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ELECTRONIC SUPPLEMENTARY MATERIAL
Background theoretical information


1.  Introduction
The aim of this supplementary document is to bring together in a single place most of the background material needed to fully understand the calculations in this paper, with appropriate references to original derivations and discussions. The material here includes: theoretical data and equations; discussions of how the various parameters involved are derived and defined; discussion of how characterisation parameters are extracted; and some other relevant material.

In order to make a distinction between the electric fields associated with Coulomb-type electrostatics and the electrical component of a travelling electromagnetic wave, a Coulomb-type electrical field is always called here an electrostatic (ES) field.

As in the main paper, this document uses the so-called electron emission sign convention, in which electrostatic fields, electron currents and electron current densities are regarded as positive, even though they would be negative in conventional textbook electrostatics. The symbol F is used to denote the negative of conventional textbook electrostatic field: F is thus positive in most circumstances affecting field electron emission (FE). Strictly, the conventional classical electrostatic name for F is "electrostatic potential gradient (ESPG)", but this note follows the usual FE-literature convention of calling F the "field".

As in the main paper, all equations are defined within the modern system, introduced in the 1970s and now called the International System of Quantities (ISQ), in which the electric constant appears in Coulomb's Law. However, extensive use is made of so-called FE customary units. These customary units are fully and permanently compatible with ISQ equations. The main features of customary units are that: energy is expressed in eV; charge is expressed in eV V–1; current is expressed in A; distance is expressed in nm or m (depending on the context); and mass is expressed in eV nm–2 s2.

In these notes, electron emission induced by a negative ES field is termed "field electron emission". Other names in literature use are "field emission" and "electron field emission". The abbreviation "FE" is regarded as standing for any of these equivalent names.

2.  Fundamental physical constants
FE theory makes use of the following fundamental constants: the elementary (positive) charge, e; the electric constant (aka the vacuum electric permittivity), 0; the electron rest mass in free space, me; Planck's constant, hP; Planck's constant divided by 2, ; and the Boltzmann constant, kB. The May 2019 values [R1] of these constants have been used. The Electronic Supplementary Material (ESM2) to Ref. [R2] records values of these constants, both in SI units and in FE customary units. 
   
3.  Universal constants and related parameters
The following universal constants and related parameters, tabulated in [R2], form part of the background to the main paper.
The Schrödinger-equation constant for an electron (e), the Sommerfeld electron supply constant (zS), first (a) and second (b) Fowler-Nordheim (FN) constants, the factor 40 and the Schottky constant (c) are universal constants defined and given (to 7 sig. figs) as follows:
e    (2me)1/2/	5.123168 eV–1/2 nm–1 ;	(E1)
zS  4eme/hP3  	1.6183111014 A m–2 eV–2 ;	(E2)
a    e3 /8hP    	1.541453 A eV V–2 ;	(E3)
b    (4/3)(2me)1/2/e  	6.830890 eV–3/2 V nm–1 ;	(E4)
40  	0.694 4615 eV V–2 nm ;	(E5) 
c    (e3/4  	1.199985 eV V–1/2 nm1/2 .	(E6)
The constant e was defined by Fowler and Nordheim [R3]. The constant zS is associated with the statistical mechanics of the Sommerfeld model (e.g., see [R4]). The constant b emerges when determining the transmission probability for a triangular or approximately triangular potential-energy (PE) barrier (see Appendix A1). The constant a then emerges when a double integration is made over the energies of free-electron-metal internal energy states, in order to derive an expression for local emission current density (LECD) (see Section 11.1 below)). The factor 40 is internationally defined to be the constant that appears in the ISQ version of Coulomb's law. The constant c arises in connection with the Schottky-Nordheim barrier (see below) via the equation
	S = cF1/2,	(E7)
where S is the "Schottky reduction" (of the barrier to electron escape) caused by an ES field of magnitude F.

The following combinations of universal constants are useful:
2e  	10.24624 eV–1/2 nm–1;	(E8)
ab2 	7.192493 A eV–2 nm–2 ;	(E9)
2/3b 	9.75958810–2 eV3/2 (V/nm)–1;	(E10)
c2  	1.439965 eV2 V–1 nm;	(E11)
bc2  	9.836239 eV1/2.		(E12)

The following parameters, involving the local work function , need to be evaluated:	
Scaling parameter,     bc2–1/2    9.836  (eV/)1/2 .	(E13)
Combination, ab27.1925  (/eV)2  (A nm–2) .	(E14)
The accuracy of these last two parameters depends on the accuracy with which is known.

4.  Smooth planar metal emitter  (SPME) methodology
The simplest theoretical treatments of FE use planar models that aim to describe FE from metals. Emission is modelled as taking place from the smooth planar surface of a Sommerfeld-type metal model. Atomic structure and atomic-level wave-functions are disregarded. This approach is sometimes called smooth planar metal emitter (SPME) methodology.

5.  Basic definitions relating to electron energies
Denote the direction normally outwards from the Sommerfeld model surface by z, and call the electron-energy component associated with motion in the z-direction the electron normal-energy. The electron-energy component parallel to the model surface is purely kinetic in nature and is termed the electron parallel-energy. The electron total-energy is the sum of these components.
In FE theory it is convenient to measure both total-energy and normal-energy from the emitter Fermi level. Energies measured in this way are denoted by tot and n, respectively. Parallel energy is denoted by p. Clearly, tot=n+p. For consistency, electron potential energy (PE), denoted here by Ue, must also be measured from the Fermi level. Figure S1 shows electron normal-energy plotted against distance z, and illustrates some of these definitions. It also shows the local work function  and the zero-field barrier height H applicable to an electron approaching the model surface with normal energy n. Clearly H=–n .
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Fig. S1:  To illustrate definitions of energies. Note that: H–n .

