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Abstract

In this work, we present a Fitness Exponential Random Graph Model (FERGMs)
that brings together concepts from statistical mechanics and network science
to describe complex networks beyond the traditional scale-free framework. By
assigning each node an intrinsic “fitness” and viewing network formation as a
thermodynamic process, we develop two complementary variants: a Configura-
tion Model (CM) with bounded fitness and a Generalized Configuration Model
(GCM) with unbounded fitness. These model are regulated by a temperature-like
parameter τ and a chemical potential µ, respectively. Together, these param-
eters control the balance between randomness and structural organization, as
well as the overall link density in the network. We obtain closed-form expres-
sions for the degree distributions across distinct thermodynamic regimes, showing
that they become Poisson-like at high temperatures and transition to structured,
weakly scale-free forms at low temperatures. We then examine 12 heterogeneous
real-world networks—including social (YouTube, Orkut), technological (Skitter,
web-Google), collaborative (DBLP), and infrastructural (road networks) sys-
tems—and find that FERGM surpasses conventional power-law models, lowering
the relative error in average-degree prediction from as high as 768% to nearly
zero, while also capturing clustering and higher-order statistics. This framework
offers a principled, interpretable, and empirically supported alternative to scale-
free models, opening up new opportunities for network design, inference, and
analysis in domains ranging from epidemiology to computational social science.
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1 Introduction

Complex networks are used as models to represent numerous types of systems across
various disciplines, including biology, sociology, computer science, and physics [1].
Their research has enabled a deeper understanding of phenomena such as how diseases
propagate, how information circulates in social networks, and how ecological sys-
tems behave. Complex networks gained prominence during the 1990s and 2000s, when
researchers applied graph theory [1–3] to explore interactions within various systems.
Today, complex networks play a vital role in designing transportation infrastructures,
improving communication systems, and examining financial markets, underscoring
their value in both academic research and practical problem-solving [2, 4, 5].

Because complex networks are by nature large-scale systems, an entirely deter-
ministic approach is insufficient to capture their emergent collective dynamics.
Consequently, a statistical viewpoint provides a more suitable framework for their com-
prehensive analysis. Techniques derived from statistical mechanics enable the modeling
and analysis of real-world networks by relating their dynamics to those of physical sys-
tems. The conceptual framework and mathematical methods developed in statistical
physics are essential for clarifying the behavior and properties of complex networks
[3, 6–8]. In particular, Exponential Random Graph Models (ERGMs) have been intro-
duced as a framework for analyzing and interpreting the properties of real-world
networks [9, 10]. ERGMs are applied across many disciplines; for instance, in the study
of online communities, they are used to detect key influencers and to monitor how
information propagates through the network [11, 12]. In the social sciences, they shed
light on how people collaborate and how groups with shared opinions emerge [13–15].
For companies, they offer an understanding of customer preferences and how brand
communities develop over time [16, 17]. Even areas such as epidemiology can take
advantage of FERGMs, since they allow researchers to model how diseases propagate
through contact networks [18]. ERGMs are based on the idea that specific network
statistics can influence the probability of a connection forming between two actors
(nodes). In the context of social networks, these statistics might include the number of
existing connections, the number of mutual acquaintances, and any shared attributes.
ERGMs have proven invaluable in studying their formation, particularly those dense,
interconnected clusters characterized by a strong sense of homophily. This homophily,
where actors within a cluster tend to share similar attributes, is a crucial aspect of
social network dynamics [12, 19].

Various extensions of ERGMs have been proposed. For example, Temporal ERGMs
(TERGMs) capture the dynamics of networks that evolve over time. Additional vari-
ants include Weighted ERGMs (WERGMs) and Generalized ERGMs (GERGMs),
which are the two main approaches for incorporating edge weights into the model,
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thereby facilitating the study of weighted graph. Lastly, there are Multiplex or Multi-
layer ERGMs (MP-ERGMs, ML-ERGMs, often collectively referred to as MERGMs).
These networks feature nodes that are linked based on more than one attribute, rep-
resenting an extension of MERGMs that can model such configurations in multilevel
networks where interlayer or interlevel connections are present [9]. In contrast to con-
ventional models that view ties as random events, FERGMs incorporate the notion of
fitness —a measurable indicator of a node’s appeal— that critically influences its likeli-
hood of attracting new links [20]. In real-world networks, fitness is associated with the
intrinsic attributes of the vertices, including rank, attractiveness, or wealth [21–24].

