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Abstract: Finding the centroid of a fuzzy set is one of the most crucial and significant 
computational tasks in fuzzy logic systems. Since Zadeh's time, centroids of type-1 and type-

2 fuzzy sets have only been used in type-reduction. Although there are some applications for 
type-3 fuzzy control, there is currently no literature on the usage of centroid during type-

reduction. The existing literature currently lacks a method for determining the centroid of the 
type-3 fuzzy set. In this study, we have attempted a relatively straightforward but rigorous 
way to find the centroid of a type-3 fuzzy set using weights in each direction of membership 
variables. This method may also be used to type-2 and type-1 fuzzy sets. Examples are 
provided that compare the computational results and show the computational efficiency of the 
proposed method. 
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1. Introduction 

A fuzzy logic system (FLS) comprised of three steps in case of type-1 fuzzy input and/or rule 
and five steps in case of type-2 or higher. A FLS is referred to as type-1 FLS when it receives 
a type-1 fuzzy set as both an input and an inference rule, and type-2 FLS if any one of these 
elements is a type-2 fuzzy set.  

 

Fig 1: Type-1 Fuzzy Logic System 

 



 

Fig 2: Type-2 Fuzzy Logic System 

When the input/rules are type-1, then output in the FLS is also type-1 and only 
defuzzification is enough to find crisp output as depicted in figure 1. But when it is type-2 
FLS, before defuzzification it is necessary to find a type-1 fuzzy set by type-reduction first. 
Therefore, type-2 FLS requires an additional step, as illustrated in figure 2. Several research 
articles about FLS have been published up to date. In this study, we attempt to concentrate on 
articles that are directly related to the centroid of a fuzzy set. 

Fuzzy set theory originated by Zadeh [31] in his seminal paper of 1965. After that when 
Mamdani started work on fuzzy logic system from 1970s, centroid was used as a 
defuzzification technique. Later on, in 2001, Karnik and Mendel [1] developed an iterative 
method (popularly known as “KM-algorithm”) for finding centroid of interval type-2 fuzzy 
set (IT2FS). There has been a noticeable increase in the rate of publication for this topic since 
this paper. In 2002, Wu and Mendel [20] found inner and outer bound of the type-reduced set 
of fuzzy logic system on the basis of KM-algorithm. In 2006, Wu and Mendel [21] explained 
centroid as measure of uncertainty of type-2 fuzzy set. Then, in 2008, Liu and Mendel [4] did 
an excellent job by deriving the analytical convergence of KM algorithm. In 2009, Wu and 
Mendel [2] did some work on the previous paper of KM algorithm by introducing a better 
initialization through simulation results, which became also popular by the name “Enhanced 
KM (EKM) algorithm”. An opposite direction searching (ODS) algorithm was proposed by 
Hu et al. [22] for computing the centroid of IT2FS. Later, Hu et al. [23] improved the 
performance of the ODS algorithm with two high speed formulae for computing the centroid 
endings, known as Enhanced ODS (EODS) algorithm. Duran et al. [3] proposed an iterative 
process with stopping condition, popularly known as IASC algorithm. Then Wu and Maowen 
[26] better developed the enhanced part of IASC, known as EIASC. In 2012, Melgarejo and 
Celemin [24] proposed another iterative process. For general type-2 fuzzy set (GT2FS), in 
2010 Zhai and Mendel [8] developed centroid flow algorithm, which used alpha-plane 
representation of GT2FS. In 2011, they again did some improvement by changing the starting 
procedure, known as ECF algorithm [16]. Besides these papers, some non-iterative 
procedures also proposed in the literature. Nie-Tan [27] found a non-iterative closed formula 
for IT2FS; Begian et al. [28], [29], [30] did some work on robustness, stability of type-2 fuzzy 
system.  



But after 2012, we did not notice any such theoretical development on the way of higher type 
fuzzy set (either in interval type or general type) centroid, only some review paper and 
hundreds of applications in different hybrid intelligence techniques have been published. 
Although after 2022, Castilo et al. [17] and some other researchers have published some 
papers on type-3 fuzzy set but most of them on applications. Recently, Mohammadzadeh et 
al. [14] published a paper about uncertainty bound of centroid of interval type-3 fuzzy set, 
which can be resembled to the paper of Wu and Mendel [20], except the introduction of a 
new optimization algorithm. 

The main findings of this study are as follows: 

• We attempted to begin investigating the method of determining the centroid of a fuzzy 
set for any type, whether it be type-1, type-2, type-3, or type-n, and whether it is 
interval type or general type.  

• We have also highlighted some shortcomings of previous algorithms, as pointed out in 
the motivation part of section 4. 
 

The organization of this study is as follows. Background information on fuzzy sets is 
presented in Section 2. Section 3 displays some existing algorithms in detail. Our proposed 
technique is developed in section 4. Section 5 shows the computational complexity of our 
method. We have compared our method with other methods in section 6. The main 
conclusions and future directions are summarized in Section 7. 

 

2. Preliminaries 

In this section, some notations and definitions concerning different type of fuzzy sets are 
introduced. For visualisation, see figure 3.  

Fuzzy Set: 𝐴 = ,ݔ)} :(௫ߤ ݔ ∈ ܺ, 0 ≤ ௫ߤ ≤ 1} is a type-1 fuzzy set (T1FS). Here, ߤ௫ is the 
membership value of the point ݔ in the universe of discourse ܺ. 

Type 2 fuzzy set: 𝐴̃ = ,ݔ)} ,ݑ :(௨ߤ ݔ ∈ ܺ, ݑ ∈ ௫ܬ ⊆ [0,1], ௫ܬ :௨ߤ  → [0,1]} is a type-2 FS 
(T2FS). Here, membership value of a point ݔ in ܺ, is not a crisp point like T1FS, rather it is a 
T1FS itself, whose universe of discourse is ܬ௫ ⊆ [0,1] for a point ݔ in ܺ. and the secondary 
membership is represented by the function ߤ௨: ܬ௫ → [0,1]. 
• If ߤ௨(ݑ௜) = ௜ݑ ∀ ,1 ∈  ௫, then 𝐴̃  is an Interval Type-2 Fuzzy Set (IT2FS)ܬ

• If the secondary membership value ߤ௨(ݑ௜) is different for all ݑ௜ ∈  ௫ , then 𝐴̃ is calledܬ
General Type-2 Fuzzy Set (GT2FS). 



   

Fig 3: Left side is a 3D presentation of a GT2FS. Right side presents T1FS, IT2FS and GT2FS respectively. 
Pictures taken from [19] 

Some details about IT2FS: 

• FOU (𝐴̃) = ⋃ ௫௫∈௑ܬ = [𝐴(ݔ), 𝐴(ݔ)], where 𝐴(ݔ) is LMF and 𝐴(ݔ) is UMF for an 
IT2FS. 

• 𝐴̃ = 1/ FOU (𝐴̃). 
• 𝐴௘ = ∑ ௜ݑ ௜⁄ே௜=1ݔ , where ݑ௜ ௫೔ܬ ∋ ⊆ ܷ = [0,1]. 
• Representation Theorem for IT2FS: - FOU (𝐴̃) = ⋃ 𝐴௘௝௡ಲ௜=1 = {𝐴(ݔ),… , 𝐴(ݔ)} =[𝐴(ݔ), 𝐴(ݔ)], where ݊஺ = ∏ ௜ே௜=1ܯ . 

Type-3 fuzzy set: 𝐴̃ = ,ݔ)} ,ݑ ,ݓ :(௪ߤ ݔ ∈ ܺ, ݑ ∈ ௫ܬ ⊆ [0,1], ݓ ∈ ݇௨ ⊆ [0,1], ௪: ݇௨ߤ  →[0,1]} is a type-3 FS (T3FS). Here, membership value of a point ݔ in ܺ, is not a T1FS, rather 
it is a T2FS itself, whose universe of discourse is ܬ௫ ⊆ [0, 1] for a point ݔ in ܺ. and the 
secondary membership is represented by the function ߤ௨: ܬ௫ → [0, 1] and the tertiary 
membership function is represented by  ߤ௪: ݇௨ → [0,1], where ݇௨ is the set of all possible 
membership values of ݑ. We can understand it later geometrically. 

• If ߤ௪(ݓ௜) = ௜ݓ ∀ ,1 ∈ ݇௨, then 𝐴̃  is an Interval Type-3 Fuzzy Set (IT2FS). 
Geometrically we can visualise as ݔ in dimension 1, ݑ in dimension 2, ݓ in 
dimension 3, see figures 10 and 11. 

• If the secondary membership value ߤ௪(ݓ௜) is different for all ݓ௜ ∈ ݇௨, then 𝐴̃ is 
called General Type-3 Fuzzy Set (GT3FS). Geometrically it is a bit tough to visualise 
GT3FS, although we have tried to represent it at the end of section 4. 

 

 



3. Existing Techniques for Finding Centroid 

Several studies on this topic have been published thus far. Just a few of them are novel 
techniques. Some techniques are more promising and those are highlighted in the literature of 
type-reduction part. We can classify these methods in two categories. The first one is for 
interval type-2 fuzzy set (IT2FS) and the second one for general type-2 fuzzy set (GT2FS). 

