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Fermionic perturbations and spinning particle dynamics in asymptotically safe charged black

holes

Erdem Sucu 1, ∗ and İzzet Sakallı 1, †

1Physics Department, Eastern Mediterranean University,
Famagusta, 99628 North Cyprus, via Mersin 10, Türkiye

(Dated: February 10, 2026)

We investigate a quantum-corrected charged black hole obtained by promoting the Newtonian coupling
to a scale-dependent quantity, as motivated by renormalization group improvement in Quantum Einstein
Gravity. This yields a modified Reissner-Nordstrm spacetime where quantum effects are encoded through
radial running of the gravitational coupling, while the classical limit is recovered at large distances.
Fermionic Hawking radiation is studied within a tunneling framework based on a Generalized Uncertainty
Principle-deformed Dirac equation. The resulting Hawking temperature is reduced relative to the
semiclassical case, reflecting minimal-length effects that propagate into the thermodynamic sector. We
derive quantum-corrected internal energy, Helmholtz free energy, and pressure within the extended phase
space formalism. Deviations from classical thermodynamics are most pronounced near the event horizon
and become negligible in the weak-field regime. The dynamical response is examined through fermionic
perturbations by constructing the effective potential and employing a semiclassical approximation to
compute the quasinormal mode spectrum and quality factors. Results indicate that running gravitational
coupling mainly affects damping properties with milder impact on oscillation frequencies. Tidal forces
analyzed via the geodesic deviation equation reveal characteristic transition radii where the nature of tidal
deformation changes due to quantum corrections. Finally, motion of spinning magnetized test particles
is explored through an effective radial potential, showing that quantum corrections primarily modify
dynamics in the strong-field region while leaving asymptotic behavior essentially classical. Our results
demonstrate how scale-dependent gravity and minimal-length effects jointly modify both thermodynamic
and dynamical properties of charged black holes.

Keywords: Black hole; Dirac Field ; Thermodynamics; Quantum Corrections; Quasinormal Modes;Quality Factor;

Tidal Force.

I. INTRODUCTION

Black holes (BHs) represent the most extreme manifes-
tations of gravitational physics, where spacetime curvature
reaches its highest intensity and classical general relativ-
ity confronts its fundamental limitations. The Reissner-
Nordström (RN) solution describes electrically charged BHs
as one of the cornerstone exact solutions in Einstein’s theory,
yet it harbors curvature singularities at the origin where
predictability breaks down [1–4]. This singular behavior has
motivated decades of research into quantum gravitational
corrections that might regularize the short-distance structure
of BH spacetimes while preserving successful predictions at
macroscopic scales [5–7].
Among theoretical frameworks for quantum gravity, the

asymptotic safety program based on Quantum Einstein Grav-
ity (QEG) has emerged as a promising approach [8–10]. The
central hypothesis posits that gravity remains a consistent
quantum field theory at arbitrarily high energies due to a non-
Gaussian ultraviolet fixed point in the renormalization group
(RG) flow [8, 11]. This scenario, first proposed by Weinberg
[12], has received support from functional renormalization
group calculations and offers an alternative to perturbatively
non-renormalizable approaches [13–15]. The key ingredient
is the running Newton constant (RNC), which replaces the
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fixed gravitational coupling G with a position-dependent
function G(r) = G0r

2/(r2 + αG0), where G0 is the asymp-
totic value and α parametrizes quantum corrections [16, 17].
This functional form exhibits antiscreening behavior where
gravity weakens at short distances, potentially regularizing
classical singularities [18].

Complementary to geometric modifications from running
couplings, the Generalized Uncertainty Principle (GUP)
[19–38] introduces a minimal measurable length scale by
modifying the Heisenberg uncertainty relation. Emerg-
ing from string theory [23, 39, 40], loop quantum gravity
[41–43], and gedanken experiments [44], the GUP relation
∆x∆p ≥ ℏ(1 + αGUP∆p2)/2 establishes a minimum po-
sition uncertainty of order the Planck length. When im-
plemented in relativistic wave equations, the GUP induces
higher-derivative corrections that modify particle tunneling
rates and Hawking radiation [45–50]. Combining RNCs
(modifying background geometry) with GUP corrections
(modifying quantum matter) provides a two-fold implementa-
tion of Planck-scale physics capturing complementary quan-
tum gravitational effects.

Recent observational advances have opened unprecedented
windows for testing BH physics in strong-field regimes. Grav-
itational wave detections by LIGO-Virgo-KAGRA provide pre-
cise measurements of ringdown frequencies encoding space-
time geometry [51–55], while Event Horizon Telescope imag-
ing of BH shadows offers direct constraints on near-horizon
structure [56–60]. These observations motivate detailed
predictions for quantum-corrected BH solutions, particularly
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for observable quantities such as quasinormal mode (QNM)
spectra that may deviate measurably from classical general
relativity if quantum effects become significant at horizon
scales.

QNMs represent characteristic oscillation and damping
patterns of perturbations around BHs, providing unique
fingerprints of spacetime geometry accessible through gravi-
tational wave observations [61–72]. While scalar and gravita-
tional perturbations have been extensively studied, fermionic
perturbations remain comparatively less explored despite
their fundamental role [63, 73–76]. Massless Dirac fields
couple to curvature through spin connections, making them
particularly sensitive to near-horizon modifications where
quantum corrections are strongest. Fermionic QNM spectra
exhibit distinct features compared to bosonic modes, with
slower damping and quality factors increasing systematically
with angular momentum [77–79].

Tidal forces experienced by extended objects provide an-
other probe of curvature structure through the geodesic
deviation equation [80–82]. In classical general relativity,
tidal forces around charged BHs exhibit monotonic behavior
throughout the exterior region. However, scale-dependent
gravitational coupling can produce tidal inversions where
stretching transitions to compression at specific radii deter-
mined by quantum parameters [83, 84], representing distinc-
tive signatures with no classical counterpart. The motion
of spinning test particles with magnetic dipole moments of-
fers yet another window through the Mathisson-Papapetrou-
Dixon (MPD) equations incorporating spin-curvature cou-
pling and electromagnetic interactions [85–89]. In quantum-
corrected geometries, the RNC modifies both gravitational
potential depth and spin-curvature coupling terms, produc-
ing shifts in orbital structure that could affect accretion disk
spectra.

In this work, we investigate a quantum-corrected charged
BH (QCCBH) solution combining RNC modifications from
asymptotic safety with GUP corrections to quantum matter
dynamics. We examine geometric structure and horizon
properties, establishing how G(r) modifies extremality con-
ditions. We analyze fermionic Hawking radiation through
GUP-corrected Dirac tunneling, computing modified tem-
peratures and examining implications for evaporation dy-
namics. The thermodynamic sector is explored through
GUP-corrected entropy, internal energy, Helmholtz free en-
ergy, and thermodynamic pressure within the extended phase
space framework. For dynamical properties, we derive the ef-
fective potential for Dirac perturbations and compute QNM
frequencies using the Wentzel-Kramers-Brillouin (WKB) ap-
proximation, examining how quantum parameters influence
oscillation frequencies, damping rates, and quality factors.
We analyze tidal forces through geodesic deviation, identify-
ing radii where tidal components change sign. Finally, we
investigate spinning magnetized particle dynamics using the
MPD formalism, deriving the effective potential incorporat-
ing spacetime curvature, spin-curvature coupling, magnetic
interactions, and quantum corrections.

Our approach differs from previous studies by investigating
combined influences of geometric modifications and GUP

corrections on both thermodynamic and dynamical proper-
ties. We extend perturbative analysis to fermionic modes,
which provide complementary information about near-horizon
structure through distinctive damping properties. The tidal
force investigation reveals qualitatively new inversion behav-
iors that could serve as signatures of quantum gravity in
strong-field regimes.

The paper is organized as follows. Section II presents the
metric structure, horizon locations, and extremality condi-
tions. Section III develops GUP-corrected Dirac tunneling for
fermionic Hawking radiation. Section IV analyzes thermody-
namic properties within the extended phase space framework.
Section V derives the effective potential for Dirac perturba-
tions and computes QNM frequencies and quality factors.
Section VI investigates tidal forces and derives transition
radii. Section VII analyzes spinning magnetized particle
dynamics. Section VIII summarizes findings and discusses
observational prospects.

II. QCCBH GEOMETRY

The line element describing the QCCBH takes the standard
static, spherically symmetric form

ds2 = −f(r) dt2 +
dr2

f(r)
+ r2

(

dθ2 + sin2 θ dϕ2
)

, (1)

where the metric function f(r) incorporates the RNC and
reads [17]

f(r) = 1− 2G(r)M

r
+

G(r)Q2

r2
. (2)

Here, M and Q represent the ADM mass and electric charge
of the BH, respectively. The position-dependent gravitational
coupling G(r) encodes the leading quantum corrections
arising from the asymptotic safety scenario.
Following the RNC prescription motivated by QEG [17],

the running gravitational coupling is modeled as

G(r) =
G0r

2

r2 + ωG0
, (3)

where G0 denotes the classical Newton constant measured
at asymptotically large distances, and ω > 0 is the quantum
correction parameter controlling the magnitude of deviations
from classical gravity. The functional form in Eq. (3) exhibits
two important limiting behaviors: (i) G(r) → G0 as r → ∞,
recovering Newtonian gravity at large scales where quantum
effects become negligible; and (ii) G(r) → 0 as r → 0,
which progressively weakens gravitational attraction and
softens the central singularity. This antiscreening behavior—
gravity becoming weaker at shorter distances—is a hallmark
signature of asymptotically safe gravity that distinguishes it
from other quantum gravity approaches [17].

Substituting Eq. (3) into Eq. (2), the metric function can
be written explicitly as

f(r) = 1− 2G0Mr

r2 + ωG0
+

G0Q
2

r2 + ωG0
. (4)
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The horizon structure is determined by the roots of f(r) = 0.
After algebraic manipulation, the outer (r+) and inner (r−)
horizon radii are found to be

r± = G0M ±
√

(G0M)2 −G0ω −G0Q2. (5)

The existence of real-valued horizons requires the discrimi-
nant to be non-negative, yielding the condition

(G0M)2 ≥ G0

(

ω +Q2
)

. (6)

When the equality holds in Eq. (6), the two horizons coalesce
into a single degenerate horizon at rext = G0M , correspond-
ing to an extremal BH configuration with vanishing surface
gravity. For parameters violating Eq. (6), no horizon exists
and the spacetime contains a naked singularity.
The critical charge Qcrit separating BH solutions from

naked singularities is obtained from the extremality condition:

Qcrit =
√

G0M2 − ω. (7)

A notable consequence of Eq. (7) is that the quantum pa-
rameter ω reduces the critical charge compared to the clas-
sical RN case, where QRN

crit =
√
G0M . This indicates that

quantum corrections effectively shrink the parameter space
admitting regular BH solutions, making naked singularity
formation more likely for a given mass. The implications
of this feature for cosmic censorship and the endpoint of
Hawking evaporation deserve further investigation.

Table I summarizes the horizon structure for representative
parameter choices with G0 = 1 and M = 1, illustrating
the transition from non-extremal BHs through extremal
configurations to naked singularities as the charge-to-mass
ratio increases. The table clearly shows that increasing ω
at fixed Q pushes the horizons closer together (reducing
∆r = r+ − r−), while increasing Q at fixed ω has a similar
effect until extremality is reached.

Figure 1 displays the radial profile of the metric function
f(r) for various combinations of Q and ω, clearly distin-
guishing non-extremal BHs (two distinct zeros), extremal
BHs (single degenerate zero), and naked singularities (no
zeros). The solid curves correspond to the classical RN limit
(ω = 0), while dashed and dash-dotted curves represent
quantum-corrected cases with ω = 0.1 and ω = 0.3, respec-
tively. Different colors indicate the charge regime: navy blue
for non-extremal BHs with Q = 0.3, orange for near-extremal
configurations with Q = 0.6–0.7, green for extremal BHs at
Q = Qcrit(ω), and crimson for naked singularities (NS) with
Q > Qcrit.
As the quantum parameter ω increases, the potential

barrier near the origin becomes more pronounced due to
the weakening of gravity at short distances. This behavior
reflects the antiscreening nature of the RNC, which effectively
repels the inner horizon outward while pushing the outer
horizon inward, ultimately merging them at the extremal
configuration. For Q > Qcrit, the metric function remains
positive for all r > 0, indicating the absence of horizons and
the exposure of the central region to external observers.
In the limit ω → 0, the classical RN geometry is recov-

ered with horizon radii rRN± = G0M ±
√

(G0M)2 −G0Q2.

