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1 Supplementary Text

1.1 First-principles modeling of vapor-jet cavity oscillation
1.1.1 Modeling schematic of the vapor-jet cavity

The derivation is conducted using symbolic and tensorial notations within the framework of con-
tinuum mechanics, specifically fluid mechanics, which focuses on describing the conservation of
mass, momentum, and energy in a mechanical system, along with the corresponding boundary
conditions. It is important to note that this investigation does not prioritize numerical simulations
or the solution of differential equations over a discretized time and space domain. Instead, our pri-
mary objective is to establish a simplified, idealized, yet phenomenologically effective theoretical
framework to develop a heuristic understanding of the fundamental physics underlying laser-metal
interactions.

To initiate this analysis, we introduce key notations and critical assumptions to construct
an idealized and conceptually clear physical model representing a vapor-jet compliant cavity in
laser-induced vaporization. All relevant variables (assumed to be tensors by default) and their

corresponding notations are outlined in Fig. S1 and a bullet-point list in Sec. 1.1.2.

1.1.2 Nomenclature

We define the following concepts and variables, including those shown in Fig. S1:

* Q(t) & dQ(r)—the vapor-jet cavity region & its boundaries mainly containing only the vapor

phase of the alloy.

— Specifically, one can further decouple 9€2(#) into two partial boundaries—ad€2,(¢) and
0Qy (1) (namely, 0Q(r) = 0Q.(t) U dQy (1)), which are the vapor-jet cavity opening

and the vapor-jet cavity wall (i.e., the liquid—vapor interface), respectively.

— It is easily seen that 0Q.(7) and 0Qy(¢) are two types of boundary — they are a
fixed (control) boundary and a moving (with the liquid—vapor interface) boundary,

respectively.



— Q(t) has an outward normal vector 7 defined as shown above.

 T1(#) & OT1(t) — a selected small material volume region & its boundaries at a local interface

0XZ(r) (Note that 9X(¢) is only an infinitesimal portion of 0Qy (1)).

— I1(¢) & OTI(z) should contain both the liquid (also denoted as “+” phase) and the
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vapor phase (also denoted as “-” phase) of the alloy, necessary for characterizing mass

transportation across 0X(t) and characterize the boundary conditions.

— It is easily seen that OTI1(z) = AII*(r) U OI1~(¢) is a material (convective) boundary,

implying zero mass transportation across it.

— Similar to dQ(t), one can further decouple I1(z) and dTI(z) into IT*(¢) U IT~(¢) and
OTT* (1) U 91 (1), respectively, with superscripts “+” and “-” indicating different sides
of 0X(1).

— Two phases of the alloy in I1(¢) is divided by 0Z(¢).

# Therefore, superscripts (“+” and “-”) of I1(¢) and 9I1(¢), as well as other corre-

sponding variables, should be used for different sides of X (7).

— I1(7) has an outward normal vector m (for different sides/phases, it should be either m*

or m~ depending on which portion of I1(z) we are working on) defined as shown above.

* pv, pv, Ty and vy—state variables of the vapor phase of the alloy, namely density, pressure,

temperature, and velocity in the vapor-jet cavity.

* Similarly, we have p,, p., T, and V,—state variables of the vapor phase of the alloy at dQ,(t),
namely density, pressure, temperature, and velocity at the vapor-jet cavity opening. These
quantities determine the vibration source that emits airborne acoustic emissions, which are

subsequently collected by the ultrasonic microphone.

* pr, pL, Tr and v;—state variables of the liquid phase of the alloy, namely density, pressure,

temperature, and velocity in the vapor-jet cavity.

* v;,—the velocity of the vapor-jet cavity wall, a.k.a. the liquid—vapor interface dQy (¢).



* Precoil and pg—the total effective recoil pressure yielded at the liquid—vapor interface and

the saturation vapor pressure at a point in (), respectively.
* oy and o, —the Cauchy stress tensors of the vapor and liquid phases of the alloy, respectively.

— When necessary (e.g., momentum/energy conservation equations), we use yy, to denote

the viscosity of the liquid alloy.

* Q, ¢, and L—vapor-jet cavity volume, cross-sectional area (or vapor-jet cavity opening area),

and vapor-jet cavity depth, respectively.
— If assuming the vapor-jet cavity has an ideal cylindrical shape, we have Q = ¢, L.

» ri—the mass rate (unit: kg/s) of vaporization leaving the liquid phase of the alloy (entering

the vapor phase of the alloy) at 0Qy (7).

&—the total laser reflectance.

P and w—the power and scanning speed of the fusion laser (unit: W and m/s, respectively).

Table S1 summarizes the above nomenclature for easy reference.

1.1.3 Initial assumptions

In essence, the vapor-jet cavity region, represented by the control volume (7)) U dQ(¢), serves as
the central focus of our modeling. We assume that €(#) undergoes continuous fluctuations, driven
either by vapor-jet cavity instability or the complex interplays of two-phase fluid dynamics. These
dynamic variations play a crucial role in linking vapor-jet cavity geometric features with physically
meaningful quantities that are emitted, generated, or altered throughout the printing process, thereby
influencing the overall stability and efficiency of laser-based manufacturing.

Based on the above interpretation, we make the following essential assumptions (some of them

may be re-emphasized in the later derivations):



* For simplicity, we do not formulate the problem in a moving-frame reference, despite ac-
knowledging that the vapor-jet cavity continuously travels along the laser scanning direction

at a velocity nearly identical to the laser’s travel speed.

— One rationale supporting this assumption is that we disregard the laser’s travel speed,
as we believe it is nearly negligible compared to the velocity of vapor ejection within

the vapor-jet cavity.

* Inanalyzing the vapor-jet cavity formation and fluctuation process discussed in this document,
we assume that only two material phases are involved: the liquid and vapor phases of the

alloy.

— Therefore, we neglect complex phenomena such as plasma generation, metal powder or

substrate melting, and vapor-plasma expansion resulting from laser decoupling.

— This assumption may intuitively imply: the newly generated vapor enters €(7) from the
liquid phase of the alloy via the liquid—vapor interface dQy (¢), i.e., the evaporation of
the alloy happens only at 9Qy (#) as a form of mass transportation across this singular

(Knudsen) boundary.

» The absorbed laser energy at 9Qy (¢) is assumed to be predominantly utilized in overcoming
the energy barrier associated with the vaporization process, specifically the enthalpy of

vaporization of the alloy.

* We assume that evaporation occurs primarily at the liquid—vapor interface dQy (¢), which
induces a recoil pressure arising from the rapid ejection of vaporized material. Physically,
this recoil manifests as an inertial force, resulting from the net momentum flux normal to the

interface boundary 9Qy (7).

* Itis assumed that the liquid phase of the alloy is a homogeneous, incompressible Newtonian

fluid, i.e.,

- Vpr = 6, and



Dpr _ dpr | 3 _
Dr = tVLVeL=0

¢ Itisassumed that the density of the vapor phase, py, within Q(7) ishomogeneous, i.e., Voy|g ) =

-

0.

— Consequently, we have: py(x,t) = py(t) = p(t).

— Although this may not seem realistic at first glance, it is actually a reasonable assump-
tion. One of the reasons is that we treat the vapor-jet cavity as a vibrational source; thus,
the spatial distribution of the vapor density within Q(¢) should not significantly affect
the eventual emission outside the vapor-jet cavity opening, such as airborne acoustic
emissions. Assuming vapor density homogeneity within (¢) also helps to significantly
reduce the complexity of the modeling process (e.g., in the subsequent mass conserva-
tion equation). Nevertheless, we must ensure that this assumption remains consistent

with other components of the physical model.

— This assumption, per se, does not imply the incompressibility of the vapor phase. In
fact, we acknowledge and require that py is a function of time, i.e., py = py (), and
that py = % # 0.

* We will discuss later, however, some specific modeling cases with the assumption

of vapor incompressibility for the sake of simplification.

* It is assumed that all physical quantities of the vapor phase are homogeneous only if they are

located at the vapor-jet cavity opening 9€2,(t), i.e.,

— Consequently, we have: (-)|sq, ) (x,1) = ()laq, @) (1)
- VOlog,0 = 0or0, a.k.a., all intensive variables defined at the vapor-jet cavity opening

are uniformly distributed.

— Note: This does not imply that the quantities (except for py) of the vapor phase are
homogeneous in the remainder of Q(z). In fact, we explicitly allow that V (-)|o)\q, () #
0 or 0, meaning that all intensive variables defined in €(7) \ Q.(¢) are still location-

dependent.



* It is assumed that the vapor at 02, () obeys the ideal gas law.

— Therefore, py () can be fully determined by p, and T,(¢).

— Since py is homogeneous, we then have: py(x,t) = nopy(¢t)Ty(x,t), where x denotes

the spatial coordinate within Q(7).

o It is assumed that v, at Q. () follows:

Ve Tilaq, 1) = Ve - €k = Vel = ve 20 (1)
— N——
vertical ejection upward

where €y = 7ilyq, (1)

* We assume that the mass rate of vaporization at 9Qy (), denoted by rz, depends on the input
laser power P and the laser absorptance € = 1 — &, where ¢ is further influenced by the

geometric characteristics of the vapor-jet cavity Q(7). This dependence can be expressed as

h=—-5=—(1-§ @

where b is a tunable proportionality coefficient and Ly represents the latent heat of vapor-
ization. This formulation captures the intuitive coupling between energy input, absorption
efficiency, and mass removal rate during vapor-jet cavity evaporation, providing a physically

interpretable basis for subsequent modeling.

Moreover, beyond the key assumptions discussed above, we introduce several additional as-
sumptions that emphasize the negligibility of certain physical quantities under specific conditions.
These assumptions serve to simplify the subsequent derivations without compromising generality,

particularly in regimes where the neglected terms contribute minimally to the system dynamics:
* Negligible magnitude of v, i.e., |V.|, compared with that of Vy, i.e., [Vy|.
* Negligible body-force acceleration b within the control volume Q(1).

* Negligible heat conduction g(¢) across 0Qy (1), rendering the vapor flow within the vapor-jet

cavity approximately isentropic.



In summary, the above physical picture can be interpreted as follows: assuming the vapor-jet
cavity oscillates with a recoil force (due to the vaporization of the alloy) continuously driving
it downward (i.e., deeper) and compete against the surface tension, we apply conservation of
mass, conservation of momentum, and state equations if necessary, to relate p., p., V., and T,
to the dynamic vapor-jet cavity geometric features. The above assumptions, however, are not all
the assumptions we will use in the subsequent derivations—some additional assumptions will be

introduced as we progress through the derivation.

1.1.4 Mechanics of vapor-jet cavity oscillation system

We formulate the dynamics of the vapor-jet cavity within the evolving control volume Q(#) (il-
lustrated in Fig. S1) under the framework of continuum mechanics. To establish the governing
equations that describe vapor-jet cavity oscillation, we begin by invoking the fundamental physical
conservation laws.

The conservation of mass. First, we consider the conservation of mass in its integral form, derived
via the Reynolds Transport Theorem (RTT), which provides a rigorous basis for analyzing the

change of mass and mass fluxes across the deforming boundaries of Q(¢):

d 6 - - - - -
— poydQ = / ﬂdﬂ + / ovVp - ndS = —/ pov (Vy —Vp) - ndS 3)
dt Jou Q@ Ot 0Q(1) 0Q(1)

conservation of mass

It is important to emphasize that an explicit mass source term is not required in this formulation.
The generation of metal vapor at Qy (¢) is inherently captured by the mass flux term on the right-
hand side (R.H.S.) of Eq. (3), namely, — fasz (1 PV (Vy — Vp)-ndS. This term accounts for the relative
motion of the vapor phase with respect to the control volume boundary and fully encompasses the
effect of vaporization-driven mass outflow from the vapor-jet cavity.