The fitness concept described above arose in parallel with another class of models
known as Intrinsic Vertex Fitness Models (IVFMs). These models were proposed as an
alternative mechanism to replicate the typical topology observed in scale-free networks.
In such models, each vertex in the network is assigned a non-negative real variable,
ε, drawn from a probability distribution ρ (ε). This variable measures the “fitness” of
the node, meaning how effectively it can compete to form new edges (connections).

Many real-world networks are found to have a degree distribution that follows a
power-law, indicating that they are scale-free networks. This means there are a few
nodes with very high connectivity (hubs) and many with low connectivity. Recent
studies have shown that the universality of scale-free networks remains controversial
and that strongly scale-free structures are actually uncommon [25–27].

An analysis of close to 1000 networks across social, biological, technological, trans-
portation, and information domains showed that networks with a strongly scale-free
topology are empirically uncommon [25]. Instead, log-normal and other distributions
generally provide a better fit to the degree data than power laws for most networks. In
addition, solid evidence indicates that social networks are, at most, weakly scale-free,
whereas only a small subset of technological and biological networks displays strongly
scale-free characteristics. Here, “weakly” denotes that the network does not strictly
satisfy the formal definition of a scale-free network, which demands an exact power-
law degree distribution, whereas the term “strong” is used when this condition holds
[25].

Networks with Poisson-like degree distributions are typically those in which the
connections between nodes are formed by a random process. In such networks, most
nodes have a number of connections close to the average, but there are fewer nodes
with a very high or very low number of connections. This distribution is charac-
terized by a peak at the average value and a fast decay for higher values. Certain
types of networks, such as Erdös–Rényi Random Networks, Collaboration Networks,
Infrastructure Networks, Social Networks (like Twitter and Instagram), Telephone
Call Networks, Biological Networks, Financial Networks, and Internet Networks, can
exhibit the Poisson-like degree distribution [6, 28–33].

In this work, we develop a statistical-mechanical framework for modeling real-world
networks using FERGMs, where nodes possess intrinsic fitness values that govern con-
nection probabilities. We derive analytical expressions for degree distributions across
different temperature regimes and introduce two complementary formulations: a Con-
figuration Model (CM) with bounded fitness and a Generalized Configuration Model
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(GCM) with unbounded fitness. Through systematic comparison with twelve empiri-
cal networks spanning technological, social, and infrastructure clasess, we demonstrate
that FERGMs outperform traditional power-law models in reproducing observed
degree distributions.

The paper is organized as follows. Sec. 2 discusses the statistical properties of com-
plex undirected, unweighted, simple uni-edge (also called fermionic) networks with
a fixed number of vertices and a varying number of links, described by the grand
canonical ensemble. In Sec. 3, we study a class of ERGMs fitness models in different
temperature regimes and consider applications to scale-free networks by comparing
different distributions to the model. In Sec. 4, we explore modeling real-world net-
works using databases such as KONECT [34] or SNAP [35] to study the network’s
features. Finally, in Sec. 5: In conclusion, we summarize our results and discuss possible
generalizations of our approach.

2 Statistical description of complex networks

A network is a set of N nodes (or vertices) connected by L links (or edges). One can
describe the network by an adjacency matrix, aij , where each existing or non-existing
link between pairs of nodes (ij) [5, 6, 36, 37]1. Individual nodes possess local properties
such as node degree ki and clustering coefficient ci, respectively defined as:

ki =
∑

j

aij , (1)

ci =
∑

jk

aijajkaki
ki(ki − 1)

. (2)

In contrast to the traditional methodology employed in statistical mechanics,
wherein the Gibbs distribution is deduced through the examination of a system in
weak interaction with its surrounding environment, the statistical characterization of
complex networks is based on the informational Shannon-Gibbs entropy, constrained
by specific parameters [7, 38, 39].

For context, a graph and a network refer to the same underlying concept. The
distinction here is that a graph is an abstract graphical representation of a network,
whereas a network is the realization of that graph in the physical world.