The Karnik-Mendel (KM), Enhanced KM (EKM), Iterative Algorithm with Stopping 
Condition (IASC), and Enhanced IASC (EIASC) algorithms are the most significant iterative 
techniques for IT2FS. The only non-iterative techniques are the Nie-Tan (NT), Nagar-Bardini 
(NB), and Begian-Melek-Mendel (BMM) methods. Each iterative process is predicated on 
the method produced by the KM algorithm. Therefore, we first highlight the processes in the 
KM algorithm, and then discuss each change or modification for the other techniques. 

 

KM- algorithm [1]: In an IT2FS 𝐴̃, the centroid is a T1FS [ܿ௟(ܮ), ܿ௥(ܴ)] whose midpoint is 
considered as defuzzified crisp value of the output of a FLS. The formulas to find ܿ௟, ܿ௥ are as 
follows: 

Step 1: 

ܿ௟(ܮ) = ௜ߠ∀݊݅݉  ∈ ,(௜ݔ)஺̃ߤ] [(௜ݔ)஺̃ߤ (∑ ௜ே௜=1ߠ௜ݔ ∑ ⁄௜ே௜=1ߠ ) , 

ܿ௥(ܴ) = ௜ߠ∀ݔܽ݉  ∈ ,(௜ݔ)஺̃ߤ] [(௜ݔ)஺̃ߤ (∑ ௜ே௜=1ߠ௜ݔ ∑ ⁄௜ே௜=1ߠ ). 

To find these: initialize ߠ௜ by setting ߠ௜ = (௜ݔ)஺̃ߤ) + ((௜ݔ)஺̃ߤ /2, ݅ = 1, 2, … ,ܰ. and then 

compute 

ܿ/ = ∑ ௜ே௜=1ߠ௜ݔ ∑ ⁄௜ே௜=1ߠ  

Step 2: find ݇ such that ݔ௞ ≤ ܿ/ ≤  ௞+1ݔ

Step 3: set ߠ௜ = ݅ when (௜ݔ)஺̃ߤ ≤ ݇, and  ߠ௜ = ݅ when (௜ݔ)஺̃ߤ ≥ ݇ + 1 and then compute 

 ܿ௟(݇) = ∑ ௫೔ఓಲ̃(௫೔)ೖ೔=1 +∑ ௫೔ఓಲ̃(௫೔)೔ಿ=ೖ+1∑ ఓಲ̃(௫೔)ೖ೔=1 +∑ ఓಲ̃(௫೔)೔ಿ=ೖ+1  

Step 4: if ܿ௟(݇) = ܿ/, then STOP and assign ݇ =  if no, go to step 5 .ܮ

Step 5: set ܿ/ = ܿ௟(݇) and go to step 2. 

A similar technique for ܿ௥(ܴ). 



EKM algorithm [5]: Here, three approaches are different, such as (i) a better initialization is 
used to reduce the number of iterations; (ii) the termination condition of the iterations is 
changed to remove an unnecessary iteration; and (iii) a subtle computing technique is used to 
reduce the computational cost of each of the algorithm’s iterations 

Step 1: ݇ =  [ܰ/2.4], ܿ/ = ௔௕ = ∑ ௫೔ఓಲ̃(௫೔)ೖ೔=1 +∑ ௫೔ఓಲ̃(௫೔)೔ಿ=ೖ+1∑ ఓಲ̃(௫೔)ೖ೔=1 +∑ ఓಲ̃(௫೔)೔ಿ=ೖ+1   

Step 2: find ݇/ such that ݔ௞/ ≤ ܿ/ ≤  ௞/+1ݔ

Step 3: if  ݇/ = ݇, then STOP and set ܿ/ = ܿ௟(ܮ) and ݇ =  if not, go to step 4 .ܮ

Step 4: compute ݏ = sign (݇/ − ݇), and compute 

 ܿ//(݇/) = ௔/௕/ = ௔+௦∑ ௫೔(ఓಲ̃(௫೔)−ఓಲ̃(௫೔))max (ೖ/,ೖ)೔=min(ೖ/,ೖ)+1௕+௦∑ (ఓಲ̃(௫೔)−ఓಲ̃(௫೔))max (ೖ/,ೖ)೔=min(ೖ/,ೖ)+1  

Step 5: set ܿ/ = ܿ//(݇/), ܽ = ܽ/, ܾ = ܾ/ and go to step 2. 

Same applied for right end point ܿ௥(ܴ) of the centroid interval. 

 

EIASC Algorithm: Mendel et al. [5] stated that any optimization algorithm requires a good 
way to (i) initialize it, (ii) move from one step to the next, and (iii) stop. All of the algorithms 
devised for this topic focus on at least one of these criteria. A brute-force way to find ܿ௟(ܮ) or ܿ௥(ܴ) is to compute {ܿ௟(݇)}௞=1ே−1  or {ܿ௥(݇)}௞=1ே−1  and then locate its smallest (largest) element. 
This is called “brute force” (or exhaustive) because it does not focus on a good way to 
initialize the process, move from one step to the next, or stop.  Malgarejo [26] and Duran et 
al. [3] tried to approach by the brute force algorithm in iterative algorithm plus stopping 
condition (IASC) and after that Wu and Nie [27] did some improvements as it was popular as 
EIASC. Table 0 illustrates the corresponding algorithm. 

 

 

 

 

 

 

 



Table 0: EIASC algorithm-results taken from Mendel et al. [5] 

 

In addition to these methods, iterative process for general type-2 fuzzy sets is being popular 
in practice. In last 15 years almost, only two methods other than KM and EKM algorithms 
are Enhanced Central Flow (ECF) algorithm and Improved Enhanced Opposite Direction 
Searching (IEODS) algorithm. It should be remembered that KM and EKM algorithms not 
only useful for IT2FS but also for GT2FS as the main algorithm for finding the centroid of a 
general type-2 fuzzy set (GT2FS) is to first decompose it into a series of alpha-planes and 
then compute the centroid of each plane using an iterative algorithm like the KM or EKM.  

The Centroid Flow Algorithm evaluates the centroids of two end ߙ-planes first using the KM 
or EKM algorithm, then letting the results flow to the centroids of all other ߙ-planes using 
specific connecting equations. 

Before starting the algorithms lets know some background of GT2FS. 

A GT2FS 𝐴̃ can be written in many ways. In vertical slice representation [9] it can be written 

as 𝐴̃ = ∫ [∫ ௨∈௃ೣ∀ (ݑ)௫ߤ ௫∈௑∀ [ݑ/ ,ݔ where ,ݔ/  are the primary and secondary variable ݑ

respectively, ܬ௫(⊆ [0,1])is the primary membership of ݔ  and ߤ௫(ݑ) is the secondary 
membership (which can be regarded as primary membership of ݑ). But in wavy-slice 
representation [6], 𝐴̃ can be written as union of all embedded T2FS 𝐴௘̃, where 𝐴௘̃ =∫ ௫∈௑ ݔ/[ݑ/(ݑ)௫ߤ]  (here, every x has a single membership u), i.e., 𝐴̃ = ⋃ 𝐴௘̃∀஺೐̃ . 

Another important thing is FOU(𝐴̃) which is the shaded area of the figure(a), which can be 
expressed as 

 ∫ [∫ ௨∈௃ೣ∀ (ݑ)௫ߤ) ≥ ௫∈௑∀ [ݑ/(0  .ݔ/

https://www.google.com/search?q=Improved+Enhanced+Opposite+Direction+Searching+Algorithm+%28IEODS%29&sca_esv=a8f019cb040fdb7a&sxsrf=AE3TifNxACZXoPOgSinacNeXJxjGtKK2jQ%3A1764039842174&source=hp&ei=ohwlaaeYCN2wwcsPq5KYyAc&iflsig=AOw8s4IAAAAAaSUqsr423_d_Q_xHMw3C5JEd3yeks254&oq=&gs_lp=Egdnd3Mtd2l6IgAqAggIMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMg0QLhjRAxjHARgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCSJQoUABYAHABeACQAQCYAQCgAQCqAQC4AQHIAQCYAgGgAgmoAgqYAwnxBRh1NbAJUsTKkgcBMaAHALIHALgHAMIHAzItMcgHBw&sclient=gws-wiz&mstk=AUtExfCjcDH89_MlXC7d4UVsnribqsGaoSjjc5QPAS9C67RPZ6lofVCV7H68-Cez_msestcZxHRjmmWgn6nX5r5ez_IfwWZCGm2Y3K4H9F11lMvR0mDPxeEo-uUWlJ94TWUgt8ihdUkaoqaY2lQHqrjy-BGzmfi8M4CWTvSvwB71xCfOOcU&csui=3&ved=2ahUKEwjRmbzEqIyRAxUER2cHHRDjN8wQgK4QegQIAhAC
https://www.google.com/search?q=Improved+Enhanced+Opposite+Direction+Searching+Algorithm+%28IEODS%29&sca_esv=a8f019cb040fdb7a&sxsrf=AE3TifNxACZXoPOgSinacNeXJxjGtKK2jQ%3A1764039842174&source=hp&ei=ohwlaaeYCN2wwcsPq5KYyAc&iflsig=AOw8s4IAAAAAaSUqsr423_d_Q_xHMw3C5JEd3yeks254&oq=&gs_lp=Egdnd3Mtd2l6IgAqAggIMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMg0QLhjRAxjHARgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCMgcQIxgnGOoCSJQoUABYAHABeACQAQCYAQCgAQCqAQC4AQHIAQCYAgGgAgmoAgqYAwnxBRh1NbAJUsTKkgcBMaAHALIHALgHAMIHAzItMcgHBw&sclient=gws-wiz&mstk=AUtExfCjcDH89_MlXC7d4UVsnribqsGaoSjjc5QPAS9C67RPZ6lofVCV7H68-Cez_msestcZxHRjmmWgn6nX5r5ez_IfwWZCGm2Y3K4H9F11lMvR0mDPxeEo-uUWlJ94TWUgt8ihdUkaoqaY2lQHqrjy-BGzmfi8M4CWTvSvwB71xCfOOcU&csui=3&ved=2ahUKEwjRmbzEqIyRAxUER2cHHRDjN8wQgK4QegQIAhAC