By transferring the mass flux term from the R.H.S. to the left-hand side (L.H.S.) of Eq. (3),

we isolate the material derivative of the total mass within the control volume Q(¢). This yields a

10



compact expression that directly quantifies the rate of change of mass enclosed by Q(7):

a - - - - -
/ ﬂdQ + / pyVp - ndS+ / pv (Vy = Vp) - ndS
@ Ot 0Q(1) 0Q(1)
B dpv S =
= ——dQ + pyvy-ndS= 0 4)
Qu Ot 0Q(1) —

no source

9 -
:/Q(,) [%"‘V(PVVV)]dQ

Evidently, Eq. (4) represents the classical statement of mass conservation within Q(¢) in the

absence of any internal mass sources or sinks:

/Q(t)

material derivative of the mass

0 . D
2y (vav)] dQ = Dr pvdQ= 0 &)

ot Q(r) S~~———
no source

By decomposing the boundary of the vapor-jet cavity domain as dQ(z) = Q. (7) UdQy(¢) and
appropriately reorganizing the terms in Eq. (5), we arrive at the following form, which separates

the contributions from 9Qy (¢) and Q. (¢):

6 - - - -
/ PV 40 + / oy - 7idS + / oyPy - iidS = 0 (6)
am 0 9Q (1) 99, (1)

Invoking the assumption of spatial homogeneity in vapor density py(z) within the vapor-jet
cavity domain €(¢), along with the uniformity of relevant vapor state variables at the vapor-jet

cavity opening 9€2,(¢), Eq. (6) admits a simplified form, expressed as:

8 - - - -
L.H.S. (6) = ﬂ/ dQ + pv/ Vy - ndS + pe v, - ek/ ds
ot Jo aQy (1) —— Jog, (1)
Eq. (1)

:—Q+pV/ Vy - 1dS + pevedpe =0
ot 00 (1)

(7

=R.H.S. (6)

Under the assumption of vapor density homogeneity, the vapor density at dQ,(¢) satisfies
P (1) = py(t). With this simplification, only one non-trivial term remains in Eq. (7)—namely, the
surface integral py /agv 0 vy - 1idS, which encapsulates the net vapor outflow across dQy () and

requires further interpretation.
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To further elucidate the detailed behavior of vapor transport across dQy(t), we consider a
localized material subdomain IT(¢) that straddles dX(¢), an infinitesimal surface element of 9Qy (7).
By applying RTT to the mass contained within this differential control volume, we obtain the
localized integral form of the mass conservation law in I1(z), which captures the instantaneous
exchange of mass across 0X(7):

d
ptdll + — p dll

pdll = —
dt I+ (¢) dt - (1)

dt TI(7)

TI(¢)=IT*(¢)UII~ (1)

a +
- (/ p dH+/ p+\7+-r71+a’S+/ p+§b-(—71)dS)+
m+(r) Ot T+ (1) a3+ (1)

3
:% /1'[+(t) prdll
(9 - - - _— -
(/ aLdH+/ p Vv -m dS+/ pvh-ndS)
m-() 9ot ATl (1) X (1)
=4 fn_(l)p‘dl_[

Taking the limit of the L.H.S. of Eq. (8) as the material volume I1(¢) — 0, we further derive

the mass conservation law at 9% (1) as:

d d d
lim (—/ de) = lim (—/ ptdll + — p_dH)
(-0 \dt (1) (-0 \ dt I+ (1) dt - (1)

a + = = - -
= lim / p dll +/ ot m+dS—/ otV - AdS| +
0+ ()0 | Ji+) Ot OTT* (1) 8%(1)

-0 OTT* (1) — I (1)

©)

8 - - - — —_— -
lim / Ldﬂ+/ p vV -m dS+/ P Vp - ndS
n-()—0 | Ji-( 0t ot~ (1) 9% (1)

—0 O~ (1)—0Z(1)

——
no source

AsTI(t) — 0, we have m* — n, m~ — —n. We then merge all integral terms in Eq. (9) into a

12



unified expression, yielding:
/ (075 = p*Fp = p T + p ) - 7S = 0 (10)
a%(1)

Given that I1(¢), and consequently 0X(7), was chosen arbitrarily, the integrand in Eq. (10) must
vanish at any point across the entire liquid—vapor interface dQy (). By replacing the “+” and “-”

superscripts with the corresponding phase-specific labels for the alloy system, we then obtain:
(pL‘_}L - pv\_/)v _pL‘_;b + pV‘_;b) . ﬁ = [[p\_/)]] f_i — [[p]] 171) . ﬁ =0 (11)
[0¥] -7 = [l 7 - 7 (12)

Here, the operator [-] in Eq. (12) denotes the jump across the interface at 9X(t), formally
defined as:

[1= 167 = O Tlggg = [OL = Ovllaxq (13)

The jump operator arises naturally from the presence of the Knudsen layer at the liquid—vapor in-

terface dQy (7). Within the framework of the continuum hypothesis—applied consistently through-

out this derivation—this layer manifests as a singular boundary across which various physical

quantities experience discontinuities, effectively represented as step functions. By further manipu-

lating Eq. (11), we obtain the following refined expression that holds at 0X(¢):
pL (VL =Vp) -1i = py (Vy = Vp) - i (14)
Equation (14) represents the precise boundary condition for mass conservation in the presence
of discontinuities at the infinitesimal singular interface X (). Intuitively, this condition embodies
the physical principle that the mass flux entering or leaving the liquid phase within IT* () is exactly
balanced by the mass flux leaving or entering the vapor phase within I17(¢) across the interface,
thereby ensuring the continuity of mass.
By integrating both sides of Eq. (14) over the entire liquid—vapor interface dQy (¢), and recog-
nizing that the net mass flux entering or leaving the liquid phase at time ¢ corresponds directly to

the negative of the vaporization rate of the alloy’s liquid phase plus porosity removal rate from the

alloy’s vapor phase. Denoting the total mass flux as 7z, we obtain:
oo [ Gu=taeids=py [ Gy-T)-ias = - (15)
0Qy (1) Qv (1)

13



Introducing riz;—the local mass flux (i.e., the vaporization and porosity-generation rate per unit

area) on 0Qy (), we can express Eq. (15) in the following refined form:
Eq. (15)

i = / inodS = —pL/ (V1 Fy) - S = —pv/ (Fy ) - 7idS
89y (1 89y (1) 89y (1) (16)
:pv(/ 17b~ﬁdS—/ \7V~7zdS)
0Qy (1) 0Qy (1)

pv/ \7\/ : ﬁdS = pv/ ‘_}b 17ldS —/ mst = pv/ ‘_;b 17ldS —m (17)
aQy (1) 0Qy (1) aQy (1) 0Qy (1)

Corollary 1.1 (from Eq. (16) and Eq. (17)). We can re-write Eq. (14) as:

s =—pr (VL —Vp) 11 = —py (Vy —Vp) - 71 (18)
By substituting Eq. (17) into the general mass balance expression given in Eq. (6), we obtain

the following relation, which incorporates the localized vaporization flux into the global mass

conservation framework:

8 - e .
ﬂQ + pV/ Vp-ndS —m+ pevedp, =0 (19)
ot 9 (1)
a - -
m = ﬂg + pV/ Vp - ndS + pevede (20)
ot 9Qy (1)

Notice that since V|gq,(;) = 0, we have the following:

/ v,,.ﬁds:/ 17b~ﬁdS+/ B, - ids
0Qy (1) 0Qy (1) 0Q, (1)

—————
=0
Re-applying RTT
I , d @b
= Vp - ndS = V-9,dQ =— dQ
99(1) Q1) dt Jo
Gauss’s divergence theorem
00
-~ ot

By combining Eq. (20) with Eq. (21), we arrive at a compact and analytically simplified

expression that encapsulates the essential form of mass conservation for the system:

ot ot

0Q d
m = / mgdS = —Q + Pv—— *+ PeVehe = — (pVQ) + pyvede (22)
9y (1) dt

14



Equation (22) formalizes the implications of mass conservation within the evolving vapor-jet
cavity domain (), under the set of assumptions and boundary conditions previously established.
If the vapor-jet cavity is totally porosity-free, we can subsequently extend this formulation by
substituting Eq. (2) into Eq. (22) to derive a new governing equation that jointly enforces the

conservation of mass and energy within Q(¢) under pure vaporization:

d bP
p (pvQ) + pyvede = I (1-¢) (23)

where & denotes the total laser reflection ratio. In addition, we once again invoke the assumption of
spatial homogeneity in vapor density throughout the domain €(¢), allowing us to replace p, with
pv in Eq. (23) for analytical consistency.

The conservation of momentum. Departing from the mass-conservation framework, we now turn
to the formulation of momentum conservation within Q(¢). Before presenting the formal derivation,
it is helpful to outline the governing high-level picture: Q(¢) is a finite, time-evolving vapor
cavity whose momentum responds to a balance between driving influences and restoring/resistive
influences, with the outcome expressed through the cavity’s evolving geometry and its oscillatory
motion. Because the control volume is deformable, changes in key geometric descriptors (e.g., depth,
effective cross-section, and interface shape) do not merely result from the dynamics—they also enter
the momentum balance by reshaping the system’s effective inertia and the way external interactions
act on the cavity. Establishing this qualitative context is essential for interpreting the momentum
equation that follows, and for understanding how the derived momentum balance connects to
vapor-jet cavity geometry evolution and oscillation dynamics.

We believe that the dominant driving force responsible for the downward penetration of the
vapor-jet cavity into the powder bed or build plate is the recoil pressure force, Frecoil, Which arises
from the intense metal vaporization occurring at dQy (). This localized vapor expulsion generates
a force acting normal to the liquid—vapor interface, effectively pushing the vapor-jet cavity deeper
into the substrate. In response, a restoring force emerges, oriented generally opposite to ﬁrecoi].
This restorative action is primarily provided by two components: the hydrostatic pressure force
( /69\/ L ﬁdS) and the resultant surface tension force, ﬁsurface. Notably, owing to the microscale

geometry of the vapor-jet cavity, the hydrostatic contribution is orders of magnitude smaller than

15



that of surface tension, making it negligible in comparison. This force imbalance suggests that the
dynamic interplay between ﬁrecoﬂ and F surface Should govern the oscillatory behavior of the vapor-jet
cavity, highlighting a fundamental mechanism underlying its unsteady evolution.

From an alternative mechanistic standpoint, the entire vapor-jet cavity—together with the en-
closed vapor phase bounded by 9€2,(¢) and 9€2;,(1)—can be effectively conceptualized as a rocket
jet engine. This analogy stems from the recognition that the vapor cavity acts as a transient propul-
sion chamber, expelling mass through a narrow, nozzle-like exit and thereby generating reactive
thrust. In this context, the vapor-jet cavity functions as a self-driven downward advancing ’rocket’,
initiated from the top surface of the melt pool and penetrating into the underlying substrate, with
the reactive thrust transmitted through 9Q, (7).

To sustain this thrust, a continuous internal source of force is required—physically provided
by ﬁrecoﬂ, the recoil force induced by vigorous metal vaporization along dQy (7). ﬁrecoil in general
propels the vapor upward at high velocity (v,) through 0Q,(¢), establishing a momentum flux
that drives the thrust in a manner directly analogous to classical rocket propulsion. Since it is

assumed that v, is oriented along the vertical direction, i.e., (\76 Hlag, ) = Vell = ve > 0), the

corresponding thrust force, fjet, must act vertically downward, with its magnitude Hﬁjet governed
by the following relation:
Hﬂet = (Pe = Po) e + Ve * PeVepe = [(pe — Po) + Pevﬁ] be (24)

where p, denotes the static pressure of the ejected vapor at 9, (t). Denoting the central vertical
dimension of the vapor-jet cavity as the z-axis, we now propose the following hypothesis based on

the mechanistic framework and physical interpretations described above:

Proposition 1.1. For an oscillating vapor-jet cavity with negligible (but still existing) vapor mo-

should approximately equal to the magnitude of the total

mentum change inside the cavity, HFjet

upward effective recoil force, Fr(:c)oﬂ, namely:

We call the above analysis and Prop. 1.1 the rocket thrust analog. Hypothesizing Prop. 1.1,

Fel| ~ F2 = [(pe = poo) + pev?] b0 (25)

we acknowledge that the recoil force imposed on the vapor inside the vapor-jet cavity is dominant

16



compared to other forces. It is also important to emphasize that the total magnitude of the recoil

, is not in general equal to F©) |
recoil

-

force, ||Frecoil

since the vapor-jet cavity system is not assumed

to be axisymmetric about the z-axis at this point. To further simplify Eq. (25), we introduce an
(2)

effective vertical recoil pressure, P recoil®

which acts on 0Q,(#) and encapsulates the net vertical

momentum flux. With this definition, the governing equation becomes the following:

Fr(ezc)oil = p£§20i1¢e = [(Pe = o) + Pe"?] be (26)

P = (e = Poo) + pyV2 27)

(2)

. to
recoil

Note that we replace p, with py in Eq. (27). Equations (26) and (27) link Fr(ezc)Oil and p
specific state variables and v, at 0Q,(t). The interpretation implied in Eq. (27) will be discussed
later in the modeling of the mechanisms of airborne acoustic emissions.