.
6.  Motive energies for the "exactly triangular" (ET) and "Schottky-Nordheim" (SN) barriers
In this planar geometry, electron transmission barriers are defined by the difference between the electron potential energy Ue(z) and the electron normal-energy n. This energy difference is called here the electron motive energy and denoted by M,F,z).

For local surface "field" F, the motive energy MET,F,z) for an exactly triangular (ET) PE barrier of zero-field height H is given by		
	METH,F,z)    – eFz .	(E15)
The ET barrier takes electrostatic effects into account, but disregards an exchange-and-correlation (E&C) interaction between the escaping electron and the emitter. When this E&C interaction is modelled by a classical image PE, the motive energy MSN,F,z) for the resulting Schottky-Nordheim  (SN) PE barrier is given by
	MSN,F,z)    – eFz – e2/160z .	(E16)
Figure 2 below illustrates these barriers. For the special case where the zero-field barrier height is equal to the local work function , the parameter H in the above equations is replaced by .
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Fig. S2:  To illustrate the forms of the ET and SN PE barriers.

7.  Schottky reduction, reference field, scaled field and Nordheim parameter  
As noted above, the effect of the image-PE term in eq. (E16) is to reduce the height of the zero-field barrier by an amount S called here the Schottky reduction and given by
	S =  cF1/2,	(E17)
where c is the Schottky constant defined above.

In the case of a SN barrier of zero-field height , the local "field" FH necessary to reduce the barrier to zero is obtained by setting S=yielding
	FH  =  c–2H2.	(E18)
The so-called local scaled field (fH) for a SN barrier of zero-field height is a positive dimensionless parameter that is related to the local "field" F by
	fH   F/FH  =  c2H–2F .	(E19)

In the case of a SN barrier of zero-field height , the "field" F is the "field" necessary to pull the top of the SN barrier down to the Fermi level. This field has also been denoted by the symbol FR and called the reference field. The related scaled field for a SN barrier of zero-field height is a positive dimensionless parameter given by
	f   F/F   =  c2 –2F .	(E20)
When no confusion is possible, the subscript " " is normally dropped. In what follows, plain "f" always means "f". This scaled field for a SN barrier of zero-field height   plays an important role in modern FE theory.

Instead of scaled fields, many treatments of the SN barrier in FE literature (particularly older treatments) use the Nordheim parameters y and yF,for SN barriers of zero-field height H and , respectively. These parameters are defined as follows:
	y     c–1F1/2  =  f1/2 ;	(E21)	
	yF     c –1F1/2  =  f1/2 .	(E22)
As indicated below, use of scaled fields rather than Nordheim parameters is considered mathematically superior. Scaled fields are used in the modern theory presented here.

8.  Gamow factor and the simple-JWKB formalism for transmission probability
Terminology. The probability that an electron approaching the emitter surface from the inside will escape, either by tunnelling through a surface barrier or by passage over the top of the barrier, is called here the transmission probability. This term is now in strongly preferred over the term "transmission coefficient" occasionally used, because this latter name is ambiguous, in that it is also sometimes used to refer to the transmission amplitude. The general notation "D" for transmission probability, which was used by Fowler and Nordheim [R3] and by Landau and Lifschitz [R5] is preferred over the notation "T" sometimes used (particularly in theoretical papers), since this allows the symbol T to be used for thermodynamic temperature.

Gamow factor. For a PE barrier defined by  and F, the modern Gamow factor G(H,F) [R6,R7] is a dimensionless mathematical-modelling parameter defined in terms of MF,z) by
	G(,F)    2e {MH,F,z)}1/2dz ,	(E23)
where the integral is taken "across the barrier", in the range of z where M≥0, i.e. between the zeros of MHF,z).

In older work, an universal constant ge was defined by ge2e and appeared in eq. (E23), but the introduction of an extra symbol was subsequently considered unnecessary.

Obviously, the precise mathematical form of G(,F) will depend on the barrier form chosen and hence on the precise mathematical form of the motive energy MHF,z). However, some mathematical results apply to all planar-barrier forms and it is convenient to first state results for a "general planar barrier" (GPB).

Given an expression for G(,F), there are four different mathematical formalisms ("transmission formalisms") [R8] that could be used to derive an expression for the barrier transmission probability D(H,F). The simplest of these is the so-called simple-JWKB (sJWKB) formalism (also called the "first-order JWKB formalism"). In this formalism the transmission probability for a barrier of zero-field height H is given by
	D(,F)      exp[–G(,F)] .	(E24)
All widely used versions of planar FE theory use this sJWKB formalism in their derivations.
In FE, G(,F) has also been called the "barrier strength" [high G = strong barrier = low D].
 
9. Decay width at the (zero-temperature) Fermi level
An important parameter in FE theory, in particular in relation to the optical properties of needle-like FE sources, is the so-called decay-width at the (zero-temperature) Fermi level. This parameter is denoted here by dF, though often just by "d" in the literature (and sometimes in other ways). Although algebraic expressions for dF (or dF–1) can be found in the literature, it is difficult to find a precise definition of what the symbol dF is intended to represent.
The authors' view is that (in planar FE theory) dF should in principle be defined by the equation:
	.	(E25)
When defined in this way, the theoretically estimated value of dF depends both on the form assumed for the tunnelling barrier and on the formalism used to estimate transmission probability. Thus, when the Landau & Lifshitz (LL) formalism [R8] is applied to the general planar barrier (GPB), the transmission probability D(H,F) and the corresponding estimate of dF are given (at a general level) by
	D(H,F)[LL+GPB]  =  PGPBexp[–GGPB] ,	(E26)
	dF–1[LL+GPB]  = – (∂lnPGPB/∂H)F |(H=) + (∂GGPB/∂H)F |(H=) ,	(E27)
where PGPB is a pre-factor of order unity. For the ET barrier, an expression for PET has been derived (e.g., [R3,R9]). For the SN barrier, PSN can be estimated numerically [R10], but (at present) there is no known analytical form. The situation as regards other barriers is not examined here.

