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Abstract 026
Extracting continuous-time governing equations from sparsely sampled measure- 027
ments remains a fundamental challenge across science and engineering. Under 028
severe temporal sparsity, conventional data-driven approaches often lose physical 029
consistency, leading to distorted dynamics and unreliable qualitative behavior. 030
Here we propose Hybrid Analytic Neural Dynamics Identification (HANDI), 031
a flow-consistent framework that enables accurate identification of governing 032
equations from sparsely sampled time series. Rather than relying on noisy 033

numerical differentiation or integration, HANDI operates directly on the flow
map, bridging discrete measurements and continuous-time dynamics through a 034
Koopman-based formulation. By constructing a hybrid observable space that 035
integrates interpretable analytic structures with neural representations, HANDI 036
enables a sampling-robust linearization of the underlying dynamics. Across 037
canonical nonlinear systems (e.g., limit cycles and bistability) and real-world 038
datasets (e.g., inverted-flag flapping and wheel shimmy dynamics), HANDI 039
consistently attains high mechanistic fidelity under extreme temporal sparsity, 040
reliably uncovering the underlying physics and dynamical geometry from limited 041

measurements.
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1 Introduction

Data-driven discovery of governing equations has become a central paradigm for
understanding and predicting complex dynamical phenomena across science and engi-
neering. The sampling interval of collected data strongly influences the ability to
recover the underlying equations [1]. As the sampling interval increases, transient
behaviors become progressively obscured, making accurate identification inherently
difficult. This challenge is exacerbated in many real-world scientific settings, where
experiments unavoidably produce widely spaced temporal samples due to physical,
logistical, or destructive constraints. Such sparsely sampled measurements are com-
mon across ecology [2, 3], epidemiology [4-6], neuroscience [7, 8], and biochemical
reactions [9-11]. When the sampling is too sparse to resolve transient dynamics,
the identified model may exhibit qualitatively incorrect behaviors, which poses a
fundamental barrier to domain-specific conclusions and downstream decision-making
across diverse scientific systems. For instance, in chemical systems driven by positive
feedback, sparse sampling can smooth out rapid self-amplifying responses, falsely sug-
gesting benign or saturating kinetics and thereby underestimating runaway-reaction
risks. In sociocultural or ecological systems, sparse measurements may obscure
recovery or stabilization phases, leading to the mistaken conclusion and misguided
preservation policies. In infectious-disease dynamics, insufficient temporal resolution
can blur the fast growth phase of transmission, resulting in biased estimates of conta-
gion and recovery and, consequently, misguided intervention strategies. Ensuring that
identified equations faithfully reflect the system’s mechanistic structure is therefore
essential, particularly when sparsity is intrinsic to the experimental setting.

Early efforts to identify governing equations from data were pioneered by symbolic
regression approaches, notably those of Bongard and Lipson [12] and Schmidt and
Lipson [13]. These works demonstrated that nonlinear physical laws can, in principle,
be recovered without prior specification of model structure. However, such approaches
rely on searching an extremely large combinatorial space of candidate expressions,
resulting in rapidly escalating computational complexity and poor scalability with
system dimension. To improve tractability, subsequent frameworks focused on identi-
fying governing equations by selecting sparse combinations of candidate terms from a
predefined library [14, 15]. Among these, Sparse Identification of Nonlinear Dynamics
(SINDy) emerged as a prominent and widely adopted methodology [15], motivating
a range of variants aimed at improving robustness to noise and data imperfections.
For example, SR3 [16] introduced a relaxed sparse regression formulation to enhance
numerical stability, while Weak SINDy (WSINDy) [17] reformulated the problem
in a weak integral form to mitigate sensitivity to noisy measurements by avoiding
explicit numerical differentiation. Together with numerous related developments [18—
21], these methods have enabled the successful identification of governing equations
across diverse application domains, including fluid mechanics [22, 23], robotic loco-
motion and control [24], and biological oscillatory systems [25]. Despite algorithmic
differences, most sparse regression—based identification methods and modern symbolic
regression frameworks [26, 27] share a common paradigm: they identify continuous-
time dynamics from local temporal information extracted from discretely sampled



trajectories. This information is typically obtained either through numerical differen-
tiation or through weak-form integral constraints evaluated over sampling intervals.
When sampling is sparse, however, the local temporal structure of trajectories is
fundamentally under-resolved. Large sampling intervals obscure curvature and fast
transients, rendering derivative-based estimates unstable, while weak-form integra-
tion effectively projects the dynamics onto coarse, time-averaged representations. As
a result, identified models may interpolate the sampled data yet fail to recover the
underlying continuous-time flow.

To address this challenge, we build on a basic physical fact: even when the system
is sampled sparsely, its evolution between two measurements is always generated by
the consistent underlying flow that maps a state x(¢x) to its future position x(t; + 7).
Then we aim to recover the governing equations by learning this consistent flow and
linking this flow to the underlying continuous dynamics over each sampling period,
without requiring Ty — 0. This eliminates both numerical differentiation and inte-
gration, thereby preventing the degradation induced by large sampling intervals and
enabling reliable recovery of governing equations under sparse sampling. For linear
systems, this principle admits an exact realization: the continuous-time system can
be uniquely recovered from sparse measurements via an exponential relationship, and
the identification error remains essentially invariant to the sampling interval (Supple-
mentary Fig. 1). Sparse sampling is therefore not a numerical obstacle, but a modeling
choice, provided that flow consistency is enforced. This sharply contrasts with SINDy
and its variants, whose accuracy rapidly degrades under identical sparsity.