Next, in direct analogy to the procedure previously employed to derive the mass conservation

equation within (7), we now formulate the governing equation for momentum conservation over

the same control volume:

RTT for pv\jv

d - a v - - -
L pyiyde = / PYVY 1o + / vy ® T - S
dt Jou ow Ot 2Q(1)

:—/ pvvm(av—vb)-ﬁdm/ oy - idS
Q1) 0Q(1)

conservation of momentum

(28)

It’s important to emphasize that we neglect the influence of body forces (e.g., gravity or
buoyancy) acting on the vapor within the vapor-jet cavity. Thus, we have the following equation for

the vapor stress tensor:

/ ov - ndS = / (=pvI+1vy)-ndS (29)
aQ(1) 9Q(1)

Combining Eq. (28) with Eq. (29), and recognizing vapor density homogeneity and the unifor-

mity of the variables at 9Q, (1), we get:

d = - - - - -
— (pv/ vde) = —/ pvvy ® (Vy —Vvp) - ndS + / oy - ndS
dr Q) 0Q(1) 0Q(1)

(30)
= —Pv/ Vy ® (Vy —Vp) - ndS + / (—pvl+1y) - ndS - (Pe + ,DVVZ) PeCi
AQy (1) 0Q(t)
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Analogously, by adopting a strategy similar to that used in deriving the mass conservation
boundary condition at dQy (¢), we now formulate the corresponding momentum balance across
this discontinuous interface. Beginning with the application of RTT to the momentum of an
infinitesimal material volume I1(7) straddling the boundary, we arrive at the following expression:

d d
— pvdll = — p VIl + — p v dll
dt I(r) dt I+ (1) dt (1)

I1(¢)=IT*(¢r)UIT~ (¢)

a tyt - - - - - -
:(/ pY dH+/ p+v+®v+~m+a’S+/ p+v+®vb~(—n)dS)+
n+ Ot OTT* (1) a5+ (1)

(31)
=%fH+(t)p+17+dH
a R - - - - - -
(/ pY dH+/ p_v_®v_-m_dS+/ PV ®vb-ndS)
n-(n Ot a1~ (1) 9= (1)
=%fn_mp*\7*dﬂ
By taking the limit of the L.H.S. of Eq. (31), we get:
d d d
lim (—/ p\“)’dl’l) = lim (—/ p VIl + — p_T)_dH)
()—0 \dt T1(r) I(1)—0 \ dt I+ (1) dt (1)
Y dp*v* +o+ o D 2+ s AP S
= lim dll + PV VT -mTdS - PV ®Vy-ndS|+
I+ (6)—0 | J11+(r) ot AT+ (1) a%(1)
-0 oI+ (1)—aX(1)
(32)
. dp~ v~ L I,
lim dll + PV @V -m dS+ PV ®Vp-ndS
n-(0-0 | Jio-) Ot om- (1) 0%(1)
| 0 AT~ (1)—02(1)
:/ a+-nz+d5+/ o - (=7) dS + fds
oI+ (1) oIl (1) 0X(1)
O (1) —dX(1) Ol=(1)—0X(t)

where f represents the external surface force density acting on the interface dX. As I1(z) collapses
onto the singular surface (i.e., I1(z) — 0), the unit outward normals converge such that m* — n

and m~ — —n. By consolidating all integral contributions in Eq. (32), we arrive at the following
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expression:

/ (075 ® T — p T @) - dS - / (p i @ T - p i~ ® ) - idS
0X(t) 0X(t)

:Z;m[wj_gj'ﬁ+ﬂds

Given that the choice of I1(7)—and consequently the location of the discontinuity surface

(33)

0XZ(t)—is arbitrary, the resulting condition must hold at every point across dQy (7). Accordingly,
we replace the generic “+” and “—”" superscripts with the specific phase labels corresponding to the

vapor and liquid states of the alloy and get:
PLVL ® (B =) - i = pyy ® (Vy = V) -ii = (oL — o) i + f (34)
An alternative form of Eq. (34) is:
[[p?@\?]]-ﬁ—[[p?}]]@\?’b-ﬁ:[[(f]]-ﬁ+f (35)

Equation (34) (or equivalently, Eq. (35)) serves as the jump condition governing momentum
conservation across a discontinuous interface. By integrating both sides of Eq. (34) over the entire

liquid—vapor interface dQy (t), we obtain:

/ prvL ® (Vp —Vp) - ndS — / pvvv ® (Vy —Vp) - ndS
0Qy (1) Qv (1)

:/ (JL—Uv)~ﬁdS+/ ]?dS
AQy (1) aQy (1)

From Eq. (18), we have the interfacial mass flux continuity condition on dQuy(#), namely

(36)

g = —pr (Vp —Vp) -1 = —py (Vy — Vp) - n. Therefore, we can recast Eq. (36) into the following

equivalent form:

L.H.S. (36) = /

9Qy (1)

_ / i,y dS - / tingPrdS
Qv (1) aQy (1)

= / g (Vy —v)dS = RH.S. (36)
9Qy (1)

=/ aL-ﬁdS—/ o-V-ﬁdS+/ fds
0Qy (1) 0Qy (1) Qv (1)
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Given the earlier assumption that ||V, || < |[Vy||, Eq. (37) can be further simplified, yielding the

following:

/ iy (Fy = Tp) dS ~ / i PydS = — / Loy (v — ¥)) - 7i] FvdS
0Qy (1) 0Qy (1) 0Qy (1)

= —pV/ vy ® (Vy —Vp) - ndS (38)
0Qy (1)

:/ 0-L~ﬁdS—/ 0'V~ﬁdS+/ fds
0Qy (1) 0Qy (1) 0Qy (1)

We now proceed to analyze the two surface integrals /BQV 0 f dS and -/(99v (1 OL -ndS in Eq. (38).
Guided by our physical interpretation of the vapor-jet cavity oscillation dynamics, we postulate the

following hypothesis:

Assumption 1.1. At 0Qy (t), the dominant portion of /agv 0 ]? dS comes from surface tension on

0Qy (1), while the rest of the forces are trivial.

It is worth mentioning that ﬁrecoil should be understood as an effective inertial force arising
from the net momentum flux across the dQy (¢). As such, its contribution is inherently embedded
within the momentum conservation framework already established and does not require separate
treatment.

Moreover, owing to the relatively small characteristic length scale of the vapor-jet cavity—on

the order of a few hundred micrometers—we further hypothesize the following:
Assumption 1.2. Az 9Qy (t), we have Hf@ﬂv(t) oL - ﬁdSH < Hfagv(t) deH.

As established in Assum. 1.2, the contribution of the hydrostatic pressure from the surrounding
melt pool is considered negligible and can thus be omitted from the momentum balance. Incorpo-
rating this simplification and Eq. (29), along with the preceding approximations, we arrive at the

following expression:

-/ pvvm(w—vb).ﬁds:—/ o-v-ﬁdS+/ 7ds (39)
0Qy (1) 0Qy (1) 0Qy (1)
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Substituting Eq. (39) into Eq. (30), we obtain:

d
(Pe +PVV5) Pelr + — (Pv/ Vde) = —/ pvvy ® (Vy —Vp) - ndS + / oy - ndS
dt Q1) aQy (1)

0Qy (1)
:—/ O'V-ﬁdS+/ fds+/ oy - idS
aQy (1) 0Qy (1) 0Qy (1)
= / fds
0Qy (1)
(40)
- d - =
(pe + vag) Ge€r + E (PV /( : VVdQ) = Fiurface (41)
Q(t

It is worth noting that the term faszv V" ndS, including both pressure and viscous stress
tensors, is canceled during substitution. To sum up the above derivation, we get two fundamental
equations, Eq. (22) and Eq. (41), for mass and momentum conservation of a vapor-jet cavity Q(7),

respectively, based on our prescribed assumptions and hypotheses:

apv 0Q d
—Q . eVePe = —~ Q eQPe
5 2PV T peved dt(Pv )+ Pvved

. o d . - -
DPe + vag) Pe€k + — (PV/ VVdQ) = Fsurface = / de
dt Q(1) AQy (1)

m =

(42)

1.2 Vapor-jet—cavity oscillation dynamics equation (JCODE)

To further distill Eq. (42) into a more tractable and physically interpretable form, we introduce an
additional simplifying assumption. While this comes at the cost of some quantitative accuracy, it
enables a substantial reduction in model complexity, allowing us to retain the dominant physics
governing the essential dynamics of the system.

The first additional hypothesis is shown as follows:

Assumption 1.3. The vapor in Q(t) is assumed to be incompressible, i.e.:

Dpy _ dpy

= vV = 4
Dr = gr TV vev= (43)

Assumption 1.3, although physically invalid due to the inherently compressible nature of the
vapor phase, has been widely adopted in vaporization simulations for computational simplification.

In the context of our theoretical framework, this assumption proves similarly advantageous: it
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significantly simplifies the subsequent derivation by eliminating terms associated with minor vapor
density fluctuations, which are presumed to have negligible influence on the vapor-jet cavity
oscillation dynamics.

Second, we hypothesize the following:

Assumption 1.4. Both the geometry and the field quantities of the vapor-jet cavity exhibit axisym-

metry.

This assumption enables a focused analysis of the dominant physics along the z-axis. Experi-
mental observations consistently reveal that vapor-jet cavitys, particularly those that are deep and

prone to defect formation, tend to adopt a nearly cylindrical shape oriented vertically.

Discussion 1.1. With the introduction of Assum. 1.4, we are ready to discuss the physical inter-
pretation of the recoil force, ﬁrecoﬂ, in greater detail. It remains essential to elucidate the physical
origin of Frecoil and its relationship to other boundary conditions at dQy (t) and 02, (t). Moreover,
such clarification is critical for interpreting the previously hypothesized Prop. 1.1 and for informing
the subsequent modeling of acoustic emissions.

It is widely known that there exists a special layer called the Knudsen layer, where the mass
and momentum exchange takes place, between the continuum liquid and vapor phases during the
vaporization process. Physically, the Knudsen layer spans only a few mean free paths and constitutes
a non-equilibrium region, where ﬁrecoil originates. While the continuum hypothesis is assumed
throughout the derivation, the analysis of and within the Knudsen layer may break it down. As such,
we fundamentally treat the entire Knudsen layer as a singular discontinuous boundary located at
0Qy (1), where externally applied forces—such as surface tension and hydrostatic pressure—are
accordingly exerted. Using this model, ﬁrecoﬂ must be interpreted as an inertial reaction force
arising from the drastic mass and momentum exchange across 0Qy(t), balanced by the external
forces acting on the surrounding continua. We refer to this understanding as the conventional view
OfaQV(t) and ﬁrecoil-

There exists, however, an alternative interpretation that introduces a new discontinuous bound-

ary, 08, (t), which lies within the vapor phase just a Knudsen-layer-thickness away from 0y (t)
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and perfectly delineates the vapor-Knudsen interface. In this framework, the system comprises three
distinct phases—namely liquid, Knudsen, and vapor—forming a sandwich-like structure. Unlike
the conventional view, this interpretation permits us to convert fictitious ﬁrecoﬂ into two separate
applied forces/pressures acting on either dQy (¢) side or 9€2;,(¢) side of the non-equilibrium Knud-
sen layer. Consequently, the necessity to model cross-boundary mass and momentum transfer is

eliminated, allowing the application of Cauchy’s fundamental postulate and Newton’s third law to

formulate two distinct force-balance equations at the two discontinuities.