For a graph G ∈ G, belonging to an ensemble of graphs G, we denote by P (G) the
probability of obtaining this graph such that the Shannon-Gibbs entropy reads

S = −
∑

G∈G

P (G) lnP (G). (3)

1In graph theory, a node is typically denoted by ni, while an edge represents a connection between a pair
of nodes and is denoted by eij = (i, j). The presence or absence of an edge between node i, ni, and node
j, nj , is represented in the adjacency matrix by the entry in position (i, j), which takes the value 1 if the
edge eij exists and 0 otherwise.
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The definition of the expected value of any function, X(G), can be calculated as
follows:

⟨X⟩ =
∑

G∈G

X(G)P (G). (4)

Assume that the following constraints are applied: the total probability of the
distribution is normalized, and the expected value of the energy is determined from
the Hamiltonian function as in Eq. (4):

∑

G

P (G) =1, (5)

∑

G

H(G)P (G) =E, (6)

where H(G) is the graph Hamiltonian and E is the expectation value of the energy of
the system. From the principle of maximum entropy with constraints, we obtain the
convenient Gibbs distribution:

P (G) =
1

Z
e−βH(G), (7)

where the canonical partition function, expressed in terms of the graph ensemble, is
given by

Z =
∑

G∈G

e−βH(G). (8)

Employing the relation ∂S/∂E = 1/T , we find that the Lagrange multiplier β = 1/T
is the inverse “temperature” of the network. It is worth noting to notice that these
equations define the ERGM model [7, 9, 19, 40–42].

To fit the model to the real empirical network2, G∗, one can apply the maximum-
likelihood principle, which specifies the parameter choice for the given set of constraints
[38]. The log-likelihood

L = lnP (G∗) = −βH(G∗)− lnZ(β), (9)

is maximized by a particular choice of β∗ yielding E∗ = −∂ lnZ/∂β∗, where E∗ is the
empirical value measured on the real network:

E(G∗) = E∗ =
∑

G∈G

H(G)P (G|β∗), (10)

this implies that the network’s temperature can be determined directly from the
empirical data.

2To facilitate comparison of our results, we introduce G∗, the empirical network, which serves as a
reference for evaluating the model network G constructed within the adopted statistical framework.
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For an undirected network with a fixed number of vertices N and a variable number
of links L, the probability of realizing a particular graph G is given by [7, 8, 43, 44]

P (G) =
1

Z e
β(µL(G)−H(G)), (11)

with the associated grand-canonical partition function as

Z =
∑

G∈G

eβ(µL(G)−H(G)). (12)

where µ denotes the chemical potential, and

L(G) =
∑

i<j

aij , (13)

represents the number of links in the graph G.
We associate to every edge eij an “energy” εij . With this assignment, the graph

Hamiltonian can be expressed as

H(G) =
∑

i<j

εijaij . (14)

By inserting Eq. (13) and Eq. (14) into Eq. (12), and performing some algebraic
manipulations, the partition function can be expressed as [44]

Z =
∑

G∈G

∏

i<j

eβ(µ−εij)aij . (15)

From Eq. (12), the connection probability of the existing link between nodes i and j
are defined as

pij = aij = − ∂ lnZ
∂(βεij)

, (16)

this probability is equivalent to the expected number of edges between vertices i and
j3. In what follows, we consider undirected (aij = aji), unweighted graphs without
selfloops (aii = 0), simple (uni-edge) (fermionic) graphs (aij ≤ 1); in other words, we
permit only one edge between any pair of nodes (excluding self-edges) [7]. Considering
these aspects, we restrict ourselves to the terms in the summation that are equal to
one, so that the evaluation of the partition function in Eq. (15) yields

Z =
∏

i<j

(

1 + eβ(µ−εij)
)

. (17)

3The expected number of edges aij = ⟨aij⟩ is equivalent to the adjacency matrix aij in this case.
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For the connection probability given in Eq. (16), we obtain

pij =
1

eβ(εij−µ) + 1
. (18)

The expected number of links, as defined in Eq. (13), is obtained by applying the
result from Eq. (18) as follows:

L =
∑

i<j

1

eβ(εij−µ) + 1
. (19)

The expected node degree4 ki, of a vertex i, and the average node degree ⟨k⟩ in the
whole network are denoted as

k̄i =
∑

j

pij , (20)

⟨k⟩ = 1

N

∑

i

k̄i. (21)

By substituting Eq. (18) into Eq. (20) and subsequently inserting the result into Eq.
(21), we obtain

⟨k⟩ = 1

N

∑

i,j

1

eβ(εij−µ) + 1
,

=
2

N

∑

i<j

1

eβ(εij−µ) + 1
.