However, if the usual sJWKB formalism is used instead, then the prefactor term is not present and we get
	D(H,F)[sJWKB+GPB]  =  exp[–GGPB(H,F)] ,	(E28)
	D(,F)[sJWKB+GPB]  =  exp[–GGPB(,F)] ,	(E29)
	dF–1[sJWKB+GPB]  =  (∂GGPB/∂H)F |(H=) .	(E30)
In FE literature, this last expression is what is normally used to define "decay width", and is what will be used here. In what immediately follows, the simpler notation "dFGPB" will be used.

It needs to be remembered, however, that decay-width values predicted in this way are approximations. These approximate values are expected to be "more than good enough for most current technological purposes", but there is no good knowledge of precisely how big any errors might be.

10. General-form equation for local emission current density in "deep-tunnelling" conditions
The term "in deep-tunnelling conditions" implies that most or nearly all electrons escape by tunnelling at normal-energy levels significantly below the top of the PE barrier.

Derivations of related equations use: (a) the electron statistical mechanics of the Sommerfeld model (including Fermi-Dirac statistics); (b) either the Landau&Lifshitz or the simple-JWKB transmission formalism (but usually the latter); and (c) a specific barrier form. The s-JWKB formalism will be used here. However, statistical aspects of the theory apply to all barrier forms, so initially theory will be developed for a general planar barrier (GPB).

10.1 Electron statistical behaviour in the Sommerfeld model 
Consider a geometrical plane inside a metal modelled by the Sommerfeld model, and consider electrons approaching the plane that have energy components n and p normal and parallel to the plane, respectively. It can be shown (e.g., [R11]) that the contribution d2Zsup, to the electron-current density (considered positive) approaching the plane, made by electrons in the small energy ranges dn, dp, is 
	d2Zsup = fF-D(T,tot)  zS dn,dp ,	(E31)
where zS is the universal constant, defined above, now called the Sommerfeld electron supply constant, and fF-D(T,tot) is the Fermi-Dirac distribution function, where T is thermodynamic temperature. In the present context, fFD(T,tot) is conveniently expanded in the form
	fF-D(T,tot) = 1/[1+exp{(n+p)/kBT}] .	(E32)

Each electron state makes a contribution to the local emission current density (LECD) JL(,T,F). Thus, a two-dimensional integration of d2Zsup over n and p is needed. However, since (in a free-electron model) the transmission probability depends on normal-energy but not on parallel-energy, the double integral over energy can be split into two steps, as follows.

10.2 Integration over parallel-energy to give N(T,n)  
First, an integral over p is performed to give a function denoted below by N(T,n). (Surprisingly, the integral does have an exact analytical solution, as may be shown by differentiating the expression in the second equation below.) 
	
 	
	.	(E33)
This function N(T,n) is the incident electron-current density per unit normal-energy range, and is called here the incident normal-energy distribution (i-NED).

Older discussions of emission theory used a slightly different function, denoted here by N(old), that is related to N(T,n) by
	N(old) =  N(T,n)/e .	(E34)
This function N(old) was called the "supply function". It is considered better modern practice (more consistent with other aspects of emission theory) to "put e into N", rather than show it separately.

10.4 Integration over normal-energy to give JL(,T,F)
The following integral over normal-energy then gives the LECD for a general planar barrier:
	, 	(E35)
where, as shown in Fig. S1, WF is a positive parameter that is the difference in normal-energy between the Fermi level and the base of the Sommerfeld well. In most practical cases, the transmission-probability expression is very small for n-vales near (–WF) and below, so with negligible error the lower limit of integration can be taken as –.

To carry out the integration and obtain an algebraic result, usual practice is to formally Taylor-expand GGPB about the Fermi level, and retain only the first-order term. This yields	
	 ,	(E36)
	,	(E37)
where subscript "F" labels a value "taken at the Fermi level" (or, equivalently, taken for a barrier of zero-field height ), and parametric dependences are omitted for notational simplicity.

With all the above approximations, eq. (E35) becomes
 	.	(E38)
This integral can be solved exactly by first integrating by parts (which reduces it to a standard form), and then applying a formula from a handbook of standard integrals. The details are lengthy and slightly messy, cannot easily be found in published literature, and are recorded elsewhere [R12]. The outcome is a simple "general" (or "abstract") planar formula for the LECD, namely	
	,	(E39)
where the temperature correction factor  for the general planar barrier is given by
	,	(E40)
and the Swanson-Bell parameter pGPB for the general planar barrier is given by
	.	(E41)
In the limit of zero temperature , and the zero-temperature form of the GPB equation for LECD is obtained.

Note that the form of (E39) allows a simple physical explanation of this equation. The first three terms can be collected into an effective local incident electron-current density, ,  thus
	 ,	(E42)
enabling eq. (E39) to be written in the "abstract" form
	.	(E43)
Equation (E43) shows that the LECD is given by the product of the "transmission probability at the Fermi level" and the "effective local incident electron-current density"; eq. (E42) shows that   is the product of the "incident electron-current density per unit area of (n,n) energy space zS" and the "effective area of energy space " from which the emitted electron-current is drawn.

Also note that using only the first-order term in Taylor expansion (E36) is an approximation that gets increasingly weak as |n| increases. The issues involved have been discussed by Gadzuk and Plummer [R13]. In particular, see their Fig. 4.

11.  The LECD equations for the ET and SN barriers

11.1 Derivation of the elementary FE equation for LECD
The elementary (EL) FE equation is based on the s-JWKB formalism and the ET barrier. From equations above, we find that
	GET(H,F) = bH3/2/F ;	(E44)
	GFET = b3/2/F ;	(E45)
	DFET = exp[–b3/2/F] ;	(E46)
	dFET = (2/3b)–1/2F ;	(E47)
From (E2) and (E47) we find (after some algebraic manipulation):
	zS(dFET)2  =  (4zS/9b2)–1F2   =   (e3/8hP) –1F2    a–1F2 .	(E48)
where a is the first FN constant, as defined above. The elementary (zero-temperature) FE equation is thus given by
	.	(E49)

There does exist a finite-temperature version of the elementary equation, obtained by multiplying eq. (E49) by an ET version of factor (E40), but nowadays this is rarely or never used.

