the empirical frequency of the nth
ranked item is the smallest amongst the top n with a confidence level 1 — a = 0.9 as
shown in the first column of Table 2.

We believe that Hoeffding’s lower bound for the number of requests obtained in
Theorem 2, as derived from Lemma 1, provides a rather conservative estimation of
the warm-up period. In other words, the number of requests required for the cache to
separate the most popular item is much smaller for zipf-distributed samples.

Remark 1 ® The Hoeffding bound (Theorem 2) is simpler but more conservative;
Bernstein (Theorem 3) is typically tighter because it incorporates variance.

® Both bounds scale as t = O(A~2log(&)), where A denotes the relevant gap (Amin
or Agyt). Small gaps require large t.

® To get a numerical ¢ in practice one may split o non-uniformly (e.g. give more
budget to the harder event), or compute the two terms in each theorem and choose
the maximum.

® These theorems guarantee simultaneously that (i) the true top-n will be the empir-
ical top-n (5), and (ii) among the true top-n the item n remains the empirical
minimum (6), with total failure probability at most c.

Estimating the required number of requests via Monte Carlo simulation.

Theorem 2 and Theorem 3 provide rigorous lower bounds on the number of requests ¢
required to recover the true top-n items with high probability. However, these bounds
are generally conservative due to the use of union bounds and worst-case inequalities.
In practice, the actual number of samples needed to achieve a desired confidence level
1—a may be significantly smaller, especially for distributions with uneven probabilities
such as Zipf.

To obtain a more realistic estimate of ¢, we can use a Monte Carlo simulation
approach. Specifically, for a fixed number of requests ¢, we repeatedly draw ¢ indepen-
dent samples from the target zipf distribution, compute the empirical frequencies ﬁ-,
and check whether the event AN E as defined in (5) and (6) occurs.

10



By performing many repetitions, we can estimate the probability Pr(AN E) as the
fraction of trials in which the top-n items are correctly recovered. We then gradually
increase t until the estimated probability reaches or exceeds the desired confidence
level 1—a. The pseudo code of this Monte Carlo simulation is provided in Algorithm 1.

Algorithm 1 Monte Carlo Estimation of Sample Complexity

Require: Target probabilities p; > -+ > py > 0, top-n size n, desired confidence
level 1—a, number of Monte Carlo repetitions R, initial sample size t,i,, increment
At

Ensure: Estimated minimal sample size £ such that Pr(ANE) > 1 —a

1: T tmin

2: repeat

3: success < 0

4: for r=1to R do

5: Draw ¢ i.i.d. samples from {1,..., N} according to {p;}

6: Compute empirical frequencies f; fori=1,...,N

7: Let T < indices of the top-n empirical frequencies

8: if T={1,...,n} then > Condition A: empirical top-n matches true top-n
9: if fn = min;e7 fi then > Condition E: n-th item minimal among top-n
10: success < success + 1

11: end if

12: end if

13: end for

14: P« success/R > estimated probability of AN E
15: if P<1—a then

16: t+—t+ At

17: end if

18: until P> 1 — «
19: return ¢ < ¢

This Monte Carlo procedure provides a practical and data-driven way to estimate
the empirical sample complexity, complementing the theoretical bounds derived via
Hoeffding’s and Bernstein’s inequalities.

In our experiments, we set the number of Monte Carlo trials to R = 20,000 and
the confidence level to 1 — a = 0.9. We chose an initial warm-up time ¢,,;, based on

the heuristic
n

tmin = N
n
where p,, denotes the request probability of the n-th ranked item, and n is the cache
size. Note that n was chosen as a fraction of the catalog size, specifically n = 0.15 N,
so we did not evaluate all combinations of n and V.
The value of t,;, serves only as a starting point for the search; in practice, the
actual warm-up time ¢ is expected to be larger. Algorithm 1 incrementally increases ¢

until the following two conditions are satisfied in at least 1 — « fraction of the trials:

11



1. The empirical top-n items exactly match the true top-n items, formaulated in (5).
2. The n-th ranked item is the minimum among the empirical counts of the top-n
items, formulated in (6).