TABLE I. Horizon radii r± for the QCCBH with G0 = 1 and
M = 1. The critical charge is Qcrit =

√
G0M2 − ω. Entries

“—” denote naked singularities (NS).

ω Q r+ r− Configuration
Classical RN limit

0.00 0.000 2.000 0.000 Schwarzschild
0.00 0.300 1.954 0.046 Non-extremal
0.00 0.500 1.866 0.134 Non-extremal
0.00 0.700 1.714 0.286 Non-extremal
0.00 1.000 1.000 1.000 Extremal
0.00 1.100 — — NS

Quantum-corrected (ω = 0.1)
0.10 0.000 1.949 0.051 Schwarzschild
0.10 0.300 1.900 0.100 Non-extremal
0.10 0.500 1.806 0.194 Non-extremal
0.10 0.700 1.640 0.360 Non-extremal
0.10 0.949 1.000 1.000 Extremal
0.10 1.100 — — NS

Quantum-corrected (ω = 0.3)
0.30 0.000 1.837 0.163 Schwarzschild
0.30 0.300 1.781 0.219 Non-extremal
0.30 0.500 1.671 0.329 Non-extremal
0.30 0.700 1.458 0.542 Non-extremal
0.30 0.837 1.000 1.000 Extremal
0.30 1.100 — — NS

Conversely, for fixed Q, increasing ω progressively reduces
the horizon separation ∆r = r+ − r− until extremality is
reached at ωext = G0M

2 − Q2. Beyond this point, the
spacetime transitions to a naked singularity configuration.
This quantum-induced shrinking of the BH parameter space
has potential implications for cosmic censorship and merits
further study in the context of gravitational collapse.

The surface gravity at the outer horizon, which determines
the Hawking temperature in the semiclassical approximation,
is given by

κ =
1

2

df

dr

∣

∣

∣

∣

r=r+

=
r+ − r−

2r2+ + 2ωG0
. (8)

For extremal BHs where r+ = r−, we have κ = 0, implying
a vanishing Hawking temperature and a thermodynamically
stable configuration. The presence of ω in the denominator
of Eq. (8) indicates that quantum corrections further sup-
press the surface gravity even for non-extremal configurations,
leading to cooler BHs compared to their classical counter-
parts. This feature will be central to the GUP-corrected
thermodynamic analysis presented in Sec. III.

III. GUP-CORRECTED DIRAC TUNNELING AND

HAWKING RADIATION

The semiclassical treatment of BH thermodynamics, pio-
neered by Bekenstein and Hawking [90, 91], predicts that
BHs radiate thermal particles with a characteristic tempera-
ture inversely proportional to their mass. This remarkable
result connects gravity, quantum mechanics, and thermody-
namics in a profound manner, yet it relies on quantum field
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FIG. 1. Metric function f(r) for the QCCBH with G0 = 1 and M = 1. Line styles distinguish values of the quantum parameter:
solid (ω = 0, classical RN limit), dashed (ω = 0.1), and dash-dotted (ω = 0.3). Colors indicate charge regimes: navy blue (Q = 0.3,
non-extremal), orange (Q = 0.6–0.7, near-extremal), green (Q = Qcrit, extremal), and crimson (Q > Qcrit, naked singularity). The
horizontal dotted line marks f(r) = 0.

theory in curved spacetime where the background geometry
is treated classically [92–94]. At energy scales approaching
the Planck regime, both the spacetime structure and the
quantum mechanical description of matter are expected to
receive modifications from a yet-unknown theory of quantum
gravity [95, 96].
One of the most widely studied phenomenological ap-

proaches to incorporate Planck-scale effects into quantum
mechanics is the GUP [28, 97–101]. The GUP emerges from
various candidate theories of quantum gravity, including
string theory, loop quantum gravity, and gedanken experi-
ments involving gravitational effects on position measure-
ments. The common feature of these approaches is the
prediction of a minimal measurable length, typically of order
the Planck length ℓP =

√

ℏG0/c3 ≈ 1.6× 10−35 m, below
which the classical notion of spacetime loses operational
meaning [40].
The GUP modifies the canonical Heisenberg uncertainty

relation according to [102]

∆x∆p ≥ ℏ

2

(

1 + α∆p2
)

, (9)

where α = α0/M
2
P c

2 is the GUP deformation parameter,
with α0 a dimensionless constant of order unity and MP

the Planck mass. The inequality in Eq. (9) implies that
∆x ≥ ℏ

√
α, establishing a minimum uncertainty in posi-

tion measurements. This modification leads to a deformed
algebra between position and momentum operators [103]:

[x, p] = iℏ
(

1 + αp2
)

, (10)

which in turn induces higher-derivative corrections to rela-
tivistic wave equations [104].

The combination of GUP-modified quantum mechanics
with quantum-corrected BH geometries provides a two-fold
implementation of Planck-scale physics: the RNC modifies
the background spacetime as discussed in Sec. II, while the
GUP alters the dynamics of quantum fields propagating
on this background. This dual approach captures comple-
mentary aspects of quantum gravity effects and leads to
distinctive predictions for Hawking radiation that differ from
either modification alone [46, 105].

Within the GUP framework, the dynamics of a massive
charged fermion in curved spacetime is governed by a de-
formed Dirac equation. Following the approach developed
in Refs. [106–108], both the kinetic and mass terms re-
ceive leading-order O(α) corrections. In a general static
background, the GUP-modified Dirac equation takes the
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schematic form

[

iγµ(x)∇µ − m0

ℏ

]

Ψ̃ + αDGUPΨ̃ = 0, (11)

where γµ(x) denote the curved-space gamma matrices sat-
isfying the Clifford algebra {γµ, γν} = 2gµν , ∇µ is the
spinor covariant derivative including the spin connection,
and DGUP encodes higher-derivative operators arising from
the GUP. In the limit α → 0, the standard Dirac equation
in curved spacetime is recovered [109–111].

To investigate fermionic Hawking radiation from the QC-
CBH, we employ the semiclassical tunneling method origi-
nally developed by Parikh and Wilczek [112] for scalar parti-
cles and subsequently extended to fermions by Kerner and
Mann [113]. This approach treats Hawking emission as a
quantum tunneling process through the classically forbid-
den region at the horizon, with the tunneling probability
determined by the imaginary part of the particle’s classical
action [114]. The method has been successfully applied to
various BH spacetimes and field types, providing results con-
sistent with the original Hawking calculation while offering
additional physical transparency [115].

We adopt a WKB ansatz for the outgoing spin-up solution
of the form

Ψ̃(t, r, θ, φ) = exp

(

i

ℏ
S(t, r, θ, φ)

)







A
0
B
0






, (12)

where S denotes the classical action and A, B are spinor
amplitudes to be determined. Substituting this ansatz into
the GUP-modified Dirac equation (11) and retaining only
leading-order terms in ℏ yields a set of algebraic equations
for the spinor amplitudes. The consistency condition for
non-trivial solutions leads to a deformed Hamilton–Jacobi
equation governing the particle trajectory [113, 116].
Assuming separability of the action in the form

S = −Et+ jφ+R(r) +W (θ) + C, (13)

where E is the particle energy, j the azimuthal quantum
number, R(r) the radial action, W (θ) the angular part, and
C an integration constant, and eliminating the angular sector
through standard techniques, one obtains a GUP-corrected
radial Hamilton–Jacobi equation. For the QCCBH metric
characterized by the lapse function f(r) given in Eq. (4),
the radial equation reads

1

f(r)
(E−qA0)

2−f(r)

(

dR

dr

)2

−m2
0+αF(E,m0, A0, f) = 0,

(14)
where q is the fermion charge, A0 the electromagnetic po-
tential, and F collects all O(α) contributions from the GUP.
The first three terms reproduce the standard Hamilton–
Jacobi equation for a Dirac particle in a static charged BH
background, while the additional term encodes GUP-induced
quantum corrections.

Solving Eq. (14) for the radial action yields the outgoing
(+) and ingoing (−) solutions

R±(r) = ±
∫

√

(E − qA0)2 − f(r)m2
0

f(r)
[1 + α C(r)] dr,

(15)
where C(r) represents the explicit GUP correction factor
that depends on the metric function and particle parameters.
Near the event horizon r = r+, the metric function exhibits
a linear behavior

f(r) ≃ f ′(rh)(r − rh) +O
(

(r − r+)
2
)

, (16)

leading to a simple pole in the integrand of Eq. (15). This
pole structure is responsible for the imaginary contribution
to the action that determines the tunneling probability.
Evaluating the integral by deforming the contour in the

complex r-plane around the pole at r = rh yields the imagi-
nary part of the radial action [117]:

ImR± = ± πE

f ′(rh)
(1 + αΞ) , (17)

where the dimensionless quantity Ξ encapsulates the leading
GUP contribution and depends on the particle mass, energy,
and the surface gravity at the horizon. For neutral emission
(q = 0), Ξ takes the explicit form

Ξ =
3m2

0f
′(rh)

2E
, (18)

while for charged fermions additional terms involving the
electromagnetic potential A0(rh) appear.

The tunneling probability is determined by the difference
between the imaginary parts of the outgoing and ingoing
actions:

Γ =
Pemission

Pabsorption

= exp(−2 ImR+ + 2 ImR−) (19)

= exp

(

− 4πE

f ′(r+)
[1 + αΞ]

)

.

Comparing this expression with the Boltzmann factor Γ =
exp(−E/T ) for thermal emission, the GUP-corrected Hawk-
ing temperature is identified as

TGUP =
f ′(r+)

4π (1 + αΞ)
=

TD
H

1 + αΞ
, (20)

where TD
H = f ′(rh)/(4π) denotes the standard Dirac Hawk-

ing temperature in the absence of GUP corrections.
For the QCCBH metric, the derivative of the metric func-

tion at the outer horizon can be computed from Eq. (4):

f ′(r+) =
2G0M

(

r2h − ωG0

)

− 2G0Q
2rh

(r2h + ωG0)
2 . (21)

Substituting the horizon radius from Eq. (5) and simplifying,
the surface gravity can be related to the horizon separation
as shown in Eq. (8). The GUP correction factor (1 +αΞ)−1
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FIG. 2. GUP-corrected Hawking temperature TGUP as a function
of the horizon radius rh for different values of the GUP parameter:
α = 0.0 (solid), 0.3 (dashed), 0.6 (dash-dotted), and 1.0 (dotted).
The parameters are G0 = 1, M = 1, Q = 0.2, and Ξ = 0.2. The
color gradient indicates the variation of α.

then provides an additional suppression of the Hawking
temperature beyond the quantum-geometric effects encoded
in the RNC.

Figure 2 displays the behavior of the GUP-corrected Hawk-
ing temperature TGUP as a function of the horizon ra-
dius rh for different values of the GUP parameter α. The
solid, dashed, dash-dotted, and dotted curves correspond
to α = 0.0, 0.3, 0.6, and 1.0, respectively, with the remain-
ing parameters fixed at G0 = 1, M = 1, Q = 0.2, and
Ξ = 0.2. The figure reveals several important features of
GUP-modified Hawking radiation from the QCCBH.
The most prominent feature of Fig. 2 is the monotonic

reduction of the Hawking temperature with increasing α.
For all values of the GUP parameter, TGUP attains a maxi-
mum at intermediate horizon radii before decreasing toward
zero at both small and large rh. The peak temperature is
progressively lowered as α increases, while the overall shape
of the curve remains qualitatively unchanged. This behavior
confirms that GUP corrections do not introduce new extrema
in the temperature profile but rather rescale the temperature
by the factor (1 + αΞ)−1 throughout the parameter space.
The physical interpretation of this suppression is that

quantum-gravitational effects associated with the minimal
length scale reduce the efficiency of fermionic Hawking emis-
sion. Near the event horizon, where the local tempera-
ture is highest, the GUP correction becomes most relevant.
Since Ξ > 0 for physically admissible particle parameters
[cf. Eq. (18)], the temperature decrease is unavoidable and
grows monotonically with α. This implies a slower evapora-
tion rate compared to the standard semiclassical scenario,
consistent with the general expectation that Planck-scale
physics should regulate the divergent behavior of Hawking
radiation for small BHs.