ࢻ  −  is also a major pillar in the development of the literature [7] ࢔࢕࢏࢚ࢇ࢚࢔ࢋ࢙ࢋ࢘࢖ࢋ࢘ ࢋ࢔ࢇ࢒࢖
involving centroid of GT2FS. ߙ − ߙ of a GT2FS is nothing but the analogy of ݈݁݊ܽ݌ −  ݐݑܿ
in a T1FS, i.e., the union of all primary memberships whose secondary memberships are 

greater than or equal to ߙ, so that ߙ − 𝐴ఈ̃ ݈݁݊ܽ݌ = ∫ [∫ ௨∈௃ೣ∀ (ݑ)௫ߤ) ≥ ௫∈௑∀ [ݑ/(ߙ ݔ/ =⋃ 𝐴௘(ߙ)∀஺೐(ఈ) , where 𝐴௘(ߙ) is an embedded T1FS of the embedded T2FS 𝐴௘̃, lying inside 

FOU(𝐴̃). Also, a very interesting aspect here we observe that, if we vary ߙ, we will get a 
nested ߙ −plane on the ݔ − ߙ plane. For ݑ = 1, the ߙ −plane is a single embedded T1FS 𝐴௘(1) as a curve lied on ݔ − ߙ plane inside the FOU(𝐴̃). For ݑ = 0, the ߙ −plane is the 
whole FOU(𝐴̃).  

Now we have to understand the ࢻ − (ߙ|ݔ)which is expressed as [8] ܵ஺̃ (ݑ)௫ߤ of the curve ࢚࢛ࢉ = ݑ} ∈ (ݑ)௫ߤ|௫ܬ ≥ ,(ߙ|ݔ)௅ܵ] = {ߙ ܵோ(ߙ|ݔ)], where ܵ௅(ߙ|ݔ) and ܵோ(ߙ|ݔ) are the 
end points of the ߙ −  .A visualisation is from [8] here is in figures 5(a) and 5(b) .ݐݑܿ

 

Fig. 5(a): shaded region is FOU of an IT2FS. Fig. 5(b): u-ߤ௫(ݑ) plane through the line of ܬ௫ 

 

In figure 5(a), the depiction of ܵ஺̃(ݔ௜|ߙ) is slightly wrong as expressed by Zhai and Mendel 
[8], as definition of ܵ஺̃(ݔ௜|ߙ) says that it is the collection of those ݑ’s from ܬ௫೔  whose 
membership value is greater than or equal to ߙ, so definitely ܵ஺̃(ݔ௜|ߙ) should lie on ܬ௫೔   as the 
projection of ௫݂೔(ݑ) on the ݔ − ௫೔ܬ is a line segment on (ߙ|௜ݔ)plane (since ܵ஺̃ ݑ   ) and the 



curve ߤ௫೔(ݑ) is here in the picture shown as ௫݂೔(ݑ) which is a 3D curve (lie above ܬ௫ along ݑ − ௫݂೔(ݑ) plane) and union of all of such curves (for all ݅) will make the actual secondary 
membership function (MF) which is a 3D surface based above the ݔ −  ௜, theݔ we imagine a plane that would be the figure 5(b) above. Whatever, for all (ݑ)plane. If along every ௫݂೔ ݑ

accumulated  ܵ஺̃(ߙ|ݔ) is union of ܵ஺̃(ݔ௜|ߙ) and finally making the ߙ −  𝐴ఈ̃. So ݈݁݊ܽ݌
basically, for an embedded T2FS 𝐴ఈ̃, ܵோ(ߙ|ݔ) becomes the UMF and ܵ௅(ߙ|ݔ) becomes the 
LMF of the FOU(𝐴ఈ̃). So obviously, when ߙ = 0, the corresponding ܵோ(ߙ|ݔ) and ܵ௅(ߙ|ݔ) 
becomes the UMF and LMF of the whole FOU(𝐴̃). 

So the ߙ −  of 𝐴̃ is ݊݋݅ݐܽݐ݊݁ݏ݁ݎ݌݁ݎ ݈݁݊ܽ݌

 𝐴̃ = ⋃ 𝐴ఈ̃ఈ∈[0,1]/ߙ = ⋃ ⋃]/ߙ 𝐴௘(ߙ)∀஺೐(ఈ) ]ఈ∈[0,1] . So that we can visualize this as a 

collection of nested areas (with membership) whose intersection is 𝐴1̃ and union is 𝐴0̃. 

In CF algorithm, Zhai and Mendel [8] assumed that the secondary MF is convex, which is 
also a constraint and will be discussed in section 5. hence, ߤ௫೔(ݑ) is divided into two parts, 
first one is ݃௫(ݑ) which is increasing from ܵ௅(0|ݔ) to ܵ௅(1|ݔ) and the second one is ℎ௫(ݑ)  
decreasing from ܵோ(1|ݔ) to ܵோ(0|ݔ). Then using ܵோ(ߙ|ݔ) as UMF and ܵ௅(ߙ|ݔ) as LMF, 
centroid of each ߙ −  is computed by KM algorithm and finally union of all of the ݈݁݊ܽ݌
centroids is the actual centroid of 𝐴̃. But the uniqueness of this algorithm is that KM 
algorithm is needed for only one ߙ −  and then using that centroid ܿ(𝐴̃ఈ) to its ݈݁݊ܽ݌
neighbouring ߙ − ߙ) named as) ݈݁݊ܽ݌ + ௦ܶ) −  by some connection equations. These (݈݁݊ܽ݌
equations actually are relation between ܵோ(ߙ|ݔ) and ܵோ(ߙ|ݔ + ௦ܶ) and ܵ௅(ߙ|ݔ) and ܵ௅(ߙ|ݔ + ௦ܶ) as can be realised from figure 5(b). ܵ௅(ߙ|ݔ + ௦ܶ) ≈ ܵ௅(ߙ|ݔ) + ௦ܶ/݃/(ܵ௅(ߙ|ݔ)) and 

 ܵோ(ߙ|ݔ + ௦ܶ) ≈ ܵோ(ߙ|ݔ) + ௦ܶ/ℎ/(ܵோ(ߙ|ݔ)) which are known as ߙ −  connection ݈݁݊ܽ݌

equations, where ݃/(ܵ௅(ߙ|ݔ)) is the gradient of ݃௫(ݑ)  at ݔ = ܵ௅(ߙ|ݔ), and  

 ℎ/(ܵோ(ߙ|ݔ)) is the gradient of ℎ௫(ݑ)  at ݔ = ܵோ(ߙ|ݔ). 
Starting the calculation of finding centroid in each ߙ − ߙ from ݈݁݊ܽ݌ = 0 − ߙ up to ݈݁݊ܽ݌ =1 − ,they did accumulate collection of ܿ௟(𝐴ఈ̃) and ܿ௥(𝐴ఈ̃) i.e., collection of centroids ܿ(𝐴ఈ̃) ,(increament is ௦ܶ-ߙ where, step-length of)  ݈݁݊ܽ݌ ߙ = 0, ௦ܶ, 2 ௦ܶ, … ,1. Finally, the 

centroid ܿ(𝐴̃) = ⋃ ܿ(𝐴ఈ̃)ఈ∈[0,1] . 
For more details, see section 4 of Zhai and Mendel [8]. But Zhai and Mendel [16] again in 
2011, did some tuning on their own work of CF algorithm to eliminate some error generated 
in each  ߙ − plane and named it as Enhanced CF algorithm. In this paper, they started from 



median ߙ = ெߙ − plane to both upwards and downwards so that the accumulating error in 
CF algorithm could reduce to half.  

However, in both of these algorithms, we can find centroids of a prespecified number of ߙ − 
planes and after aggregating those the final centroid interval comes, which is again 
considered as a type-1 fuzzy set but no information about the membership function is 
provided. 

 

4. Proposed Method 

Before proposing new method, we want to showcase the different aspect of motivation 
behind the work. 

Motivation 1: Each iterative process developed so far, all of them have expressed the type-

reduced set as a T1FS, but we don’t know the MF of that set. So, we tried to eliminate the 
problem of incorporating a new MF to the centroid interval and directly find a crisp point 
which may be regarded as the centroid. In a summary we are by-passing the two steps of 
type-reducing & defuzzification with our method. That motivates us to develop such a 
method, filling the gap. 

Motivation 2: The very popular centroid flow algorithm [8] has a limitation which we 
mentioned earlier that the secondary MF was assumed as a convex set. We want 
generalization, since in reality any type of surface can truly exist as a secondary MF.  