11.2 The "21st Century" version of the 1956 Murphy-Good FE equation for LECD
Murphy-Good (MG) type equations are based the s-JWKB formalism and the SN barrier. Evaluation of integral (E23) for the SN barrier leads to a result of the form
	GSN(H,F)  =  v(H,F)  bH3/2/F ,	(E50)
where v(H,F) is a mathematical correction factor.

This factor v(H,F) can be expressed in terms of a single "auxiliary variable". This can be either the variable y defined above, which is the so-called "legacy approach", or the variable fH defined above, which is the so-called "21st Century approach". The "legacy approach" was developed in the 1950s by Murphy and Good [R14], following earlier work by Burgess, Kroemer and Houston (BKH) [R15] and Dyke and Trolan [R16], with a useful overview then given by Good and Müller [R17]. The "21st Century approach" was developed by Forbes and Deane in a series of papers in 2006 to 2008, including [R18–20], with an overview given later, in [R21].

Although, the "legacy approach" is still in widespread use in FE literature in 2026, the "21st Century approach" is mathematically superior and is used here. Reasons for strongly preferring the modern approach are discussed in [R21]. One objective has been to define and separate the pure mathematics involved, which has several technological applications, from the mathematics specifically involved in modelling electron transmission across the SN barrier.

When the "21st Century approach" is applied to the SN barrier, eq. (E50) is written in the more precise form
	GSN(H,F)  =  vFD(fH)  bH3/2/F ,	(E51)
where vFD(fH) is a particular modelling application of a special mathematical function (SMF) vFD(x) introduced by Forbes and Deane and discussed further below.

Applying definition (E30) to the SN barrier, noting that vFD(fH) is an indirect function of H, yields
   .	(E52)
The term   can be transformed by using the relation
	 .	(E53)
From definition (E19) above, we get
	.	(E54)
Hence the bracketed term in eq. (52) becomes
		(E55)
By introducing a new SMF  defined in terms of  by
	 ,	(E56)
we see that term (E55) becomes
	  =   .	(E57)

At this point the subscript on  can be dropped, using the convention that f means   . Hence 
dFSN is given by
	  .	(E58)
It is then clear, from comparisons with equations above, that the "21st Century" version of the Murphy-Good finite-temperature equation for LECD is
	.	(E59)
where  is the SN-barrier form of the temperature correction factor, obtained by putting GPBSN in eqns (E39) to (E41). The zero-temperature form of this equation is
	.	(E60)

 12. Regime of applicability of the Murphy-Good finite temperature FE equation for LECD
The question arises of the regime of applicability of eq. (E59). Figure S3 is a slightly corrected and reduced version (prepared by Dr M.M. Allaham) of a "regime diagram" originally prepared by Murphy and Good [R14, see their Fig. 6], but with scaled field f plotted on the horizontal axis rather than local "field" F.
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Fig. S3. To illustrate the regime of validity of eq. (E59). According to Murphy and Good [R14], the equation is considered adequately valid within the area inside both the red and blue curves.  For a metal with = 4.5 eV, F is related to f by F  (14.06 V/nm)f . This version of the diagram, was prepared by Dr M.M. Allaham, and closely resembles the diagram published as Fig. 3b in Ref. [R22].

According to Modinos [R23, discussion following his eq. (1.56)], on the boundary of the emission regime the error in using eq. (E59), as compared with a more exact SPME calculation, varies between 15% and 40% .
The emission regime (i.e. LECD regime) shown in Fig. 3 has been called by various names, including "FE regime", "MG FE regime", "cold field electron emission (CFE) regime" (despite the fact eq. (E59) is valid to quite high temperatures), and "Fowler-Nordheim FE regime". Our view is that possibly the best name would be "Murphy-Good deep-tunnelling FE regime (MG DTFE regime)".

13.  The Forbes-Deane (FD) special mathematical functions
A special mathematical function (SMF) is a well-defined mathematical function that has well-defined values for every value of its argument. Simple examples are "sin" and "exp". More complicated examples are the Airy functions and the complete elliptical integrals. There exists an international typesetting convention, used here, that symbols for special mathematical function are typeset upright.

The so-called "21st Century" approach to formulating SN barrier theory and applying it to the analysis of FE current-voltage measurements involves both: (a) the function vFD(x), introduced above, and (b) a set of related functions, defined below. The whole group of functions (including related functions not defined in this document) can be called the Forbes-Deane (FD) special mathematical functions. The SMF vFD(x) can be called the principal Forbes-Deane special mathematical function, since all the other FD SMFs are derived from vFD(x). Since, mathematically, the SMF vFD(x) is a special solution of the Hypergeometric Differential Equation first proposed by Euler but extensively investigated by Gauss, it is convenient to call x the Gauss variable.
  
The FD SMFs of interest to the main paper, other than vFD(x), are defined as follows. For notational simplicity, here and in some places below, the subscript "FD" is omitted.
uFD(x)    – dv/dx ,	(E61)
tFD(x)    vFD(x) – (4/3) x dv/dx = vFD(x) + (4/3) x uFD(x) ,	(E62)
sFD(x)    vFD(x) – x dv/dx = vFD(x) + x uFD(x) . 	(E63)
rFD(,x)    exp[uFD(x)] .	(E64)
 is considered  an abstract mathematical parameter here, but "goes over" to the parameter  defined by eq. (E13) when these functions are applied to modelling FE from free-electron metals. 