Extending this principle to nonlinear systems is substantially more challeng-
ing, because the evolution between sparse measurements can no longer be linked to
the underlying continuous-time dynamics through a simple, closed-form relationship.
Koopman operator theory offers a possible route by lifting the dynamics into a high-
dimensional space where the evolution becomes approximately linear [28, 29]. This
can be realized by popular data-driven methods such as Dynamic Mode Decompo-
sition (DMD) [30, 31] and Extended DMD (EDMD) [32], which aim to learn the
flow directly from data. However, commonly used representations rarely capture an
invariant structure of the dynamics in practice, causing identification errors that grow
rapidly with the sampling interval (Supplementary Section 3) and leading to a loss of
identifiability well before theoretical limits are reached [33, 34] .

To overcome this barrier, we develop a flow-consistent framework for identifying
governing equations from sparsely sampled data. Rather than attempting to recon-
struct unresolved transient dynamics, the proposed framework treats the finite-time
flow map between measurements as the primary physical object governing identifiabil-
ity under sparse sampling. Within this perspective, system identification is reframed
as enforcing consistency of the flow across sampling intervals. Building on this princi-
ple, we construct an expressive and approximately invariant observable space in which
the flow map of a nonlinear dynamical system can be accurately represented. This
observable space combines analytic basis functions, which promote physical inter-
pretability and equation identification, with neural-network complements that provide
the flexibility needed to capture complex nonlinear structure. The resulting hybrid
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representation enables the Koopman operator that encodes the flow to act nearly lin-
early on the learned observables, allowing the consistent flow map to be accurately
recovered and, in turn, enabling reliable identification of the underlying continuous-
time governing equations even as the sampling interval approaches the theoretical
upper bound of identifiability.

2 Results

2.1 Overview of hybrid analytic neural dynamics identification

Ordinary differential equations (ODEs) are ubiquitous in modeling dynamical systems.
We consider an autonomous system

x(t) = f(x(t)),  x(t) e R% (1)

Given sparsely sampled trajectories {x} with x; := x(kTs) and a large sampling
period T, our goal is to recover the governing law f(-).

Despite sparse measurements, the underlying discrete-time evolution remains rig-
orously defined by a consistent flow map S7s for all x, i.e., x(t+7) = ST (x(t)), which
preserves compositional consistency ST1+72(x) = S71(S72(x)) across all intervals.
Koopman theory elegantly maps this structure onto a functional space of observables
via KTsp(x) = ¢(ST5(x)), ensuring that the resulting operators inherit the semi-
group property. This formulation culminates in the fundamental exponential mapping
K7Ts = el'Ts | where the infinitesimal generator L = f - V serves as a bridge to the
continuous-time dynamical system. By exploiting this intrinsic flow consistency, we
reformulate the recovery of the hidden f from sparse data as a flow-map learning
problem. This approach effectively decouples the discovery of governing laws from the
temporal resolution of the measurements, bypassing the conventional necessity for the
infinitesimal sampling limit (T — 0).

Exploiting this flow consistency hinges on constructing a finite-dimensional observ-
able space that is (approximately) invariant under K7¢; loss of invariance breaks
the identification accuracy (Supplementary Section 3). To address this challenge,
we propose a hybrid and sampling-robust framework, termed HANDI, which inte-
grates analytic priors with adaptive neural residuals to identify governing equations
from sparse measurements (Fig. 1a). The core of HANDI is an orthogonalized Koop-
man lifting mechanism that bridges physically interpretable structures with flexible
data-driven representations. Specifically, system states are lifted into a hybrid observ-
able space composed of analytic bases ¢(x) and neural observables that account for
unmodeled nonlinearities. To ensure identifiability and avoid redundancy between
these components, we explicitly project the neural observables onto the orthogonal
complement of the analytic subspace (Fig. 1b). This deflation step guarantees that
the neural network learns only complementary dynamics not already encoded by the
analytic dictionary, preserving interpretability of the identified model.
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Fig. 1: Overview of the HANDI framework. a, HANDI identifies continuous-
time dynamics from sparse measurements (X, Xi+1) by embedding flow maps into a
hybrid observable space. This space integrates analytic bases ¢(x) with orthogonal
neural components G (x) to capture complex dynamics while maintaining the inter-
pretability required to extract governing equations. b, To prevent basis redundancy,
analytic bases are transformed into an orthonormal set Q(x), while neural bases are
projected onto the orthogonal complement to yield the residual components G (x).
¢, Following lifting to Z = [Q; G ], optimization proceeds in two stages. Stage A
optimizes G| and K, to capture dynamics missing from the analytic bases, providing
a robust initialization. Stage B further fine-tunes the model via multi-step trajec-
tory supervision to preserve flow-map consistency. d, A principled bridge between the
flow map and the governing equation is established via operator inversion without
requiring high sampling frequency. The learned operator K., is transformed into the
Koopman generator L, through a matrix logarithm, and then mapped back to the
original basis to extract the governing equation.
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Building on this orthogonalized representation, HANDI employs a two-phase train-
ing strategy (Fig. 1c): the neural residuals are first aligned to capture discrepancies
unexplained by the analytic basis, followed by multi-step rollout optimization of the
augmented Koopman operator to enforce long-term flow consistency under sparse
sampling. Finally, the learned Koopman operator is mapped back to a generator
via operator inversion (Fig. 1d), from which the governing equations x = f(x) are
extracted. This step bypasses the classical requirement for the infinitesimal sampling
limit (Ts — 0), enabling accurate identification of continuous-time dynamics from
sparse data (see Methods for details).