(22)

By comparing the last expression with Eq. (19), we derive the following relationship
between the expected number of links and the average node degree: L = N⟨k⟩/2.
Suppose that εij = εi+εj , where εi is an “energy” assigned to each vertex i, such that
this energy εij is the sum of both independent energy contributions of each vertex i
and j. For N ≫ 1 one can replace the sum by an integral, 2

N(N−1)

∑

i<j →
∫∫

, and

recast Eq. (19) as

L =
N(N − 1)

2

∫∫

p(ε, ε′)ρ(ε)dερ(ε′)dε′, (23)

where ρ (ε) is the density of states and ε′′ = ε+ε′ is now the “energy” assigned to each
vertex in the continuous limit. The connection probability Eq. (18) for the continuous
limit is recast as

p(ε, ε′) =
1

eβ(ε+ε′−µ) + 1
. (24)

4It is necessary to notice for the reader the distinction between the node degree ki and the expected node
degree ki, which, in this work, in this specific case of study, are the same.
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In the same limit, the expected degree of a vertex with energy ε in Eq. (20) is given by

k̄(ε) = (N − 1)

∫

p(ε, ε′)ρ(ε′)dε′. (25)

For the average node degree in the whole network, Eq. (21) yields

⟨k⟩ =
∫

k̄(ε)ρ(ε)dε = (N − 1)

∫∫

p(ε, ε′)ρ(ε)dερ(ε′)dε′, (26)

thus, the average node degree per node κ is given by the following implicit function

κ =

∫∫

p(ε, ε′)ρ(ε)ρ(ε′)dεdε′, (27)

where we can define κ = ⟨k⟩/(N − 1).

2.1 Clustering coefficient

In network science, a measure called the clustering coefficient shows how many nodes in
a network tend to group. It provides insight into the local cohesiveness of connections
in a network. A high clustering coefficient indicates a network with a community
structure where nodes form tightly interconnected groups. In contrast, a low clustering
coefficient implies a more random or decentralized network structure [6, 28, 36, 45–61].

A local clustering coefficient (LCC) of a node i is the ratio of the number of
connections between the neighbors of the node to the total possible connections among
them. Graph theory is defined as:

ci =
2× number of triangles centered on node i

degree of i · ( degree of i− 1)
. (28)

The global clustering coefficient (GCC) measures the tendency for nodes in a graph
to cluster together. The GCC ranges from 0 to 1, with 0 indicating that the graph
is entirely unclustered, while 1 suggests that every node is part of a closed triangle
[5, 6, 36, 37]. There are two possible definitions of the GCC [7, 62]. The first one is the
definition of the GCC as the average of the local clustering coefficients of all nodes in
the network:

C1 =
1

N

∑

i

ci → C1 =

∫

c (ε) ρ (ε) dε, (29)

where N denotes the total number of nodes and ci represents the LCC of node i (or
c (ε) in the continuous limit). The second definition is given by

C2 =
3× number of triangles

number of connected triples
. (30)
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The GCC definitions introduced above are not mutually equivalent; in particular,
there are cases where one finds C1 = 1 while C2 = 0 (see, for example, the discussion
in Refs. [63, 64]).

For a specific node i with energy εi, the local clustering coefficient c(εi) is given
by [65],

ci = c(εi) =

∑

j,k p(εi, εj)p(εj , εk)p(εk, εi)
(
∑

j p(εi, εj)
)2 . (31)

From this result, the global clustering coefficient (GCC) can be expressed as [63]

C2 =

∑

i k̄(εi)(k̄(εi)− 1)c(εi)
∑

i k̄(εi)(k̄(εi)− 1)
. (32)

In the continuum limit, Eqs. (31) and (32) are expressed by

c(ε) =

∫∫

p(ε, ε′)p(ε′, ε′′)p(ε, ε′′)ρ(ε′)ρ(ε′′)dε′dε′′
( ∫

p(ε, ε′)ρ(ε′)dε′
)2 , (33)