There exist BKH equivalents of these functions. These equivalents use the Nordheim parameter y as the independent variable. These BKH equivalents are in widespread use in the literature, but are not used in the main paper or in this supplementary material.  
 
14.  Algebraic expressions for vFD(x)
Because the SMF vFD(x) is a special solution of the Gauss HDE. it follows (from the mathematical properties of the Gauss HDE) that there exist  many exactly-equivalent exact definitions of this SMF. An exact analytical definition does exist (see [R20]), but this involves mathematical functions unfamiliar to most scientists and engineers and is thus of limited use. To generate useful approximations, it is convenient to start from an exact series expansion derived in Ref. [R20]. The lowest-order terms of this are
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Recurrence formulae for determining higher-order terms are given in [R20].

Note that vFD(x) is mathematically unusual, in that (like elliptic integrals) its best series definition needs two infinite series.

By dividing the first series in eq. (E65) by (1–x), this series definition can be put in the "second form" 
	,	(E66)
where P(∞)(x) and Q(∞)(x) are both infinite power series.

A high-precision (HP) approximation formula for vFD(x) is based on the form of the series in eq. (E66), but uses a finite number of terms, as below. An HP formula for uFD(x), as below, uses a related argument.
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Best-fit values for the coefficients in these formulae were obtained (by Dr J.H.B. Deane) by standard numerical fitting techniques and are shown in Table S1 below. Over the range 0≤x≤1 (but not outside this range), the magnitude of the maximum error in these formulae is 810–10.  [This error is determined by comparison with computer algebra results, which are estimated to have a default accuracy of about 30 decimal places.]










Table S1. Constants for use in connection with equations (E67) and (E68).
	I
	pi
	qi
	si
	ti

	0
	-
	-
	  0.053 249 972 7
	0.187 5 [=3/16]

	1
	0.032 705 304 46
	0.187 499 344 1
	  0.024 222 259 59
	0.035 155 558 74

	2
	0.009 157 798 739
	0.017 506 369 47
	  0.015 122 059 58
	0.019 127 526 80

	3
	0.002 644 272 807
	0.005 527 069 444
	  0.007 550 739 834
	0.011 522 840 09

	4
	0.000 089 871 738 11
	0.001 023 904 180
	  0.000 639 172 865 9
	0.003 624 569 427

	a
	-
	-
	–0.000 048 819 745 89
	-

	u(1)  =  uHD(x=1)  =  3/8√2    0.8330405509



High-precision formulae for all the Forbes-Deane SMFs, and for various related functions used in FE theory, have been implemented on a downloadable spreadsheet [R24,R25].
 
The "simple good approximation" (or "FD06 approximation"), vFD06(x).  There also exists a so-called "simple good approximation" for vFD(x), namely
	vFD(x)   vFD06(x) = 1 – x + (1/6)xlnx .	(E69)
This approximation was discovered in 2006 [R18], before the more precise formulae above were developed.  This "simple good approximation" is less precise than the formulae set out above, but is simpler to use and seems good enough for most technological purposes. 
Over the range 0≤x≤1, vFD06(x) has an absolute accuracy better than 0.0024 and relative accuracy better than 0.33%.

Older approximations.  In past literature there also exist a large number (about 15) of other relevant approximations. These can be mathematically transformed into approximations for vFD(x) or vFD(f) . Most of these approximations have been compared, as approximations for vFD(f), in [R26]. Over the range 0.15≤f≤0.45, which is the "pass" range for the orthodoxy test [R27], the simple good approximation is superior to all other published approximations other than a particular form of optimised 3-term approximation due to Forbes and Deane [R19]. The high-precision approximations are significantly superior to all other published approximations.    

15. Simple good approximations for the Forbes-Deane SMFs
Simple good approximations for the Forbes-Deane SMFs are obtained by applying definitions (E61–64) to eq. (E69). This results in the formulae:
	vFD06(x) = 1 – x + (1/6)xlnx ;	(E70)
	uFD06(x) = 5/6 – (1/6)lnx ;	(E71)
	tFD06(x) = 1 + (1/9)x – (1/18)xlnx ;	(E72)
	sFD06(x) = 1 – (1/6)x ;	(E73)
	rFD06(,x) =  exp[– (1/6)lnx}] .	(E74)
These approximations have been used in the main paper.

16.  "Experiment-oriented" FE equations relating measured current to measured voltage 
Notional emission area for the SN barrier. The next stage is to develop (for the SN barrier) an expression for measured current Im in terms of measured voltage Vm. The first step is to carry out an integration of the LECD over the surface of the emitter. Obviously, real emitters are post-like or needle-like, and surface curvature will in principle affect both the supply of electrons to the emitter surface and the transmission probability. Basic approaches assume the planar emission approximation, which postulates that (in the integration) it is a sufficient approximation to take as the LECD at surface location "L" the chosen planar FE equation (here the MG FE equation), using the local work function L and local surface "field" FL at location "L". This approximation is adequately valid if the emitter is "not too sharp". Opinions currently differ as to how sharp is "too sharp". Our thinking is that the approximation becomes of deteriorating validity as the apex radius of curvature reduces below about 20–50 nm.

This integration yields a so-called notional electron-emission current InMGT. By choosing a characteristic location "C" at which the LECD is particularly high [which implies that (C3/2/FC) is relatively low], this result can be put in the form
	InMGT = AnCSN JCMGT(CFC),	(E75) 
where AnCSN is a notional emission area, as derived by assuming a SN barrier, with a particular choice of location "C". In principle, the value of AnCSN depends on the choice of "C" and on various other emitter-related parameters, including emitter shape.

For simplicity in modelling, post and needle-like emitters are usually taken as cylindrically symmetric, and across-surface variations in local work-function are disregarded. (This is the uniform work-function approximation.) Hence the subscript on  is usually omitted. In these circumstances location "C" is at the emitter apex.