Proposition 1.2. Denoting p, and p, as the local recoil pressures at 0Qy (t) and 0, (1), respec-

tively. Then we hypothesize:

Frecoil = / (py — pr)1-idS (44)
aQy (1)
On the liquid side of the Knudsen layer, i.e., 0Qy (t), we hypothesize the following equation for

the balance of forces:

/ (p, 1+ 0v) - idS + / fds =0 (45)
9 (1) 92y (1)

On the vapor side of the Knudsen layer, i.e., (), we hypothesize:
/ (p; = pv)1-7dS =0 (46)
0y, (1)
where we neglect the viscous stress in the vapor phase for the convenience of discussion.

Proposition 1.2, specifically Eq. (45), states that the recoil pressure at 0Qy (t) is balanced by
the surface tension and hydrostatic pressure from the melt pool, while Eq. (46) indicates that the
recoil pressure p, at 09, (1) is equal to the corresponding local vapor pressure py.

Finally, combining the above hypothesized relations with Assum. 1.4, we have the following

corollary:

Corollary 1.2 (from Prop. 1.1 and Assum. 1.4). Given Eq. (29) and Eq. (46), we have the following
at 082, (1):

(& _ “.7dS =
Frecoil - -/69‘_,(0 p,1-ndS =

/ oy - ﬁdSH ~ H—/ pyvl- ﬁdSH “@n
Qv (1) 0Qy (1)
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which, combined with Eq. (25) and Eq. (26), becomes:

- / va : ﬁdS
0Qy (1)

Equation (48) provides a clear physical interpretation of the vapor pressure at 0Qy (t) as the

F(Z)

recoil — Precoil®Pe = ‘

= HF}et

= [(pe = peo) + pvV2] B0 (48)

source of a vertical pressure gradient force plus the net ejection momentum flux across 0Q,(t),
a.k.a. the thrust force. This interpretation is consistent with our earlier hypothesis in Prop. 1.1 and
aligns with the conventional understanding of recoil pressure in jer-driven cavitation dynamics. It
also clarifies that the recoil pressure is not an independent external force but rather a manifestation
of the internal pressure dynamics within the vapor-jet cavity, balanced by surface tension and

hydrostatic pressures at the liquid—vapor interface.

Given that the depth L typically far exceeds its lateral cross-sectional diameter R for a deep
vapor-jet cavity, we speculate that variations along the radial direction are negligible in comparison.

Based on this geometric and physical reasoning, we further introduce the following hypothesis:

Assumption 1.5. For estimating the volume of the vapor-jet cavity, we use:

Q:/ dQ:Lgbe:LnRZ:L/ ds (49)
Q(r) 0Q, (1)

It should be noted that Eq. (51) employs a cylindrical formulation solely to approximate the volume
of the vapor-jet cavity €(7). While the actual vapor-jet cavity may indeed exhibit an axisymmetric
geometry that closely resembles a vertical cylinder, it is not required to be a perfect one. In fact,
we deliberately avoid imposing a perfectly cylindrical shape, particularly near the vapor-jet cavity

opening 9€,(t), as doing so affords greater flexibility in modeling F () which is sensitive to

surface’

local curvature and interface topology.

Corollary 1.3 (from Assum. 1.4). We have the following at 0Qy (t):

Faree = [ FdS = FJy & (50)
surlace 99y (1) surface

. . . . . . . d - .
Third, we turn our attention to simplifying the temporal derivative term - ( /Q o vyd Q) , which
represents the rate of change of linear momentum within the vapor domain. To facilitate analytical

tractability while retaining physical relevance, we introduce the following hypothesis:
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Assumption 1.6. For all the vapor-jet cavitys we study, the following approximation holds:

- Q -
/ VwdQ = —v,.e; (&1))]
0] B
where B is a dimensionless phenomenological constant.

In other words, using (-) to denote the volume-averaged quantity, Assum. 1.6 posits that the

z-component of the average vapor velocity, ‘<\7$,Z)> , can be effectively approximated by a scalar
multiple of |V, |. This hypothesis is supported by numerical simulations, which demonstrate that the
average vertical vapor velocity remains close to the vapor ejection velocity at 9Q, (7). Consequently,
the proportionality factor 8 may be reasonably approximated as unity.

Fourth, motivated by empirical observations from prototypical experiments, we advance the

following hypothesis:

Assumption 1.7. With a laser with a fixed beam diameter, stable beam profile, and a moderately

slow scanning speed, it is reasonable to assume that the temporal variation of the lateral vapor-jet

cavity cross-sectional area is negligible, i.e., we set ¢, = d;f =0.

Although Assum. 1.7 represents a first-order approximation, it is supported by our experimental
observations through a wide range of X-ray vapor-jet cavity imaging. Furthermore, several inde-
pendent studies have reported that, under consistent conditions, the lateral cross-sectional area of
the vapor-jet cavity remains approximately constant across both spatial and temporal domains. This
quasi-stationary behavior lends further credence to the validity of our hypothesis.

Finally, we develop an approximate model for the total surface tension force (ﬁsurface) acting
on the vapor-jet cavity. A consistent experimental observation across deep and shallow vapor-jet
cavitys is the presence of an inclination angle between the front vapor-jet cavity wall and the top
surface of the melt pool. We denote this inclination as 6, the characteristic angle between the
vapor-jet cavity front wall and the horizontal surface, and postulate the following hypothesis to

capture its role in shaping the resultant surface tension force:

Assumption 1.8. By taking a cross-sectional rim near the vapor-jet cavity opening, F @) can be

surface
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formulated as:

@ _ L
Fsurface =C-27R -y - \/ﬁ ~2nCycosf - L (52)

Assuming cos Hzﬁ
where 7y is the surface tension coefficient for the liquid metal, 0 is the vapor-jet cavity front wall

characteristic angle, and C is a phenomenological constant.

Summing up all the above new hypotheses and assumptions, we now further simplify Eq. (42)

and obtain two new scalar equations:

. dQ
m = pVZ + PeVede

(pe+prv?) 9o + 2 D, 42, | - YR Y
Pe T PvV, e ﬂ dt dt e| — '—L2+R2

Substituting Assum. 1.3 and Assum. 1.7 into Eq. (53), we have:

. dQ
m — ——
Vv = =PV (54)
pV¢e
dii d’Q
dv, _ d_’? —PVvz (55)
dt Pvde

Substituting Eq. (54) and Eq. (55) into Eq. (53) and rearranging terms, we finally obtain:

62L OL\> 0L (2xBCyR dm
pas v () i+ [FE -G L=plorond)e) oo

Or alternatively, using the dot notation,

pv e (Lz + LZ) — Ll + (aycos@ — i) L = (pe + pvvg) e = (Frfc)oﬂ + pmm) (57)

aycosf — it

LL-v.,L+
pV¢e

L=8 (& + vg) (58)
19%

where @ = 278C. Equations (56) to (58) characterize the temporal evolution of vapor-jet cavity
depth L as a nonlinear damped oscillator.
Alternatively, acomparable equation governing vapor-jet cavity depth oscillations can be derived

without invoking Assum. 1.6. This approach, however, requires introducing additional assumptions.
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Importantly, the resulting derivation also yields novel insights into the dynamical-system prop-

erties of an oscillating vapor-jet cavity.

(2)

v —the z-component of Vy—is a spatially smooth function of z under

First, we assume that v
the assumption of vapor-jet cavity axisymmetry. Assuming z = 0 and z = L represent the vapor-jet

cavity opening (0€, (7)) and the vapor-jet cavity bottom, respectively, we therefore have:

vg,z) = vg,z) (2), vg,z) = Ve (59)

z=0

Denoting the average velocity as <v€f)>, we have the following:

<v(z)>—l ey (60)
vITT o v z

(2) using Taylor expansion around z = 0, we have:

Reformulating v

1%
av(Z) aZv(Z) 2
() _ (2 v 14 Z ( 3)
= _r —+0 61
I LT e o2 | 2O ©1)
z=0 z=0

Substituting Eq. (61) into Eq. (60) and integrating, we obtain:

L (2) 2..(2) 2
<V(Z)> = l/ p& —6VV Ovy tio (Z3) dz
14 LJo \'Vil= 0z dz2 2
7= z=
L
1 N 16"55) 2 162"9 3, (62)
=— |y — — .
L™ "270:| “"6a2| °
7= z=0 0
Y1 ©2 .9
=v.+—L+ =L+
et TG
ov'?) 92 . o
where ¢ = —~ and ¢, = 6;2’ . Assuming ¢; = ¢, = 0, we take the time derivative of
=0 =0
both sides of Eq. (%2) and obtain: )
d <V(VZ)> d dL dL TN
_ave @1 ®2 <(z)>_ . 0. Y2 -
= +——+—=—L—+-- = =Ve+—L+—LL+--- 63
dt i © 2dt 3 dt O A (63)

Truncating the series in Eq. (63) after the first-order term, we can subsequently obtain the linear

approximation of <v$,z)>. Higher order terms can be included if necessary, at a cost of increased

number of parameters and model complexity.
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The following derivation is inspired by and based on the discussion above. Assuming that all
the remaining aforementioned assumptions (except for Assum. 1.6), propositions, and corollaries

continue to be valid in the upcoming derivations, we now propose the following:

Assumption 1.9 (replacing Assum. 1.6). Recalling the axisymmetry of the vapor-jet cavity system

assumed in Assum. 1.4, and denoting:

- 1 - -
() = %) / vydQ = (vy) €k (64)
Q(1)

1 1 1
(vy) = — ( / vvdgz) = — Vy - ErdQ = — v&a0 (65)
Q \Jow Q Jow) o

where {-) represents the averaging operator. Since the direction of (Vy) aligns with z-axis (same

as that of v, ), we hypothesize the below relation between their magnitudes v, and {vy):

dve d L df1 L
Ve _ <VV>+¢3 = (—/ V(V@dsz)wa (66)
Q(1)

dt dt At dt\Q At

where ¢ is a real constant and possesses a dimension of s™\.

Assumption 1.9 can also be interpreted as the time derivative of the first-order Taylor approxi-
mation of a linear velocity profile with a constant velocity gradient inside a nozzle-like closed-end
tube. In essence, ¢ is a phenomenological constant that captures the influence of vapor velocity
gradient (Vvy) along z-axis. Using the above hypothesis, we proceed to develop Eq. (42) further

to extract information about the vapor-jet cavity depth oscillations. Specifically, by differentiating

both sides of Eq. (22) with respect to time, we obtain a scalar equation for ddvf :
drin d’Q dve
e — 67
PV pre— (67)
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dn _ d29+ dovy 9L
ar PV TPV T T
’Q  pyge [ d{vw) IL
= Q —
Par e e | TP
a’Q  pye. [ d dQ AL
= py—— Z(Q _ e il
Vot »dt( W) = —= ) |+ epvde (63)

d’Q  pvg. | d 1 ) dQ 1 oL
=py— + 2| (- = [ vPaq] - — ©aql + =
Ve T o |4\ o /Q(t) darQ /Q(,) v opvhe s

a’Q  pyo. [ d @) 1 dQ @) oL
= py— 4 BVOe | & Q) - =2 940 7=
PVar T |ar /Q(t) Yy Q dr /Q(t) R R
Denoting A = |, 0" (Z) dQ = Q (vy), we then have:
drin d’Q  pyo. (dA A dQ AL
L Y adliucnind PP g 69
a PartTa @ aa) Ty (©9)

Combining Eq. (40), Eq. (64) and Assum. 1.8, we get another scalar equation:

d @) dA _ L@
(pe + pyv, ) ¢e + pvd (/Q(t) VVZ dQ) (pe + pvV, ) ¢e +pv— dl surface (70)

d_A Fs(uzr)face B (pe + pVVg) Pe

-~ 71
7 o (71)
Substituting Eq. (71) into Eq. (69), we obtain:
div _dQ  pyd. F2 o= (pe+pv)) de  AdQ v v, L )
a a7 ov Qar | TPV
,d*Q dQ dm oL
P~ prg AT - TR0 90pv¢e926— 490 |Fhe = (pe+ pv2) sc| @ =0 (73)

Using Assum. 1.5 (Q = L¢,) and Eq. (52), and dividing both sides of Eq. (73) by L¢§, we get:

AL A\ 0L dm
pyQ—— v + pv (gpQ - Z) m + 271Cycos€—$ L=|pe—pe+ pvvg +Poo | Do (74)
~—————
N surface tension

damping

recoil pressure
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Recognizing that A = Q (vy) = ¢.L (vy) and using the dot notation, we obtain the following:

pvQL + py (¢Q — ¢, (vy)) L + (2nCy cos @ — 1i1) L

2 (2) (75)
= (pe + vae) ¢€ = Frezcoﬂ + p00¢e
Finally, dividing both sides of Eq. (75) by py¢., we have:
. .2 0 — 1l
LL+ (oL (wy) L+ ZZEY €SO be 2 (76)
pvde pv

It 1s worth noting that we only use two phenomenological constants, namely ¢ for velocity
gradient and C for surface tension, in Eq. (76). Compared with Eq. (58), Eq. (76) does not
contain the additional parameter 8 and has the damping coefficient reformulated as ¢L — (vy).
Equations (75) and (76), though nonlinear, do not directly take the form of the Rayleigh-Plesset
equation, yet the nature that ¢ L — (vy) can be either positive or negative allows Eq. (76) to describe
both ordinary damped and self-exciting oscillations, where a limit cycle can be reached before
the vapor-jet cavity collapse due to its inherent instability. Finally, despite containing unsolvable
(vy), this equation still provides a useful framework for understanding the vapor-jet cavity depth
dynamics, especially the natural frequency of the vapor-jet cavity depth oscillation.