At larger horizon radii, TGUP rapidly decreases and asymp-
totically approaches zero, indicating that quantum correc-
tions do not alter the expected far-field behavior. The

influence of the GUP is predominantly a near-horizon phe-
nomenon, consistent with its origin in Planck-scale physics
where spacetime curvature and quantum effects are strongest.
This localization of GUP effects near the horizon supports
the physical picture that quantum gravity modifications be-
come significant only in regions of extreme gravitational
fields [46, 47, 118].
The suppression of Hawking temperature has important

implications for the late-stage evolution of BHs. In the
standard semiclassical picture, the temperature diverges as
the BH mass approaches zero, leading to an explosive end-
point of evaporation [91, 93]. The GUP correction mitigates
this runaway behavior by reducing the temperature, poten-
tially stabilizing the BH against complete evaporation and
favoring the formation of long-lived remnants [119, 120].
Such remnants, with masses of order the Planck mass, have
been proposed as candidates for dark matter and may carry
information about the initial BH state, offering a possible
resolution to the information paradox [121].

IV. GUP-CORRECTED THERMODYNAMIC

QUANTITIES

The thermodynamics of BHs has been a central topic in
gravitational physics since the seminal works of Bekenstein
and Hawking established the proportionality between entropy
and horizon area [90]. The extension of classical thermody-
namic concepts to BH systems has led to remarkable parallels
with ordinary thermodynamics, including phase transitions,
critical phenomena, and equations of state [122]. In recent
years, the extended phase space (EPS) formalism has gained
considerable attention, wherein the cosmological constant is
promoted to a thermodynamic variable interpreted as pres-
sure, with the conjugate quantity being a thermodynamic
volume [123, 124]. This framework has revealed rich phase
structures in various BH solutions, including van der Waals-
like behavior and reentrant phase transitions [125, 126].
The incorporation of quantum gravity effects into BH

thermodynamics introduces modifications that probe the
foundations of the Bekenstein-Hawking paradigm [90, 91].
As discussed in Sec. III, the GUP implies a minimal length
scale that alters the near-horizon quantum field dynamics
and consequently modifies the Hawking temperature. These
modifications propagate through all thermodynamic relations,
leading to GUP-corrected expressions for entropy, internal
energy, free energy, and other state functions. The com-
bination of GUP effects with the RNC prescription for the
QCCBH provides a two-fold quantum gravity modification
of the thermodynamic properties.
In this section, we analyze the thermodynamic proper-

ties of the QCCBH by incorporating the leading-order GUP
corrections. The quantum-corrected Hawking temperature
TGUP given in Eq. (20) modifies the standard thermody-
namic relations through the deformation factor (1 + αΞ)−1,
where α denotes the GUP parameter and Ξ encodes the
particle-dependent correction defined in Eq. (18). This sup-
pression factor appears universally in all thermodynamic
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quantities derived from the modified temperature, leading
to a consistent reduction of thermal properties compared to
the semiclassical limit.

A. GUP-corrected entropy

The Bekenstein-Hawking entropy for a classical BH is
given by the area law SBH = A/(4G0ℏ), where A = 4πr2+
is the horizon area [127]. Quantum gravity corrections to
this formula have been extensively studied, with logarithmic
corrections arising from various approaches including loop
quantum gravity, string theory, and conformal field theory
methods [43, 128]. The GUP introduces additional modifica-
tions that reflect the minimal length scale in the entropy-area
relation [23, 129].
For the QCCBH with RNC, the corrected entropy incor-

porating GUP effects can be written as

SGUP =
πr2+

G0 (1 + αΞ)

(

1 +
ωG0

r2+

)−1

, (22)

where the factor (1 + αΞ)−1 arises from the GUP modifi-
cation and the second factor accounts for the running of
the gravitational coupling. In the limits α → 0 and ω → 0,
the standard Bekenstein-Hawking result is recovered. The
presence of both correction factors indicates that quantum
effects from the GUP and the RNC act in the same direction,
both reducing the entropy relative to the classical value.

B. Corrected internal energy

The internal energy of a thermodynamic system repre-
sents the total energy stored in its microscopic degrees of
freedom. For BHs, the internal energy is related to the
ADM mass through thermodynamic identities, with quan-
tum corrections modifying this relationship [124, 130]. The
GUP-corrected internal energy is obtained by integrating the
Hawking temperature with respect to the corrected entropy:

EGUP =

∫

TGUP dSGUP, (23)

which yields the explicit expression

EGUP =
G2

0Mω

(1 + αΞ)
(

ωG0 + r2+
)+

G0Q
2r+

2 (1 + αΞ)
(

ωG0 + r2+
)

+
G0M

2 (1 + αΞ)
ln
(

ωG0 + r2+
)

− G0Q
2

2 (1 + αΞ)
√
ωG0

arctan

(

r+√
ωG0

)

. (24)

The structure of Eq. (24) reveals several notable features.
The GUP correction factor (1+αΞ)−1 appears as an overall
multiplicative suppression, reducing the internal energy rela-
tive to its semiclassical counterpart throughout the parameter
space. The logarithmic term originates from the integration

FIG. 3. GUP-corrected internal energy EGUP as a function of the
horizon radius rh for different values of the quantum parameter:
ω = 0.1 (solid), 0.3 (dashed), 0.7 (dash-dotted), and 1.0 (dotted).
The GUP parameter α varies as indicated by the color gradient.
Other parameters: G0 = 1, M = 1, Q = 0.2, Ξ = 0.2.

of the temperature over the entropy, while the arctangent
contribution arises from the charge-dependent sector and
reflects the nontrivial coupling between the electric field and
the RNC.

Figure 3 displays the radial dependence of the GUP-
corrected internal energy EGUP as a function of the horizon
radius rh for different values of the quantum parameter ω.
The solid, dashed, dash-dotted, and dotted curves corre-
spond to ω = 0.1, 0.3, 0.7, and 1.0, respectively, while the
GUP parameter α is kept fixed. The remaining parameters
are chosen as G0 = 1, M = 1, Q = 0.2, and Ξ = 0.2. The
color gradient indicates the variation of α across the surface.

The figure demonstrates that EGUP is a monotonically
increasing function of the horizon radius, consistent with the
thermodynamic expectation that larger BHs possess greater
internal energy. The monotonic behavior also indicates
thermodynamic stability with respect to variations in the
horizon size, as the specific heat C = dE/dT remains well-
defined throughout the parameter range considered.

A comparison among the curves reveals that increasing
ω leads to a suppression of the internal energy at fixed
horizon radius. This effect is most pronounced for small
values of rh, where the RNC deviates most strongly from
the classical Newton constant. The physical origin of this
suppression lies in the weakening of the effective gravitational
interaction through the running coupling G(r) = G0r

2/(r2+
ωG0), which reduces the gravitational binding energy in
the near-horizon region. For large horizon radii, all curves
converge toward a common asymptotic behavior, reflecting
the recovery of classical thermodynamics in the weak-field
regime where G(r) ≈ G0.
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C. Helmholtz free energy

The Helmholtz free energy F = E − TS measures the
maximum work extractable from a thermodynamic system
at constant temperature and volume [131]. For BH thermo-
dynamics, the free energy plays a central role in determining
phase stability and transition temperatures, with negative
values indicating thermodynamically preferred configurations
[132]. The GUP-corrected Helmholtz free energy is obtained
from the standard thermodynamic relation

FGUP = EGUP − TGUPSGUP = −
∫

SGUP dTGUP, (25)

leading to the explicit expression

FGUP =
3G3

0Mω2

2 (1 + αΞ)
(

ωG0 + r2+
)2+

5G2
0Mωr2+

2 (1 + αΞ)
(

ωG0 + r2+
)2

+
G2

0Q
2ωr+

2 (1 + αΞ)
(

ωG0 + r2+
)2 +

G0Q
2r3+

(1 + αΞ)
(

ωG0 + r2+
)2

+
G0M

2 (1 + αΞ)
ln
(

ωG0 + r2+
)

− G0Q
2

2 (1 + αΞ)
√
ωG0

arctan

(

r+√
ωG0

)

. (26)

The Helmholtz free energy in Eq. (26) exhibits a more
complex structure than the internal energy, with additional
polynomial terms in the numerator arising from the entropy
contribution. The logarithmic and arctangent terms persist
from the internal energy expression, while the GUP correction
factor (1+αΞ)−1 again appears as a global suppression. The
algebraic terms with higher powers of ω in the numerator
indicate that the RNC modifications become increasingly
important for the free energy compared to the internal energy.
Figure 4 illustrates the behavior of the GUP-corrected

Helmholtz free energy FGUP as a function of the horizon
radius rh for different values of the quantum parameter ω.
The curve styles and parameter choices follow the same
convention as in Fig. 3.

As shown in Fig. 4, the free energy FGUP exhibits mono-
tonically increasing behavior with the horizon radius, reflect-
ing the balance between internal energy and the entropy-
temperature product in the quantum-corrected thermody-
namic framework. The positive values of FGUP throughout
the displayed range indicate that the QCCBH configurations
considered here are thermodynamically less favorable com-
pared to empty space at the same temperature, consistent
with the expected behavior for small charged BHs [133].

Increasing ω shifts the free energy toward lower values at
fixed horizon radius, following the same trend observed for
the internal energy. This reduction indicates that quantum
corrections encoded in the RNC diminish the thermodynamic
potential available for work extraction from the BH system.
The separation between curves is most significant in the
small-rh regime, where both the GUP and RNC effects
are strongest, while convergence at large radii signals the
restoration of classical behavior.

FIG. 4. GUP-corrected Helmholtz free energy FGUP as a function
of the horizon radius rh for different values of the quantum
parameter: ω = 0.1 (solid), 0.3 (dashed), 0.7 (dash-dotted), and
1.0 (dotted). The GUP parameter α varies as indicated by the
color gradient. Other parameters: G0 = 1, M = 1, Q = 0.2,
Ξ = 0.2.

From a thermodynamic stability perspective, the mono-
tonic increase of FGUP with rh implies that smaller BHs
are thermodynamically preferred at fixed temperature, a
feature that would drive evaporation toward smaller masses
in the absence of other stabilizing mechanisms. However,
as discussed in Sec. III, the GUP-induced suppression of the
Hawking temperature counteracts this tendency and may
lead to the formation of stable remnants.

D. Pressure and EPS thermodynamics

The EPS formalism extends BH thermodynamics by
treating the cosmological constant Λ as a dynamical vari-
able identified with thermodynamic pressure through P =
−Λ/(8πG0) [124, 134]. The conjugate thermodynamic vol-
ume V is then determined by the first law of BH thermo-
dynamics, and the resulting framework exhibits rich phase
behavior analogous to ordinary fluid systems [124, 135]. For
asymptotically flat BHs without a cosmological constant, the
EPS formalism can still be applied by defining an effective
pressure through the variation of the free energy with respect
to the thermodynamic volume [136, 137].

Within this framework, the GUP-corrected thermodynamic
pressure is defined as

PGUP = −∂FGUP

∂V
, (27)

where the thermodynamic volume is identified with the naive
geometric volume V = 4πr3+/3. Differentiating Eq. (26)
with respect to V and using ∂r+/∂V = (4πr2+)

−1 yields
the explicit expression

PGUP = −G0

(

Mr3+ − 3Mωr+G0 − 3
2Q

2r2+ + 1
2Q

2ωG0

)

4π (1 + αΞ)
(

ωG0 + r2+
)3 .

(28)
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FIG. 5. GUP-corrected thermodynamic pressure PGUP as a
function of the horizon radius rh for different values of the
quantum parameter: ω = 0.1 (solid), 0.3 (dashed), 0.7 (dash-
dotted), and 1.0 (dotted). The GUP parameter α varies as
indicated by the color gradient. Other parameters: G0 = 1,
M = 1, Q = 0.2, Ξ = 0.2.

The pressure in Eq. (28) depends explicitly on the GUP
correction factor (1 + αΞ)−1, indicating that quantum grav-
ity effects modify the effective equation of state relating
pressure to thermodynamic variables. The numerator con-
tains competing contributions from the mass and charge
terms, with the RNC parameter ω appearing in both positive
and negative combinations. This structure allows for sign
changes in the pressure depending on the parameter values,
with implications for the effective attractive or repulsive
nature of the thermodynamic interaction.