The resulting warm-up times are summarized in Table 2 and illustrated in Figure 2.
Monte Carlo simulations show that initializing the algorithm at ¢,;, reliably yields
a warm-up period in which the empirical counts of the top-n items exceed those of
all remaining catalog items, and the nth-ranked item in the cache has the lowest
frequency among the top n. This corresponds to the event AN E defined in Theorem 2
and Theorem 3. Across different catalog sizes IV, the procedure consistently attains
the target confidence level (1 — «), confirming its effectiveness as a practical choice of
warm-up duration for heavy-tailed workloads. One may question whether there exists
a less conservative theorem than Theorem 2 and Theorem 3 that provides a lower
bound closer to that obtained via Monte Carlo simulation. Addressing this question
will be the subject of our future work.

10V
1016
1015
1014 -
1013
1012 4
1011
1010 4
10° A
108 +
107 A
10° +
10°
104

Hoeffding Bound
Bernstein Bound
Monte Carlo Bound
Median

Range

e b

Number of Requests (t)

100 200 400 800 1,600 3,200 6,400 10,000
N

Fig. 2 Cache Warming-Up Times: Theoretical Bounds vs Monte Carlo at 0.9 confidence level

In this setting, assuming that m exceeds either the theoretical bounds of Theorem 2
or Theorem 3, or the practical bound obtained by Algorithm 1, the Perfect LFU cache
algorithm can be accurately modeled as a Markovian process.

Specifically, the theorems above provide a 1 — o guarantee that, even though the
frequencies of the cached top-n items may not be internally ordered, and the remaining
items may also be unordered, no outside object can overtake a cached one once m > t.
Consequently, upon each new arrival, only the n-th ranked item may be evicted.
Therefore, the set of cached contents at time m depends only on the previous cache
state, implying the Markov property:

P(Xms1 =7 | X =i, Xnot = i1, Xo =i0) = P(Xmns1=J | Xm =1). (8)

12



Equation (8) expresses that the conditional distribution of the next cache state
depends only on the current configuration and not on the entire history [20]. The warm-
up time therefore marks the point after which Perfect LFU behaves as a stationary
Markov chain.

Since the state space S is finite, the process {X(m)},,>¢ constitutes a discrete-
time Markov chain with transition matrix 7' [21, 22], where each entry P;; represents
the probability of transitioning from state i to state j.

5 Methods

As previously indicated and summarized in Table 1, the state space S of a Perfect LFU
cache with capacity n operating on a catalog of N objects consists of all unordered
subsets of size n drawn from {1,2,..., N}. Thus,

a-(2)

We index objects by decreasing popularity; that is, object 1 is the most frequently

requested item, object 2 the second most frequent, and so on until object N, the least

popular. Let p; > ps > --- > py denote the corresponding request probabilities.
Each cache state is represented by an ordered tuple

(i17i27...,in), with i1 <o < -+ < ip,

which indicates the set of cached objects sorted by rank. In what follows, we present
the Markov model of the Perfect LFU cache for a small example with N = 4 and
n = 2. The associated transition matrix T is

(1,2) (1,3) (1,4 (2,3) (2,4 (3,4

(1,2) [pr+p2  p3 P4 0 0 0
(1,3)| p2 pi+ps D4 0 0 0
oLl p2 Py oprtpr O 0 0 )
(2,3) D1 0 0 p2+ps pa 0
2,49 m 0 0 ps p2+ps O
(3,4) 0 P1 0 P2 0  p3+ps

Matrix T is indexed by cache states, and T;; denotes the probability—conditional
on the warm-up period having elapsed—that the cache transitions from state ¢ to
state j at the next request. For example, the value p; + po in the first row and column
indicates that when the cache contains objects (1,2), and either object 1 or object
2 is requested, the cache state remains unchanged. The remaining nonzero entries in
the first row represent the probabilities that object 3 or 4 is requested, causing the
least-frequently used object to be replaced.