C2 =

∫∫∫

p(ε, ε′)p(ε′, ε′′)p(ε, ε′′)ρ(ε)ρ(ε′)ρ(ε′′)dεdε′dε′′
∫ ( ∫

p(ε, ε′)ρ(ε′)dε′
)2
ρ(ε)dε

. (34)

2.2 Degree distribution

The degree distribution P (k) describes how the connections in a network are dis-
tributed among nodes. Specifically, it provides the probability distribution of the
degrees (the number of connections or edges) across all nodes in the network. We
employ the generating function method to derive the degree distribution of configu-
ration models with hidden variables [66]. For such networks, the generating function
takes the form (see Appendix A for details):

G0(z) =

∫ ε0

0

e(z−1) k̄(ε) ρ(ε) dε, (35)

where z is the function variable and k̄(ε) represents the expected degree of a node
specified by the hidden variable ε. Using Eq. (35), the degree distribution can be
written as

P (k) =
1

k!

dk

dzk
G0(z)

∣

∣

∣

z=0
=

1

k!

∫ ε0

0

e−k̄(ε)
(

k̄(ε)
)k
ρ(ε) dε, (36)

where k is the degree. It is straightforward to verify that the degree distribution P (k)
is properly normalized:

∞
∑

k=0

P (k) = 1. (37)
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Using the definition of degree distribution P (k), the calculation of the average node
degree ⟨k⟩ can be defined as:

⟨k⟩ =
∞
∑

k=0

kP (k), (38)

where ⟨k⟩ is given by Eq. (26). If a network contains no isolated nodes, the degree
k starts from one, and P (k) should be replaced by the following degree distribution
P (k):

P(k) =
1

Z
P (k), (39)

where the partition function Z is given by

Z =

∞
∑

k=1

P(k) = 1−
∫ ε0

0

e−k̄(ε)ρ(ε)dε. (40)

The calculation of the average node degree, D, yields

D =

∞
∑

k=1

kP(k) =
⟨k⟩
Z
. (41)

2.3 Generalized Degree distribution

The distinction between the configuration model (Section 2.2) and the generalized
configuration model introduced in this work corresponds to fundamentally different
physical scenarios within the framework of statistical ensembles. The bounded model
with 0 ≤ ε ≤ ε0 (hard configuration model) corresponds to a microcanonical-like
ensemble in which node fitness is subject to a strict upper bound. This hard cutoff
reflects systems characterized by finite resources or intrinsic capacity constraints (i.e.,
systems with a maximum number of allowable connections), thereby providing a more
realistic representation of many empirical networks in which time, attention, or phys-
ical resources are limited. In contrast, the generalized model with 0 ≤ ε < ∞ (soft
configuration model) corresponds to a canonical ensemble in which, in principle, arbi-
trarily large fitness values are admissible. However, such high values are statistically
disfavored, as they are exponentially suppressed by the Boltzmann factor encoded in
the density of states ρ(ε). This exponential decay guaranties the convergence of the
underlying mathematical formalism while simultaneously enabling the model to rep-
resent infrequent, high-connectivity phenomena (i.e., extreme hub nodes) that can
emerge in large-scale networks. By applying the generating function method intro-
duced in the previous section to derive the degree distribution of the configuration
model (see Appendix C for details), we obtain:

G0(z) =

∫ ∞

0

e(z−1)k̄(ε)ρ(ε)dε. (42)
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Employing Eq. (C33), we obtain that

P (k) =
1

k!

∫ ∞

0

e−k̄(ε)
(

k̄(ε)
)k
ρ(ε)dε. (43)

It is straightforward to verify that the degree distribution P (k) is normalized, as given
in Eq. (37). The computation of the mean node degree is defined by Eq. (38).

If a network does not have isolated nodes, then the degree k ranges from one,
and one should replace P (k) with the distribution described in Eq. (39), where the
partition function Z is now given by

Z = 1−
∫ ∞

0

e−k̄(ε)ρ(ε)dε. (44)

following the same way of thinking as in previous section the computation of the
average node degree, D, can be recovered by the same expression in Eq. (41).