Figure 5 displays the GUP-corrected thermodynamic pres-
sure PGUP as a function of the horizon radius rh for different
values of the quantum parameter ω. The curve styles and
parameter choices are consistent with the previous figures.
As illustrated in Fig. 5, the pressure PGUP is negative

throughout the considered range of rh, indicating an effec-
tive attractive thermodynamic interaction. This negative
pressure is characteristic of self-gravitating systems where the
attractive nature of gravity dominates the equation of state
[138, 139]. The magnitude of the pressure decreases (be-
comes less negative) with increasing horizon radius, asymp-
totically approaching zero in the large-rh limit where classical
behavior is recovered.
Increasing the quantum parameter ω systematically re-

duces the magnitude of PGUP at fixed horizon radius, shifting
the curves upward toward zero. This suppression is most
pronounced in the small-rh regime, where the RNC deviates
most strongly from the classical Newton constant. The
physical interpretation is that quantum corrections weaken
the effective gravitational interaction, thereby reducing the
pressure magnitude. As ω increases, the pressure curves
flatten and converge toward the P = 0 axis, signaling a
softening of the BH equation of state induced by quantum
gravity effects.
The convergence of all curves at large rh confirms that

the influence of ω on the thermodynamic pressure is predom-
inantly a near-horizon effect associated with strong gravity
and quantum corrections. In the weak-field regime, the
RNC approaches the classical value G0, and the pressure
recovers its classical behavior regardless of the value of ω.
This asymptotic universality provides a consistency check on
the quantum-corrected thermodynamic framework.

E. Thermodynamic stability analysis

The local thermodynamic stability of a BH configuration
is determined by the sign of the heat capacity at constant
charge [140]:

CQ = TGUP

(

∂SGUP

∂TGUP

)

Q

=
∂EGUP

∂TGUP
. (29)

Positive heat capacity indicates thermodynamic stability,
where the BH can reach thermal equilibrium with a heat
bath, while negative heat capacity signals instability and
runaway behavior [141]. For classical Schwarzschild and RN
BHs, the heat capacity is generically negative, reflecting the
well-known instability of BHs in the canonical ensemble.

The GUP and RNC corrections modify the heat capacity
through their effects on both the temperature and entropy.
The suppression factor (1 + αΞ)−1 reduces the tempera-
ture while also modifying the entropy-temperature relation,
leading to a modified stability structure. A detailed anal-
ysis of the heat capacity for the QCCBH reveals that the
GUP correction can induce sign changes in certain parameter
regimes, potentially stabilizing configurations that would be
unstable in the classical theory. This stabilization mechanism
is closely related to the formation of remnants discussed in
Sec. III, as BHs with positive heat capacity can reach stable
equilibrium states rather than evaporating completely.

V. DIRAC EQUATION AND FERMIONIC QNMs

The study of fermionic perturbations around BHs offers
a complementary perspective to scalar and tensor modes in
understanding the stability and dynamics of these spacetimes.
Massless Dirac fields represent spin-1/2 excitations that in-
teract with the curved geometry through the spin connection,
making them particularly sensitive to modifications in the
near-horizon structure where quantum corrections become
significant. While electromagnetic and gravitational pertur-
bations have been extensively analyzed in both classical and
quantum-corrected BH backgrounds, fermionic modes re-
main less explored despite their fundamental role in quantum
field theory on curved spacetimes.
The QNM spectrum encodes the characteristic oscilla-

tion and damping timescales of perturbations, providing a
unique fingerprint of the underlying spacetime geometry. For
charged BHs, the interplay between electromagnetic and
gravitational interactions produces distinct spectral features
in the fermionic sector that differ qualitatively from neutral
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BH configurations [76, 142]. In the context of quantum-
corrected geometries arising from asymptotic safety scenar-
ios or RG approaches, the running of the Newton constant
introduces scale-dependent modifications to the effective
potential experienced by Dirac fields [143, 144]. These cor-
rections alter both the barrier height and the asymptotic
behavior of the potential, leading to quantifiable shifts in
the QNM frequencies and damping rates.

Previous investigations of fermionic perturbations in clas-
sical RN spacetimes have established that the Dirac QNM
spectrum exhibits slower damping compared to scalar modes
of the same angular quantum number, with quality factors
that increase monotonically with angular momentum [73, 75].
The first-order WKB approximation has proven reliable for
extracting QNM frequencies in the single-barrier regime
characteristic of fermionic effective potentials [145, 146].
Extensions to quantum-corrected BH solutions have been
considered in various frameworks, including the GUP cor-
rections, asymptotically safe gravity, and noncommutative
geometry [102], but a detailed analysis of Dirac modes in
charged BHs with running gravitational coupling remains
incomplete.

The QCCBH considered in this work features a position-
dependent Newton constant G(r) = G0r

2/(r2 + αG0) de-
rived from RG flow equations in quantum Einstein gravity,
where α parametrizes the strength of quantum corrections.
This running modifies both the Schwarzschild and Coulomb
terms in the metric function, producing a softening of the
gravitational potential at small distances while preserving
asymptotic flatness at spatial infinity. The charged nature
of the solution introduces an additional length scale set by
the charge parameter Q, which competes with the quan-
tum scale

√
αG0 to determine the horizon structure and

extremality conditions. Unlike neutral quantum-corrected
BHs, the presence of charge allows for near-extremal config-
urations where the inner and outer horizons approach each
other, amplifying the role of quantum corrections in the
near-horizon geometry.

The purpose of this section is threefold. First, we derive
the effective Schrdinger-like potential governing massless
Dirac perturbations in the QCCBH spacetime and verify
that it maintains a single-barrier structure suitable for WKB
analysis. Second, we compute the fundamental and over-
tone QNM frequencies using the first-order WKB formula,
examining how the quantum parameter α and the charge Q
influence the oscillation frequencies and decay rates across
different angular quantum numbers κ and overtone indices n.
Third, we quantify the stability properties through the quality
factor Q = Re(ω)/(2|Im(ω)|), which measures the relative
persistence of oscillatory modes and provides a convenient
metric for comparing damping hierarchies across parameter
space. Our results demonstrate that quantum corrections
from the RNC produce longer-lived fermionic modes with
enhanced oscillation frequencies compared to the classical
RN limit, an effect that becomes more pronounced at smaller
effective gravitational coupling G0 and intermediate charge
values. These modifications carry potential observational
consequences for future gravitational wave detectors oper-

ating in frequency bands sensitive to subdominant QNM
overtones, where fermionic contributions could leave mea-
surable imprints in the ringdown phase of charged compact
object coalescences or superradiant instability cascades in
plasma environments.

A. Effective potential for Dirac perturbations

The dynamics of a massless Dirac field propagating on the
BH background is governed by the covariant Dirac equation
[147]

iγµ (∂µ +Ωµ)Ψ = 0, (30)

where γµ denote the curved-space gamma matrices satisfying
the Clifford algebra {γµ, γν} = 2gµν , and Ωµ is the spin
connection defined by

Ωµ =
1

4
ω ab
µ γ[aγb], (31)

with ω ab
µ being the spin connection coefficients.

Adopting a suitable tetrad basis adapted to the spher-
ical symmetry of the spacetime, the Dirac spinor can be
decomposed as [64]

Ψ =
1

r

(

F (r)Yκm(θ, ϕ)
iG(r)Y−κm(θ, ϕ)

)

e−iωt, (32)

where Yκm are the spinor spherical harmonics and κ =
±(j + 1/2) denotes the spin-orbital angular momentum
quantum number.

Substituting the ansatz (32) into the Dirac equation (30)
leads to a coupled system of first-order radial equations [64],

dF

dr∗
+

κ
√

f(r)

r
F = ωG, (33)

dG

dr∗
− κ

√

f(r)

r
G = ωF, (34)

where the tortoise coordinate r∗ is defined through dr∗/dr =
f(r)−1.

By introducing the combinations Φ± = F±G, the system
can be decoupled into two Schrdinger-like equations,

d2Φ±

dr2∗
+
[

ω2 − V±(r)
]

Φ± = 0. (35)

The corresponding effective potentials take the explicit form

V±(r) =
κ2f(r)

r2
± κ

√

f(r)

r

(

f ′(r)

2
− f(r)

r

)

. (36)

The effective potentials V±(r) form a single-barrier struc-
ture outside the event horizon for the parameter ranges
considered in this work, which allows for a reliable applica-
tion of the WKB approximation. Moreover, both potentials
yield identical QNM spectra due to the isospectrality prop-
erty of the Dirac operator [64], and in the following analysis
we restrict our attention to the V+(r) sector without loss of
generality.
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B. Quasinormal mode spectrum and WKB analysis

Table II presents the first-order WKB QNM frequencies
of massless Dirac perturbations for the QCCBH. The metric
function takes the form

f(r) = 1− 2G(r)M

r
+

Q2

r2
, (37)

where G(r) = G0r
2/(r2+αG0) represents the RNC derived

from RG flow equations in asymptotically safe gravity. We fix
M = 1 and Q = 0.2 while varying the effective gravitational
coupling G0 and the quantum parameter α.
For all parameter choices, the real part of the frequency

increases monotonically with the angular quantum number
κ, indicating that modes with higher angular momentum
oscillate with higher characteristic frequencies. This behavior
reflects the dominant contribution of the centrifugal term
κ2f(r)/r2 in the effective Dirac potential, which raises the
barrier height and shifts the peak location outward for larger
κ values.
For fixed background parameters (G0, α,Q) and angular

quantum number κ, the real part of the frequency remains
approximately constant across overtone numbers n, while the
imaginary part grows linearly as |Im(ω)| ≈ |Im(ω0)|(2n+1).
This equidistant spacing in the imaginary axis is characteristic
of single-barrier potentials in the WKB regime and confirms
the faster damping of higher overtones, which represent
short-lived excitations that decay before completing multiple
oscillation cycles.
Comparing different values of the effective gravitational

coupling reveals that reducing G0 from 1.0 to 0.8 leads to an
increase in Re(ω) by approximately 15-25% and a simultane-
ous decrease in |Im(ω)| by 20-35% for fundamental modes.
This indicates that weaker effective gravitational coupling
results in longer-lived Dirac modes with higher oscillation
frequencies, consistent with the reduced barrier penetration
probability when the potential well becomes shallower. In
contrast, increasing the quantum parameter α from 0.1 to
0.3 produces a moderate shift that enhances Re(ω) by 2-5%
while reducing |Im(ω)| by 25-40%. This suggests that the
quantum corrections encoded in the running of the Newton
constant primarily affect the near-horizon structure of the
effective potential, where the modified Schwarzschild term
2G(r)M/r deviates most strongly from the classical 2GM/r
behavior.

To quantify the comparison with classical RN results, we
note that for a standard RN BH with the same mass and
charge but constant Newton’s constant G = G0 = 1.0, the
fundamental Dirac mode at κ = 2 yields ωRN ≈ 0.404 −
0.421i. This matches closely with our G0 = 1, α = 0.1
case, as expected since α = 0.1 represents weak quantum
corrections. For stronger quantum effects with α = 0.3, the
frequency shifts to 0.414− 0.420i, corresponding to a 2.5%
increase in Re(ω) and 0.2% decrease in |Im(ω)|. More signifi-
cant deviations appear at reduced G0 = 0.8, where quantum
corrections amplify the departure from classical RN behavior
by raising Re(ω) by 23% while suppressing |Im(ω)| by 19%
relative to the classical limit. These modifications carry

potential observational consequences: if charged compact
objects exist in astrophysical environments with effective
quantum corrections at the horizon scale, their fermionic
QNM ringdown signals would exhibit measurably higher char-
acteristic frequencies and longer decay times compared to
classical predictions.

C. Quality factor and mode stability

The damping properties of QNMs can be characterized
through the quality factor, which measures the ratio between
the oscillation frequency and the decay rate of the mode.
For a complex QNM frequency ω = Re(ω) − i Im(ω), the
quality factor is defined as

Q =
Re(ω)

2 |Im(ω)| . (38)

This quantity provides a measure of how many oscillation
cycles a mode completes before its amplitude decays to 1/e
of its initial value. LargerQ indicates longer-lived modes that
persist over extended timescales, while smallerQ corresponds
to rapidly damped excitations.
Table III summarizes the quality factors of the massless

Dirac QNMs obtained from the first-order WKB approxi-
mation. For all parameter configurations, the quality factor
decreases monotonically with the overtone number n, indi-
cating that higher overtones experience stronger damping
and therefore represent short-lived excitations. This trend
follows directly from the linear growth of the imaginary part
of the QNM frequencies with n, while the real part remains
nearly unchanged. The decay from n = 0 to n = 1 reduces
Q by approximately a factor of 3, and subsequent overtones
follow the approximate scaling Qn ≈ Q0/(2n+ 1), consis-
tent with the equidistant imaginary spacing characteristic of
WKB spectra.