As seen in (9), many entries of the matrix are identically zero. In particular, the
entire upper-right 3 x 3 block vanishes, reflecting the fact that states (2, 3), (2,4), and
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(3,4) cannot be reached from any of (1,2), (1,3), or (1,4). This sparsity arises from
the frequency-ordering property established in Corollary 1. Specifically, once the cache
has run beyond the warm-up time ¢, the condition

fa(m) > f3(m) for allm >t
holds with high probability. By Corollary 1, this implies

film) > fz(m),  fi(m) > fa(m), fa(m) > fa(m),

so that objects 3 and 4 can never overtake objects 1 or 2. Consequently, once objects 1
and 2 are cached, no lower-ranked object can enter the cache. Hence, all transitions
that would insert an inferior object into a cache configuration containing strictly
superior ones are assigned probability zero.

For example, in the fourth row of matrix 7', the probability of a transition from
(2,3) to (1,3) is zero, since this would require item 3 to be retained while evicting
the more popular item 2, which contradicts the LFU eviction rule once the frequency
ordering has stabilized.

More generally, from any state (i1,...,4,) sorted by rank, the cache may only
transition to states that differ by replacement of the object with the largest index.
Thus, each row of the transition matrix contains at most N — n + 1 nonzero entries,
corresponding to (i) a cache hit, which leaves the state unchanged, or (ii) replacement
of the least popular cached object.

The structure of T' also reveals that the Markov chain is reducible. In the present
example, the state space decomposes into three disjoint communicating classes. In
general, the chain decomposes into multiple classes indexed by the smallest-ranked
element of each state.

Formally, the full state space may be enumerated as

(i1,02, -« yin), (T1,092, .y int1), -y (P1,02,...,0N),

. . . . 10
(7/1713;---)Zn+1); ey (ZN71’L+1M"’ZN)7 ( )

where each tuple denotes a sorted selection of n objects. Among these, the states of
the form

(11,82, yin)s (F1592, v ying1)s ooy (81500 0N) (11)
form the recurrent (closed) communicating class [20, 23]. All other states are transient.
Accordingly, the transition matrix admits the canonical decomposition

T— ﬂl 103} , (12)

where T7 governs transitions among recurrent states, P governs the transient class,
and A encodes transitions from transient to recurrent states.
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For the example in (9), the submatrices are given explicitly by

p1+p2 D3 P4 p1 00
T, = P2 p1+Dp3 P4 , A= |p1 0 0],
D2 D3 P1+Da 0p 0
and
P2+p3s D4 0
P= p3 p2+ps O
D2 0 p3+ps

This decomposition reflects the long-term behavior of the Perfect LFU cache: once
the system enters the recurrent class corresponding to the truly most popular objects,
it will remain there indefinitely with probability one.

5.1 Steady State of the PLFU Cache Management

In the previous section, it was assumed that the PLFU cache algorithm has been oper-
ating for a sufficiently long time, that is, beyond the warm-up period. Consequently,
for the request probability distribution with

p1r >pg > >py > 0.

the uniform-—separation property stated in Corollary 1 applies, implying that the
empirical frequencies satisfy

film) > fj(m) foralli<n, j>n, and Iign fi(t) = fu(t) for all m > ¢,

with high probability. Under these conditions, the cache dynamics evolve as a time-
homogeneous Markov chain.
A time-homogeneous Markov chain admits a stationary distribution s satisfying

sT =s,

(%) (13)
S:[Sl,SQ,...,S(IZ)], Zsizl.

Transposing (13) yields
T's =s, (14)
which implies that s is the right eigenvector of 77 corresponding to the unity

eigenvalue.
As established previously, the transition matrix 7" admits the canonical decompo-

sition
_|Th 0
=35

15



where T3 represents transitions within the recurrent class, P corresponds to transient
states, and A captures transitions from transient to recurrent states. Transposing and

substituting into (14) gives
TlT AT S1| _ [S1
|: 0 PT:| |:SQ - So ’ (15>

Expanding the matrix equation in (15), we obtain the equivalent relations in
(16)—(17).