The distinction between these two formulations is warranted for several impor-
tant reasons. In particular, the bounded formulation ensures mathematical rigor and
mitigates potential normalization issues, whereas the unbounded formulation exhibits
a more direct conceptual connection to previously proposed vertex fitness models in
the literature [21–24] and enables a more tractable analytical treatment across dif-
ferent temperature regimes. Both formulations are thermodynamically equivalent in
the large-N limit for well-behaved distributions, though they may exhibit different
behaviors near critical points or in finite-size systems.

3 Fitness Model

3.1 Configuration Model

In previous work [67], motivated by the importance of scale-free networks, they
explored configuration models consistent with scale-free networks. In this context, they
examine a restricted scenario by considering the model in which the energy is limited
by the chemical potential: 0 ≤ ε ≤ µ0.

Now we will discuss a similar configuration model with an exponential distribution
of the density of states ρ (ε) ∼ eαβε, assuming that limited energy is restricted by the
chemical potential but is limited by a maximum value of ε0 so that 0 ≤ ε ≤ ε0. By
imposing the standard normalization condition,

∫ ε0

0

ρ (ε) dε = 1, (45)

where

ρ (ε) =
αβ eαβ (ε−ε0/2)

2 sinh (αβ ε0/2)
, (46)

and α is a parameter related to the unspecified temperature, and β is, once more, the
inverse temperature. To be able to compare our results we are using ε0 = µ.
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We can now compute the expected vertex degree k (ε), that is, the average node
degree ⟨k⟩. After carrying out some algebraic manipulations, we obtain

k (ε) =
N − 1

2 sinh (αβµ/2)

[

eαβµ/2 2F1

(

1, α; 1 + α;−eβε
)

− e−αβµ/2
2F1

(

1, α; 1 + α;−eβ(ε−µ)
)]

,

(47)

⟨k⟩ = (N − 1)

4 sinh2 (αβµ/2)

[

eαβµ 3F2

(

1, α, α; 1 + α, 1 + α;−eβµ
)

− 2 3F2 (1, α, α; 1 + α, 1 + α;−1)

+ e−αβµ
3F2

(

1, α, α; 1 + α, 1 + α;−e−βµ
)

]

,

(48)

where pFq(a1, . . . , ap; b1, . . . , bq; z) is the generalized hypergeometric function [68, 69],
and α ∼ T/Tc can be associated as the reduced temperature. Note that the critical
temperature Tc and chemical potential µ are model-dependent parameters.

(a) (b)

Fig. 1: In this images, we present (a) the expected vertex degreee k (x) versus the
parameter x; as the energy increases, the expected vertex degree decreases monoton-
ically. In case (b), the behavior of the average node degree ⟨k⟩ as a function of µ∗

shows a peak at a specific value of µ∗ and then declines as the chemical potential is
increased further.

In Fig. 1, we present in the first panel, the expected vertex degree k (x), as defined
in Eq. (47), as a function of the parameter x, and in the second panel we show the
average node degree ⟨k⟩, as defined in Eq. (48), as a function of µ∗. Here, βε = x
represents the parameter x, and βµ = µ∗ denotes the reduced chemical potential. The
parameter values are N = 103, α = 1.1 (with µ∗ = 10 used only in the case shown
in Fig. 1b). For this particular set of conditions, the behavior of the expected vertex
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degree, shown in Fig. 1a, indicates that its maximum value is attained at low energy;
as the energy increases, the expected vertex degree decreases monotonically. Similarly,
for the average node degree in Fig. 1b, the curve exhibits a maximum at a particular
value of the reduced chemical potential and subsequently decreases as the chemical
potential continues to increase.

3.1.1 Degree Distribution

To obtain an analytical expression for the degree distribution P (k), in this case, one
must evaluate the integral appearing in Eq. (36), using the definition of the expected
vertex degree k(ε) given in Eq. (47). It is straightforward to see that this is not a simple
problem, and providing a fully analytical treatment seems to be quite challenging.

Since the general case for the degree distribution P (k) is complicated to solve, we
are looking for a limit case: eβµ ≫ 1 and eβε ≫ 1 that fit our case of study. Using Eqs.
(47)-(48), we rewrite the generating function Eq. (35) and perform the integration for
this limit case. In order to obtain the degree distribution Eq. (36), we evaluate the
derivatives at the point z = 0 and obtain,

P (k) =

(

− e−αµ∗/2

2 sinh (αµ∗/2)

)

αΛα

k!