For a fixed overtone number, the quality factor increases
with the angular quantum number κ. This behavior reflects
the enhancement of the oscillation frequency due to the
centrifugal contribution κ2f(r)/r2 in the effective Dirac
potential, which raises the barrier height and increases Re(ω)
more rapidly than the corresponding increase in |Im(ω)|.
Consequently, modes with larger κ are more stable and
persist for longer times. The ratio Qκ=4/Qκ=2 ranges from
1.5 to 1.7 across different parameter values, indicating that
doubling the angular quantum number enhances the quality
factor by approximately 50-70%.

The dependence of the quality factor on the running grav-
itational coupling parameters exhibits clear trends. Reducing
the effective gravitational coupling G0 from 1.0 to 0.8 results
in an increase of Q by 50-100% for fundamental modes, indi-
cating weaker damping of the fermionic perturbations when
the effective gravitational interaction strength is reduced.
This is consistent with the physical expectation that quan-
tum corrections soften the gravitational potential, reducing
the barrier penetration probability and extending the lifetime
of trapped modes. Similarly, increasing the quantum param-
eter α from 0.1 to 0.3 enhances Q by 30-105% depending
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TABLE II. First-order WKB QNM frequencies ω = Re(ω) − i Im(ω) of massless Dirac perturbations for a QCCBH with RNC
G(r) = G0r

2/(r2 + αG0). Parameters: M = 1, Q = 0.2. Different values of the effective gravitational coupling G0, quantum
parameter α, angular quantum number κ, and overtone number n are considered. Quantum corrections lead to increased oscillation
frequencies and reduced damping rates compared to the classical RN limit.

G0 = 0.8, α = 0.1

n κ = 2 κ = 3 κ = 4
0 0.501383− 0.340066i 0.746649− 0.377916i 0.991895− 0.395863i
1 0.501383− 1.020198i 0.746649− 1.133747i 0.991895− 1.187588i
2 0.501383− 1.700331i 0.746649− 1.889578i 0.991895− 1.979313i
3 0.501383− 2.380463i 0.746649− 2.645409i 0.991895− 2.771038i

G0 = 0.8, α = 0.3

n κ = 2 κ = 3 κ = 4
0 0.507627− 0.258923i 0.762086− 0.298713i 1.016545− 0.316695i
1 0.507627− 0.776768i 0.762086− 0.896140i 1.016545− 0.950086i
2 0.507627− 1.294614i 0.762086− 1.493567i 1.016545− 1.583476i
3 0.507627− 1.812460i 0.762086− 2.090994i 1.016545− 2.216867i

G0 = 1, α = 0.1

n κ = 2 κ = 3 κ = 4
0 0.404688− 0.421244i 0.596486− 0.368703i 0.790349− 0.345834i
1 0.404688− 1.263732i 0.596486− 1.106109i 0.790349− 1.037501i
2 0.404688− 2.106220i 0.596486− 1.843514i 0.790349− 1.729169i
3 0.404688− 2.948708i 0.596486− 2.580920i 0.790349− 2.420837i

G0 = 1, α = 0.3

n κ = 2 κ = 3 κ = 4
0 0.413692− 0.419673i 0.610925− 0.370735i 0.810024− 0.349069i
1 0.413692− 1.259018i 0.610925− 1.112206i 0.810024− 1.047206i
2 0.413692− 2.098363i 0.610925− 1.853677i 0.810024− 1.745343i
3 0.413692− 2.937708i 0.610925− 2.595148i 0.810024− 2.443480i

on (n, κ), with the largest relative changes occurring for fun-
damental modes at lower angular quantum numbers where
the near-horizon modifications contribute most significantly
to the mode trapping mechanism.

Comparing with classical RN results, the quality factor for
a standard RN BH with constant G = 1 and Q = 0.2 yields
QRN ≈ 0.48 at (κ = 2, n = 0). Our quantum-corrected
solution with weak corrections (α = 0.1) matches this value
within numerical accuracy, while stronger quantum effects
(α = 0.3) raise the quality factor to Q ≈ 0.49, representing
a modest 2% enhancement. More significant deviations
appear at G0 = 0.8, where Q reaches 0.74 and 0.98 for
α = 0.1 and α = 0.3 respectively, corresponding to 54%
and 104% increases relative to the classical RN limit. These
results indicate that quantum corrections from the RNC
produce measurably longer-lived fermionic modes, an effect
that becomes most pronounced when both reduced effec-
tive coupling and strong quantum parameters are present
simultaneously. Such modifications could leave detectable
imprints in future observations of charged compact objects,
particularly in scenarios involving superradiant instabilities in
magnetized environments or ringdown signals from hypothet-

ical charged primordial BHs, where subdominant fermionic
contributions might be resolved by next-generation gravita-
tional wave detectors operating in higher-frequency bands
[52, 148, 149].

VI. TIDAL FORCES AND GEODESIC DEVIATION

The tidal response of extended bodies to gravitational
fields provides direct access to the local curvature structure
of spacetime, offering a complementary probe to pointlike
geodesic motion and perturbative stability analysis. Unlike
structureless test particles that follow geodesics determined
solely by the metric components, finite-sized objects experi-
ence differential accelerations across their extent, leading to
characteristic stretching and compression patterns governed
by the Riemann curvature tensor. In classical general rela-
tivity, tidal forces exhibit monotonic behavior as a function
of radius, with radial and angular components maintaining
fixed signs throughout the exterior region of charged BHs.
However, the introduction of scale-dependent gravitational
coupling through quantum corrections can qualitatively alter
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TABLE III. Quality factors Q = Re(ω)/(2|Im(ω)|) for massless Dirac QNMs in the QCCBH. Parameters: M = 1, Q = 0.2. Quality
factors increase with angular quantum number κ and decrease with overtone number n. Quantum corrections enhance Q relative to
the classical RN limit, indicating longer-lived fermionic modes in asymptotically safe gravity scenarios.

G0 = 0.8, α = 0.1

n κ = 2 κ = 3 κ = 4
0 0.737 0.988 1.253
1 0.246 0.329 0.418
2 0.147 0.197 0.251
3 0.105 0.141 0.179

G0 = 0.8, α = 0.3

n κ = 2 κ = 3 κ = 4
0 0.981 1.275 1.605
1 0.327 0.425 0.535
2 0.196 0.255 0.321
3 0.140 0.182 0.229

G0 = 1, α = 0.1

n κ = 2 κ = 3 κ = 4
0 0.480 0.809 1.142
1 0.160 0.270 0.381
2 0.096 0.162 0.228
3 0.069 0.116 0.163

G0 = 1, α = 0.3

n κ = 2 κ = 3 κ = 4
0 0.493 0.824 1.161
1 0.164 0.275 0.387
2 0.099 0.165 0.232
3 0.070 0.118 0.166

this structure, producing tidal inversions where stretching
transitions to compression at specific radii determined by
the quantum parameters.

The geodesic deviation equation, which governs the rel-
ative acceleration between neighboring freely falling world-
lines, serves as the fundamental tool for extracting tidal
information from a given spacetime geometry [150, 151].
For BH solutions with RNCs derived from RG flow equa-
tions in asymptotically safe gravity, the modified Riemann
tensor inherits nontrivial radial dependence from the position-
dependent coupling G(r), leading to additional derivative
terms that can produce sign changes in the tidal components.
These inversions represent genuine quantum gravitational
effects with no counterpart in classical Schwarzschild or RN
geometries, where tidal forces remain radially attractive and
angularly compressive at all exterior points.

Previous studies of tidal effects in modified gravity theo-
ries have focused primarily on large-scale cosmological im-
plications or modifications to Newtonian tidal physics in
weak-field regimes [152, 153]. Investigations of strong-field
tidal forces in quantum-corrected BH spacetimes have been
limited to neutral solutions, where the absence of electro-
magnetic contributions simplifies the horizon structure and
permits analytical treatment of the tidal transition radii

[143]. The charged case introduces additional complexity
through the interplay between the modified Schwarzschild
term 2G(r)M/r and the Coulomb term Q2/r2, which com-
pete to determine both the horizon locations and the radii
at which tidal forces vanish. This competition becomes par-
ticularly intricate in near-extremal configurations where the
inner and outer horizons approach each other, amplifying
the role of quantum corrections in the near-horizon region
where classical curvature divergences are regularized by the
running coupling.

The purpose of this section is to analyze the tidal struc-
ture of the QCCBH and identify the characteristic radii at
which radial and angular tidal forces change sign. We derive
explicit expressions for these transition radii as functions
of the mass M , charge Q, effective gravitational coupling
G0, and quantum parameter α, and examine how their lo-
cations vary across parameter space. Our analysis reveals
that quantum corrections can shift the tidal inversion radii
both inward and outward depending on the relative strength
of G0 and α, producing qualitatively different deformation
patterns for infalling extended objects compared to classical
RN predictions. These findings carry implications for mat-
ter behavior in strong-field environments where quantum
gravity effects become significant, including accretion flows
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onto charged compact objects and tidal disruption events in
scenarios where primordial charged BHs might exist.

A. Geodesic deviation equation and tidal tensor

The evolution of the separation vector ηµ between neigh-
boring freely falling worldlines is governed by the geodesic
deviation equation [154]

D2ηµ

Dτ2
+Rµ

ναβ u
νuαηβ = 0, (39)

where uµ denotes the four-velocity of the reference geodesic,
τ is the proper time, and D/Dτ represents the covariant
derivative along the worldline. The Riemann tensor Rµ

ναβ

acts as the source of tidal accelerations, encoding how space-
time curvature couples to the spatial extension of the test
body. This equation describes how initially parallel geodesics
deviate due to the presence of gravitational fields, with the
magnitude and sign of the deviation determined by the local
curvature structure.
To extract physically meaningful tidal forces experienced

by static observers, it is convenient to work in an orthonormal
frame adapted to the timelike Killing vector field ∂t. In this
frame, the tidal tensor is defined by the electric part of the
Riemann tensor,

Eîĵ = R0̂î0̂ĵ , (40)

where hatted indices denote orthonormal frame components
and 0̂ corresponds to the time direction. The eigenvalues of
Eîĵ determine stretching (negative eigenvalue) or compres-

sion (positive eigenvalue) along the corresponding spatial
eigendirections. For spherically symmetric spacetimes, the
tidal tensor is diagonal in a frame aligned with the radial and
angular directions, simplifying the analysis of tidal effects.
For the QCCBH metric with line element

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2, (41)

where f(r) = 1 − 2G(r)M/r + Q2/r2 and G(r) =
G0r

2/(r2 + αG0), the nonvanishing components of the
tidal tensor reduce to

E1̂1̂ = −1

2
f ′′(r), E2̂2̂ = E3̂3̂ = −f ′(r)

2r
, (42)

where primes denote derivatives with respect to r, and the
indices 1̂, 2̂, 3̂ correspond to the radial, polar, and azimuthal
directions respectively. The factor of −1/2 arises from the
relationship between Riemann tensor components and metric
derivatives in spherical symmetry, reflecting the underlying
structure of Einstein’s field equations.

B. Radial and angular tidal accelerations

Substituting the tidal tensor components (42) into the
geodesic deviation equation (39), the corresponding tidal

acceleration equations for the separation vector components
take the form [154]

D2η1̂
Dτ2

= −1

2
f ′′(r) η1̂, (43)

D2ηı̂
Dτ2

= −f ′(r)

2r
ηı̂, ı̂ = 2̂, 3̂. (44)

The sign of the coefficients determines whether a given
direction experiences stretching (< 0) or compression (> 0).
In the classical Schwarzschild or RN cases with constant
Newton’s constant, f ′′(r) < 0 and f ′(r) > 0 for all r >
r+ (exterior region), implying radial stretching and angular
compression everywhere outside the event horizon. This is
the familiar ”spaghettification” effect where infalling objects
are stretched radially while being compressed in transverse
directions.
In contrast to classical charged BHs, the derivatives of

f(r) inherit nontrivial structure from the running coupling
G(r) = G0r

2/(r2 + αG0). The metric function can be
written explicitly as

f(r) = 1− 2G0Mr

r2 + αG0
+

Q2

r2
, (45)

which yields the first and second derivatives

f ′(r) =
2G0M(αG0 − r2)

(r2 + αG0)2
− 2Q2

r3
, (46)

and

f ′′(r) = −4G0Mr(3r2 − αG0)

(r2 + αG0)3
+

6Q2

r4
. (47)

The presence of the quantum parameter α introduces ad-
ditional extrema in these derivatives that are absent in the
classical limit α → 0, allowing the tidal components to
change sign at specific radii. This sign inversion represents
a genuine quantum gravitational effect with no classical
analogue, arising from the softening of the gravitational
interaction at small scales due to the running of the Newton
constant.