Characteristic formal emission area for the SN barrier. InMGT is not an accurate prediction of measured emission current Im because many factors have been left out (in particular, atomic effects). Hence we introduce a prediction uncertainty factor  (size unknown) and write
	Im =  InMGT =  AnCSN JCMGT    AfCSN JCMGT,	(E76) 
where the characteristic formal emission area (derived by assuming a SN barrier), AfCSN, is provisionally given by
	AfCSN =  AnCSN.	(E77)

However, because the values and functional dependences of  are seriously unknown, this is not a helpful definition for modelling or for data analysis. It is better to define the formal emission area AfCSN in the following way. First, the kernel current density  for the MG FE equation is defined by omitting the  term from eq. (E60) to give
	.	(E78)
The formal emission area AfCSN is then regarded a parameter derived from experiment, given by
	 ,	(E79)

Voltage-to-local-field conversion factor (CF). The next step is to define the relationship between measured voltage Vm and the characteristic local field FC (equivalent, in models with cylindrical symmetry, to apex local field). This relationship is written here in the form
	FC = CVm ,	(E80)
where C is the characteristic (voltage-to-local-field) conversion factor (CF) defined via this equation 

EMG equation for Im(Vm). The equation for Im as a function of Vm can then be written in the form
	ImEMG = AfCSN a–1(CVm) 2 exp[–vFD(fC) bCVm] .	(E81)
This equation has been called the "extended" or "experiment-oriented" Murphy-Good (EMG) FE equation (for measured current as a function of measured voltage).
The effect of this "experiment-oriented" approach has been to "sweep into the formal area" the small correction terms associated with temperature and with the Taylor expansion of GSN, where they join the much larger correction terms hidden in the formal emission area, in particular those associated with the neglect of effects due to atomic wave-functions. Thus the interpretation of measured current-voltage characteristics is split into two tasks: the accurate extraction of formal area values from experiments; and the physical interpretation of these values. Due to gaps in our understanding of quantum mechanics and/or how best to apply it, amongst other things, full interpretation of these values is not possible at present, but AfCSN could be a a useful empirical parameter in research-and-development contexts.

Characteristic formal emission area for the ET barrier. If an exactly triangular (ET) barrier is assumed, rather than a SN barrer, then an argument similar to that above leads to the following definition for the characteristic formal emission area (derived by assuming an ET barrier), AfCET:
	AfCET    Im /JCEL,	(E82)
where JCEL is the characteristic LECD given by the elementary FE equation, with (as before) the characteristic location being taken at the emitter apex in the simplest emitter models.
	
17.  Analysis of Fowler-Nordheim plots using the Extended Murphy-Good FE equation
An FE system in which there is no leakage current and the conversion factor C is constant, independent of measured voltage Vm, is said to be electronically ideal. Conventional methods of FE data-analysis, including Fowler-Nordheim (FN) plots, may yield spurious results if the FE system and the resulting data are not electronically ideal. The need for validity tests is discussed below. The data analysis method discussed in this section assumes that the FE system that generated the data is electronically ideal.

It is best practice to make experimental Fowler-Nordheim plots by using the measured current-voltage data, and this is assumed here. 


In so-called Fowler-Nordheim (FN) coordinates, eq. (E81) takes the form
	LFNEMG    ln{ImEMG/Vm2}  =  ln{AfCSN a–12} – vFD(fC) bVm 	(E83)
This equation describes a slightly curved line (more so at the high-voltage end).

The tangent method of FN plot analysis was introduced in 1953 by Burgess, Kroemer and Houston [R15]. A modified version of the original method is used here. In this approach, the line fitted to the experimental data points is modelled as a tangent to eq. (E83), taken at the (unknown) voltage value Vt at which this tangent is parallel to the straight line fitted to the experimental points.

Strictly, the straight line fitted to the experimental points should be regarded as a chord to eq. (E83) and a small correction should be applied to the tangent method (see [R28]). However, the size of the correction is small and it is almost always disregarded. 

This value Vt is termed the fitting value of Vm. As shown below, Vt corresponds to a particular (but initially unknown) fitting value ft of characteristic scaled field fC.

It follows that, at the fitting point, the tangent to eq. (E83) can be written in the form
	Ltan  =  ln{Rtan(ft)} + Stan(ft) / Vm .	(E84)
It can be shown (see Appendix A2) that the slope Stan(ft) of this tangent is given by 
	Stan(ft)  =  – sFD(ft)  b3/2C ,	(E85)
where the fitting value sFD(ft) of the slope correction factor sFD(fC) is a particular value of the SMF sFD(x) defined earlier.

The parameter ln{Rtan(ft)} gives the value of LFN at which the tangent intersects the vertical (1/Vm=0) axis. It can be shown [R29] that Rtan(ft) can be written in the form
	Rtan(ft)  =  rFD(,ft) AfSNa–1C2 ,	(E86)

where the fitting value rFD(,ft) of the intercept correction factor rFD(,fC) is a particular value of the SMF rRD(,x) defined earlier.

For notational simplicity, define rt rRD(,ft) and st sFD(ft).  Combining (E85) and (E86) then yields
	Rtan(ft) {Stan(ft)}2  =  AfSN  (ab2)  (rtst2).	(E87)

Let the straight line fitted to the experimental FN plot have the form
	Lexpt  =  ln{Rexpt} + Sexpt/Vm .	(E88)
By identifying the experimental slope and intercept with the slope and intercept of the theoretical tangent, the following extraction formulae are obtained:
	extr[SN]   =   – st b/ Sexpt ;	(E89)
	,	(E90)
where the area extraction parameter, , for a FN plot, assuming a SN barrier, is given by
	= 1/[(ab22)  (rtst2)].	(E91)
These formulae apply to both single-tip field electron emitters (STFEs) and to large-area field electron emitters (LAFEs). For LAFEs, an additional step is possible, in that one can derive an extracted value for the formal area efficiency (assuming an SN barrier), . If the "macroscopic area" (or "footprint") AM has been recorded, then this extracted value is given by:
	.	(E92)
This parameter  is a measure of the fraction of the emitter's macroscopic area that is emitting electrons. It is not an accurate measure, but is a characterisation parameter that could be useful in Research-and-Development contexts.