Motivation 3: We looked for a method that could be both computationally easy and 
adaptable to any form of fuzzy set because the computation complexity of the earlier 
methods, such as alpha-plane decomposition and many other steps do take a lot of 
computation time.  

Motivation 4: To the best of our knowledge, no publication has been found about the 
centroid of a type-3 fuzzy set. We will be able to find the centroid in both interval type-3 and 
general type-3 fuzzy set using our method. Furthermore, we can find centroid in any higher 
type also (if required). It is noteworthy to highlight that only interval type-3 fuzzy sets 
(IT3FS) [10], [11], [12], [13], and [14] have been presented as the most recent in research on 
a variety of issues (not related to centroids); general type-3 fuzzy sets (GT3FS) have not yet 
been established. Even in 2025, Castillo et al. [12] mentioned that there is no method for 
calculating centroid yet as he wrote “…some theoretical achievement would be needed, like 
better (faster) type reduction methods and possibly other ways to reduce the number of 
inferences needed, like through the use of shadow sets. Finally, there is also possible 
theoretical work to be carried out on general type-n fuzzy logic, with this generalizing the 
form of the fuzzy sets even more…”. Mohammadzadeh [15] proposed a type-reduction of 



type-3 fuzzy set based on the theorem of uncertainty bounds for IT3FS, but not direct result 
of centroid.   
After developing our strategy, we will eventually show that GT3FS is possible in some 
instances.  

We are proposing a straightforward method to find centroid of fuzzy set. This method easily 
can be applied to any type, e.g., for type-1 or type-2 or type-3 or higher (if possible, in 
future). We are going to apply type-1 centroid finding method to every ݔ −  plane ݑ
corresponding to each ݔ of ܺ in case of type-2 fuzzy set. for type-3 fuzzy set, formula goes as 
the same way. 

For a type-1 fuzzy set 𝐴, centroid ܿ஺ = ∑ ௫೔௨೔೔ಿ=1∑ ௨೔೔ಿ=1 , where ݔ௜ ∈ ܺ, ௜ݑ ∈ [0,1], as there is no 

confusion about the method of finding centroid of a T1FS , as pioneered by Zadeh. Although, 
in every type-reduction method, when a higher type FS is reduced to a centroid interval 
which is a T1FS, get defuzzified by just averaging two end points of that set, which is against 
the motive of this paper. 

Let us consider a point ݔ௞(݇ ∈ {1,2, …… ,ܰ}) (where ܰ is the number of discretisation of 
support of the primary variable ݔ) in the type-2 fuzzy set 𝐴̃. Hence, if we visualize the ݔ −  ݑ
plane through the point ݔ௞, then we can see a curve ݓ = ݑ for ,(ݑ)݂ ∈ ௫ೖ௨ܬ ⊆ [0,1] (in 
continuous secondary MF) or ݓ௝ = ௝ݑ for (௝ݑ)݂ ∈ ௫ೖ௨ܬ ⊆ [0,1] (in case of discrete secondary 
MF). If we discretize the line segment connecting (ݔ௞, ,௞ݔ) and (1ݑ  ௞ points, thenܯ ெೖ) intoݑ

centroid of type-1 fuzzy set ܷ௞̃ is obviously 
∑ ௨ೖೕ௪ೕಾ೔ೕ=೔∑ ௪ೕಾ1ೕ=1 , which can be considered (intuitively) 

as the weight of the point ݔ௞. So, for a general type-2 fuzzy set 𝐴̃, centroid can be defined as  

ܿ஺̃ = ௫1∑ ೠ1ೕೢ1ೕಾ1ೕ=1∑ ೢ1ೕಾ1ೕ=1 +௫2∑ ೠ2ೕೢ2ೕಾ2ೕ=1∑ ೢ2ೕಾ2ೕ=1 +⋯+௫ಿ∑ ೠೀೢೀಾೀ=1∑ ೢೀಾೀ=1∑ ೠ1ೕೢ1ೕಾ1ೕ=1∑ ೢ1ೕಾ1ೕ=1 +∑ ೠ2ೕೢ2ೕಾ2ೕ=1∑ ೢ2ೕಾ2ೕ=1 +⋯+∑ ೠೀೢೀಾೀ=1∑ ೢೀಾೀ=1
= ∑ ∑࢏࢞) ∑૚=࢐࢏ࡹ࢐࢏࢐࢝࢏࢛ ૚=࢐࢏ࡹ࢐࢏࢝ ૚=࢏ࡺ(

∑ (∑ ∑૚=࢐࢏ࡹ࢐࢏࢐࢝࢏࢛ ૚=࢐࢏ࡹ࢐࢏࢝ ૚=࢏ࡺ(            (1) 

In continuous case, let  1݂(ݔ, ,ݑ ݑ ௪=0 (let|(ݓ = ,ݔ)and ݃1((ݔ)݂ ,ݑ ݑ ௪=0 (let|(ݓ =  are((ݔ)݃
upper & lower MF of the general type-2 fuzzy set 𝐴̃, and ℎ1(ݔ, ,ݑ ݓ ݐ݈݁) (ݓ = ℎ(ݔ,  be the((ݑ
secondary MF, then equation (1) will be 

 ܿ஺̃ = ∫ ௫ೣಿೣ1 (∫ ೠ.ℎ(ೣ,ೠ)೑(ೣ)೒(ೣ)  ೏ೠ∫ ℎ(ೣ,ೠ)೑(ೣ)೒(ೣ)  ೏ೠ ) ௗ௫
∫ (∫ ೠ.ℎ(ೣ,ೠ)೑(ೣ)೒(ೣ)  ೏ೠ∫ ℎ(ೣ,ೠ)೑(ೣ)೒(ೣ)  ೏ೠ )ೣಿೣ1  ௗ௫    = 

∫ ௫ೣಿೣ1 (∫ ೠ.ℎ(ೣ,ೠ)ೆಾಷಽಾಷ  ೏ೠ∫ ℎ(ೣ,ೠ)ೆಾಷಽಾಷ  ೏ೠ ) ௗ௫∫ (∫ ೠ.ℎ(ೣ,ೠ)ೆಾಷಽಾಷ  ೏ೠ∫ ℎ(ೣ,ೠ)ೆಾಷಽಾಷ  ೏ೠ )ೣಿೣ1  ௗ௫       (2) 

In case of interval type-2 fuzzy set the formula (1) should be like below. 



Since, the secondary membership value is 1 for all ݑ௝ ∈ ௫ೖ௨ܬ , i.e., ݓ௜௝ = 1, ∀݅ ∈{1,2, … ,ܰ}, ∀݆ ∈ {1,2, … ௞}, therefore, centroid of type-1 fuzzy set ܷ௞̃ is obviously be ௨1+௨ಾೖ2ܯ, . That means, if we focus on whole foot of uncertainty, then to calculating centroid on 

each ݔ −   plane, it would be ݑ

 
௫1ೠ11+ೠ1ಾ12 +௫2ೠ21+ೠ2ಾ22 +⋯+௫ಿೠಿ1+ೠಿ,ಾಿ2ೠ11+ೠ1ಾ12 +ೠ21+ೠ2ಾ22 +⋯+ೠಿ1+ೠಿ,ಾಿ2 = ∑ ௫೔(௨೔1+௨೔ಾ೔)೔ಿ=1∑ (௨೔1+௨೔ಾ೔)೔ಿ=1       (3) 

(௫1௨11+௫2௨21+⋯+௫ಿ௨ಿ1)+(௫1௨1ಾ1+௫2௨2ಾ2+⋯+௫ಿ௨ಿ,ಾಿ)(௨11+௨21+⋯+௨ಿ1)+(௨1ಾ1+௨2ಾ2+⋯+௨ಿ,ಾಿ)    

=
∫ ௫(௅ெிೣಿೣ1 +௎ெி)  ௗ௫∫ (௅ெிೣಿೣ1 +௎ெி)  ௗ௫  [in continuous case]        (4) 

This is same as Nie-Tan [27] algorithm which is obviously thought as a special case of our 
method. 

Also from equation (2) we can derive the same equation as we can say that for interval type-2 

fuzzy set, ݓ = ℎ(ݔ, (ݑ = 1, so 
∫ ௨.ℎ(௫,௨)೑(ೣ)೒(ೣ)  ௗ௨∫ ℎ(௫,௨)೑(ೣ)೒(ೣ)  ௗ௨ = [௨2 2⁄ ]೒(ೣ)೑(ೣ)[௨]೒(ೣ)೑(ೣ) = ௙(௫)+௚(௫)2 , so equation (2) 

becomes ܿ஺̃ = ∫ ௫ೣಿೣ1 (೑(ೣ)+೒(ೣ)2 ) ௗ௫∫ (೑(ೣ)+೒(ೣ)2 )ೣಿೣ1  ௗ௫ = ∫ ௫ೣಿೣ1 (௙(௫)+௚(௫)) ௗ௫∫ (௙(௫)+௚(௫))ೣಿೣ1  ௗ௫ = ∫ ௫ೣಿೣ1 (௎ெி+௅ெி) ௗ௫∫ (௎ெி+௅ெி)ೣಿೣ1  ௗ௫ , which is same as 

equation (4). 