TlTsl + ATSQ = 81, (16)
PTSQ = S2. (17)

Matrix P is a sub-stochastic transition matrix associated with transient states.
Therefore, the spectral radius of PT is strictly less than one [24], which implies that
(17) admits only the trivial solution sy = 0. Consequently, (16) reduces to

TTs) =s;. (18)

Thus, the stationary distribution s is of the form

s = {501] . (19)

where s; is the eigenvector of T} associated with eigenvalue one.

Since 77 represents a closed irreducible class, the Perron-Frobenius theorem
guarantees [24] that this eigenvector is unique and strictly positive. Therefore, the sta-
tionary distribution assigns nonzero probability exclusively to recurrent states, while
all transient states have zero steady-state probability.

As a result, the effective dimension of the state space is reduced from (JZ ) to N —
n+1. Accordingly, the original transition matrix T reduces to a (N—n+1)x (N—n+1)
matrix 77 capturing the long-term cache dynamics.

For illustration, consider N = 10,000 objects and cache size n = 1,500. The
full state space contains (110500000) ~ 7.085 x 10'83* states, which is computationally
intractable. After reduction, the stationary distribution is instead computed from an
8501 x 8501 eigenvector problem for the unity eigenvalue, which is feasible with numer-
ical methods. We also evaluated a catalog of 10 million objects and a cache of 1.5
million; steady state was reached in less than 2.5 hours on our server, demonstrating
practicality for real-world CDN deployment.

6 Findings

The Markov model developed in the previous section yields the steady-state distri-
bution over all feasible cache configurations. Due to the structural properties of the
PLFU algorithm after the warm-up period, it follows that only N —n + 1 states have
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nonzero stationary probability, where N denotes the number of objects and n the
cache size. These states correspond precisely to the recurrent class identified in (11);
all remaining states are transient and thus have zero probability in the steady state.

To compute the miss probability of each object, we exploit the resulting stationary
distribution. We illustrate the procedure using the example in (9), where N = 4 and
n = 2. In this case, the recurrent states are (1,2), (1,3), and (1,4), with steady-state
probabilities 7 2y, 7(1,3), and (1 4), respectively.

The miss probability of an object equals its request probability multiplied by the
probability that the object is not present in the cache. Because object 1 belongs to
every recurrent state, we immediately have

P(miss of object 1) = 0.
Object 2 is absent from states (1,3) and (1,4); hence,
P(miss of object 2) = (m(1,3) + 7(1,0)) P2 = (1 — 7(1,2)) pe-
Proceeding analogously,
P(miss of object 3) = (1 — 7r(173))p3, P(miss of object 4) = (1 — 7r(174))p4,

where p; denotes the request probability of object i.
For a catalog of IV objects and cache size n, the recurrent states are

(1,2,...,n—=1,n), (1,2,...,n—=1,n+1), ..., (1,2,...,n—1,N), (20)

with steady-state probabilities (15 . ,,—14) for i = n,..., N. Consequently, the first
n — 1 objects never incur a miss,

P(miss of object i) = 0, i=1,....,n—1.
For objects i > n,
P(miss of object i) = (1 - 7T(1727m7n_1’i)) Di, i=mn,...,N, (21)
where (12, n—1,i) is obtained from the Markov steady state in (20). Expression (21)

provides the closed form miss probability of object . In the CDN setting, the server
load follows by summing (21) over all objects.

7 Experiments

7.1 Single-Node Cache Simulation

To validate the Markov model developed in Section 5, we first simulate a single Per-
fect LFU (PLFU) cache. For each catalog size N € {100, 200,400,800}, independent
request traces were generated according to a Zipf distribution with exponent 1.1.
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Each trace contains a sufficiently large number of requests to exceed the warm-up
period associated with the given catalog size N and cache size n. The duration of the
warm-up period was determined using the Monte Carlo simulation described in Algo-
rithm 1. Although only Zipf-distributed workloads are considered in the simulations,
the analytical model applies to any monotone request distribution, as guaranteed by
Corollary 1.