2.2 Identification of canonical dynamical systems under
temporal sparsity

We first evaluate HANDI under increasingly sparse temporal sampling using four
canonical nonlinear systems representing fixed point, limit cycle, relaxation, and
bistable dynamics. These systems are used to assess whether qualitative invariants
of the underlying flows, such as stability, oscillatory structure, and multistability,
can be preserved as the measurements become temporally sparse. For each system,
datasets are generated with progressively increasing sampling intervals (Supplemen-
tary Table 1). All models are presented in non-dimensionalized or rescaled form, with
sampling intervals reported in seconds for notational consistency.

Identification performance is assessed using complementary quantitative and qual-
itative metrics. Quantitative accuracy is evaluated using coefficient normalized root
mean squared error (NRMSE) and trajectory mean squared error (MSE) over 100
uniformly sampled initial conditions. Qualitatively, the success rate of attractor con-
sistency (ACR) measures the fraction of trials where the reconstructed model preserves
fundamental topological invariants. These invariants are numerically verified through
key dynamical signatures including Lyapunov stability for fixed points, orbital fre-
quencies for limit cycles, and manifold geometry for complex attractors. Detailed
metric definitions are provided in Supplementary Section 6.1. We compare HANDI
with representative identification methods, including SINDy [15], SR3 [16], and PSE
[27]; These 3 methods are selected from a broader pool of comparison approaches to
ensure clarity of presentation, as they represent widely used identification paradigms
and show relatively consistent performance across all considered systems in this
study. Comprehensive quantitative evaluations involving all methods are deferred to
Section 5.

Fig. 2 summarizes the identification performance across all systems and sampling
intervals Ts. Across all cases, HANDI learns Koopman eigenfunctions that faithfully
encode the geometric organization of the underlying dynamics, including vanishing
structures along limit cycles and basin partitioning in multistable Duffing system (left
column of Fig. 2). This structural consistency is reflected by an ACR of 100% over the
entire tested sampling range (top middle panels of Fig. 2a—d). By contrast, baseline
methods exhibit a rapid loss of qualitative fidelity as T increases, with ACR values
degrading progressively and frequently collapsing under extreme sparse sampling.
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Fig. 2: Identifications of canonical systems under sparse sampling. a—d,
Comparison of HANDI against representative baselines on systems with distinct
attractors. The learned Koopman eigenfunctions (left) reveal the geometric topology
and invariant structures of each attractor. Evaluation across sampling intervals T
(right) shows that HANDI maintains a 100% ACR and superior phase-portrait fidelity
where baselines suffer pronounced topological degradation. Quantitative assessment
via trajectory MSE and coefficient NRMSE (bottom right) further demonstrates
HANDTI’s consistent accuracy across sparsity levels. Statistics are summarized over
100 uniformly sampled initial conditions using optimized hyperparameters (Supple-
mentary Section 6.2).
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Phase portraits further clarify this distinction at the trajectory level (top right
panels of Fig. 2a—d). Even at large sampling intervals, HANDI reproduces trajectory
evolutions that are consistent with the reference dynamics, preserving key behav-
ioral features such as oscillatory convergence (Ts = 1.0s), sustained periodic motion
(Ts = 1.0s), and sharp relaxation transitions (7s = 0.5s). In contrast, baseline
models yield qualitative failures under sparse sampling. For instance, trajectories
lose their characteristic spiral structure and collapse into overdamped decay in the
fixed point system. For limit cycle dynamics, reconstructed oscillations show substan-
tial frequency attenuation. Such failures indicate violations of flow-level dynamical
consistency, undermining physical interpretability and mechanistic insight.

Quantitatively, HANDI consistently achieves lower trajectory prediction and coef-
ficient identification errors across all systems under sparse sampling (bottom of Fig. 2).
While baseline methods perform competitively when sampling intervals are suffi-
ciently small, their errors increase sharply as temporal sparsity grows. In contrast,
HANDI remains stable across the tested regimes, demonstrating its robustness against
severe degradation of local temporal information. Detailed system-specific results are
provided in Supplementary Sections 6.3.2-6.3.5.

The maximum sampling interval considered for each system is determined by
intrinsic dynamical time scales rather than algorithm-specific tuning. Systems with
slower dynamics tolerate substantially larger sampling intervals, whereas systems with
fast transitions or sharp basin boundaries require finer temporal resolution. Notably,
all methods fail once the sampling interval exceeds a fundamental limit imposed by
the continuous-time dynamics, beyond which measurements no longer preserve the
geometric structure of the flow [33, 34]. Additional visualizations are provided in
Supplementary Section 7.