Now, we can propagate the same technique in case of type-3 fuzzy set also. 

Let ̃ܤ is an interval type-3 fuzzy set. now for every ݔ௞ ∈  there is an interval type-2 fuzzy ,ܤ̃
set ܷ௞̃. At a point ݑ௞௝ along u-axis, we visualize the ݑ −  is the primary ݓ plane (where ݓ

membership of ܷ) and calculate the centroid as(௪ೖೕ,1+௪ೖೕ,ಾೖೕ2 ) of the line segment(discretising 

the line segment at ܯ௞௝ points) connecting (ݑ௞௝, ,௞௝ݑ) ௞௝,1) withݓ  ௞௝,ெೖೕ)[sinceݓ

membership value of each ݓ௜௝,௧( ݂ݐ ݎ݋ = 1,…  is a interval type-3 fuzzy ܤ̃ ௜௝) is unity asܯ,

set] .Then the centroid of the type-2 fuzzy set ܷ௞̃ is  

ܿ(ܷ௞̃) = ௨ೖ1(ೢೖ1,1+ೢೖ1,ಾೖ12 )+௨ೖ2(ೢೖ2,1+ೢೖ2,ಾೖ22 )+⋯+௨ೖಾೖ(ೢೖಾೖ,1+ೢೖಾೖ,ಾೖಾೖ2 )
(ೢೖ1,1+ೢೖ1,ಾೖ12 )+(ೢೖ2,1+ೢೖ2,ಾೖ22 )+⋯+(ೢೖಾೖ,1+ೢೖಾೖ,ಾೖಾೖ2 )    

= ∑ ௞௝ݑ ௞௝,1ݓ) + ௞௝,ெೖೕ2ݓ )ெೖ௝=1∑ ௞௝,1ݓ) + ௞௝,ெೖೕ2ݓ )ெೖ௝=1  



Therefore, centroid ܿ஻̃ = ∑  )࢏࢞
 ∑ ࢛࢑࢐࢝)࢑࢐,૚+࢝࢑࢐ࡹ,࢑࢐૛ ∑૚=࢑࢐ࡹ( (࢝࢑࢐,૚+࢝࢑࢐ࡹ,࢑࢐૛ ૚=࢑࢐ࡹ( ) 

૚=࢏ࡺ 
∑ ( 

 ∑ ࢛࢑࢐࢝)࢑࢐,૚+࢝࢑࢐ࡹ,࢑࢐૛ ∑૚=࢑࢐ࡹ( (࢝࢑࢐,૚+࢝࢑࢐ࡹ,࢑࢐૛ ૚=࢑࢐ࡹ( ) 
૚=࢏ࡺ 
= ∑ ∑)࢏࢞ ࢛࢑࢐(࢝࢑࢐,૚+࢝࢑࢐ࡹ,࢑࢐)࢑࢐ࡹ=૚∑ (࢝࢑࢐,૚+࢝࢑࢐ࡹ,࢑࢐)࢑࢐ࡹ=૚ ૚=࢏ࡺ(

∑ (∑ ࢛࢑࢐(࢝࢑࢐,૚+࢝࢑࢐ࡹ,࢑࢐)࢑࢐ࡹ=૚∑ (࢝࢑࢐,૚+࢝࢑࢐ࡹ,࢑࢐)࢑࢐ࡹ=૚ ૚=࢏ࡺ(              (5) 

So, geometrically, if ݂(ݔ௞, ,ݑ ,௞ݔ)݃ and (ݓ ,ݑ  be two continuous curves indicating the (ݓ
upper and lower MF for the interval type-2 fuzzy set ܷ௞̃, then 

ܿ(ܷ௞̃) = ∫ ݑ (݂ + ݃2 ) ∫௨ೖಾೖ௨ೖ1ݑ݀  (݂ + ݃2 ) ௨ೖಾೖ௨ೖ1ݑ݀   

is the centroid of the line segment connecting (ݔ௞, ,௞ݔ) ௞1) andݑ  ௞ is theܯ ௞ெೖ), (whereݑ
discretisation of the line segment). 

But the points 11ݑ, ,21ݑ … ,  ே1 lies on the lower MF (LMF) of the FOU of interval type-2ݑ
fuzzy set ̃ܤ, whereas the points 1ݑெ1 , 2ெ2ݑ , … ,  ேெಿ lies on the upper MF (UMF) of the FOUݑ

of ̃ܤ. 

So,   ܿ஻̃ = ∫ ௫(∫ ೠ(೑+೒2 )ೆಾಷಽಾಷ ೏ೠ∫ (೑+೒2 )ೆಾಷಽಾಷ ೏ೠ )ௗ௫ೣಿೣ1
∫ (∫ ೠ(೑+೒2 )ೆಾಷಽಾಷ ೏ೠ∫ (೑+೒2 )ೆಾಷಽಾಷ ೏ೠ )ௗ௫ೣಿೣ1

= ∫ ௫(∫ ೠ(ೆಾಷ2+ಽಾಷ2)ೆಾಷ1ಽಾಷ1 ೏ೠ∫ (ೆಾಷ2+ಽಾಷ2)ೆಾಷಽಾಷ ೏ೠ )ௗ௫ೣಿೣ1∫ (∫ ೠ(ೆಾಷ2+ಽಾಷ2)ೆಾಷಽಾಷ ೏ೠ∫ (ೆಾಷ2+ಽಾಷ2)ೆಾಷಽಾಷ ೏ೠ )ௗ௫ೣಿೣ1      (6) 

Here, we are expressing limits of FOU of for primary membership as [LMF1, UMF1] and 
limits of FOU for secondary membership as [LMF2, UMF2]. 

We are now ready to summarise formulas for centroid for different type of fuzzy sets, which 
is shown in Table-1. In Table-1, column 2 and 4 showing formula for centroid in discrete and 
continuous case respectively.  

If we attempt to generalize the formula for interval type fuzzy sets (either type-2 or type-3), it 
is simple to understand that in order to find the centroid, we have to first average the last set 
of LMF and UMF, then putting that as a weight to its previous membership grade to find the 
weighted average of that grade, and continuing that process, finally find the centroid.  

But for generalized type fuzzy sets (either it is GT2FS or GT3FS), the techniques are little 
different (although GT3FS is yet to develop in literature, we will demonstrate it for 

calculation purpose). Since for GT3FS, 
௪ೖೕ,1+௪ೖೕ,ಾೖೕ2  of equation (5) will convert to 



∑ ௪ೖೕ,೗௩ೖೕ,೗ಾೖೕ೗=1∑ ௩ೖೕ,೗ಾೖೕ೗=1  , where ݒ௞௝,௟ is the weight of the ݓ௞௝,௟ i.e., ݒ represents the tertiary membership 

grade. So, the centroid of a GT3FS be  

  c(𝐴̃) =  
∑ ௫೔

( 
   ∑ ೠೖೕ(∑ ೢೖೕ,೗ೡೖೕ,೗ಾೖೕ೗=1∑ ೡೖೕ,೗ಾೖೕ೗=1 )ಾೖೕ=1

∑ (∑ ೢೖೕ,೗ೡೖೕ,೗ಾೖೕ೗=1∑ ೡೖೕ,೗ಾೖೕ೗=1 )ಾೖೕ=1 ) 
   ೔ಿ=1

∑
( 
   ∑ ೠೖೕ(∑ ೢೖೕ,೗ೡೖೕ,೗ಾೖೕ೗=1∑ ೡೖೕ,೗ಾೖೕ೗=1 )ಾೖೕ=1

∑ (∑ ೢೖೕ,೗ೡೖೕ,೗ಾೖೕ೗=1∑ ೡೖೕ,೗ಾೖೕ೗=1 )ಾೖೕ=1 ) 
   ೔ಿ=1

                  (7) 

In continuous version, this become  

∫ ௫(  
 ∫ ೠ(∫ ೢೡೆಾಷ2ಽಾಷ2   ೏ೢ∫ ೡೆಾಷ2ಽಾಷ2   ೏ೢ )ೆಾಷ1ಽಾಷ1 ೏ೠ

∫ (∫ ೢೡೆಾಷ2ಽಾಷ2   ೏ೢ∫ ೡೆಾಷ2ಽಾಷ2   ೏ೢ )ೆಾಷಽಾಷ ೏ೠ )  
 ௗ௫ೣಿೣ1

∫ (  
 ∫ ೠ(∫ ೢೡೆಾಷ2ಽಾಷ2   ೏ೢ∫ ೡೆಾಷ2ಽಾಷ2   ೏ೢ )ೆಾಷ1ಽಾಷ1 ೏ೠ

∫ (∫ ೢೡೆಾಷ2ಽಾಷ2   ೏ೢ∫ ೡೆಾಷ2ಽಾಷ2   ೏ೢ )ೆಾಷಽಾಷ ೏ೠ )  
 ௗ௫ೣಿೣ1

                    (8)

  

We are proposing the name of the method as (weight in all direction) WAD method. Hence, 
we can put the algorithm to find centroid for interval type and general type differently. 

Algorithm for centroid of Interval Type Fuzzy Set (ITFS): 

(i) Find average (݈ܿ(݅)) of UMF and LMF of the foot of uncertainty (FOU) of last 
membership grade. 