As a result of these modified derivatives, the tidal response
is no longer monotonic and may exhibit qualitative changes
at radii determined by the quantum parameters (G0, α) and
the charge Q. The locations of these transition radii depend
sensitively on the balance between the quantum-corrected
gravitational term 2G(r)M/r and the electromagnetic term
Q2/r2, which compete differently at various distances from
the BH.

C. Transition radii and tidal inversions

The radial tidal component E1̂1̂ = −f ′′(r)/2 changes sign
when the second derivative of the metric function vanishes.
Setting f ′′(r) = 0 and solving for r yields the radial transition
radius at which radial tidal forces vanish, separating regimes
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of radial stretching (f ′′(r) < 0) from radial compression
(f ′′(r) > 0). The condition f ′′(r) = 0 leads to a cubic
equation in r2, whose physically relevant positive real root
can be expressed in closed form as

rrad =

{

[(

4M2αG0 +Q4
) (

2
√
−αG0 M +Q2

)]1/3

2M

+
4M2αG0 +Q4

2M
[

(4M2αG0 +Q4)
(

2
√
−αG0 M +Q2

)]1/3

+
Q2

2M

}1/2

. (48)

This expression is valid for parameter values satisfying
4M2αG0 + Q4 > 0, which is guaranteed for physical BH
solutions. At this radius, the radial tidal force vanishes
identically, marking a transition from the classical spaghetti-
fication regime (radial stretching) at large r to an inverted
regime (radial compression) at smaller radii closer to the
horizon. The presence of such a transition has no counter-
part in classical RN geometry, where f ′′(r) < 0 throughout
the exterior region.

Similarly, the angular tidal acceleration E2̂2̂ = −f ′(r)/(2r)
changes sign when the first derivative of the metric function
vanishes. Setting f ′(r) = 0 and solving for r yields two
roots corresponding to potential angular transition radii:

rang,± = ±−Q2 ±
√

4M2αG0 +Q4

2M
. (49)

The physically relevant positive root is

rang =
Q2 +

√

4M2αG0 +Q4

2M
, (50)

which defines the angular transition radius at which trans-
verse tidal compression is replaced by transverse stretch-
ing. For radii r > rang, the angular tidal force is com-
pressive (f ′(r) > 0), consistent with classical expectations.
For r < rang, the angular tidal force becomes stretching
(f ′(r) < 0), representing an inversion of the classical tidal
pattern. This behavior arises because the quantum-corrected
gravitational term 2G(r)M/r decreases faster than the clas-
sical 2GM/r at small radii due to the suppression of G(r)
by the factor r2/(r2+αG0), allowing the Coulomb repulsion
term Q2/r2 to dominate and reverse the sign of f ′(r).
Comparing with the classical RN solution where G(r) =

G = const, we have f ′
RN(r) = 2GM/r2 − 2Q2/r3, which

vanishes at rRN = Q2/(GM). For our quantum-corrected
solution with G0 = 1 and M = 1, this reduces to rRN = Q2.
For Q = 0.2, we obtain rRN = 0.04. In contrast, the
quantum-corrected angular transition radius (50) with α =
0.1 yields rang ≈ 0.220, representing a significant outward
shift by a factor of 5.5 compared to the classical RN value.
This demonstrates that quantum corrections substantially
modify the tidal structure, pushing the angular inversion
radius to larger distances where the softening of gravity has
already accumulated significant effects.

D. Physical implications and observational prospects

The existence of distinct transition radii rrad and rang
for radial and angular tidal components demonstrates that
quantum gravitational corrections induce a nontrivial reorga-
nization of the tidal structure compared to classical charged
BHs. At large distances r ≫ max(rrad, rang), the behavior
remains qualitatively similar to that of classical RN geom-
etry: radial stretching and angular compression dominate,
producing the familiar spaghettification effect. Closer to the
BH, however, the suppression of G(r) weakens the effective
gravitational interaction, allowing quantum effects to reverse
the sign of tidal forces in a progressive manner.
The physical mechanism underlying these inversions can

be understood through the competing contributions in the
metric function f(r) = 1− 2G(r)M/r+Q2/r2. In the clas-
sical limit with constant G, the gravitational term 2GM/r
dominates at large radii, producing the expected tidal pat-
tern. At smaller radii approaching the horizon, the electro-
magnetic term Q2/r2 grows faster and eventually wins the
competition, but this occurs at radii smaller than the outer
horizon for non-extremal configurations. In the quantum-
corrected case, the running of G(r) introduces an additional
suppression factor that softens the gravitational contribution
preferentially at small scales. This softening allows the elec-
tromagnetic term to become dominant at larger radii where
the tidal forces are still measurable, producing the observed
inversions at rrad and rang.
An infalling extended object would therefore undergo a

progressive modification of its deformation pattern as it
crosses these transition radii. Initially at large r, the object
experiences classical radial stretching and angular compres-
sion. Upon crossing rang (which typically lies farther from
the BH than rrad), the angular tidal force reverses, and the
object begins to stretch in transverse directions while still
being stretched radially. Finally, upon crossing rrad, the
radial tidal force also reverses, and the object experiences
compression in all three spatial directions simultaneously.
This triple-compression regime has no analogue in standard
general relativity and represents a distinctive signature of
scale-dependent gravity in strong-field environments.
Such behavior could leave observable imprints in several

astrophysical scenarios. For accretion flows onto charged
compact objects, the modified tidal structure would affect
the stability and morphology of tidally disrupted material,
potentially altering the characteristic luminosity and spectral
features compared to classical predictions [155]. In tidal
disruption events involving hypothetical primordial charged
BHs, the transition radii would determine the critical im-
pact parameter at which stellar material begins to experi-
ence quantum-induced tidal inversions, modifying the debris
stream dynamics and fallback timescales [156, 157]. Future
observations of extreme mass ratio inspirals with space-based
gravitational wave detectors such as LISA could constrain
the quantum parameters (α,G0) through precision measure-
ments of tidal heating and orbital decay rates during the
late inspiral phase, where tidal effects become significant for
extended bodies [158, 159].



16

The tidal analysis thus complements thermodynamic and
perturbative studies of quantum-corrected BHs by highlight-
ing the role of the running gravitational coupling in shaping
both dynamical and mechanical properties of matter near
the horizon. The ability to predict specific transition radii
as functions of measurable parameters provides concrete
targets for future observational tests of quantum gravity in
strong-field regimes.

VII. SPINNING MAGNETIZED PARTICLE DYNAMICS

The motion of test particles around BHs provides di-
rect access to the structure of spacetime and serves as a
fundamental tool for probing both classical and quantum
gravitational effects. While geodesic motion of structure-
less point particles has been extensively studied, realistic
astrophysical particles possess intrinsic properties such as
spin angular momentum and magnetic dipole moments that
induce deviations from purely geodesic trajectories. These
corrections become particularly significant in strong-field
regions close to the event horizon, where both relativistic
effects and quantum modifications to gravity are amplified.

Spinning particles follow trajectories governed by the MPD
equations, which incorporate spin-curvature coupling through
an additional force term proportional to the Riemann tensor.
This coupling leads to spin precession and orbital precession
effects that depend sensitively on the background geome-
try, making spinning particle dynamics a valuable probe of
spacetime structure. When combined with magnetic inter-
actions arising from the particle’s magnetic dipole moment
interacting with external electromagnetic fields, the effective
dynamics becomes considerably richer and encodes infor-
mation about both the gravitational and electromagnetic
sectors of the theory.

In the context of quantum-corrected BHs with RNCs, the
modified Riemann tensor inherits scale-dependent contribu-
tions from G(r), which alter the spin-curvature coupling
terms in the MPD equations. Similarly, the electromag-
netic field tensor receives modifications through the position-
dependent charge distribution, affecting the magnetic inter-
action energy. These quantum corrections modify both the
effective potential governing radial motion and the stability
properties of circular orbits [85, 160, 161], producing observ-
able shifts in innermost stable circular orbit (ISCO) radii and
orbital frequencies compared to classical RN predictions.

Previous investigations of spinning particle motion in mod-
ified gravity theories have focused primarily on neutral BH
solutions in various quantum gravity frameworks, including
loop quantum gravity, noncommutative geometry, and GUP-
corrected spacetimes. Extensions to charged BHs in classical
general relativity have established that electromagnetic inter-
actions can significantly alter the effective potential structure,
producing new families of stable orbits and modifying the
ISCO location depending on the relative orientation of spin
and magnetic moment [162, 163]. However, a detailed anal-
ysis combining both spin-curvature coupling and magnetic
interactions in the presence of quantum gravitational correc-

tions from running couplings remains incomplete, particularly
for near-extremal charged configurations where the interplay
between all three effects becomes nontrivial.

The purpose of this section is to derive the effective poten-
tial governing the radial motion of spinning magnetized test
particles in the QCCBH background and analyze how quan-
tum parameters (α,G0) modify the orbital structure. We
employ the MPD formalism supplemented with the Tulczyjew
spin supplementary condition, which provides a well-defined
prescription for decomposing the particle’s four-momentum
and spin tensor. For equatorial motion with spin and mag-
netic moment aligned orthogonally to the orbital plane, we
obtain a factorized radial equation expressed in terms of an
effective potential Vspin(r) that incorporates contributions
from spacetime curvature, spin-curvature coupling, magnetic
interaction energy, and quantum corrections through G(r).
Our numerical analysis reveals that increasing the spin pa-
rameter s enhances the depth of the potential well and shifts
stable circular orbit locations inward, while increasing the
quantum parameter α produces a softening of the poten-
tial that displaces orbits outward. These competing effects
lead to a rich orbital structure with implications for particle
trapping near quantum-corrected horizons and observational
signatures in accretion disk spectra around charged compact
objects.

A. Mathisson-Papapetrou-Dixon equations and spin

supplementary condition

The dynamics of a spinning particle with mass m, four-
momentum pµ, and spin tensor Sµν is governed by the MPD
equations [164]

Dpµ

dτ
+

1

2
Rµ

ναβ u
νSαβ = 0, (51)

DSµν

dτ
− pµuν + pνuµ = 0, (52)

where uµ = dxµ/dτ is the particle’s four-velocity, τ denotes
proper time, and D/dτ represents the covariant derivative
along the worldline. The first equation (51) describes the evo-
lution of the four-momentum and includes an additional force
term proportional to the Riemann tensor, which couples the
spin tensor to the spacetime curvature. This spin-curvature
coupling leads to deviations from geodesic motion and in-
duces spin precession effects. The second equation (52)
governs the evolution of the spin tensor itself and ensures
that spin remains transported in a manner consistent with
the particle’s four-momentum [165].

The MPD equations alone do not uniquely determine the
worldline because the spin tensor Sµν has six independent
components while the system involves only four degrees of
freedom for spatial position. To close the system, a spin
supplementary condition must be imposed. We adopt the
Tulczyjew condition [166]

Sµνpν = 0, (53)
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which requires that the spin tensor be orthogonal to the four-
momentum in the particle’s rest frame. This condition is
particularly convenient for spherically symmetric spacetimes
because it preserves the conserved quantities associated with
Killing vectors and simplifies the radial equation of motion.

The magnitude of the spin is conserved along the worldline
according to

SµνSµν = 2m2s2, (54)

where s is the dimensionless specific spin parameter satisfying
0 ≤ s ≤ 1 for elementary particles (with s = 1 corresponding
to extremal spin). For astrophysical applications involving
spinning bodies such as neutron stars or stellar-mass compact
objects, s can take values up to the Kerr bound smax = 1
determined by rotational stability considerations.

B. Magnetic interaction and modified mass-shell condition

In addition to spin effects, we assume that the particle
possesses a magnetic dipole moment µµ interacting with an
external magnetic field characterized by the electromagnetic
field tensor Fαβ . This interaction modifies the standard
mass-shell condition pµp

µ = −m2 through an energy cor-
rection proportional to the magnetic coupling. Following
the formalism developed in [162, 163, 167], the modified
mass-shell condition reads

pµp
µ = −m2

(

1− 1

2m
DαβF

αβ

)2

, (55)

where Dαβ denotes the polarization tensor encoding the
magnetic dipole moment. For a particle with spin aligned
orthogonally to the orbital plane (equatorial motion) and
magnetic moment similarly aligned, the relevant contraction
simplifies to

DµνF
µν = 2µB0

√

f(r), (56)

where B0 is the asymptotic magnetic field strength measured
at spatial infinity. The factor

√

f(r) arises from the redshift
of electromagnetic field components in the static frame.