The Perfect LFU algorithm was simulated for each catalog size and cache fraction.
During the warm-up period (the first half of each trace), the PLFU cache recorded
item request frequencies, while hit and miss events were not counted. After the warm-
up period expired (the second half of the trace), hit and miss events were accumulated,
effectively modeling a cache operating in steady state, as is typical for long-running
CDN deployments.

For each simulation run and cache fraction, we computed the per-object miss prob-
ability. Figure 3 compares the simulation results with the analytical predictions of the
Markov model derived in (21). The results demonstrate excellent agreement between
simulation and analysis across all considered values of N and cache fractions.

Cache fraction = 0.05 Cache fraction = 0.1 Cache fraction = 0.15

0035

0.030

0.025

ity

2 0.020
% 0.015
H

0.010

0.005

0.000

Normalized item rank (i / N) Normalized item rank (i / N) Normalized item rank (i / N)

Fig. 3 PLFU simulation versus Markov model predictions for single-node cache.

Figure 4 shows the same results after vertical normalization by the Riemann inte-
gral over [0, 1], demonstrating that the model consistently captures the relative miss
probabilities across all sample sizes.

7.1.1 Cache Hit Ratio Comparisons

Extending the previous set of catalog sizes to
N € {100, 200, 400, 800, 1600, 3200, 6400, 10,000}, and considering the same cache frac-
tions of 5%, 10%, and 15% of the catalog size, we computed the cache hit ratio
(CHR) for the simulated LFU and TinyLFU cache algorithms. These results were then
compared with the CHR predicted by our Markov model, as illustrated in Figure 5.
Figure 5 confirms that the CHRs predicted by the Markov model closely match
those obtained from a single-sample simulation. In fact, across all cache fractions,
the difference between the TinyLFU hit ratio and the Markov model prediction
decreases with increasing catalog size and stabilizes for large N. For N > 3200, the
TinyLFU-Markov gap remains consistently small, typically within 2-3% across all
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Fig. 4 Normalized PLFU simulation and Markov model predictions for single-node cache.
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Fig. 5 Cache Hit Rate Comparison: Simulation vs Markov Model Predictions

cache fractions. This indicates that the Markov model provides a stable and pre-
dictable approximation of TinyLFU performance in large-scale regimes. Since the
Markov model slightly overestimates the cache hit ratio, it should be interpreted as
an optimistic benchmark. In practice, when using the Markov model to estimate the
cache hit ratio of a real CDN deployment where TinyLFU (or its variants) is employed,
applying a simple correction—such as reducing the predicted hit ratio by approxi-
mately 5% —vyields a robust and realistic estimate. This margin safely accounts for
the observed discrepancy and enables reliable performance evaluation and capacity
planning in operational CDN environments.

7.2 Multi-Cache System Simulation

We further evaluate the Markov model in a three-level cache system, as illustrated in
Figure 1. A single Zipf-distributed request trace over 100 objects, with exponent 1.1, is
generated and sequentially processed by caches of sizes 5, 10, and 15. The miss stream
produced by each cache is used as the input to the subsequent cache in the hierarchy.

For each cache level, we compute the per-object miss probabilities and compare
them with the corresponding predictions of the Markov model. The results of this
comparison are shown in Figure 6.
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Fig. 6 PLFU miss simulation versus Markov model predictions for a multi-cache system.

To model this system analytically, the first cache is treated in the same manner as
in the single-node simulation. For the second cache, the input request distribution is
constructed from the normalized miss probabilities of the first cache. This procedure
is repeated for the third cache.

7.3 Validate the model on real media objects

So far, we have demonstrated that the Markov model developed in Section 5 provides
an excellent fit to the per-object miss probability on synthetic data, and, as shown in
Section 7.2, is capable of accurately estimating the hit rate of the entire CDN.