2.3 Identification of benchmark systems under joint temporal
sparsity and limited realizations

To evaluate the limits of system identification under joint temporal sparsity and lim-
ited realizations, we benchmarked HANDI on four representative dynamical systems
from MD-Bench [35]: chemical autocatalysis, language death, susceptible-infected—
recovered (SIR) epidemics, and glycolytic oscillations. These systems exemplify a
pervasive challenge in scientific discovery: intrinsic dynamics often evolve rapidly,
yet only a small number of experimental realizations are available and measurements
are sampled sparsely in time. For instance, millisecond-scale bursts in chemical auto-
catalysis are typically obscured by the coarse temporal resolution of standard assays
[9, 10, 36] (Supplementary Sections 6.3.6-6.3.9). For each system, we restrict the
training data to only two trajectories, each sampled sparsely in time (for example,
T, = 2.25 s for the autocatalytic system). Under this regime, the available samples
are insufficient to resolve fast transients or faithfully trace the geometric structure of
the underlying dynamics. This setting therefore constitutes a stringent test of whether
an identification method can identify the underlying vector field, rather than merely
interpolating between discrete measurements.
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Fig. 3: Performance of HANDI on benchmark systems under joint tem-
poral sparsity and limited realizations. HANDI is compared with SINDy [15],
SR3 [16], PSE [27], gEDMD [37], and EDMD [32, 38] on four benchmark systems,
including chemical autocatalysis (a), language death dynamics (b), the SIR epidemic
model (c), and a glycolytic oscillator (d), representing application domains in which
temporal sampling and realizations are typically limited. The second column of a—d
shows the ground-truth vector fields together with the training measurements (black).
Despite sparse sampling and limited trajectory coverage, HANDI accurately recov-
ers both the system trajectories and the underlying vector fields over the state space,
achieving consistently low errors Fp2 and Eye (third column of a—d). Averaged across
all benchmark systems, HANDI yields lower errors in system-specific physical quanti-
ties than baseline methods (fourth and fifth columns of a—d and e). All methods are
evaluated using optimized hyperparameters and identical datasets, with basis-based
approaches sharing the same candidate library. Comparative vector field errors and
detailed identification results are provided in Supplementary Sections 6.3.6-6.3.9.
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Fig. 3 summarizes the performance of HANDI under sparse temporal sampling
and limited trajectory coverage. Across all benchmarks, HANDI accurately identifies
the continuous-time vector field within a bounded domain Q (Fig. 3a—d). This evalua-
tion region 2 is defined by the dynamical range of training trajectories and a modest
buffer to assess local extrapolation, while strictly adhering to inherent constraints
such as non-negativity. Performance is quantified via the pointwise L? error (Ep2)
and its normalized relative counterpart (E,q ), both of which remain consistently low
across considered benchmarks. Fig. 3a—d also demonstrate that the identified models
preserve both the correct directionality of motion and coherent geometric structures
around equilibria and manifolds, ensuring that the continuous-time dynamics remain
physically consistent even far from the training realizations. In contrast, while base-
line methods may appear to fit the observed trajectories at sampled time points, their
identified vector fields exhibit obvious distortions in regions unconstrained by data
(Supplementary Figs. 21, 25, 29, 33). These geometric inconsistencies, manifesting
as biased magnitudes or spurious critical structures, directly propagate into erro-
neous characterizations of stability, basin geometry, and transient behavior. Detailed
quantitative comparisons are provided in Supplementary Tables 20, 24, 27, 31.

Furthermore, HANDI achieves consistently low relative errors for key physical
quantities across all domains, significantly outperforming or remaining competitive
with representative baselines (Fig. 3e). In chemical autocatalysis, HANDI accurately
identifies the effective rate k., and inhibition rate k_; with errors of only 0.19%
and 4.37%, respectively. These parameters are essential as they dictate the critical
burst-to-saturation profile of the reaction. Similarly, HANDI resolves the enzymatic
coupling and substrate influx parameters of the glycolytic oscillator with high preci-
sion, thereby accurately capturing the driving regulation of metabolic oscillations. The
superior performance of HANDI stems from a fundamental shift in the identification
paradigm. This efficacy arises because HANDI reformulates the traditional task of
pointwise vector field estimation, which demands dense sampling, into a global identi-
fication of linear evolution laws within a latent Koopman subspace. By capturing the
underlying flow map that implicitly integrates the system dynamics over finite time
intervals, HANDI bypasses the need for numerical differentiation or integration, and
remains robust to sparse temporal sampling. Moreover, the operator-inversion process
aggregates information across the entire state space, allowing consistent identifica-
tion even when trajectory coverage is limited. Consequently, the identified evolution
laws can be coherently applied across the state space, enabling robust generalization
beyond measurements that are sparse in both time and state space.

2.4 Ablation analysis and robustness for system identification

The performance of HANDI framework depends on the architectural integrity of its
hybrid modules and the noise level of the given data. Herein, we present an analysis of
these factors to validate the necessity of the hybrid design and the model’s robustness
against interference.

Model ablation study. We conducted an ablation study to evaluate the role of
the neural residual learning and the orthogonal projection strategy. We constructed
two types of simplified architectures as ablation baselines: (1) “Residual ablated”,
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where the Stage A (neural residual alignment) is removed and retains only Stage B
for parameter learning, and (2) “Orthogonal ablated”, where the neural observable is
learned without enforcing orthogonality to the analytic subspace.
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Fig. 4: Model ablation study and robustness performance of HANDI. a—
d, Ablation study on four canonical dynamical systems. The full HANDI model (%)
is compared with two ablated variants: ) residual-ablated (residual fitting removed)
and @) orthogonality-ablated (orthogonal projection removed). Bar plots report ACR,
while box plots show trajectory prediction error (MSE) over 100 initial conditions.
Statistical significance between methods is assessed using pairwise Mann—Whitney
U tests; asterisks denote significance levels (*p < 1071, *¥*p < 1072, ***p < 1073,
ek < 1074), and “n.s” indicates non-significant differences. e, Robustness eval-
uation under multiplicative measurement noise. Trajectory MSE of HANDI and six
baseline methods on four benchmark systems (Chemical autocatalysis, Language
death, SIR epidemic, and Glycolytic oscillator) across noise levels ranging from 1%
to 5%. HANDI consistently maintains low prediction error across all noise intensities,
while several baseline methods exhibit unstable or divergent behavior.