If we further assume:

ve =(vy) +¢L (77

which is a stronger assumption that can replace Assum. 1.9. Then, by substituting Eq. (77) and

Eq. (54) into Eq. (75), we have:

ove (Lz + L2) + (20pyQ —1it) L+ (25Cy cos 6 — iit) L = (pe + pvvg) e (78)

Or alternatively, by neglecting 7 for stable vapor-jet cavity oscillations, we have:

pV¢e (LL + Lz) + (ZQDPVQ - m) L + Fstiffness (L) = pm¢e + Fjet (m) (79)

pvée [LL + (2L —v,) L] +27Cycos - L = (pe + pvvﬁ) Pe = (poo + pﬁjﬂoﬂ) Pe (80)

where the general denotations of Fiifness and Fje; are Fs(lfr)face and Fr(;)oﬂ in this problem setting,

respectively. Equations (78) to (80) parallels the Rayleigh-Plesset equation, with an additional
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damping term 2¢ppyQ (2¢L). This additional term, together with —m, effectively switches the
system between positive and negative damping regimes, thereby enabling the modeling of both
stable and unstable vapor-jet cavity oscillations as a self-exciting oscillator. From this point, further
theoretical analysis can be conducted to study the limit cycle (attractor) and the stability of the system
under certain conditions, the results of which should provide insights into the onset of vapor-jet
cavity instability and the transition to pore formation in laser-induced vaporization processes.

If, when necessary, we need to include the second-order term for v,, the above assumptions
and equations will undergo certain adjustments. To discuss this, we will alternatively assume the

following relation based on Eq. (63):

T dv. d{vy) oL , 0L
L= L+2p2 o De oL L 1= 1
Ve=wh gl TLT = m = — = et L 81)

where we assume that ¢ = ¢’ = 0. ¢’ needs to possess a unit of m~! - s~! in order to keep consistent
dimensions throughout equations. Substituting Eq. (81) into Eq. (67) and Eq. (70) and deriving
following a similar procedure deduced above, we eventually obtain new versions of the equations

with additional nonlinear coupling effects:

y 3 .
ovde (LL + L2) + (290 + E<,p’L) Py — m] i

(82)
+ (2nCycosO — ) L = (pe +pvv5) O
L 3 1 |. 21Cycos6—ii .
Li+i%+ (2¢+—¢'L)L— " ]L+ TEYERT Ty~ Pe )2 (83)
2 pV¢e pV¢e 19%
. 3, . . 2
pvde SLL + ||2¢ + ¥ LIL-v,|L;+ (2nCycos —n)L = (pe +pvve) de (84)

It can be easily seen that the introduction of the nonlinear assumption in Eq. (81) essentially
replaces 2¢ in Eq. (78) to Eq. (80) to 2¢ + %go’L when developing Eq. (82) to Eq. (84). For the
convenience of further discussions in the document, though, we will stick to linear versions of the

equations, i.e., everything before Eq. (81).
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Discussion 1.2. It is also worth commenting that assuming ¢ = 0 should be considered reasonable
under stable vapor-jet cavity oscillation conditions: since ¢ essentially represents the velocity
gradient at 0Q,(t) , if we heuristicly (not rigorously correct, though) exchange the order of spatial

and time derivatives and re-write ¢ = 0 as:

0 6v$,z> o 6v€f)
6= = o (85)
ot\ 0z oz \ ot
z=0 z=0

Based on Eq. (85), ¢ = 0 can accordingly be interpreted as the following: the rate of change of
the vapor ejection velocity at and around 092, (t) is roughly spatially uniform. This agrees with the
intuition for the non-equilibrium vapor dynamics, as vapor will typically expand freely around the

vapor-jet cavity opening with an invariant adiabatic constant.

For the convenience of reference, we call all different forms of the vapor-jet cavity depth
oscillation equations (Eq. (56) to Eq. (84)) as the Vapor-jet—Cavity Oscillation Dynamics Equations,
abbreviated as JCODE:.

Discussion 1.3. It turns out that an alternative form of JCODE can also be derived without assuming
constant p—nbut instead assuming a constant bottom vapor velocity vg (vp = ||[Vg|| = Vg - €x) and
defining ¢ as a velocity-gradient-dependent parameter. In the meantime, we still keep the essential
assumption of linear vapor velocity profile along the vapor-jet cavity depth—i.e., Eq. (77) still
holds, but now we have a non-zero constant vapor velocity at the bottom of the vapor-jet cavity so

¢ can be obtained accordingly. This leads to the following expression for v, and ¢:

V, = oy) + ol + gL (86)
Ve — VB
= 87
® 7L (87)
. ";eL_ (Ve _VB)L
_ 88
¢ 12 (88)

We further revise Assum. 1.5 to Q = AL¢,., where A is a geometry-specific constant, to make

the cavity geometry more general. Following similar derivation steps, we can obtain the following
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forms of JCODE:

Ppve (LI: - Lz) + A (3m — pydevp) L

- (89)
pV¢e)

+ (4nCycos@ — Am) L =2 (pe¢e +

2
Aoy e [/l (LL + 2L2) + (3ve — Vi) L] + (47Cy cos 6 — i) L = 2 (pegbe + p’;’(p ) (90)

when A = 1, we then have:

)
oy e [(LL + 2L2) + (3v, —vp) L] + (4nCycosf — i) L = 2 (peqﬁe + ’"—) 1)
pV¢e

Moreover, it is worth noting that the motivation of writing JCODE as the form in Eq. (79) and
Eq. (80) is to apply the rocket thrust analogy to the R.H.S., i.e., replacing the R.H.S. of JCODE
with terms related to Fr(ezc)oﬂ. If treating Fr(;)oﬂ as merely a function of 7z, we can not only clearly see
the interplay between it and the surface tension at dQy (¢) in governing the cavity depth oscillation
dynamics, but also perform linearization without expanding the v2 terms, potentially bringing new
dynamical system structures into the vapor-jet cavity depth oscillation.

Fundamentally, JCODE models the vapor-jet cavity as a vertical, closed-end vapor-depression
column whose depth undergoes nonlinear oscillations driven by continuous laser energy input. In
essence, JCODE describes cavity-depth fluctuations as the motion of a sustained nonlinear oscillator
whose properties and transient evolution are governed by geometric factors, material parameters,

and boundary variables. To summarize, we point out the following three takeaways:

* JCODE captures the interplay between vaporization-induced recoil effects ((p. + pvvz) de)
and depth-dependent restoring actions at dQ, (t) (2rCy cos 6-L), the driving forces governing

the vapor-cavity oscillation.

* From a dynamical-systems perspective, 71, Q, L, and ¢ (i.e., general vapor-velocity gradi-
ent—the relative magnitude between v, and vg) govern the damping behavior of the cavity
oscillations, enabling mechanistic descriptions spanning both energy-dissipating responses

and self-amplifying exponential growth of the cavity depth.
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* Mathematically, it not only parallels but also further extends the well-known Rayleigh—Plesset
equation, which assumes spherical cavity symmetry and is widely used to model bubble
oscillations and cavitation in liquids. By treating an axisymmetric cavity and explicitly
accounting for the vapor-velocity gradient and vapor-jet flux along the cavity depth, JCODE
underscores its novelty and distinguishes it from established physical descriptions of cavity

dynamics.

1.3 Perturbative linearization of JCODE and its utility values for stable

porosity-free deep vapor-jet cavities

We move on to demonstrate the utility value of JCODEs. To investigate the oscillation of a stable
porosity-free deep vapor-jet cavity, we can linearize JCODEs around their steady-state values. The
mathematical tool for performing this task is inevitably the perturbation theory. For the convenience
of analysis, we start from Eq. (80) (with which v, = (vy) + ¢L is assumed). We now assume that
both the vapor-jet cavity depth L and the vapor ejection speed v, oscillate around its steady-state
value (denoted as Lo and v,q, respectively) with a very small linear perturbation (denoted as 6L

and ov,, respectively), written in mathematics as:
L=Ly+0dL, 6L < Ly 92)

Ve = Ve + 0Ve, OV, K Voo 93)

Next, we assume that under specified perturbation, 7z remains approximately constant, i.e., i ~

dii
dt

const., thus 1 = ~ 0. This assumption is considered reasonable since under stable oscillation
with no porosities, i is primarily determined by the rate of vaporization across the liquid—vapor
interface (0Qy (7)), which is typically stable over short time scales without changing laser power (P)
and absorptance (&). To further reduce the complexity of derivation, we also choose to neglect the
variation of p, and 6, i.e., we have p, = p.o and 8 = 6y, respectively, throughout the perturbation
analysis.

Combining all the above relationships, we immediately realize that at steady state of the vapor-

jet cavity system—where we have L = . = 0—an equilibrium state can be formulated. Specifically,
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Eq. (22) reduces to:
= py$eveog = =0 94)

and Eq. (80) reduces to:

(peO + vago) be

27 Cy cos GoLo = (peo + pyviy) de = Lo = »
nCvy cos 6oLy Pe0 + PV | Pe 0 21 Cy cos 6 ©2)

Departing from the steady state and introducing linear deviations defined in Eq. (92) and

Eq. (93), we can derive the perturbation form of Eq. (22) as follows:

1 = pvde (L +ve) = pvde (Lo + 6L) +pyde (Veo + 6v,)

— e
fo=0 (96)
= Pve (5L + 6"6) + PyPeVeo
———
Eq. (94)
pvde (6L +6v,) =0 = v, = —6L 97)

Equation (97) clearly shows that 6L and év, are interdependent for linearly perturbed porosity-
free deep vapor-jet cavitys, as the system must always satisfy the law of the conservation of mass

to maintain its stability. If further taking time derivative for both sides of Eq. (97), we have:
6ve = —0L (98)

Equation (98) indicates that the perturbation in vapor ejection acceleration (6v,) is directly
proportional to the negative of the perturbation in vapor-jet cavity depth acceleration (6 L) for stable
deep vapor-jet cavitys. This relationship underscores the dynamic coupling between the vapor-jet
cavity geometry and the vapor flow characteristics under stable oscillation, and plays a crucial role
in the subsequent analysis of the acoustic emission mechanisms.