To validate the model in a realistic setting, we were provided with aggregated and
normalized popularity statistics of TV channels over a two-hour period by a major
FEuropean ISP. The data consist solely of rank-order popularity values and do not
include any individual-level access logs or personally identifiable information. The
resulting rank-order probability distribution is shown in Fig. 7. In this context, the
media objects correspond to TV channels, identified by channel numbers. As noted in
Section 1, such data is well approximated by a Zipf distribution with shape parameter
1.1 [8]. Accordingly, we used this parameter when generating Zipf-distributed samples
to validate the Markov model developed for the Perfect LFU cache algorithm.

Naturally, other parameter values—or even different probability distribu-
tions—could also be used, provided they satisfy (2), since the consequences of
Corollary 1 imply that the Perfect LFU cache algorithm can be modeled by the
proposed Markov model, as detailed in Section 4.

We evaluated cache sizes of 10, 15, 20, 25, and 30, with the results summarized in
Table 3. The close agreement between the Markov model predictions and the empirical
Perfect LFU results confirms the accuracy of the proposed model when applied to
real-world data.
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Table 3 Cache Hit Rate Comparison on Real
Data.

Cache Size  Markov Model  Perfect LFU

10 0.5572 0.5674
15 0.6561 0.6639
20 0.7276 0.7340
25 0.7865 0.7911
30 0.8324 0.8359
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Fig. 7 Empirical rank-order distribution of TV channel popularity versus the theoretical Zipf PMF
with parameter a = 1.1

7.4 Using our model on W-TinyLFU

Given the widespread use of the Window-TinyLFU (W-TinyLFU) cache algorithm in
Content Delivery Networks (CDNs), it is relevant to examine the potential application
of the developed Markov model in this context. TinyLFU and its variant, W-TinyLFU,
serve as practical benchmarks, as [25] notes that the open-source Caffeine Java 8
cache [26] implements W-TinyLFU, which has been deployed—either directly or via
Caffeine—in storage systems such as Cassandra and LinkedIn’s feed. This prevalence
highlights the importance of considering W-TinyLFU when evaluating and validating
the Markov model against realistic CDN workloads.

PLFU has been shown to outperform traditional in-memory LFU in terms of hit
rate; however, as the number of objects grows, PLFU’s advantage diminishes: its
cache hit ratio approaches that of LFU, and the metadata overhead becomes a stor-
age burden [8]. Comparing PLFU, LFU, and W-TinyLFU provides context for the
Markov model’s performance. Figure 5 shows that W-TinyLFU hit rates consistently
lie slightly below those of PLFU and the Markov model, though the gap narrows
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with increasing object count. For a realistic CDN scenario with 10,000 objects, the
deviation is only 2.3%, indicating that the Markov model yields an optimistic yet reli-
able estimate. Assuming a modest 5% underestimation of hit rates provides a safe
approximation of origin server load, supporting efficient CDN design without risking
overload.

8 Conclusion

This paper develops a rigorous analytical framework for modeling frequency-based
caching policies by introducing a steady-state Markov chain formulation of the Perfect
LFU (PLFU) algorithm. We show that once empirical access frequencies stabilize,
the resulting transition matrix admits a canonical decomposition that reduces the
state space from (JZ ) possible cache configurations to only N —n + 1 recurrent states.
This structural reduction enables exact steady-state analysis even for extremely large
content catalogs, including those with tens of millions of objects.

Using this framework, we derive closed-form expressions for per-object miss prob-
abilities and overall cache hit ratios, and validate the analytical results through
extensive simulations and real-world data obtained from a major European ISP.
Beyond PLFU, we empirically demonstrate that the proposed model yields conser-
vative yet practically meaningful performance estimates for classical LFU and the
TinyLFU algorithm under realistic Zipf-distributed workloads. As a result, the frame-
work serves not only as an exact analytical tool for PLFU, but also as a reliable
upper bound on the hit rate—or equivalently, a lower bound on the miss rate and net-
work load—for modern LFU-based caching systems deployed at scale, such as content
delivery networks (CDNs).