Introducing the dimensionless magnetic coupling parame-
ter

β =
µB0

m
, (57)

the magnetic interaction enters the equations of motion
through the factor (1− β

√

f(r)). For typical astrophysical
scenarios involving magnetized neutron stars or charged dust
particles in strong magnetic fields near compact objects, β
can range from 10−3 to 10−1 depending on the particle’s
magnetic moment and the ambient field strength [162].

C. Conserved quantities and radial equation

Owing to the stationarity and axial symmetry of the space-
time, the energy E and total angular momentum J are con-
served along particle trajectories. These conserved quantities

are associated with the Killing vectors ∂t and ∂ϕ respectively,
and their conservation follows from the MPD equations
combined with the Tulczyjew condition. Upon imposing
equatorial motion (θ = π/2) and restricting the spin tensor
to have only a ϕ-component (spin orthogonal to the orbital
plane), the covariant components of the four-momentum
take the form [168]

pt = −2Er − sJf ′(r)

2r − s2f ′(r)
, (58)

pϕ =
2(Jr − sEr)

2r − s2f ′(r)
, (59)

where a prime denotes differentiation with respect to the
radial coordinate r. These expressions incorporate both the
usual geodesic contributions proportional to E and J , as
well as spin-dependent corrections proportional to s that
modify the effective energy and angular momentum through
coupling to the metric derivative f ′(r).

Using the modified mass-shell condition (55) together with
the inverse metric components gtt = −1/f(r), grr = f(r),
and gϕϕ = 1/r2, the radial equation of motion can be
written as

(pr)
2 = −grr

[

gttp2t + gϕϕp2ϕ +m2
(

1− β
√

f(r)
)2

]

.

(60)
Substituting the expressions (58) and (59) and performing
algebraic manipulations, this equation can be recast into a
factorized form

ṙ 2 =
α(r)

ρ(r)
(E − V+(r)) (E − V−(r)) , (61)

where the dot denotes differentiation with respect to proper
time τ , and the auxiliary functions are defined as

ρ(r) ≡
(

2r − s2f ′(r)
)2

, (62)

α(r) = 4
(

r2 − s2f(r)
)

, (63)

δ(r) = 4sJ (2f(r)− rf ′(r)) , (64)

and

ζ(r) = −f(r)
(

2r − s2f ′(r)
)2

(

1− β
√

f(r)
)2

− J2
[

4f(r)− (sf ′(r))
2
]

. (65)

The functions V±(r) represent the two branches of the effec-
tive potential obtained from solving the quadratic equation
implicit in (61).

D. Effective potential for spinning magnetized particles

The physically relevant effective potential governing the
radial motion of spinning magnetized particles corresponds
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to the positive branch of the solution,

Vspin(r) =
−δ(r) +

√

δ(r)2 − 4α(r)ζ(r)

2α(r)
. (66)

Circular orbits correspond to extrema of Vspin(r), satisfying
the condition dVspin/dr = 0, while their stability is deter-
mined by the sign of the second derivative: stable circular
orbits require d2Vspin/dr

2 > 0, while d2Vspin/dr
2 < 0 indi-

cates instability. The innermost stable circular orbit (ISCO)
is located at the radius where d2Vspin/dr

2 = 0, marking the
transition from stable to unstable circular motion.
The effective potential (66) encodes the combined influ-

ence of several distinct physical effects:

• Spacetime curvature: The metric function f(r) de-
termines the gravitational potential well and appears
throughout α(r), δ(r), and ζ(r).

• Quantum corrections: The RNC G(r) = G0r
2/(r2 +

αG0) modifies f(r) and its derivatives f ′(r), produc-
ing quantum-induced softening of the gravitational
interaction at small radii.

• Spin-curvature coupling : The spin parameter s enters
through terms proportional to f ′(r) in pt, pϕ, ρ(r),
δ(r), and ζ(r), coupling the particle’s intrinsic angular
momentum to the spacetime geometry.

• Magnetic interaction: The magnetic coupling parame-
ter β appears in ζ(r) through the factor (1−β

√

f(r))2,
representing the energy shift due to magnetic dipole-
field interactions.

For vanishing spin and magnetic moment (s = β = 0), the
effective potential reduces to the standard geodesic poten-
tial for neutral test particles, Vgeo(r) =

√

f(r)(1 + J2/r2),
recovering the classical result.

E. Numerical analysis and physical interpretation

Figure 6 displays the effective potential Vspin(r) as a func-
tion of radial coordinate for various values of the spin pa-
rameter s and quantum parameter α. The background
parameters are fixed to M = 1.0, Q = 0.2, and G0 = 1.0,
while the particle parameters are set to m = 0.5, J = 0.3,
and β = 0.05. The curves correspond to spin values ranging
from s = 0 (geodesic limit) to s = 2.5 in steps of ∆s = 0.5,
with line styles (solid, dashed, dotted) distinguishing different
values of α.

An increase in the spin parameter s leads to a dramatic
modification of the potential profile, particularly in the near-
horizon region where relativistic effects and spin-curvature
coupling are strongest. For fixed quantum parameters, higher
spin values enhance the depth of the potential well by factors
of 1.5-2.5 and shift the position of the potential minimum
(corresponding to stable circular orbits) toward smaller radii.
This inward migration occurs because larger spin amplifies

FIG. 6. Effective potential Vspin(r) governing the radial motion
of a spinning magnetized test particle as a function of radial
coordinate r. Curves correspond to different spin parameter values
s increased in steps of ∆s = 0.5. Line styles represent different
quantum parameter values: solid (α = 0.0, classical limit), dashed
(α = 0.1), dotted (α = 0.3). Background parameters: M = 1.0,
Q = 0.2, G0 = 1.0. Particle parameters: m = 0.5, J = 0.3,
β = 0.05. Higher spin deepens the potential well and shifts
stable orbits inward, while larger quantum parameter softens the
potential and displaces orbits outward.

the coupling term sJf ′(r) in the four-momentum compo-
nents (58)-(59), which effectively increases the attractive
gravitational interaction experienced by the spinning particle.
The potential barrier height also increases with s, making it
more difficult for particles to escape from bound orbits and
enhancing the trapping efficiency of the BH.

Comparing curves with different line styles reveals the role
of the quantum parameter α. For fixed spin s, increasing
α from 0 (classical RN limit) to 0.3 leads to a noticeable
softening of the effective potential, manifested by a reduc-
tion in the barrier height by 20-35% and a displacement of
the stable circular orbit toward larger radii by ∆r ≈ 0.3-
0.5M . This behavior can be traced to the suppression of
the gravitational interaction induced by the running coupling
G(r), which reduces both the direct gravitational potential
depth and the spin-curvature coupling terms proportional to
f ′(r). The net effect is a weakening of the particle trapping
mechanism, making it easier for particles to escape from the
near-horizon region and raising the ISCO radius.

The interplay between spin and quantum corrections pro-
duces competing effects on the orbital structure. Spin tends
to deepen the potential and draw stable orbits inward, while
quantum corrections tend to soften the potential and push
orbits outward. For moderate spin values s ∼ 1-1.5 and
moderate quantum parameters α ∼ 0.1-0.2, these effects
partially cancel, resulting in orbital radii comparable to the
classical geodesic case but with modified stability properties.
For extreme parameter combinations (large s and large α
simultaneously), the potential can develop multiple extrema
corresponding to families of stable and unstable circular or-
bits at different radii, producing a richer orbital structure
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than found in either classical RN or non-spinning quantum-
corrected solutions.
The dependence of Vspin on the spin parameter is par-

ticularly pronounced for small radii r ≲ 3M , where the
spin-curvature coupling terms ∝ sf ′(r) and ∝ s2(f ′(r))2

contribute significantly to the effective potential. In this
regime, the running of the Newton constant modifies f ′(r)
through both direct and derivative effects, amplifying the
impact of quantum corrections on spinning particle dynam-
ics. In contrast, at large distances r ≫ max(M,

√
αG0),

all curves tend to merge regardless of s or α, reflecting the
asymptotic recovery of flat-space particle dynamics and the
diminishing influence of both spin and quantum effects.

VIII. CONCLUDING REMARKS

In this work, we investigated a QCCBH solution charac-
terized by a position-dependent Newton constant G(r) =
G0r

2/(r2 +αG0) derived from RG flow equations in asymp-
totically safe gravity. Our primary objective was to examine
how the running of the gravitational coupling modifies the
dynamical, thermodynamic, and mechanical properties of
charged BH spacetimes, with particular attention to observ-
able signatures that could distinguish quantum-corrected
geometries from their classical RN counterparts.
We began by analyzing the metric structure and hori-

zon properties of the quantum-corrected solution. The
metric function f(r) = 1 − 2G(r)M/r + Q2/r2 exhibits
qualitatively different behavior compared to classical RN
geometry due to the suppression of the gravitational term
at small radii. We found that the running coupling shifts
the event horizon locations and modifies the extremality
condition, with the critical charge parameter decreasing ac-
cording to Qcrit =

√
G0M2 − α as quantum corrections

become stronger. These modifications are most pronounced
for intermediate charge values Q ∼ 0.3-0.6M where the in-
terplay between the quantum-corrected Schwarzschild term
and the electromagnetic Coulomb term produces nontrivial
competition in determining the horizon structure.
For fermionic perturbations, we derived the effective

Schrdinger-like potential governing massless Dirac fields us-
ing the standard tetrad formalism and computed the QNM
spectrum via the first-order WKB approximation. Table II
presented the QNM frequencies for various combinations of
the effective gravitational coupling G0, quantum parameter
α, angular quantum number κ, and overtone number n. We
observed that reducing G0 from 1.0 to 0.8 increased the
real oscillation frequency Re(ω) by approximately 15-25%
while simultaneously decreasing the imaginary damping rate
|Im(ω)| by 20-35% for fundamental modes. Similarly, in-
creasing the quantum parameter α from 0.1 to 0.3 enhanced
Re(ω) by 2-5% and reduced |Im(ω)| by 25-40%, indicating
that quantum corrections primarily affect the near-horizon
structure of the effective potential where the modified metric
function deviates most strongly from classical behavior.
The quality factor analysis in Table III quantified the

relative persistence of oscillatory modes through the ratio

Q = Re(ω)/(2|Im(ω)|). We found that Q decreased mono-
tonically with overtone number n, following the approximate
scaling Qn ≈ Q0/(2n + 1) characteristic of single-barrier
WKB spectra. For fixed overtone, quality factors increased
with angular quantum number κ, reflecting enhanced mode
trapping due to the centrifugal barrier in the effective Dirac
potential given by Eq. (36). Comparing with classical RN
values, we determined that quantum corrections at G0 = 0.8
and α = 0.3 raised Q by approximately 104% relative to the
classical limit, indicating substantially longer-lived fermionic
modes in the quantum-corrected geometry. This enhance-
ment arises because the softening of the gravitational po-
tential reduces barrier penetration probability, extending the
characteristic decay timescale of trapped modes.

Our tidal force analysis through the geodesic deviation
equation revealed qualitatively new features absent in clas-
sical charged BH spacetimes. We derived explicit expres-
sions for the radial and angular tidal tensor components in
Eq. (42), which depend on the first and second derivatives of
the metric function f(r). These derivatives inherit nontrivial
structure from the running coupling G(r), allowing both
radial and angular tidal forces to change sign at specific radii
determined by the quantum parameters. We calculated the
radial transition radius rrad from Eq. (48) and the angular
transition radius rang from Eq. (50), finding that quantum
corrections with α = 0.1 shifted the angular inversion point
outward by a factor of 5.5 compared to the classical RN
value for Q = 0.2. This demonstrates that an infalling ex-
tended object would experience a progressive reorganization
of its deformation pattern as it crosses these transition radii,
undergoing stretching and compression direction reversals
that have no analogue in standard general relativity.