Ablation studies across four canonical systems (Fig. 4a—d) validate the archi-
tectural integrity of HANDI, demonstrating that both residual fitting and basis
orthogonalization are indispensable for preserving the framework’s qualitative topo-
logical structures and quantitative precision. First, the removal of the residual learning
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module (blue) results in a statistically significant increase in identification error, as
quantified by the MSE, most notably in the fixed point, limit cycle and Van der Pol
systems (Fig. 4a—c). While the MSE for the Duffing oscillator shows only marginal
degradation, the corresponding phase portraits reveal a clear loss of qualitative accu-
racy as quantified by the ACR, failing to capture the precise geometry of the attractor.
These results confirm that residual alignment is vital for compensating for the discrete-
time evolution of analytical basis and capturing the “missed” physics within the
sparse-sampling regime. Second, we evaluated the necessity of the orthogonalization
constraint. The variant lacking this projection (green) suffered from severe qualitative
collapse; specifically, in the fixed-point and Van der Pol systems, the ACR dropped
to zero, indicating a complete failure to recover the system’s governing equation.
Quantitatively, removing the orthogonality constraint increased prediction errors by
at least an order of magnitude across all four systems. We attribute this degradation
to feature redundancy between the analytic and neural bases. Without the orthogonal
projection, the optimization landscape becomes ill-conditioned, leading to numerical
instability and a failure to isolate the unique contribution of each basis component. In
stark contrast, the full HANDI framework consistently achieves superior performance,
maintaining mechanistic fidelity and numerical accuracy where ablated variants fail.

Robustness performance. We further evaluate the robustness of HANDI to
measurement noise on four representative benchmark systems: Chemical autocataly-
sis, Language death, SIR epidemic, and the Glycolytic oscillator. Multiplicative noise
with intensities ranging from 1% to 5% is applied to the observed trajectories. HANDI
is compared against six baseline methods, including SINDy, SR3, PSE, WSINDy,
¢EDMD and EDMD.

Fig. 4e reports the trajectory MSE of HANDI and baseline models under increasing
measurement noise. Across the considered systems and noise levels, HANDI achieves
consistently low prediction error and stable long-term simulations, while several base-
line methods exhibit rapid performance degradation or simulation failure as noise
increases (Supplementary Tables 19, 23, 26, 30). In a small number of 5% noise
cases, HANDI performs comparably to the best-performing baseline methods, with-
out exhibiting catastrophic failure. Overall, these results demonstrate that HANDI
maintains robust identification performance under moderate measurement noise.

2.5 Identification from experimental data under different
temporal sparsity

Real-world experimental data pose a fundamental challenge for system identification:
the underlying governing structures are unknown, measurements are noisy, and the
data acquisition process varies with the temporal sampling conditions. In this setting,
model accuracy can no longer be assessed against a known ground truth. Instead,
a meaningful identification should recover dynamical behaviors and physical quanti-
ties that are intrinsic to the system and therefore remain consistent as the sampling
interval varies. To this end, we apply HANDI to four experimental systems under pro-
gressively increasing sampling intervals, including a single pendulum [25], an inverted
flag flapping system [39], wheel-shimmy dynamics [39], and a neuronal integration
experiment [40].
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Fig. 5: Identification of governing equations from experimental data across
temporal sparsity. a—d, Performance of HANDI on four experimental systems:
pendulum, inverted flag, wheel shimmy dynamics, and neuronal integration, across
increasing sampling intervals T,. Across all regimes, HANDI recovers dynamical
behaviors that remain qualitatively and quantitatively consistent even for unseen
initial conditions (d), whereas baseline methods (SINDy, SR3, PSE) exhibit charac-
teristic failures such as frequency distortion and simulation divergence. e, Errors of
identified quantities, including rope length, natural frequency, steady-state potentials,
and oscillation amplitude, demonstrate that HANDI yields accurate, physically plau-
sible estimates (error < 2%) where baselines often produce significant errors or fail to
return valid estimates (N/A). See Supplementary Sections 6.3.10-6.3.13 for details.
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Across all experimental systems, HANDI identifies continuous-time dynamics
whose observed dynamical behaviors remain stable as the sampling interval T
increases (Fig. ba—d). In contrast, baseline methods exhibit pronounced dependence
on temporal sampling sparsity. For the pendulum, inverted flag, and wheel-shimmy
systems, which are dominated by rapid energy exchange and oscillatory motion, base-
line models suffer from phase drift, frequency attenuation, or outright divergence as
T increases (Fig. 5a—c). In the neuronal integration experiment, baseline methods fre-
quently fail to produce stable long-term simulations under sparse sampling (Fig. 5d;
Supplementary Table 36). These failure modes stem from the inherent dependence
of local, derivative-based identification methods on sufficiently dense temporal sam-
pling, which becomes unreliable when fast transitions are undersampled. By contrast,
HANDI identifies a continuous-time Koopman generator that constrains the global
flow map, yielding models that reproduce the consistent qualitative dynamical behav-
iors, such as oscillatory patterns and steady-state responses, even when identified from
sparsely sampled experimental data (fourth column of Fig. 5a—d).