In addition, we investigate the cache warm-up period, defined as the number of
requests required for access frequencies to stabilize. We establish two conservative the-
oretical lower bounds on the warm-up time using concentration-based arguments, and
complement them with Monte Carlo estimates. Across all parameter regimes consid-
ered, the empirical warm-up times are several orders of magnitude smaller than the
theoretical bounds. As summarized in Table 2, moderate configurations exhibit gaps
of a few orders of magnitude, while even in large-scale settings—where theoretical
bounds reach 10'°-10'6—the observed stabilization time remains limited to approxi-
mately 10! requests. These results highlight the conservative nature of the existing
theoretical guarantees.

Several directions for future work naturally follow from this study. First, an impor-
tant theoretical challenge is to develop tighter analytical bounds on the cache warm-up
period that more accurately reflect the empirical stabilization behavior, improv-
ing upon results such as Theorem 3. Second, while the present framework provides
provable bounds on hit and miss rates, future research will focus on refining these
estimates by deriving tighter bounds or closed-form expressions for cache load. In
particular, extending the analysis to multi-cache systems and real-world CDN deploy-
ments—including architectures based on Varnish cache technology and the TinyLFU
caching strategy—remains an important and practically relevant direction.
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Appendix A Hoeffding’s Inequality

Lemma 1 (Hoeffding’s Inequality) Let X7, Xa,..., Xt be independent rand_om variables such
that am < Xm < by almost surely for each m. Define the sample mean X; = %Zﬁn=1 Xm
and let u = E[X{] = %Efn:l E[X]. Then, for all € > 0,

2.2
Pr(Xt — M > 5) <exp| — t 217 ’
Zm:l(bm - am)2

Appendix B Bernstein’s Inequality

Lemma 2 (Bernstein’s Inequality) Let X1, Xo, ..., X; be independent random variables and
define their centered versions
Ym = Xm — E[Xmnm], m=1,...,t.

Assume that each Y, is almost surely bounded as
[Ym| < M.

Let the total variance be
t
o? = Z Var(Xm).
m=1

Define the sample mean X; = % an:l Xm and its expectation

t
= E[X] = % 3 E[Xon].

m=1

Then, for all € > 0,

_ te?
Pr(X;—p>e) < exp| ——— ],
Ke—nze) p( 2(02/t)+§Ma>

Appendix C Hoeffding bound

Theorem 2 (Hoeffding combined bound) Fiz a total failure probability o € (0,1). If

t > max{éln(Q(na_ 1)), Ag ln(2(Na_n))}7

in out

then with probability at least 1 — « both

min f; > max f; and = min f;
1gi§nfl i>n T In 1§z‘§nf’

hold (equivalently, the empirical top-n equals the true top-n, and item n is the empirical
minimum of the top-n).
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Proof Split the total failure probability as o = cuop + @out; for simplicity pick atop = aout =
a/2.
(1) No higher-ranked top item falls below item n. For fixed i < n define
t
Di:=fi—fn= Z Yk(l)7 Yk(z) = 1{trial k is ¢} — 1{trial k is n}.
k=1

Each Yk(i) € [-1,1] and E[D;] = tA,. By Hoeflding’s inequality for bounded summands,

Pr(D; <0)=Pr (Di —E[D;] < —tAi) < exp( — (t§;)2) = exp( - ﬁ)

Union-bounding over i = 1,...,n — 1 and using A; >

Deltaiy, gives
2

tA?
Pr(Ji<n: D;<0)< (n— 1)exp(_ %)
Requiring this to be at most atop = /2 yields the first condition

> 2ow(2l),
A?n e
(2) No outsider overtakes a top-n item. It suffices to ensure the largest outsider
frn+1 is below the threshold halfway between the means of f, and fr,+1. Let

t + A
0 — (pn 2pn+1) _ t(anrl + ;ut).
For any outsider j > n we have p; < p,41 and, by Hoeffding applied to sum of Bernoulli
indicators,

20 — N2 2 2
Pr(f; > 6) =Pr (fj—tpj > 9—tpj) < exp(—%) < exp(—w) = exp(—mTom).