18.  Evaluation of the fitting parameters
It remains to determine suitable values for the various fitting parameters. The relevant equations are as follows. From definition (E20), with f set equal to ft, and definition (E80), with all parameters subscripted "t", we obtain
	ft  =  (c2 –2 Vt)  t .	(E93)
From eq. (E89) we have 
	t =   – st b/ Sexpt .	(E94)
with st estimated, as earlier, via the relation
	st    sFD06(x=ft) .	(E95)

It can be seen that in eq. (E93) there are two unknowns, Vt and t. In older work, normal practice was  to choose a specific value for st (often 0.95) from which everything else can be determined. In the present work a different approach is taken, namely a specific value is chosen for Vt, a starting value start is chosen for the conversion factor, and an iterative process is used to determine good-precision values for ft, st and other relevant parameters.
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Fig. S4.  To illustrate the iteration loop in the authors' data-analysis program.

The iteration loop is illustrated in Fig. S4 and involves the two components
	st,i   =  F(sFD06(ft,i), with ft,i  =  {c2 –2 Vt}i ,	(E96)
	i+1  =  G(st,i – st,i {b/Sexpt}.	(E97)
Here, i is the iteration variable (i ≥1), i, ft,i and st,i are the ith estimates of , ft and st, and F(and G(st,i ) are the modelling functions shown. For notational simplicity here, all labels other than "t" and "i" have been removed.

We choose some particular value in the measured voltage range to be an estimate of the fitting value Vt. To start the iteration we set 1 equal to a chosen starting-value start. In practice, it is found sufficient to take start = 10–3 nm–1, The iteration rapidly converges, and is stopped when the incremental change in  is less than 10–4.  The resulting estimates of the fitting parameters can then be used to extract characterization parameters.

The process is then repeated for a set of values of Vt chosen systematically from across the measured-voltage range.

The output of the program shows how the various calculated parameters depend on the value assumed for the fitting voltage. The further analysis of this data is described in Section 2.3 of the main paper.

19.  Overview of downloadable program 
A program has been developed that implements this iteration loop in the context of using a FN plot to analyse current-voltage-type input data. The program then goes on to extract emitter characterization parameters.  A separate part of the program is available to calculate the FE total-energy distribution, as a function of work function, temperature and field. The high-level structure of the main program option is as shown in Table S2.


	Table S2.  Effective high-level structure of main programme option

	1.
	Select assumed value of local work function 

	2.
	Read in experimental Im(Vm) data

	4.
	Fit regression line to FN plot of input data, and extract values of Sexpt and Rexpt 

	5.
	Use range of measured-voltage values to decide estimates of fitting voltage Vt to be assessed.

	6.
	For each chosen fitting-value estimate Vt , run steps 7 to 10

	7.
	Run iteration loop to find related fitting values of ft, st and rt and extracted value of 

	8.
	Extract related value of formal emission area AfSN

	9.
	Calculate, for chosen value of Vt and related extracted value of , the related extracted
value of field F and the related extracted value of decay width dF

	10.
	Calculate corresponding value of practical brightness, using eq. (9) in main paper 

	11.
	Report results in graphical form as functions of chosen fitting voltage




20.  Interpretation of formal emission area 
It needs to be understood that the formal emission area   is not an accurate estimate of "true emission area" (however this is defined), but is a "catch all" parameter that also includes effects due to the following: limitations of Murphy-Good theory, including all quantum-mechanical limitations, especially neglect of effects due to atomic-level wave-functions and neglect of effects due to emitter electronic band structure; temperature effects; effects related to the first-order Taylor expansion of GSN, effects due to work-function variability across the surface; emitter shape effects of various kinds; and accuracy-limitations of FN-plot analysis.

It will probably be many years (possibly 20 years or more) before we achieve an understanding of FE theory that is good enough to allow accurate extraction of "true emission area" (however this is defined) from experimental data by using FN-plot or similar techniques.

Notwithstanding this, both  and  are considered to be useful empirical parameters that (particularly in the context of Research and Development) can be used to compare the emission properties of different emitters.

Slightly better precision in extraction of formal emission area  can in principle be obtained (for electronically ideal systems) if a so-called Murphy-Good plot is used, rather than a FN plot. Details are given in [R30]. This approach was considered beyond the scope of the present work, but could usefully be investigated in future work.
 
21.  Extraction of parameters from FN plots using exactly-triangular-barrier theory
As above, the remarks in this Section apply only to FE systems and data that are electronically ideal.

Arguments broadly similar to those above, but somewhat simpler, can be applied to the exactly triangular (ET) barrier.	 These result in the following extraction equations for characterization parameters:
	extr[ET]   =  – b/ Sexpt,	(E98)
	,	(E99)
where the area extraction parameter, , for a FN plot, assuming an ET barrier, is given by
	= 1/[(ab22)].	(E100)

As can be seen, the results for the ET barrier are obtained from those for the SN barrier by setting st=1 and rt=1.  For the conversion factor the difference is typically about 5%. But for formal emission areas, the ET-barrier approach yields formal emission areas that are typically about a factor of 100 (or more) greater than those derived used the SN-barrier approach. Thus, theoretical expectation is that significant error is involved in emission-area extraction when the ET-barrier approach is used.

22.  The need for validity checks
22.1 The causes of non-ideality
As already indicated, the data-analysis methods discussed here will yields correct results only if the FE system and associated current-voltage data are "electronically ideal". Aspects of this concept can be understood by reference to the idealised circuit diagram shown as Fig. S5.
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Fig. S5 Idealised circuit diagram of a FE system. For precise definitions of the emission voltage Ve and emission current Ie see text. Note that this diagram uses the electron emission convention in which electron currents are treated as positive, even though they would be negative in conventional electricity theory.