This consistency is further supported by the physical quantities inferred from
HANDI models across different sampling intervals (Fig. 5e). Despite increases in
temporal sparsity, HANDI yields consistent and physically plausible estimates of
system-specific parameters. In contrast, baseline methods frequently collapse into non-
physical regimes, such as unrealistically large rod length [ or oscillation amplitude
A, or fail to estimate valid quantities altogether, including the natural frequency w,
and the mean steady-state membrane potential V (reported as N/A). Together, these
results indicate that HANDI recovers intrinsic system properties that remain con-
sistent across changes in the sampling interval, rather than artifacts induced by a
particular level of temporal sparsity.

Furthermore, HANDI reliably captures latent dynamical characteristics that are
difficult to infer from sparsely sampled trajectories alone. In the wheel-shimmy
system, a safety-critical nonlinear vibration, HANDI resolves the slow envelope
decay modulating the dominant oscillations, implicitly capturing the effective damp-
ing behavior that governs convergence toward the equilibrium manifold (Fig. 5c¢).
Similarly, in the neuronal integration experiment, HANDI consistently recovers char-
acteristic relaxation time scales across sampling intervals, despite measurement noise
and sparse sampling (Fig. 5d).

To assess whether HANDI captures the underlying dynamical structure beyond
the training trajectories, we perform a state-space extrapolation test on the inverted
flag system, which provides the richest set of experimental realizations among these
four systems. The model is identified using only four trajectories acquired at the
sparsest sampling interval (Ts = 0.20s). Without any additional fitting, the result-
ing continuous-time model is then simulated from two previously unobserved initial
conditions. As shown in the lower panel of Fig. 5d, the predicted trajectories closely
follow the experimental measurements. Quantitatively, despite being identified from
limited and sparsely sampled data, the model preserves the characteristic oscillation
amplitudes and dominant frequencies across both unseen initial conditions, with low
relative error. These results indicate that HANDI recovers a coherent state-space flow
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that governs inverted flag flapping dynamics, rather than merely interpolating the
observed trajectories.

The aggregated performance across all canonical and experimental systems is sum-
marized in Fig. 6. HANDI consistently achieves high Area Under the Success Curve
(AUSC) values, indicating reliable identification performance across a broad range of
accuracy thresholds. In several experimental settings, HANDI maintains robust per-
formance under sparse and noisy measurements, whereas baseline methods yield very
low AUSC values, reflecting their limited ability to preserve long-term dynamics in
such regimes. This clear separation in AUSC highlights the consistent reliability of
HANDI across diverse dynamical systems and data conditions.

[ HANDI [l SINDy SR3 PSE WSINDy W gEDMD W EDMD

0.9977 hu.sgn 0.9249 0.9973 0.9634 0.9994
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Fig. 6: Performance of various models across canonical and real-world
dynamical systems under sparsity and noise. We compare the performance
of HANDI against representative identification approaches, including SINDy, SR3,
PSE, WSINDy, gEDMD, and EDMD. Large sampling intervals (e.g., Ts = 1.0 s for
the fixed-point system) are deliberately selected to simulate scenarios where high-
frequency monitoring is technically or economically prohibitive. All methods were
evaluated using optimized hyperparameters, with basis-based models utilizing an
identical library of candidate functions. Given these consistent constraints, HANDI
demonstrates superior global robustness, achieving a significantly higher AUSC across
most benchmarks. This demonstrates the framework’s broad applicability and consis-
tent reliability in identifying true governing equations from sparse, corrupted data.
Here AUSC quantifies the cumulative success rate across a spectrum of error toler-
ances [0, 1], where higher values indicate that a larger fraction of predicted trajectories
maintain high fidelity across a wide range of accuracy requirements. Statistical results
are averaged over 100 uniformly sampled initial conditions for canonical systems and
available experimental trajectories for real-world systems.
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3 Discussion

This work establishes a flow-consistent perspective for identifying nonlinear dynamical
systems from sparsely sampled data. Rather than attempting to reconstruct hidden
local dynamics directly, HANDI reframes the identification problem around the intrin-
sic consistency of the finite-time flow map. By lifting sparse measurements into a
Koopman observable space that integrates interpretable analytic structures with an
orthogonal neural residual, HANDI captures the action of the underlying flow in a lin-
ear form that remains invariant across states. Within this representation, continuous-
and discrete-time dynamics are explicitly linked through a matrix exponential,
enabling faithful identification even from sparsely sampled measurements.

A key consequence of this formulation is that it preserves not only trajectory-level
accuracy but also the global organization of phase space. Through spectral analysis of
the learned Koopman generator, HANDI recovers interpretable geometric structures,
such as equilibria, bistable potential landscapes, and oscillatory modes, that are closely
aligned with the underlying mechanisms. These qualitative invariants are precisely
the features that sparse sampling tends to obscure for pointwise or locally constrained
identification methods, which may distort the implied vector field away from ground
truth. Across canonical benchmarks and real-world systems, the proposed framework
consistently identifies governing equations and reconstructs trajectories that remain
faithful to the reference dynamics, even as the sampling period approaches theoretical
limits of the underlying dynamical systems. Taken together, these results suggest that
enforcing flow consistency provides a principled pathway for resolving the ambiguity
inherent in sparse sampling identification, shifting the focus from local, pointwise
estimation to globally constrained dynamical inference.