(ii) Put ݈ܿ(݅) as weight of previous grade to find weighted average (݈ܿ(݅ − 1)) of that 
grade. 

(iii) Continue process (ii) until the primary membership grade reached, to find ݈ܿ(1), 
which is the centroid of the ITFS. 

Algorithm for centroid of General Type Fuzzy Set (GTFS): 

(i) Find weighted average of last membership grade as ݈ܿ(݃). 
(ii) Put ݈ܿ(݃) as the weight of previous grade to find the weighted average (݈ܿ(݃ −1)) of that grade. 
(iii) Continue process (ii) until the primary membership grade reached, to find ݈ܿ(1), 

which is the centroid of the GTFS. 



As we can observe that, the first step of the two algorithms is different but same in nature. 
Because, if we apply the step (i) of GTFS Algorithm to the step (i) of ITFS Algorithm, we can 
find the same value. So, the GTFS Algorithm is more general in nature. 

In future, if General Type Fuzzy Sets of higher type are to develop by chance, we can apply 
this technique to find centroid similarly. The most advantageous part of this method is that, 
not only we don’t have to develop new technique; we can envisage purpose of higher type 
fuzzy set according to the algorithm devised here. That is if the last variable of interval fuzzy 
set of any type changed from fixed value to fuzzified value, the underlying fuzzy set becomes 
general type. So, in case of GT3FS, it seems that the tertiary variables don’t have unit value 
for all, rather they have fuzzy values. So, instead of homogeneous volume in figure 5(a), we 
have to consider heterogeneous volume in case of GT3FS. Whatever may be the visualisation 
of GT3FS, the formula for finding the centroid is always same as equation (8) in case of 
continuous heterogeneous volume (equation (7) holds for discrete case).



Table 1: Formula of centroid in WAD algorithm for different type fuzzy sets (both in discrete and continuous case) 

Type of 
fuzzy set 

Formula for centroid (Discrete case) 
Description of variables, 
functions 

Formula for centroid (Continuous case) 
Description of variables, 
functions 

T1FS (𝐴) 
∑ ∑௜ே௜=1ݑ௜ݔ ௜ே௜=1ݑ  

௜ݔ ∈ 𝐴,  ௜ are the membershipݑ
value of ݔ௜, ݑ௜ ∈ [0,1] ∫ ∫௫ಿ௫1ݔ݀ ݑݔ ௫ಿ௫1ݔ݀ ݑ  

ݔ ∈ 𝐴,  is membership ݑ
grade of ݔ 

GT2FS (𝐴̃) ∑ ௜ݔ) ∑ ∑௜௝ெ೔௝=1ݓ௜௝ݑ ௜௝ெ೔௝=1ݓ )ே௜=1
∑ (∑ ∑௜௝ெ೔௝=1ݓ௜௝ݑ ௜௝ெ೔௝=1ݓ )ே௜=1  

௜ݔ ∈ 𝐴  ̃for ݅ = 1,… ,ܰ,  
݆ ௜௝(forݑ  = 1,…  ௜) isܯ,
membership value for ݔ௜ ,  
݅ ௜௝(forݓ   = 1,… ,ܰ and ݆ =1,…  ௜) is membership valueܯ,
of ݑ௜௝ 

∫ ௫ಿ௫1ݔ (∫ .ݑ ℎ(ݔ, ௎ெி௅ெி(ݑ ∫ݑ݀  ℎ(ݔ, ௎ெி௅ெி(ݑ ݑ݀  ) ݔ݀ 
∫ (∫ .ݑ ℎ(ݔ, ௎ெி௅ெி(ݑ ∫ݑ݀  ℎ(ݔ, ௎ெி௅ெி(ݑ ݑ݀  )௫ಿ௫1 ݔ݀   

,1ݔ  & ே are two endpoints of  𝐴̃, LMF & UMF are lowerݔ
upper limit of the FOU for 
primary membership, ℎ(ݔ,  (ݑ
is the secondary MF 

IT2FS (𝐴̃) ∑ ௜1ݑ)௜ݔ + ∑௜ெ೔)ே௜=1ݑ ௜1ݑ) + ௜ெ೔)ே௜=1ݑ  

௜ݔ ∈ 𝐴  ̃for ݅ = 1,… ,௜1ݑ ܰ,  ௜ெ೔ are min & maxݑ
membership value of ݔ௜  ∫ ௫ಿ௫1ݔ ܨܯܷ) + ∫ݔ݀ (ܨܯܮ ܨܯܷ) + ௫ಿ௫1(ܨܯܮ ݔ݀   

,1ݔ  & ே are two endpoints of  𝐴̃, LMF & UMF are lowerݔ
upper limit of the FOU for 
primary membership 



GT3FS (𝐴̃) 
∑   )௜ݔ

 ∑ ௞௝ݑ (∑ ∑௞௝,௟ெೖೕ௟=1ݒ௞௝,௟ݓ ௞௝,௟ெೖೕ௟=1ݒ )ெೖ௝=1
∑ (∑ ∑௞௝,௟ெೖೕ௟=1ݒ௞௝,௟ݓ ௞௝,௟ெೖೕ௟=1ݒ )ெೖ௝=1 )  

 ே௜=1

∑
(  
 ∑ ௞௝ݑ (∑ ∑௞௝,௟ெೖೕ௟=1ݒ௞௝,௟ݓ ௞௝,௟ெೖೕ௟=1ݒ )ெೖ௝=1

∑ (∑ ∑௞௝,௟ெೖೕ௟=1ݒ௞௝,௟ݓ ௞௝,௟ெೖೕ௟=1ݒ )ெೖ௝=1 )  
 ே௜=1

 

௜ݔ ∈ 𝐴  ̃for ݅ = 1,… ,ܰ 

 ௞௝ is the membership valueݑ 
for ݔ௞ , ݆ = 1,…  ௞ܯ,

,௞௝,1ݓ   & ௞௝,ெೖೕ are the minݓ

max secondary membership 
(primary for ݑ௞௝) 
 ௞௝,௟  is tertiary membershipݒ 
grade, ݈ = 1,…  ௞௝ܯ,

∫   )ݔ
 ∫ ݑ (∫ ௎ெி2௅ெி2ݒݓ ∫ݓ݀   ௎ெி2௅ெி2ݒ ݓ݀   )௎ெி1௅ெி1 ݑ݀
∫ (∫ ௎ெி2௅ெி2ݒݓ ∫ݓ݀   ௎ெி2௅ெி2ݒ ݓ݀   )௎ெி௅ெி ݑ݀ )  

௫ಿ௫1ݔ݀ 

∫ (  
 ∫ ݑ (∫ ௎ெி2௅ெி2ݒݓ ∫ݓ݀   ௎ெி2௅ெி2ݒ ݓ݀   )௎ெி1௅ெி1 ݑ݀
∫ (∫ ௎ெி2௅ெி2ݒݓ ∫ݓ݀   ௎ெி2௅ெி2ݒ ݓ݀   )௎ெி௅ெி ݑ݀ )  

௫ಿ௫1ݔ݀ 
 

,1ݔ  ,ே are two endpoints of  𝐴̃ݔ
 

 LMF1 & UMF1 are lower & 
upper limit of the FOU for 
primary membership ݑ,  
 

LMF2 & UMF2 are lower & 
upper limit of the FOU for 
secondary membership ݓ 

 is the tertiary membership ݒ 
grade  

IT3FS (𝐴̃) ∑ ௜ݔ (∑ ௞௝ݑ ௞௝,1ݓ) ∑௞௝,ெೖೕ)ெೖ௝=1ݓ+ ௞௝,1ݓ) ௞௝,ெೖೕ)ெೖ௝=1ݓ+ )ே௜=1
∑ (∑ ௞௝ݑ ௞௝,1ݓ) ∑௞௝,ெೖೕ)ெೖ௝=1ݓ+ ௞௝,1ݓ) ௞௝,ெೖೕ)ெೖ௝=1ݓ+ )ே௜=1

 

௜ݔ ∈ 𝐴  ̃for ݅ = 1,… ,ܰ 

 ௞௝ is the membership valueݑ 
for ݔ௞ , ݆ = 1,…  ௞ܯ,

,௞௝,1ݓ   & ௞௝,ெೖೕ are the minݓ

max secondary membership 
(primary for ݑ௞௝) 

∫ ݔ (∫ 2ܨܯܷ)ݑ + ௎ெி1௅ெி1(2ܨܯܮ ∫ݑ݀ 2ܨܯܷ) + ௎ெி௅ெி(2ܨܯܮ ݑ݀ ௫ಿ௫1ݔ݀(
∫ (∫ 2ܨܯܷ)ݑ + ௎ெி௅ெி(2ܨܯܮ ∫ݑ݀ 2ܨܯܷ) + ௎ெி௅ெி(2ܨܯܮ ݑ݀ ௫ಿ௫1ݔ݀(

 

,1ݔ  ,ே are two endpoints of  𝐴̃ݔ
 

 LMF1 & UMF1 are lower & 
upper limit of the FOU for 
primary membership ݑ,  
 

LMF2 & UMF2 are lower & 
upper limit of the FOU for 
secondary membership ݓ 



5. Computational Complexity  

We will calculate the number of arithmetical operations for each type one by one and 
summarised in Table 2. 

For type-1: ܰ multiplication, 2(ܰ − 1) additions and 1 division. 