In this circuit diagram, the emission voltage Ve is the voltage between the counter-electrode and the characteristic location "C" on the surface of the emitter apex region. Ve is a positive quantity in the circumstances of field electron emission. The emission current Ie is the electron-current that passes from the emitter apex region to the counter-electrode. The emission resistance Re Ve/Ie, and is a function of Ve (and also of the effective area of emission). Re is high for low values of Ve, but steadily decreases as Ve increases.

A FE system is called electronically ideal if: (1) Ie=Im; and (2) Ve=Vm. The first condition requires that the parallel resistance Rp be very large (in comparison with the (Rs2+Re), so that there is no leakage current through Rp. The second condition requires that the total series resistance (Rs1+Rs2) be very small in comparison with Re. The first condition can often be implemented by suitable system design. The second condition can sometimes be difficult to achieve, particularly with non-metallic emitters that have relatively high resistivity.

Because the value of Re falls off with increasing Ve, it is possible for a FE system to be electronically ideal in the lower part of its measured operating voltage (Vm) range, but to become non-ideal at higher operating voltages, typically causing a Fowler-Nordheim plot made using measured data to "bend downwards" at the left-hand (high-voltage) side.

There are also other situations, such as the presence of field emitted vacuum space-charge (FEVSC), that can cause non-ideality. A more comprehensive discussion, identifying 12 forms of "system complication", i.e. 12 potential causes of non-ideality, is provided in Ref. [R31]. However, it is thought by one of us (RGF) that the commonest (though not the only) cause of observed non-ideality is probably voltage loss along the shank of the emitter. Many papers seem not to recognise this as a possibility.

There are thought to be many published FE papers that state spurious values of characterization parameters because their original data are not electronically ideal. Hence, before carrying out detailed data analysis it is advisable to check that the FE system being used is electronically ideal (or nearly so), at least over a significant part of the measured voltage range. It is also useful to report in presentations and papers that this has been done.

Relevant validity checks are: (1) that the chosen data-analysis plot is "nearly linear"; and (2) that the system passes the Orthodoxy Test [R27]. For detailed discussion see [R32]. For a spreadsheet for applying the Orthodoxy Test, see supplementary material for [R27]. A webtool for applying the Test is under development [R22,R33]. 

If the Orthodoxy Test has not been carried out before detailed data analysis, there is now a simplified version of the test (provisionally called the "magic emitter test" [R31]), but likely to end up as called the "implausible field-values test") that can be applied after data analysis, if information is available both about the highest macroscopic-field value used in the experiments and about an extracted dimensionless field enhancement factor (FEF). This "magic emitter" test may also be useful when reviewing papers or testing the validity of published FEF values. A merit of all the tests is that they can easily be applied by graduate students without needing assistance from their supervisors.


Appendix A1:  Derivation of expression for Second FN Constant b
The simplest method of deriving an expression for the Second FN Constant is to apply the sJWKB formalism to the ET barrier. From eq. (E15), the motive energy for an ET barrier of zero-field height H, in the presence of local "field" F, is
	METH,F,z)    – eFz .	(A1.1)
The range of integration needed (where the motive energy is ≥0) is from z=0 to z=H/eF. Hence, from eq. (E23), the Gamow factor for the ET barrier is
	   
	.	(A1.2)
From eq. (E1), e    (2me)1/2/. It follows that expression (A1.2) can be rewritten in the form 
	,	(A1.3)
where b is an universal constant defined by	
	b    (4/3)(2me)1/2/e .	(A1.4)
This constant, b, also emerges in more complicated treatments, either of the ET barrier or of approximately triangular barriers.


Appendix A2:  Derivation of expressions for slope correction function sFD(fC) and for SMF sFD(x)
From eq. (E82), when the (theoretical) EMG FE equation is applied to a needle or post-like emitter and is plotted in Im(Vm)-type FN coordinates, then it takes the form
	LFNEMG    ln{ImEMG/Vm2}  =  ln{AfCSN a–1C2} – vFD(fC) bCVm ,	(A2.1)
This equation describes a slightly curved line (more so at the high-voltage end).

If any weak field dependences in or in AfCEMG  are disregarded, then––at any specific value of Vm–1 (and hence some specific value of fC)––the slope Stheor(Vm–1) of eq. (A2.1)––and hence the slope of the tangent to this curve, taken at this value of Vm–1, is given by
  	Stan(Vm–1)    dLFN/d(Vm–1) = – (∂{vFD(fC)  Vm–1}/∂{Vm–1}) b3/2/C
	= –[ vFD(fC) + Vm–1 (∂{vFD(fC)}/∂{Vm–1})] b3/2/C.	(A2.2)
where the fact that vFD(fC) is an indirect function of measured voltage has been taken into account. Further, since d(Vm–1)  =  – Vm–2dVm , eq. (A2.2) becomes
	 Stan(Vm–1)  =  – [vFD(fC) – Vm (∂{vFD(fC)/∂Vm)] b3/2/C.	(A2.3)

From the relations fC=FC/F and F=CVm, it is possible to define a reference measured voltage Vmat which a SN barrier of zero-field height  is reduced to zero, and deduce that:
	Vm  =  fCVm, ;  and  dVm  =  Vm, dfC .	(A2.4)
Hence: 	Vm/dVm  =  fC/dfC ,	(A2.5)
and eq, (A2.3) can be rewritten as
	Stan(Vm–1)  =  – [vFD(fC) – fC (∂{vFD(fC)/∂fC)] b3/2/C .	(A2.6)

The expression in square brackets can be identified as a particular application of the SMF sFD(x) defined by eq. (E63), and hence can be represented by the symbol sFD(fC). Thus eq. (A2.6) becomes written
	Stan(Vm–1)  =  – sFD(fC) b3/2/C.	(A2.7)
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