Despite these advances, several challenges remain. Chaotic systems, in particular,
pose intrinsic difficulties for establishing a correspondence between continuous-time
and discrete-time dynamics through a matrix exponential, owing to intermittently
forced linear behavior and continuous spectral components that complicate Koopman-
based representations in practice [41]. This challenge reflects a fundamental limit
of identifiability under sparsity rather than implementation-specific deficiencies, and
extending flow-consistent identification into chaotic systems remains an open problem.

High-dimensional systems present a complementary challenge. In settings such as
climate dynamics, the dimensionality of the observable space grows rapidly, rendering
it difficult to learn compact and interpretable representations of consistent flow maps
from limited data. Incorporating stronger physical priors and structural constraints
will likely be essential for scaling sparse identification methods to such regimes.

Finally, while this study focused on temporally sparse measurements of ordi-
nary differential equations, many natural processes are inherently spatiotemporal.
Extending flow-consistent identification from temporal to spatiotemporal settings rep-
resents a promising direction for reconstructing distributed dynamics from limited
measurements, and may further clarify the fundamental limits and opportunities of
data-driven discovery under extreme sparsity.
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4 Methods

Traditional EDMD [32] uses a fixed set of basis functions as Koopman observables.
However, when the sampling period T changes, a single fixed dictionary may no longer
approximate the Koopman invariant subspace well. To address this, we augment the
fixed analytic dictionary with a learnable neural dictionary that captures the portion
the fixed basis cannot fit.

The method proceeds in two phases. Stage A coarsely tunes the neural dictionary
to learn components that are (approximately) orthogonal to the fixed observables
and to capture the residual left by the fixed dictionary. Stage B fine-tunes the same
network: we concatenate the fixed and learned observables to form the full feature map,
estimate the discrete Koopman operator and its continuous-time generator. Using the
block associated with the fixed analytic dictionary, we reconstruct an analytic vector
field in the original state coordinates.

4.1 Data preprocessing

We consider N discrete-time trajectories {xn,t}ﬁf;ﬁ;é, with sampling interval T, > 0,
Xn,t € R?. All snapshots are collected and stacked along the sample dimension:

N
{(kayk)}ly:l = U {(Xﬂ,tﬂ Xﬂ,t+1) 2 t=0,...,T, —2 }7 (2)

n=1

where M = 27]:[:1(Tn — 1) denotes the total number of snapshot pairs.

For each state, we build analytic dictionary features ¢ : R? — R™ and z;, = ¢(x},),
where ¢ is formed by selecting or concatenating basis functions from an analytic
family (we refer to it uniformly as ¢). These basis functions may include monomial,
trigonometric, and exponential functions. We assume that the dictionary is state-
inclusive: the first d entries of ¢(x) are exactly the state coordinates, i.e., p(x)1.4 = x.
After lifting, we stack features row-wise as

¢ (x1) o' (1)
¢x — : c ]:RJMXWL7 (by — : c RMXT/L. (3)

&7 (xa) &7 (yar)

We perform a (no pivot) QR factorization on ®,: ®, = Q, Ry, and define the
orthogonalized basis dictionary

Q() = d’() R;l’ Qx = ‘I'a: R_la Qy = q)y R;1~ (4)

Note that Q(-) defines a data-dependent orthogonalized dictionary with respect to
the empirical inner product induced by the samples.
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4.2 Stage A: orthogonal residual dictionary learning

In the orthogonalized ¢-space, we assume a discrete linear evolution z,. 1~ z;] K and
estimate the prior one-step operator by the closed form of ridge regression

. -1
Ko =argmin [Q, — QuK[% + M| K[ = (Q; Qa + MI) Q7 Qy,  (5)

where )4 is a tunable regularization parameter. This induces the residual not captured
by the prior dictionary,

Ro =Q, — Q. Kg € RM*m, (6)

To explain this residual, we introduce a learnable residual dictionary gy : R* — RY
and stack the corresponding features

go (x1)
G= : € RMx9, (7)

gJ (XM)

where 6 are network parameters of gg.

To avoid the neural dictionary duplicating patterns already represented by the
fixed analytic dictionary, we perform a deflation step that removes from the raw neural
features their least-squares projection onto the samplewise span of the orthogonalized
analytic features, span(Q,). The resulting deflated features G, lie, up to numerical
tolerances, in the orthogonal complement of span(Q,)

0=(Q/Q,+<I) 'Q]G, G, =G-0aQ,0. ®)

Here, a € [0, 1] controls the deflation strength, while the small Tikhonov term ¢ > 0
stabilizes the projection, where o and € are both tunable. This procedure suppresses
redundancy between the fixed and neural dictionaries, improves the identifiability of
subsequent operator estimates, and yields better numerical conditioning downstream.
Using G, we define the closed-form linear mapping

K;losed _ (GIGJ_ + AgI)_lGIRQ’ ﬁ,Q = GJ_Kga (9>

where A, is tunable, and then train the parameters by minimizing the Stage A objec-

tive, which reduces the discrepancy between the predicted residual ﬁQ and the target
residual Rg while regularizing the learned operator K, toward its closed-form ridge
Kclosed

g

= 2 losed || 2
L1 = |[Rq — Rel|, + 8 [|Ky — K™, (10)
where 3 is tunable. Optimize 8 and K, to obtain the trained residual dictionary ge
together with its orthogonalized features G .
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4.3 Stage B: Koopman-based vector field identification