We move on to substitute Eq. (92) and Eq. (93) into Eq. (80) and obtain:

pvde (Lo +0L) OL + pyde [20 (Lo + 6L) = (veo + 6ve)] 6L

99)
+2nCycosfy (Lo + L) = [peo + py (Veo + 5ve)2] be
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Neglecting all the higher-order terms of 6L and 6v, (as well as their time derivatives), we arrive

at the following linearized equation for 6 L:

PvdeLodL + pyde (20Lo — veo) OL + 27Cy cos OpS L

+2nCvycosfyLgy = (Peo + pvvio) Do 20V PV o0V, (100)
Eq. (95)
pvde [LodL + (2¢Lo — v,0) SL| + 2nCy cos O L = 2pydeveodve (101)

It is worth noting that the underbraced terms in Eq. (100) cancel each other because they
are exactly equivalent according to the steady-state relationship as stated in Eq. (95). Substituting

Eq. (97) into Eq. (101), we finally have:

pve [LodOL + (2¢Lo + ve) SL] + 21Cy cos §pL = 0 (102)

If we replace v, with mz using the steady-state relationship in Eq. (94), we can write Eq. (102)

alternatively as:

pvdeLodL + (2ppydeLo + 1) SL +2nCy cos OpdL = 0 (103)

We notice that both Eq. (102) and Eq. (103) take the canonical form of a damped harmonic
oscillator for 6 L, where the first term corresponds to inertia, the second to damping, and the third to
the restoring force arising from surface tension and Marangoni effects, establishing a mass-spring
analog for the oscillation of the vapor-jet cavity depth. It’s also worth emphasizing that Eq. (102)
and Eq. (103) do not describe self-oscillation anymore, since the perturbed form of the governing
equation essentially formulates stable oscillation processes. For a stable vapor-jet cavity for which
damping contribution to the oscillation frequency can be considered negligible, the system oscillates

at its natural frequency, expressed as:

In (104)

_wL i 2nCycosty | Cycosfy
C 2t 2n pvQo  \2mpydeLo

where wy, represents the angular frequency of the oscillation of 6L, and g = Lo¢,. It is evident

that Eq. (104) is the same as the natural frequency derived from Eq. (80). With actual observations
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we obtained through multimodal X-ray synchrotron experiments, we can effectively replace €2,

Lo, and cos 6 with (Q), (L), and (cos 6), respectively. Therefore we have:

_A{wr)  |Cy{cos) Cy [cosb\ Cy [cos @
v = o _\/27T.0v<9> _\/Qﬂpv < Q >_\/27Tpv¢e < L > (199

Equation (105) offers an effective linear estimate of the natural frequency of vapor-jet cavity

depth oscillations. When combined with Eq. (97) and Eq. (98), it establishes a direct link to the
frequency of airborne acoustic emissions detected by a microphone positioned near the center of
0Q,(1). It is important to note that Eq. (105) is derived under a set of simplifying assumptions—
such as constant vapor-jet cavity radius, linearized dynamics, stable oscillation, and negligible
damping—which may limit its applicability across all conditions and vapor-jet cavity regimes.
Nevertheless, the expression provides a valuable first-order approximation that captures the essential
coupling between vapor-jet cavity geometry, material properties, and the resulting acoustic response.

It is important to emphasize that the angle 8 appearing in the derivations represents a charac-
teristic angle, which can sometimes be approximated by the inclination of the vapor-jet cavity front
wall relative to the horizontal plane. However, this approximation may break down when the vapor-
jet cavity geometry deviates significantly from idealized assumptions, such as in shallow vapor-jet
cavitys, where the front-wall inclination no longer accurately reflects 6. In such cases, cos § must
be redefined in accordance with Assum. 1.8. Under this correction, the complete expression for the

natural frequency can be written as:

B Cy . R »  Cy _ R
) = \/2an Q) <\/L2+R2> = = 2npy <Q\/L2+R2> (100

Alternatively, we can replace cos 6§ with tanf = %, which exactly represents the half of the

aspect ratio of the vapor-jet cavity. Denoting the aspect ratio as v, i.e., v = ﬁ = % tan 6, we have:

_ Cy 1 »_ Cy < 1 > 0
() \/2”/?\/(9) <m>:<f”> 2oy \ovar il {1on

which indicates that the larger the stable volume and the aspect ratio v of the vapor-jet cavity,

the lower the linear approximation of the perturbed natural frequency. It can be easily seen that
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Eq. (106) and Eq. (107) are identical, as Eq. (107) can be obtained by dividing R for both the
numerator and denominator of Eq. (106).
Aside from characterizing vapor-jet cavity depth oscillation frequency, we can also obtain

physical insights directly from Eq. (98) by rewriting it using Eq. (92) and Eq. (93) as:

Ve = —0L = (6ve +vey) = —(6L + Ly) = v, = -L (108)
N’
Eq. (98)

which indicates that the amplitude of acoustic emission (proportional to v, ) is directly related to the
vapor-jet cavity depth acceleration (L) for linearly perturbed porosity-free deep vapor-jet cavitys.

From Eq. (108), two conclusions can be drawn:

* Under linear perturbation around the equilibrium, the frequency of acoustic emission is the

same as that of the vapor-jet cavity depth oscillation, namely ( fy) as given in Eq. (105).

— It can be seen by substituting 6L = Ay €'t into Eq. (108), from which we obtain:

(5{13 = —§L = —AL (iwL)2 eith = ALwieile
(109)

— _ALw%emetth — _ALw%et(a)LHﬂ)

where Ay denotes the amplitude of 6L oscillation. Equation (109) sufficiently demon-
strates that 6v,, representing the emitted airborne acoustic wave, should oscillate at the
same angular frequency as 6L, i.e., w; = 2m { fy) according to Eq. (105). A phase shift
of m is also observed, indicating that the acoustic wave is out of phase with the vapor-
jet cavity depth oscillation. This phase difference is expected, as the acoustic wave is
generated by the acceleration of the vapor-jet cavity depth, leading to a temporal lag

between the two phenomena.

* The amplitude of acoustic emission is proportional to the amplitude of vapor-jet cavity depth
acceleration. In other words, a more violently oscillating vapor-jet cavity (with a higher L)

would generate a stronger acoustic signal (with a higher v,).

Equations (108) and (109) provide a theoretical basis for using acoustic measurements to infer

vapor-jet cavity dynamics during laser-induced vaporization processes.
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Discussion 1.4. Following Discussion 1.3, we derive the corresponding perturbative linearization
formulations that includes v .

Assuming m = 0 under stable perturbative oscillations, the corresponding linearized forms of

Eq. (89) and Eq. (90) would be:

A2pyédeLoSL + A (3 — pydevy) 6L + 4nCy cos by - L = 0 (110)

Apvee [ALoSL + (3veo — vg) SL] + 4nCycosby - 6L = 0 (111)

From Eq. (110) and Eq. (111), we get the corresponding natural frequencies with negligible

effects from damping:

1 [47nCycos@ Cycosf
fv = oo o2 | TR (112)
2n A pV¢eL0 nd pV¢eLO

~ Cy 1 2 Cr 1 >
<fN>_\/7rﬂva<Q> <\/4v2+1> = U mdpy <Q\/4v2+1 (1

Meanwhile, Eq. (97) also needs to be revised accordingly:

Pvde (AL +6v,) =0 = 6v, = -ASL = v, = -A5L (114)

All the new formulations presented here and in Discussion 1.3 do not change the essential
physics and implications of the JCODEs and the associated theoretical framework. It can be easily
seen that when A = 1/3, the vapor-jet cavity geometry is an axisymmetric cone;, when A = 1,
the vapor-jet cavity geometry is an axisymmetric cylinder. The introduction of vg or ¢ does not
fundamentally change the JCODESs, but rather provides an alternative perspective on the vapor-jet

cavity vapor velocity profile.

From a mechanistic perspective, JCODE as well as its perturbative linearization offers an al-
ternative physical picture of vapor-jet cavity oscillations. As shown in Egs (78) and (102), JCODE
essentially describes the vapor-jet-cavity as a nonlinear oscillatory dynamical system; the effective
damping coefficient of this system, namely (2¢ppy€Q — rit) or py ¢, (2¢Lg + veq), is fundamentally

controlled by (1) the direction of vapor-velocity gradient and (2) the relation between iz and L. In
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other words, the depth of a vapor-jet cavity can be interpreted analogously as a nonlinear mass-
spring oscillator, whose effective damping coefficient can take either positive (energy-dissipating)
or negative signs (energy-injecting) depending on the transient status of the vapor-jet-cavity sys-
tem, thereby capturing different vapor-jet cavity dynamics regimes. When the damping coefficient
crosses zero, system trajectories may transition from self-amplifying exponential growth to nonlin-
ear saturation, potentially restabilizing into bounded oscillations or abruptly collapsing, producing

pores and resetting the vapor-jet cavity state.

Discussion 1.5. According to Discussion 1.4, it seems interesting that the damping coefficient in
these alternative forms of JCODEs now explicitly depends on the relationship between v, and vp,
or m and py ¢.vp, which may provide additional insights into the vapor-jet cavity oscillation mode.
Roughly speaking, we realize that when the damping is positive, the JCODE describes a normal
damped harmonic oscillation; when the damping switches to negative, it may experience temporally
self-amplifying exponential growth, which leads to either divergence or a pseudo-stable limit cycle.
We leave further explorations of these alternative JCODESs and associated nonlinear oscillations

to future work.

1.4 Mechanisms of airborne acoustics emitted from an oscillating vapor-jet

cavity

To begin, we draw on the well-established field of aeroacoustics, using Lighthill’s equation and
acoustic analogies to clarify what an acoustic sensor actually measures. For clarity and ease of

reference, we refer to Tab. S1 for the nomenclature of the following analysis.
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1.4.1 Aeroacoustic equations and Lighthill’s analogies

According to Lighthill’s acoustic analogy, the sound generated by general fluids under motions can
be described by an inhomogeneous wave equation, where the source terms are related to the flow
properties. The fundamental equations governing fluid dynamics are the Navier-Stokes equations,
which consist of the continuity equation (mass conservation) and the momentum equation (Newton’s
second law for fluids) for the medium at rest and without the presence of any external mass and

momentum Sources:

6—p+V-(p\7):O
g;g (115)
%+V~(p\7®\7):V'(—pI+T):—Vp+V~T

By taking the time derivative of the continuity equation and the divergence of the momentum
equation, and then combining them, we can merge and derive Eq. (115) into one single wave
equation for the density fluctuations:

d’p N
- v =y [pv®v+(p—cgp)l—7'] (116)

Acoustical source
Equation (116) is the so-called Lighthill equation for aeroacoustics, with R.H.S. being the
Hessian of the Lighthill turbulence stress tensor. Neglecting the viscous stress tensor 7 and re-

arranging terms, Eq. (116) reduces to:

02 - - -
B_tls ~ VV . [p17®v+ (p—c%p)l] +c(2)V2p =VV:[pv®v+ pl] (117)

Equations (116) and (117) indicate that the sound wave generated by the vapor flow at 0Q, ()
can be attributed to an integral acoustical source as an effective stress tensor, encompassing the
Reynolds stress tensor pv ® v and the static pressure fluctuations pI. The Reynolds stress tensor
represents the momentum flux due to turbulent velocity fluctuations, while the pressure term
accounts for compressibility effects outside 9. (7). The resultant term T = pv ® v + pl is a
second-order tensor (simplified linear acoustical stress tensor), and the Hessian operator VV : T

effectively captures how variations in these quantities lead to the generation of density waves.
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If, when necessary, there exist sources consistently adding mass or momentum at a point into
the medium, the above equations may need to be revised. Denoting S,, and F as the volumetric

mass and momentum sources, respectively, we can revise Eq. (115) as the following:

dp
ot
apv
ot

+ V- (pV) = Sp
(118)
+V-(ov®v)=V-(-pI+1)+F=-Vp+V -7+ F

It can be easily seen that we have S,, « py¢.v,. and F [(pe Do) + PVV5 ] de€y at 0Q,(1),
but this does not hold for the mass and momentum sources in the rest of the medium. Since the
sources are designed to be volumetric, it is evident that both S,, and F are intensive properties
with units of kg - m™ - s~! and N/m?, respectively. By including these additional terms into the

derivation, the Lighthill equation for aeroacoustics are updated to the following:

%—c%Vzp—%—V F+VV: [p§®§+(p—c§p)1—r] (119)
Multipole acoustic source
’p  0Sy,
I W_V F+VV: [p\7®\7+ (p—c(z)p) I] +ciVip 120)
= %—V F+VV:[p¥®7 + pl]

Equation (119) is also known as the Ffowcs Williams—Hawkings (FW-H) equation, which
is widely used in aeroacoustics to predict noise generated by moving rigid surfaces. Comparing
Eq. (119) with Eq. (120), the additional volumetric mass and momentum sources enter the R.H.S.
through temporal and spatial derivatives, and, together with the original terms, form a mixed
multipole acoustic source according to Lighthill’s aeroacoustic analogies: specifically, the mass
source term corresponds to a monopole, the momentum source to a dipole, and the stress tensor
term to a quadrupole. In our problem setting, except at d€2,(¢), both S,, and F vanish throughout the
medium, since no explicit mass or momentum sources exist elsewhere. Consequently, the canonical
Lighthill equation for aeroacoustics (i.e., Eq. (116)) remains valid over the vast majority of the

domain surrounding the vapor-jet cavity opening.
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1.4.2 Acoustic emission under perturbative vapor-jet from a vapor-jet cavity

Next, following the procedures of perturbative linearization used in Sec. 1.3 and applying separation
of variables (only for the convenience of derivations), we perturb p, p, and ¥ around their equilibrium

points as the following:

p(X,t) = po(X) +dp (1), 6p < po (121)
p (X,1) = po (¥) +6p (1), 6p < po (122)
V (X, 1) = Vo (X) + 6V (1), [|6V]] < [|Voll (123)

At equilibrium, we substitute pg, po, and v into Eq. (117) and reduce it to:
AVAVAS [p()\_;() ® Vo + pol] =0 (124)

where the second-order time derivative of pg vanishes. Substituting Eq. (121) to Eq. (123) into
Eq. (117), we get:

0% (po + 6p)

o7 =YV [(po +3p) - (Vo + 67) ® (Vo + 6V) + (po +6p) 1] (125)

Re-arranging terms, substituting in Eq. (124), and neglecting higher-order perturbation terms,
Eq. (125) can be simplified as:

9%6p

Fra VV : [6pVo ® Vo + poVo ® 6V + podV @ v + 6 pI] (126)

Under linear perturbations, we may use the following relation:
6p = ctop = V26p = VV :6pl=VV : clopl = ciV6p (127)
Substituting Eq. (127) into Eq. (126) and re-arranging terms, we have:

92 I I .
(ﬁ - cgv2) 5p = VV : [6pV ® Vo + povo ® 6V + pod¥ ® Vo] = VV : 6T (128)

Perturbative acoustic source
According to Lighthill’s acoustic analogy, VV : 6T essentially results in an acoustic quadrupole,

as it mathematically represents curvatures of the perturbed components of 6T. As such, Eq. (128)
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demonstrates that under linear perturbation, the emitted airborne acoustic waves are generated from
local quadrupole acoustic sources at each point in the medium.

Similarly, we can express the full acoustic-emission model that includes contributions gener-
ated at 0Q,(¢) through perturbations of v, (recalling Eq. (93)) as well as those arising from the

surrounding medium:

2 96Sm -
(——c%Vz)ép'= ( 5 —V-6F+VV:6T)

+VV: 6T (F) (129)
99, (1)

where §p’ represents the collected airorne acoustic wave at X. Meanwhile, we have the following:

5Sm|6gg(z) = pvde (Veo + 0Ve = Ve0) = prdedve (130)

o = 0¥ [0+ 870 = vEg] @i = 2pveveadvedy (131
where we ignore all components along x-axis and y-axis and keep only the terms along z-
axis for the convenience of analysis. It is worth noting that here 6T|;q, ;) does not equal to
Spy (Voo + 0V,) ® (Vo0 + 0V,) anymore, since this term has been effectively modeled as sepa-
rate mass and momentum sources, i.e., 0S| 09, (1) and 6 F 20, respectively. Therefore, we have
0T|sq,) = 0 with negligible vapor viscosity and local turbulence. Likewise, the last component
of the R.H.S. can typically be omitted in both theoretical analyses and practical applications unless

intense turbulence is present locally.

1.4.3 Vapor-jet—Cavity Acoustic Equation (VCAE)

Based on the above analysis, the leftover R.H.S. terms of Eq. (129) show there are two types of

acoustic sources: (a) a monopole with its strength being 6‘;# 50,0 (Eq. (130)), and (b) dipoles
e

(first-order spatial derivatives) with their strength being §F (Eq. (131)). Employing the delayed

Green’s function to solve Eq. (129) near 0Q,(t) and retaining only the leading terms that scale

inversely with distance from the sources, we obtain:

oo’ (¥,1) =p" (X,1) - p;,

1 / { 1 0 [ (a ||f—§||)]} 3
=~ —_— oS y,t - d y
4rcy Jzoa. ) |IX =yl o1 " co (132)

1 -5 0 [ af. IF-F
- i3 2'_[51:(y’t_||x y||)] 2y
dncg J299.1) | co lIX - FII7 01 co
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where X denotes the location of the sources, and y denotes the inner-source location relative to X.
It is worth noting that a retardance (i.e., t — @) has been specified for each acoustical source.
Oftentimes, we can assume that the volumetric sources are concentrated at 9€2,(¢) and therefore
X = ¥|| ~ |IX]|. Denoting r = ||X|| = x;¢; (using Einstein’s notation), exchanging the order of

integration and differentiation, and substituting x; ~ r, we can then simplify Eq. (132) as:

. 1 10 .
6p, (.X,t) ~ 2/ {_(9_ [5Sm (y’t_L):|}d3y
4ney JE99,(n) (701 €0

3 IO et 1 L B
4rcd Jzoa. ) lcor? Ot Co
N 1 10 S
6p,(x,t)0C—2——|:6/ Sm(y9t_L)d3y:|
dmey O JE0Q. (1) €o

1 1 0 / 5 r\ s ]
+ c—_— 0 Fily,t——|d
47z'c(2) cor Ot {Z [ (50 (1) i (y CO) y }

From Eq. (128) to Eq. (134), we see that for a microphone positioned at a finite distance

(133)

(134)

(well beyond several wavelengths) on top of 9€Q,(7), the measured acoustic emission is essentially
the linearized wave radiated by sources at Q. () (i.e., 6p’ (X,1)). It can be easily seen that the
amplitude of the wave decays inversely with the distance between the source and the microphone,
as expected. By substituting the boundary conditions at dQ,(7) into Eq. (134) and integrating all

linearized effective source terms, we obtain the following estimation for §p (X, 1):

5 ) o 1 0 10
op (x, t) ~Op (x, t) & 5 | 3, (pV¢€6V€) +— (2pV¢eve0(5ve)
47rc0r ot co Ot (135)

2V40
Cco

— pV¢e
47rc%r

5V, + SV,

Denoting M = v,.o/co = v./co as the Mach number of the vapor jet at 9Q, (), we can re-arrange

Eq. (135) by substituting in Eq. (127):

. G 0
5p ) ~ p& o P o (Ye) L]y, = & (a4 1) L (136)
4rr Co r ot
where G = pX—;fe. It’s worth noting that the retardance between the source and the microphone still

exists, i.e., v, = V, (t - %), but we omitted it in the above equation for simplicity.

45



We call Eq. (136) the Vapor-jet—Cavity Acoustic Equation (VCAE). VCAE not only provides a
linearized framework linking airborne acoustic emissions to vapor-jet cavity-associated quantities
(particularly v, ), but also serves as a confirmation and extension of the previously investigated laser
welding acoustic mechanism. Although derived under simplified perturbative assumptions, VCAE
clearly indicates that the acoustic wave amplitudes of the monopole and dipole are driven by v,
and M at 9Q,(t), decaying proportionally to 1/r as the microphone distance from the vapor-jet
cavity opening increases in the far field. Substituting v, = §v.e’® + v, into VCAE, i.e., Eq. (136),
and recalling Eq. (93), we find that the integrated acoustic emission from monopole and dipole
contributions is dominated by the frequency component of v, (which is the same as that of L, as
shown in Sec. 1.3) with a phase-lag of %, while higher-frequency components are substantially
attenuated. Assuming the characteristic frequency of v, and L is fy, VCAE further reveals that
the emitted acoustic spectrum shifts toward higher-frequency components as v.o (v.) decreases
substantially. These behaviors align with the predictions in Sec. 1.3 and reinforce the potential
of spectral acoustic analysis as a noninvasive approach for inferring the vapor-jet cavity depth

oscillation frequency under small linear perturbations.

Discussion 1.6. It is worth emphasizing that the analysis above targets acoustic emissions whose
dominant source is the intrinsic unsteadiness of the vapor jet and its coupling to the cavity opening,
rather than noise generated by fully developed turbulent mixing downstream. Accordingly, unless
strong vortex shedding or intense shear-layer roll-up occurs at or near 9Q, (t), we neglect contri-
butions from local turbulence and shed eddies. Those mechanisms fall more naturally within the
traditional “jet-noise” framework, where broadband radiation is governed by turbulent fluctua-
tions, coherence scales, and mixing-layer dynamics, and where the relevant source terms introduce
additional modeling complexity and stronger sensitivity to geometric and flow details. By making
this separation explicit, we clarify what the airborne emissions measured near the vapor-jet exit
are intended to represent in this chapter: a response primarily driven by coherent, cavity-coupled
vaporization dynamics at the opening, rather than by far-field turbulence-dominated jet noise. This

distinction also motivates the validity regime of the subsequent interpretation—namely, conditions
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under which the measured acoustic waveform can be meaningfully related to the cavity—jet forcing at

the exit, with turbulent jet noise treated as a secondary contribution or a confounding background.

1.5 Transient correspondence between acoustic and near-infrared signals

In this sub-section, we derive a theoretical relation between the vapor ejection velocity v, and
the jet-driven cavity opening temperature 7,. This relation is important because it provides a
theoretical basis for potentially using airborne acoustic emission amplitude to infer the jet-driven
cavity temperature information, or vice versa—using the near-infrared sensing equipment to replace
acoustic sensors for getting equivalent or even better measurement of the jet-driven cavity-affiliated
quantities.

We assume that the equivalent recoil pressure and the vapor temperature at the jet-driven cavity
(2)
recoil
0 _ Lv _Lv 137
Precoil Y poo €Xp (UTO) exXp ( nTe ) ( )
Equation (137) mathematically parallels the Clausius-Clapeyron relation, where ¢ is a phe-

opening 0Q,(t), namely p and T,, satisfy the following relations:

nomenological constant; p., and 7y are the ambient pressure and normal boiling temperature,
respectively; Ly is the latent heat of vaporization; and 7 is the specific gas constant of the metal
vapor. Next, recalling Eq. (27), we have:

Ly Ly
pg():oi] = (Pe = Peo) + PYV2 = Pl — Poo = YPos €XP (E) exp (—E) (138)

Since Lighthill’s acoustic analogy suggests that a density wave is generated by the reactive
pressure at 0, (), we should recognize that the incompressibility of the vapor phase is not a valid
assumption anymore for the ambient gas. This means that, immediately outside the jet-driven cavity
opening 9€, (), the ambient gas becomes compressible and behaves like an ideal gas, and the gas
pressure quickly adjusts from p, to the ambient pressure po, in an adiabatic way. Therefore, for the
modeling of the airborne acoustic emission outside the jet-driven cavity, we shall assume p, ~ po

and that the surrounding gas obeys the ideal gas law. Then, we have:
Pe ® Poo = NpvTe (139)
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Substituting Eq. (139) into Eq. (138), we obtain:

Poo Ly Ly
Pl = Phet = P EV? = Y/ peo eXp (%) exp (_E) (140)
L L
Ve = \/gbnTe exp (—V) exp (— V) (141)
77T0 77Te

Equation (140) indicates that p,. is positively correlated with 7,, explaining why the acous-
tic emission measurement is closely aligned with the near-infrared camera measurement. Equa-
tion (141) shows that v, and 7, are positively correlated in a nonlinear manner, demonstrated by

our experimental measurement in Fig. S5.