For type-2: When numbers of discretisation along x-axis is ܰ and along u-axis is  ܯ௜, then for 
interval type-2, we need 2ܰ addition, ܰ multiplication, then again 2(ܰ − 1) addition, 1 
division and for general type-2, we need 2ܰܯ௜ multiplication, 4ܰ(ܯ௜ − 1) addition, 2N 
divisions, ܰ multiplication, 2ܰ − 1 addition and 1 division. 

For type-3: When numbers of discretisation along x-axis is N and along u-axis is  ܯ௜ and 
along w-axis is ܯ௞௝, then for interval type, we need 4ܰܯ௞ addition, 2ܰܯ௞ multiplication, 4ܰ(ܯ௞ − 1) addition, 2ܰ division, ܰ multiplication, 2ܰ − 1 addition and finally another 1 
division. But for general type-3, we need 4ܯ௞௝ܯ௞ܰ multiplication, 8(ܯ௞௝ −  ௞ܰܯ(1
addition, 4ܰܯ௞ divisions, 2ܰܯ௞ multiplications, 4ܰ(ܯ௞ − 1) additions, 2N divisions, N 
multiplication, 2ܰ − 1 addition and 1 division. 

So, if ܰ = ௜ܯ =  ௞௝, then total number of arithmetic operations areܯ

Table 2. Number of computations for calculating centroid of different type fuzzy sets 

Type multiplication addition division Total 
T1FS ܰ 2(ܰ − 1) 1 3ܰ − 1 

IT2FS ܰ 2ܰ + 2(ܰ − 1)  = 2(2ܰ − 1) 1 5ܰ − 1 

GT2FS 2ܰ2 + ܰ 
4N(N-1) +2N-1 = 4ܰ2 − 2ܰ − 1 

2ܰ + 1 6ܰ2 + ܰ 

IT3FS 2ܰ2 + ܰ 
4ܰ2 + 4ܰ(ܰ − 1) + (2ܰ − 1) 
= 8ܰ2 − 2ܰ − 1 

2ܰ + 1 10ܰ2 + ܰ 

GT3FS 
4ܰ3 + 2ܰ2+ ܰ 

8ܰ2(ܰ − 1) + 4ܰ(ܰ − 1)+ 2ܰ − 1 = 8ܰ3  −  4ܰ2  −  2ܰ −  1 

 4ܰ2 + 2ܰ+ 1 

12ܰ3 + 2ܰ2+ ܰ 

 

So, we can tell that for general type-݀ of fuzzy set, then the order of computation will be ܱ(ܰௗ), where ܰ is the amount of discretisation along every axis of ݀ dimensions. For 
interval type-݀ fuzzy set, it will be ܱ(ܰௗ−1). 
6. Computational Comparison with Existing Methods 

First, we evaluate our method with EKM and EIASC for Interval Type-2 Fuzzy Set. The 
computing platform is a desktop computer running MATLAB R2024a and Windows 10 64-



bit OS with an Intel core CPU i5-10400F @ 2.90GHz and 8G memory. The computational 
time was measured by tic & toe function of MATLAB software. 

We are taking (for comparison) examples (i), (ii), (iii) below from [4] with discretization of ܺ 
as ܰ = 2500 to 80,000. 

(i) Example 1: Symmetric Gaussian primary MF, as ܺ = [0, 10], LMF = exp [− 12 (௫−50.25)2], UMF = exp [− 12 (௫−51.75)2] ,  
(ii) Example 2: Symmetric Gaussian primary MF, as X = [0, 10], LMF = 

{exp [− 12 (௫−7.51 )2] , ݔ ≤ 4.98exp [− 12 (௫−2.41 )2] , ݔ > 4.98}, UMF = {  
݌ݔ݁   [− 12 (௫−2.41 )2] , ݔ < 2.4 1, 2.4 ≤ ݔ ≤ 7.5exp [− 12 (௫−7.51 )2] , ݔ > 7.5}  

  
  

(iii) Example 3: Non-symmetrical FOU whose LMF is non-symmetrical triangular 
and UMF is non-symmetrical Gaussian, i.e.,  

LMF = {0.6(௑+5)19 ݔ    , ∈ [−5, 2.6]0.4(14−௫)19 , ݔ ∈ [2.6, 14]},  

               UMF = {݁݌ݔ [− 12 (௫−25 )2] , ݔ ∈ [−5, 7.185]exp [− 12 (௫−91.75)2] , ݔ ∈ [7.185, 14]} 

Results for example 1: 

 Table 3a: Value of centroids according to EKM Algorithm, EIASC Algorithm and the proposed method WAD 
Algorithm  ܰ 100 ∗ 2500 5000 10000 20000 40000 80000 

EKM 3.8612 3.8795 3.8799 3.8801 3.8802 3.8802 3.8802 

EIASC 3.8612 3.8795 3.8799 3.8801 3.8802 3.8802 3.8802 

WAD 3.8737 3.8918 3.8922 3.8923 3.8924 3.8925 3.8925 

 

Although we are type-reducing the T2FS to a crisp output in a single step, the value of the 
centroid is slightly different because, as we previously mentioned, the problem persisted in 
any of the iterative algorithms developed so far in the final step when taking the average of 
two end-points of the centroid interval, since that is not the type-reduction technique literally. 
Here, in the horizontal axis, units are according to column ܰ (number of discretization) of 
Tables 3a and 3b. 

 



 

Fig. 6: Visualisation of Table 3a and 3b 

 

Table 3b: Computation time (in sec) elapsed corresponding to the Table 3a (*no of discretisation = 100 is taken 
for future purpose) ܰ 100 ∗ 2500 5000 10000 20000 40000 80000 

EKM 0.00865 0.00574 0.00626 0.00528 0.00509 0.00606 0.00725 

EIASC 0.00991 0.00465 0.00675 0.00635 0.00682 0.00761 0.00935 

WAD 0.0009 0.00291 0.00321 0.00344 0.00343 0.00353 0.00367 

 

Observe that with discretization, increase in computation time in each step in previous 
algorithms is more than 4 times (on an average) than WAD-algorithm as illustrated in figure 
6. Here, we can also see that, on average, our approach saved nearly 47% of the time 
compared to earlier methods. 

 

Results for example 2: 

Table 4a: Value of centroids according to EKM Algorithm, EIASC Algorithm and the proposed method WAD 
Algorithm  ܰ 2500 5000 10000 20000 40000 

EKM 3.614 3.6143 3.6145 3.6146 3.6146 

EIASC 3.614 3.6143 3.6145 3.6146 3.6146 

WAD 3.8783 3.8786 3.8787 3.8788 3.8788 

 

Here, in the horizontal axis, units are according to column ܰ (number of discretization) of 
Tables 4a and 4b. 
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Fig. 7: Visualisation of Tables 4a and 4b 

Similar observations to those as example 1 have also been made here. 

Table 4b: Computation time (in sec) elapsed corresponding to the Table 4a  ܰ 2500 5000 10000 20000 40000 

EKM 0.00556 0.00664 0.00776 0.00703 0.01072 

EIASC 0.00583 0.00748 0.00735 0.00777 0.01089 

WAD 0.00352 0.00349 0.00366 0.00393 0.00428 

 

Observe that with discretization, increase in computation time in each step in previous 
algorithms is more than 6.7 times (on an average) than WAD-algorithm as showed in figure 
7. A comparison in computing time of our algorithm with previous 3 algorithms is displayed 
graphically as well. Here, we can see that our approach saved an average of about 53% of the 
time compared to earlier methods. 

Results for example 3: 

Table 5a: Value of centroids according to EKM Algorithm, EIASC Algorithm and the proposed method WAD 
Algorithm  ܰ 2500 5000 10000 20000 40000 

EKM 5.3613 5.3611 5.361 5.3609 5.3609 

EIASC 5.3613 5.3611 5.361 5.3609 5.3609 

WAD 5.5426 5.5424 5.5422 5.5421 5.5421 
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Fig. 8: Visualisation of Tables 5a and 5b  

Table 5b: Computation time (in sec) elapsed corresponding to the Table 5a is shown here ܰ 2500 5000 10000 20000 40000 

EKM 0.00593 0.0079 0.00715 0.00723 0.00753 

EIASC 0.00639 0.00722 0.00887 0.00788 0.00831 

WAD 0.00337 0.00334 0.00339 0.0038 0.00405 

 

Figure 8 illustrates how discretization increases the processing time in each step of earlier 
algorithms by an average of nearly 6.3 times that of the WAD algorithm. A comparison in 
computation time of our algorithm with previous 3 algorithms is shown graphically. Here, in 
the horizontal axis, units are according to column ܰ (number of discretization) of Table 5a 
and 5b. Here, also we can see that our approach saved an average of about 53% of the time 
compared to earlier methods. 

So, these were demonstration for interval type-2 fuzzy sets. Now we will give some examples 
for General Type-2 Fuzzy sets.  