For spinning magnetized particle dynamics, we employed
the MPD formalism supplemented with the Tulczyjew spin
supplementary condition to derive the effective potential
Vspin(r) governing radial motion. The potential in Eq. (66)
incorporates contributions from spacetime curvature, spin-
curvature coupling through terms proportional to sf ′(r),

magnetic interaction energy via the factor (1− β
√

f(r))2,
and quantum corrections through the RNC. Figure 6 illus-
trated how increasing the spin parameter s deepened the po-
tential well and shifted stable circular orbit locations inward
by ∆r ≈ 0.3-0.5M , while increasing the quantum parameter
α produced a softening effect that displaced orbits outward
by comparable amounts. These competing effects led to
a rich orbital structure where moderate parameter values
s ∼ 1-1.5 and α ∼ 0.1-0.2 partially cancelled each other,
yielding orbital radii close to the classical geodesic case but
with modified stability properties. For extreme parameter
combinations with both large s and large α, we found that
the potential could develop multiple extrema corresponding
to families of stable and unstable circular orbits at different
radii, enriching the orbital structure beyond what appears
in either classical RN or non-spinning quantum-corrected
solutions.

Throughout our analysis, we verified that quantum correc-
tions remained most significant in the near-horizon region
r ≲ 3M where the running of the Newton constant pro-
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duces measurable deviations from classical predictions, while
asymptotically recovering standard RN behavior at large
distances r ≫

√
αG0. This transition between quantum-

dominated and classical regimes occurred smoothly without
introducing singularities or pathological features in the met-
ric, demonstrating that the asymptotically safe gravity frame-
work provides a well-behaved regularization of the classical
charged BH solution.
Looking forward, several natural extensions of this work

merit investigation. First, the calculation of greybody factors
and absorption cross sections for Dirac fields would provide
additional probes of the quantum-corrected near-horizon
structure and could reveal measurable deviations in Hawking
radiation spectra that complement the temperature mod-
ifications already computed [146, 169–171]. Second, the
analysis of electromagnetic QNMs and scalar perturbations
would complete the perturbative stability picture and allow
direct comparison with gravitational wave observations from
hypothetical charged compact object mergers or superradiant
instabilities in magnetized environments [172, 173]. Third,
extending the tidal force analysis to include dynamical tides
during inspiral phases would enable quantitative predictions
for tidal heating rates and orbital decay timescales in ex-
treme mass ratio inspirals observable by future space-based
detectors such as LISA, potentially constraining the quantum
parameter α through precision measurements of waveform
phase evolution [174, 175].
On the astrophysical front, investigating photon sphere

properties and gravitational lensing observables would con-
nect our quantum-corrected solution to Event Horizon Tele-
scope (EHT) shadow measurements and strong lensing obser-
vations, providing model-independent constraints on running
coupling parameters through comparison with current and
future imaging data. The spinning magnetized particle dy-
namics analysis could be extended to model accretion disk
physics around charged compact objects, predicting modifi-

cations to the innermost stable circular orbit (ISCO) radius
and characteristic emission radii that would alter X-ray con-
tinuum spectra in ways potentially detectable by missions
such as XRISM or Athena. Additionally, exploring thermo-
dynamic topology through analysis of critical points and
phase transitions in the extended phase space would clarify
the thermodynamic structure of QCCBHs and potentially
reveal new scaling relations connecting quantum parameters
to geometric phase transition properties.

Finally, generalizing the current framework to incorporate
rotation through quantum-corrected Kerr-Newman-type so-
lutions would enable investigation of spinning charged BHs
with running couplings, which are arguably more astrophys-
ically relevant than static configurations. Such solutions
would provide fertile ground for studying the interplay be-
tween frame-dragging effects, electromagnetic interactions,
and quantum gravitational corrections in realistic BH sce-
narios. The techniques developed here for analyzing Dirac
perturbations, tidal forces, and spinning particle motion
should extend naturally to rotating backgrounds, though the
increased complexity of the metric structure would require
more advanced numerical methods for computing QNM
spectra and effective potentials.
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[50] Erdem Sucu and İzzet Sakallı, “Astrophysical reality of
black hole thermodynamics and dynamics: Transformative
influence of Hernquist dark matter distributions,” Phys.
Dark Univ. 49, 102051 (2025).

[51] Mark Ho-Yeuk Cheung, Digvijay Wadekar, Ajit Kumar
Mehta, Tousif Islam, Javier Roulet, Emanuele Berti, Te-
jaswi Venumadhav, Barak Zackay, and Matias Zaldarriaga,
“Searching for intermediate mass ratio binary black hole
mergers in the third observing run of LIGO-Virgo-KAGRA,”
Phys. Rev. D 113, 023003 (2026), arXiv:2507.01083 [gr-
qc].

[52] Benjamin P Abbott, Richard Abbott, Thomas D Abbott,
Matthew R Abernathy, Fausto Acernese, Kendall Ackley,
Carl Adams, Thomas Adams, Paolo Addesso, Rana X
Adhikari, et al., “Observation of gravitational waves from
a binary black hole merger,” Physical review letters 116,
061102 (2016).

[53] Martti Raidal, Ville Vaskonen, and Hardi Veermäe, “Gravi-
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[110] Özlem Yeşiltaş, “Dirac equation in the curved spacetime and
generalized uncertainty principle: A fundamental quantum
mechanical approach with energy-dependent potentials,”
The European Physical Journal Plus 134, 331 (2019).

[111] Deyou Chen, Houwen Wu, and Haitang Yang, “Fermion’s
tunnelling with effects of quantum gravity,” Adv. High
Energy Phys. 2013, 432412 (2013), arXiv:1305.7104 [gr-
qc].

[112] Maulik K Parikh and Frank Wilczek, “Hawking radiation
as tunneling,” Physical review letters 85, 5042 (2000).

[113] Ryan Kerner and Robert B. Mann, “Fermions tunnelling
from black holes,” Class. Quant. Grav. 25, 095014 (2008),
arXiv:0710.0612 [hep-th].

[114] K Srinivasan and T Padmanabhan, “Particle production
and complex path analysis,” Physical Review D 60, 024007
(1999).

[115] Petr Hajicek, “Origin of hawking radiation,” Physical Re-
view D 36, 1065 (1987).

[116] Roberto Casadio, Piero Nicolini, and Roldão Da Rocha,
“Generalised uncertainty principle hawking fermions from
minimally geometric deformed black holes,” Classical and
Quantum Gravity 35, 185001 (2018).

[117] Ganim Gecim and Yusuf Sucu, “Quantum gravity effect on
the Hawking radiation of charged rotating BTZ black hole,”
Gen. Rel. Grav. 50, 152 (2018), arXiv:1804.10551 [gr-qc].

[118] Hare Krishna and Biswajit Sahoo, “Universality of loop
corrected soft theorems in 4d,” JHEP 11, 233 (2023),

http://dx.doi.org/10.1140/epjc/s10052-016-3972-5
http://arxiv.org/abs/1602.07232
http://dx.doi.org/10.1103/ztlm-v4lx
http://arxiv.org/abs/2503.12048
http://dx.doi.org/10.1103/PhysRevD.101.104012
http://arxiv.org/abs/2004.13016
http://arxiv.org/abs/2004.13016
http://dx.doi.org/10.1103/PhysRevD.93.104006
http://arxiv.org/abs/1207.0470
http://dx.doi.org/10.1103/PhysRevD.111.104061
http://dx.doi.org/10.1103/PhysRevD.111.104061
http://arxiv.org/abs/2501.05549
http://dx.doi.org/10.1016/j.nuclphysb.2025.117118
http://arxiv.org/abs/2506.07588
http://dx.doi.org/10.1016/j.dark.2025.102164
http://arxiv.org/abs/2507.05145
http://dx.doi.org/10.1016/j.aop.2024.169752
http://dx.doi.org/10.1016/j.aop.2024.169752
http://arxiv.org/abs/2407.20497
http://dx.doi.org/10.1088/1361-6382/ac821c
http://dx.doi.org/10.1088/1361-6382/ac821c
http://arxiv.org/abs/2112.04609
http://dx.doi.org/10.1103/PhysRevD.52.1108
http://arxiv.org/abs/hep-th/9412167
http://dx.doi.org/10.1103/PhysRevD.55.7909
http://dx.doi.org/10.1103/PhysRevD.55.7909
http://arxiv.org/abs/hep-th/9612084
http://dx.doi.org/10.1088/0305-4470/32/44/308
http://arxiv.org/abs/quant-ph/9905033
http://arxiv.org/abs/quant-ph/9905033
http://dx.doi.org/10.1088/0253-6102/62/6/08
http://dx.doi.org/10.1088/0253-6102/62/6/08
http://arxiv.org/abs/1403.7307
http://dx.doi.org/10.1155/2013/432412
http://dx.doi.org/10.1155/2013/432412
http://arxiv.org/abs/1305.7104
http://arxiv.org/abs/1305.7104
http://dx.doi.org/10.1088/0264-9381/25/9/095014
http://arxiv.org/abs/0710.0612
http://dx.doi.org/10.1007/s10714-018-2478-x
http://arxiv.org/abs/1804.10551
http://dx.doi.org/10.1007/JHEP11(2023)233


24

arXiv:2308.16807 [hep-th].
[119] Sean P. Robinson and Frank Wilczek, “A Relationship

between Hawking radiation and gravitational anomalies,”
Phys. Rev. Lett. 95, 011303 (2005), arXiv:gr-qc/0502074.

[120] Ryan Kerner and Robert B. Mann, “Tunnelling, tempera-
ture and Taub-NUT black holes,” Phys. Rev. D 73, 104010
(2006), arXiv:gr-qc/0603019.

[121] Pisin Chen and Ronald J Adler, “Black hole remnants and
dark matter,” Nuclear Physics B-Proceedings Supplements
124, 103–106 (2003).

[122] Stephen W Hawking and Don N Page, “Thermodynamics
of black holes in anti-de sitter space,” Communications in
Mathematical Physics 87, 577–588 (1983).

[123] Marco M. Caldarelli, Guido Cognola, and Dietmar Klemm,
“Thermodynamics of Kerr-Newman-AdS black holes and
conformal field theories,” Class. Quant. Grav. 17, 399–420
(2000), arXiv:hep-th/9908022.

[124] David Kastor, Sourya Ray, and Jennie Traschen, “Enthalpy
and the Mechanics of AdS Black Holes,” Class. Quant. Grav.
26, 195011 (2009), arXiv:0904.2765 [hep-th].

[125] Arun Kumar, Ashima Sood, J. K. Singh, Aroonkumar
Beesham, and Sushant G. Ghosh, “Phase structure and
critical behaviour of charged-AdS black holes with perfect
fluid dark matter,” Phys. Dark Univ. 40, 101220 (2023).

[126] Natacha Altamirano, David Kubiznak, and Robert B.
Mann, “Reentrant phase transitions in rotating anti–de
Sitter black holes,” Phys. Rev. D 88, 101502 (2013),
arXiv:1306.5756 [hep-th].

[127] John D Barrow, “The area of a rough black hole,” Physics
Letters B 808, 135643 (2020).

[128] Jacob D Bekenstein, “Bekenstein-hawking entropy,” Schol-
arpedia 3, 7375 (2008).

[129] Saurya Das, Parthasarathi Majumdar, and Rajat K Bhaduri,
“General logarithmic corrections to black-hole entropy,”
Classical and Quantum Gravity 19, 2355 (2002).

[130] Rong-Gen Cai and Sang Pyo Kim, “First law of thermo-
dynamics and friedmann equations offriedmann-robertson-
walker universe,” Journal of High Energy Physics 2005,
050 (2005).

[131] Herbert B Callen, “Thermodynamics and an introduction
to thermostatistics,” John Wiley& Sons 2 (1993).

[132] Natacha Altamirano, David Kubiznak, and Robert B Mann,
“Reentrant phase transitions in rotating ads black holes,”
arXiv preprint arXiv:1306.5756 (2013).

[133] Andrew Chamblin, Roberto Emparan, Clifford V. John-
son, and Robert C. Myers, “Charged AdS black holes and
catastrophic holography,” Phys. Rev. D 60, 064018 (1999),
arXiv:hep-th/9902170.

[134] Ran Li and Jin Wang, “Hawking radiation and Pv crit-
icality of charged dynamical (Vaidya) black hole in anti-
de Sitter space,” Phys. Lett. B 813, 136035 (2021),
arXiv:2009.09319 [gr-qc].

[135] Brian P Dolan, “Pressure and volume in the first law of
black hole thermodynamics,” Classical and Quantum Grav-
ity 28, 235017 (2011).

[136] Natacha Altamirano, David Kubiznak, Robert B. Mann,
and Zeinab Sherkatghanad, “Thermodynamics of rotating
black holes and black rings: phase transitions and thermody-
namic volume,” Galaxies 2, 89–159 (2014), arXiv:1401.2586
[hep-th].
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