Discussion 1.7. Equation (141) indicates that v, is a nonlinear function of T, and increases

monotomically along with it. This relationship possesses a general mathematical structure as:

(142)

M
Ve =V (T,) \/MlTe exp (— 2 )

Te - M3
where My, My, M3 are tunable constants. In much of the previous literature, researchers have

assumed or experimentally observed the following correlation between v, and T,:

Ve = Ve (Te) o« MyNT, — M3 (143)

where My is another tunable constant. Plotting these two functions together in one T,—v, plane
(shown in Fig. S6), we see that they are nearly identical to each other, demonstrating that our
proposed Eq. (141) produces valid experimental observations on the correlation between v, and

T..

In summary, the investigated correlation between acoustics and near-infrared signals provides
a link between airborne emissions and thermal quantities, offering alternative sensing modalities
for microphones and paving the way toward thermal monitoring of the process (to be discussed in

the next chapter).
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1.6 Theory of LPBF vapor-jet cavity total vaporization with multiple laser

reflections

For stable porosity-free vapor-jet cavitys, it is assumed that the mass rate of vaporization at 9Qy (),

i.e., n1, is a function of the input energy source, denoted as Q(P), and the laser absorptance &,

both of which are functions of the fusion laser power P and certain features of the vapor-jet cavity

geometry, respectively. This relationship can be mathematically expressed as:

m = preQ

(144)

To express this assumption in a more detailed formulation, we can write down the volume rate of

liquid alloy vaporization (VevapL) as follows, ensuring both mathematical and physical consistency:

V. eQ [1 exp ( al
evapL = = - _———
Vé.

]

bP

prLLy

where a, b are tunable coefficients. It is worth noting that £Q possesses a unit of m?3/s.

(145)

The assumed formulation of Eq. (144) and Eq. (145) can be derived from a new set of funda-

mental assumptions and a physical model describing multiple laser reflections within a vapor-jet

cavity. In a vapor-jet cavity, where the fusion laser undergoes multiple reflections at the liquid—vapor

interface dQy (¢), we assume that:

* The laser absorption rate at each instance when the laser beam impinges on a point of

0Qy (t)—denoted as &’—is a material-dependent constant. This implies that the fraction of

input laser energy utilized for vaporizing the liquid metal remains consistent each time the

laser interacts with the liquid phase of the alloy.

* At any given time and location, the energy of the laser beam is either absorbed—primarily

consumed by vaporization—or reflected. Consequently, potential losses due to dissipation,

scattering, or radiation are not considered in this analysis.

* The total number of laser reflections within a vapor-jet cavity—denoted as N—is a linear

function of the vapor-jet cavity’s aspect ratio, i.e., L/+/¢.. Letting k represent the dimension-
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less linear coefficient, this relationship can be expressed as:

kL
N=—, k,NeR" (146)

Voo

Although we acknowledge that N is inherently a positive integer (i.e., N € Z"), we intention-
ally define both k and N as continuous variables within the positive real space in Eq. (146).
This approach ensures mathematical consistency with the majority of other variables appear-
ing in our derivation (For convenience, though, we still regard N as a positive integer until

Eq. (150)).

Based on these assumptions, the total absorbed laser energy at dQy (), denoted as E,ps, can be

expressed as:
N
Eqbs = s’PZ (1-¢), & e0,1] (147)
i=0

The unit of Eys is W = J/s. Based on the key assumption regarding the utilization of fusion
laser energy, we divide E,ps by the enthalpy of vaporization Ly to obtain the mass rate of liquid

metal vaporization, i.e., mi, expressed as:

N
. Eqps g'P i ’
m = = — (1—8’) , € €]0,1] (148)

Both Eq. (147) and Eq. (148) take the form of a geometric series with a common ratio of 1 — &’.

Therefore, the formula for a finite geometric series can be applied to obtain:

N N
g'P . gP1-(1-¢) P N
1- ”:——:—[1— 1-& ] "e 0,1 14
L R (- = - ae] S aw)

Now, defining a = —klog (1 — &’) and substituting this expression along with Eq. (146) into
Eq. (149), we obtain:

m = l% 1-(1- s’)N] = L%/ [1 — exp (—%N)] = l% [1 —exp (—\C/l%)] (150)

Moving back to our previous assumptions, if we substitute Eq. (145) with b = 1 into Eq. (144),

we get:
m=pLe Qly-1 = pr Ve 1| = [l—exp(— )]— (151)
b=1 evapL|p—1 ,—e [
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It can be easily seen that Eq. (151) is identical to Eq. (150). This demonstrates that Eq. (144) will
hold valid as long as the newly proposed assumptions and the physical model of laser reflections
inside a vapor-jet cavity are corroborated (either computationally or experimentally).

Furthermore, the preceding derivation implies that the conservation of energy is inherently
satisfied, as the energy input from the fusion laser effectively introduces a “mass source term”

within the model, provided that the previously stated assumptions remain valid.

1.7 A dimensionless number for LPBF vapor-jet cavity stability

From Eq. (78), we see that both fy = % ]Zf:}, the damp-free natural frequency, and the phe-
nomenological parameter ¢, which represents vapor velocity gradient along z-axis and controls
the damping coeflicient, are key to the stability of vapor-jet cavity depth oscillations. Interestingly,
both fy and ¢ possess the same unit of s~! and represent quantities related to certain timescales.
This observation inspires us to define a new dimensionless number, namely the vapor-jet cavity

Oscillation Stability (KOS) number, as the ratio constructed by the square of fy and ¢:

KOs = & _ 2mpvee’L _ 2mpy’Q
f]%, Cycosf Cycosf

(152)

The KOS number can be interpreted as follows: the numerator 27 py ¢>Q represents the vapor-
ization rate (i.e., 1), which tends to destabilize the vapor-jet cavity depth oscillation when large.
In contrast, the denominator Cvy cos 6 captures the stabilizing effect of surface tension and the
vapor-jet cavity front wall angle, which enhances stability when large. Thus, a larger KOS number
corresponds to a more unstable vapor-jet cavity depth oscillation, while a smaller KOS number

corresponds to a more stable one.

1.8 Fitting results for phenomenological constants

We report our calibrated phenomenological constants used in the theory validation and property

inference in the paper:

* C = 0.02—constant for capillary force.
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» ¢ = 1x10% s~!—constant for velocity gradient.

* B =1.5x 10° kg - s/m3>—constant for the experimental relationship between % and %.
b = 150 m~!'—constant for the experimental relationship between # and %.
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Supplementary Figure S1

Vapor phase (-):
pv, by, Ty, Uy

I(t) = 0Qy (1)

) = nt(v)
Liquid phase (+):
PL, PL» TL,- ﬁL 1= fg(t‘) dQ < ¢,L,

where L is the keyhole depth

Figure S1: Schematic of the physical picture of an LPBF keyhole (side-view).
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Supplementary Figure S2
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Figure S2: More snippets demonstrate the L.H.S. and R.H.S. alignment of the JCODEs. Each

subplot corresponds to the same validation snippet with its P and V indicated at the bottom. The

magnitude scale is normalized for better visualization.
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Supplementary Figure S3
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Figure S3: Violin+box plots showing the absolute cross-correlation coefficient (r.) distributions
between the airborne acoustic amplitude (6v.) and the keyhole depth acceleration amplitude
(6L) for all validation snippets. The snippets are categorized based on two labels: (1) normal

(Lo <350 um) or deep (Lo > 350 um) keyhole, and (2) with pores (P-KH) or no pores (N-KH).
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Supplementary Figure S4
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Figure S4: Material generalizability: Time-domain comparison between the airborne acoustic
emission (top) and the keyhole-depth oscillations (bottom) in an aluminum alloy (AISi10Mg),
demonstrating cross-material generalizability. The top panel shows a representative normalized
acoustic-emission channel (6v,; ACC_DOWNXS_AVG), and the bottom panel shows the correspond-
ing normalized cavity-depth acceleration (6L; KH_.DEPTH_2diff, i.e., the second time derivative
of L(t)), over the same time window ¢ (us). Despite the change in material system, the two signals
exhibit coherent oscillations with matching dominant periodicity, supporting the claim that air-

borne acoustic emission tracks the cavity-depth oscillation frequency beyond the baseline material

(Ti-6A1-4V).
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Supplementary Figure S5

Ti64, 300 W, 0.5 m/s, 400 s clip. Ti64, 400 W, 0.55 m/s, 400 us clip
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Figure S5: Comparison between the airborne acoustic emission amplitude (v.) and the keyhole
opening near-infrared intensity (a quasi-representation of 7,) during LPBF experiments. Two
400 us clips were matched and compared with each other after data synchronization. The trends of

these two quantities align well with each other, which is consistent with our theoretical analysis.
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Supplementary Figure S6
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Figure S6: Correlation between v, and 7, in two mathematical structures. The blue curve is
the experimentally reported correlation between v, and 7,, while the red curve is our analytical

curve, which is very close to the blue curve.
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Supplementary Table S1

Symbol / Operator Physical Description Units
Q(r) Keyhole vapor region (total control volume) m’

0Q, (1) Boundary of Q(7) at the keyhole opening m?

0Qvy (1) Boundary of Q(#) at the liquid—vapor interface (a.k.a. keyhole wall) m?
0Q(t) Total boundary of keyhole region—0Q(¢) = 9Q, () U 0Qy (1) m?

2 (Qe (1)) Differential volume around the keyhole opening m’

n, éx Outward normal vector of 9Q(t); €x = 7i|gq, (1)

L Keyhole depth m

R Keyhole radius m

be Keyhole opening area—¢, = 7 R> m?

v Keyhole aspect ratio—v = # (dimensionless)
m Total mass excahnge rate through 9Qy () kg/s

pv & oL Vapor & liquid density of the alloy kg/m3
Vy & Vi, Vapor & liquid velocity of the alloy m/s

Ve & VB Vapor ejection velocity at 9Q, (¢) (upward) and the bottom of the keyhole m/s

Vb Velocity of the liquid—vapor interface of the keyhole (0Qy (7)) m/s

pv & pL Static pressure inside & outside the keyhole Pa

Pe Static pressure at keyhole opening Pa

Poo Ambient atmospheric pressure Pa

TV & TL Vapor & liquid viscous stress tensor Pa

oy & oL, Vapor & liquid Cauchy stress tensor Pa

f External surface force per unit area on Qv (1) Pa

T Lighthill turbulence stress tensor Pa

S & F Volumetric mass & momentum sources in = Various
E& e Total laser reflectance & absorptance—e =1 — & (dimensionless)
co& M Speed of sound & Mach number of the vapor ejection—M = ‘:—; m/s, (dimensionless)
P&w Laser power & scanning speed W, m/s
v Surface tension coefficient at OQy (¢) N/m

o Characteristic angle of the keyhole geometry rad / deg
a, C, ¢, ¢, ¥ Phenomenological/tunable constants Various
fn Keyhole depth oscillation natural frequency Hz

Ty Alloy’s normal (under po) boiling temperature K

Te Keyhole opening temperature K

T Ambient atmospheric temperature K

n Specific gas constant J/(kg-K)
Ly Enthalpy of vaporization Jkg

I Identity tensor —

® Tensor product —

() Volume average operator —

. Standard dot product —
V&V Gradient & divergence operator 1/m
6(+) Perturbation operator (dimensionless)
% & % s (') Total & partial time derivative, dot notation 1/s

Table S1: Glossary of key terms and operators in vapor-cavity modeling.
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Supplementary Video S1

Example synchronous clip of Ti-6Al-4V multi-modality data.

Supplementary Video S2

Example synchronous clip of Ti-6Al-4V multi-modality data.

Supplementary Video S3

Example synchronous clip of AlSi10Mg multi-modality data.

Supplementary Data S1

The attached file contains raw multimodal measurements collected across a range of process
conditions, including X-ray synchrotron imaging, airborne ultrasonic emission, photodiode-based

laser reflection signals, and thermal NIR imaging.
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