We construct the augmented observable by concatenating the prior analytic features

and the orthogonalized neural residual features, Z(x) = [ Q" (x), GI(X)]T € R™t9,
and stack all samples row-wise to obtain Z, = [Z(x1), -+ ,Z(xym)]" and Z, =
[Z(y1), -+ ,Z(ywm)]". The augmented discrete Koopman operator is then estimated
in closed form via ridge regression,

Koug = (2] Zy + Anl) " Z] Z, € ROMH9)X(m40), (11)

where g, is tunable. To promote temporal coherence beyond a single step, we first
define, for any trajectory n and starting time ¢ with t+S < T,,—1, a contiguous window
{Xnts- s Xnt+s}t and set Zg 1= Z(x,¢) and Zy 1= Z(Xp4%) for k =1,...,5. We
then enforce one-step and multi-step consistency in the feature space by minimizing

s
1
Ly =|Z; - ZOKaugHi“ +7- 3 Z |2y — ZO(Kaug)kH2F7 (12)
=1

where v > 0 controls the multi-step weight and the loss is evaluated in all valid win-
dows, S is the maximum rollout length and ~, .S are tunable; each training epoch first
refreshes K, on the entire dataset and then updates gy using L,. For interpretability
and continuous-time analysis, we map the discrete operator back to the native analytic
basis by a similarity transform applied only to the ¢-block, with T = diag(Ry, I,)
and K338 = T~ 'K,z T. The continuous-time generator is obtained via the principal
matrix logarithm, .

L=7 log(K3iy), (13)
from which we extract the block associated with the original state coordinates to write
the recovered vector field as

X(t) = d)T (X(t)) Chat; Chat = Ll:m, 1:d- (].4)

4.4 Uniqueness and numerical stability of operator inversion

The recovery of a continuous-time generator L from a discrete-time Koopman operator
Kgﬁtg relies on the matrix logarithm (13). This inversion is generally not unique due to
the multivalued nature of the complex logarithm. A sufficient condition for uniqueness

is imposed on the spectrum of the true generator L: if all eigenvalues \ satisfy
Im(N)Ts| <, (15)

then the principal matrix logarithm recovers the unique generator whose spectrum
lies within the principal branch. Under this condition, eigenvalues of exp(LTs) remain
strictly away from the negative real axis, where the principal logarithm is discontin-
uous. A detailed theoretical discussion of this identifiability condition is provided in
Supplementary Section 7.
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From a numerical perspective, the sensitivity of operator inversion originates from
the computation of the matrix logarithm itself. When eigenvalues of the Koopman
operator approach the negative real axis, corresponding to Im(\)Ts ~ =+, small
perturbations in Kgﬁg may be significantly amplified in log(Kgﬁg). This behavior
reflects an intrinsic property of the logarithm mapping rather than a limitation of
the proposed method, and it becomes increasingly pronounced as temporal sampling
becomes sparse.

In practice, we compute the matrix logarithm by Schur decomposition—based algo-
rithm to evaluate the principal matrix logarithm. Specifically, the method employs
the inverse scaling and squaring algorithm, providing a numerically stable evaluation
in the presence of non-normality and clustering of eigenvalues [42, 43]. While this
approach ensures robust numerical computation of the principal logarithm, it does
not alter the inherent ill-conditioning of the logarithm near its branch cut.

All experiments reported in this study operate in regimes where the generator
inversion remains numerically well conditioned. Empirically, when the above spectral
condition is violated, continuous-time identifiability deteriorates across all methods
considered, indicating system aliasing imposed by sparse temporal sampling rather
than a failure of the proposed approach (Supplementary Section 7).

4.5 Coefficient-level metric

We report a coefficient-level NRMSE between the estimated coefficient matrix Cy,ag
and the ground truth Cypye:

m .. .\ 2
\/% Zi:l Zj:l (Chat(l,]> - Ctrue(%]))
ﬁ Z(i,j)eQ |Ctrue(i7j)| ’ (16>
Q={(i,7) : [Ctrue(i,4)] > 0},

NRMSE =

where the denominator normalizes by the average magnitude of the nonzero ground-
truth entries. Lower values of NRMSE indicate better agreement.

The trajectory-level MSE for kth initial condition is computed by the squared
prediction error over multiple time steps:

Ngim—1
| | Mem )
MSE®) = TN > lIxn(ty) = %), (17)
S1m J:O

where Ngipy, is the number of time steps. For trajectories that diverge or become
numerically unstable, the MSE™® is reported as NaN and excluded from averaging.

To assess robustness across all trajectories, we also report the AUSC based on
trajectory-level prediction errors. Given a set of MSE values {MSE(’“)}QLI, we define
the success rate at threshold § > 0 as

N
SR(5) = %ZH (MSE® <), (18)
k=1
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where I(-) denotes the indicator function. The AUSC is then defined as the normalized
area under the success-rate curve over a fixed interval [0, dpax]:

AUSC = !

/ . SR(8)ds, (19)
0

Omax

where 0. = 1.0 is fixed for all methods and systems. By construction, AUSC €
[0, 1], with larger values indicating that a higher fraction of trajectories achieve low
prediction error across a wide range of tolerances.

Data availability

Source data are provided with this paper. All datasets are available via GitHub
at https://github.com/kaixinzeng/HANDI under the MIT License. Details of data-
generation and experimental setup are provided in Supplementary Section 4.

Code availability

All code used for model training and analysis in this study is available via GitHub at
https://github.com/kaixinzeng/HANDI under the MIT License.
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