Union-bounding over all N — n outsiders gives

2
Pr(3j>n: f; >0) g(N—n)exp(_tATout),

Requiring this to be at most aout = /2 yields the second condition

2 2(N —
t> ln( ( n) )
Agut @
Combining the two conditions and taking the maximum completes the proof: with the
displayed ¢ both failure events have probability at most «/2, so the union has probability at

most o and thus Pr(ENA) >1—a. O

Appendix D Bernstein bound

Theorem 3 (Bernstein Combined Bound) Fiz a significance level o € (0,1). Let p1 > p2 >
--- > pN with Zivzl p; = 1, and let the cache store n < N items. Define

Ajp = Pn-1 — Pn, Aout := Pn — Pnt1,
2
Viop :=max (p; + pn — (pi —pn)),  Vout :==maxp;(1 —p;) < pnt1(1 — pry1)-
<n >n
If the number of requests t satisfies

In 202D (900 + 2A:)  In 282 (9100 + 2 A0u)
t > max 5 , 5 ,
A2 A

out

then the probability that the top-n items are correctly ranked and no outsider overtakes a

cached item satisfies
Pr(ANE)>1-a.
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Proof We split the total error probability as
Q= Qop + Qout,
and assign a/2 to each event via the union bound.

(1) Preservation of order among the top-n items.
Fix an index i < n. For trial k = 1,...,t, define the comparison random variable

(1) ._ (@) (n)
Y, =X - X,
where X,gj) is the indicator that request k is for item j. Then Y,{fi) €{-1,0,1} and
E[YIC(Z)} =p; —pn = Ay

Define the cumulative difference

By linearity of expectation,
E[D;] = tA;.
Since the trials are independent and identically distributed under the independent

reference model, the variables Yk(i) are i.i.d., hence

t
Var(Dy) = > Var(v") = t Var(y{").

k=1

A direct calculation gives
Var(v{") = E[(v{")"] = EIY{"])* = pi + pn — (ps = pn)™.
Define the worst-case variance among top-n comparisons:
2
Viop 1= rzn<ar)L( (pi + pn — (pi - pn) )

Thus for all i < n,

Var(D;) < tViop.

Applying Bernstein’s inequality with s = tA;, we obtain
s2 tA?
Pr(D; <0)=Pr(D; —E[D;] < —s) < exp( — 72) < exp( — 7’2)
2Var(D;) + 55 2Viop + 54

Let
Ajp ;== minA; = pp—1 — pn.
1

<n
Applying a union bound over all ¢ = 1,...,n — 1, the probability that any top item falls
below item n is at most /2 provided

() (Vi + 380)
. A7

(2) Protection against outsiders.
Fix an item j > n and define

t
— (7)
X;=> 77,
k=1
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where Z ](cj ) indicates whether request k is for item j. Then
Define the uniform variance bound over outsiders:
Vout = maxp;(1 —pj) < ppt1(l — ppt1).
j>n

Set the threshold

A t + 1
ZUt) = (pn Pt ) , Aout 1= Pn — Pn+1-

0:= t(pn—H + 5

Then 6 — tp; > tAout/2.
Applying Bernstein’s inequality yields

0 —tp;)? 2
Pr(X; > 0) <exp| — ( 2p]) <exp| — #‘mg .
2tVout + 3(9 - tpj) 2(2V0ut) + ngut

A union bound over the N —n outsiders gives total error probability at most «/2 provided

In(25) (2Vout + 3 Aour)
A2

out

t>

Finally, requiring both bounds to hold yields
Pr(ANE)>1—aq,

which concludes the proof.
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