Example 4: We will take primary membership as Symmetric Gaussian primary MF, UMF = exp [− 12 (௫−41.75)2], LMF = 0.25 ∗ exp [− 12 (௫−60.25)2] , then at any point ݔ of ܺ, the secondary 

MF is  exp [− 12 (௨−௠ೠఙೠ )2], where ݉௨ = (UMF + LMF)/2, ߪ௨ = (UMF − LMF)/4 and ܺ = [0, 10]. This GT2FS is depicted in figure 9. We have showed the value of the crisp centroid 
of this set in Tables 6a and 6b. 
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Fig. 9: GT2FS of example 4 

Now according to our proposed method, the formula for centroid of a general type-2 fuzzy set 
is  

∫ xxNx1 (∫ u. h(x, u)UMFLMF  du∫ h(x, u)UMFLMF  du )  dx∫ (∫ u. h(x, u)UMFLMF  du∫ h(x, u)UMFLMF  du )xNx1  dx  

Here, in our example, x1 = 0,  xN = 10, UMF =  exp [− 12 (௫−41.75)2] , LMF = 0.25 ∗ exp [− 12 (௫−60.25)2],  h(x, u) = exp [− 12 (௨−(UMF+LMF)/2(UMF−LMF)/4 )2] 
 Therefore h(x, u) = exp [− 12(௨−{(exp[−12(ೣ−51.75)2])+(0.25∗exp[−12(ೣ−50.25)2])}/2{(exp[−12(ೣ−51.75)2])−(0.25∗exp[−12(ೣ−50.25)2])}/4 )

2] 
Table 6a: Value of centroids of example 4 according to our proposed method WAD Algorithm ܰ 10 20 40 80 100 120 

WAD 4.16154 4.10587 4.08527 4.08452 4.08449 4.08448 

 

Table 6b: Computation time elapsed corresponding to the WAD Algorithm ܰ 10 20 40 80 100 120 

Time (s) 0.004280 0.007381 0.001369 0.025993 0.032493 0.037926 

 



In contrast to the interval type-2 scenario, we find that the convergence rate is extremely high 
in relation to the number of discretizations. We provide an example from [20] to compare our 
approach with the IEODS algorithm. Details are as follows: 

The LMF = ݉ܽ݌ݔ0.5݁}ݔ (− (௫−3)24 ) , 0.4exp (−0.5 (௫−6)24 )}  
UMF = ݉ܽ݌ݔ݁}ݔ (− (௫−3)22 ) , 0.8exp (−0.5 (௫−6)22 )}, ܺ ∈ [0,10]. 
The secondary membership function is a trapezoid with unit height, whose base equal to ܷܨܯ − and top is defined by two end points as( 0.4 ,ܨܯܮ ∗ ܨܯܮ + 0.6 ∗ and  (0.4  (ܨܯܷ ܨܯܷ∗ + 0.6 ∗  .respectively. Results are shown in Tables 7a and 7b  (ܨܯܮ

 

 Table 7a: Value of centroids of example 4 according to our proposed method WAD Algorithm ܰ 5 10 20 50 100 1000 

WAD 4.380416 4.332437 4.329266 4.328109 4.328029 4.32798 

 

Table 7b: Computation time elapsed corresponding to the Table 7a  ܰ 5 10 20 50 100 1000 

WAD ૙. ૙૛ૢૢ૜ ૙. ૙૞૝ૢ૞ ૙. ૚૙૝૚૞ ૙. ૛૞૜૛ૡ ૙. ૝ૢ૙ૠ૝૝ ૝. ૡ૛૟૞ 

IEODS 0.64(20=ߙ) (100=ߙ)8.89 (20=ߙ)0.77 (20=ߙ)0.71 (20=ߙ)0.66 (20=ߙ)0.65 
 

The second column of Table 7a is kept blank because Wu et al. [20] did not display the value 
of the centroid interval left end or right end point. Observe in Table 7b that, computation time 
is very low in our method both in the case of 20 ߙ-planes and 100 ߙ-planes, although they 
computed on a higher capacity machine which was Intel Core CPU i7-4790 @ 3.60 Hz and 
24G memory, running on windows 10 64-bit Enterprise whereas we are using Intel core CPU 
i5-10400F @ 2.90GHz and 8G memory, running windows 10 64-bit OS. 

Centroid for Type-3 Fuzzy Set: 

Centroid calculation for type-3 fuzzy sets is a long-awaited topic. While type-3 control has 
been the focus of some research articles, type-3 fuzzy system type-reduction utilizing 
centroid has not received the same level of attention as type-2 FLS. We take example 4 into 
consideration when calculating the centroid for a type-3 fuzzy set, but there also be some 
differences. In earlier scenario, the secondary membership grade was represented by a single 
3D surface. 

 



However, in the case of IT3FS, as shown in figure 10(a), the secondary membership grade 
will be represented by a volume, which can be compared to a bundle of surfaces. 
Additionally, the FOU of an IT3FS differs slightly from that of an IT2FS or GT2FS. Here, in 
figure 10(b), the black shaded zone is FOU of the lower secondary membership grade and the 
red shaded region is FOU of the higher secondary membership grade. Therefore, we have to 
consider an extra surface in addition to example 4 above. Let us write the whole 
consideration again from scratch. 

        

Fig. 10(a): graphical representation of an IT3FS (taken from [17])  Fig. 10(b): FOU of an IT3FS (taken from [18]) 

 

Example 5: We will take primary membership as Symmetric Gaussian primary MF, UMF1 = exp [− 12 (௫−41.75)2], LMF1 = 0.25 ∗ exp [− 12 (௫−60.25)2] , then at any point ݔ of ܺ, the secondary 

UMF is UMF2 = exp [− 12 (௨−௠ೠఙೠ )2], secondary LMF is LMF2 = 0.5 ∗ exp [− 12 (௨−௠ೠ0.5∗ఙೠ)2] 
where ݉௨ = (UMF1 + LMF1)/2, ߪ௨ = (UMF1 − LMF1)/4 and ܺ =  [0, 10]. For the 
visualisation of this example see figure 11. Here, in this example,  

x1 = 0,  xN = 10, UMF1 =  exp [− 12 ݔ) − 41.75 )2] , LMF1 =  0.25 ∗ exp [−12 ݔ) − 60.25 )2], 
UMF2 = exp [− 12 (௨−(UMF1+LMF1)/2(UMF1−LMF1)/4 )2]=exp [− 12(௨−(exp[−12(ೣ−41.75)2]+0.25∗exp[−12(ೣ−60.25)2])/2(exp[−12(ೣ−41.75)2]−0.25∗exp[−12(ೣ−60.25)2])/4 )

2] 
LMF2 = 0.5 ∗ exp [− 12( ௨−(exp[−12(ೣ−41.75)2]+0.25∗exp[−12(ೣ−60.25)2])/20.5∗(exp[−12(ೣ−41.75)2]−0.25∗exp[−12(ೣ−60.25)2])/4)

2]. Results of this example 

are shown in Tables 8a and 8b. 



 

Fig 11: IT3FS of example 5 

 

The formula for computing centroid of an IT3FS is  

∫ ݔ (∫ 2ܨܯܷ)ݑ + ௎ெி1௅ெி1(2ܨܯܮ ∫ݑ݀ 2ܨܯܷ) + ௎ெி௅ெி(2ܨܯܮ ݑ݀ ௫ಿ௫1ݔ݀(
∫ (∫ 2ܨܯܷ)ݑ + ௎ெி௅ெி(2ܨܯܮ ∫ݑ݀ 2ܨܯܷ) + ௎ெி௅ெி(2ܨܯܮ ݑ݀ ௫ಿ௫1ݔ݀(

 

The IT3FS centroid computation time is shown below: 

Table 8a: Value of centroids of example 5 according to our proposed WAD Algorithm ܰ 10 20 40 80 100 120 

WAD 4.16154 4.10587 4.08527 4.08452 4.08449 4.08448 

 

 Table 8b: Computation time elapsed corresponding to the WAD algorithm ܰ 10 20 40 80 100 120 

Time (s) 0.004364 0.007858 0.014700 0.028171 0.03469 0.040527 

 

Value of the centroid is getting converged in 4 decimal places after almost near 100-point 
discretisation. Comparison with other existing methods is not possible as those are applicable 
only up to IT2FS. We have selected the example as a random one, because our formula does 
not depend on the nature of the curve or surface corresponding to any membership grade. 



Any non-symmetric, non-convex curve or surface can be used by the researchers as long as it 
is appropriate. 
 

7. Conclusion 

We developed a centroid method for higher order fuzzy sets after showcasing other existing 
methods. It is observed that instead of different computational complexity for different type 
fuzzy set we can maintain continuity in the proposed method. We can use the proposed 
approach as already demonstrated the formula for general type-3 fuzzy sets. Theoretically, it 
might work with type-݊ (݊ > 3) fuzzy sets. We have demonstrated how general type-3 fuzzy 
set can be thought of as a geometric representation in section 4.  

Compared to earlier approaches, our method has demonstrated superior computing speed in 
both interval type-2 and general type-2 fuzzy sets. We have also shown the direct formula for 
centroid as a precise value for type-3 fuzzy sets. When finding the centroid is the main goal 
in a fuzzy logic system (FLS), the need for defuzzification following type-reduction remain 
superfluous because we can now determine the crisp centroid in a single calculation from any 
higher order fuzzy sets.  

Since we employed a straightforward trapezoidal integration technique for the various 
calculations in Table 1, future scope of this study may include rapid integration strategies. It 
will be very beneficial for engineers to use this novel WAD method in control theory since 
centroid plays a significant and elaborative role in the control parameter design process. 
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