[

Γ (k − α,Λ)− Γ
(

k − α,Λe−µ∗
)]

, (49)

where

Λ =
(N − 1)

2

eαµ
∗/2

sinh(αµ∗/2)

α

(α− 1)
, (50)

and Γ (α, x) denotes the upper incomplete Gamma function, recalling that βµ = µ∗.
In Fig. 2, we present the degree distribution P (k) for the configuration model in

the limiting regime βµ≫ 1, βε≫ 1 in the main panel, and the corresponding log–log
representation for the same regime in the inset defined by Eq. (36). The analytical
solution for the degree distribution given by Eq. (49) exhibits identical functional
forms. The analytical prediction and the exact numerical result coincide within graph-
ical accuracy. The blue curve depicts P (k) defined by the exact formula (36). The red
dashed curve presents the degree distribution described by Eq. (49); the number of
nodes is N = 103, α = 1.1, and µ = 20.

3.2 Generalized Configuration Model

As an application of the developed approach, we consider the FERGM proposed in Ref.
[23]. In this model, a real non-negative hidden variable called the fitness is assigned to
each vertex. The FERGM belongs to the class of soft configuration networks described
above with exponential decay of the density of states, ρ(ε) ∼ e−τβε. Imposing the
standard normalization condition,

∫ ∞

0

ρ(ε)dε = 1, (51)

we obtain that
ρ(ε) = τβe−τβε. (52)
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Fig. 2: In this figure, we present the degree distribution P (k) versus degree k for a
special limiting case as a function of k in the regime βµ ≫ 1 and βε ≫ 1. The inset
is the log-log representation. The blue curve is obtained from an exact expression,
while the red dashed curves indicate the limiting form of the degree distribution.
The analytical prediction and the exact numerical result agree to within graphical
resolution.

The expected vertex degree, k̄(ε), and the average node degree, ⟨k⟩, are defined by

k̄(ε) =
τ(N − 1)eβ(µ−ε)

1 + τ
2F1

(

1, 1 + τ ; 2 + τ ;−eβ(µ−ε)
)

, (53)

⟨k⟩ = (N − 1)τ2eβµ

(1 + τ)2
3F2

(

1, 1 + τ, 1 + τ ; 2 + τ, 2 + τ ;−eβµ
)

. (54)

In Fig. 3, the behavior of the expected vertex degree, shown in Fig. 3a, indicates
that its maximum value is maintained at low energy up to a certain energy threshold,
beyond which it starts to decrease as the energy increases. Similarly, for the average
node degree in Fig. 3b ⟨k⟩ defined by Eq. (54), the curve exhibits a maximum at a
specific value of the reduced chemical potential and remains at this maximal value as
the chemical potential continues to increase. Here, βε = x defines the parameter x,
and βµ = µ∗ represents the reduced chemical potential. In this case, the parameters
are set to N = 103, τ = 1.1, and µ∗ = 10.
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(a) (b)

Fig. 3: Plot (a) shows the expected vertex degree as a function of the parameter x,
the maximum value remains constant at low energies up to a specific energy threshold,
after which it begins to decrease as the energy continues to rise. In (b), the average
node degree is plotted as a function of the reduced chemical potential. The curve
reaches a maximum at a particular value of the reduced chemical potential and then
stays at this maximal level as the chemical potential increases further.

3.2.1 Generalized Degree Distribution

As established in the previous section, our next step is to derive the degree distribution
by applying the definition in Eq. (43) and inserting the expression for the expected
vertex degree from Eq. (53).

We once more examine the limiting case characterized by an arbitrary reduced
temperature τ and by eµ

∗ ≪ 1. As is evident, the temperature dependence of the
degree distribution is governed by the reduced temperature τ and the reduced chemical
potential µ∗(τ) = βµ. In Appendix B, we derive an approximate analytical form of
the degree distribution Eq. (36) in this limiting regime we obtain

P (k) =
τb−τγ (k + τ, b)

k!
, (55)

where

b =
(1 + τ)

τ
⟨k⟩ , (56)

and γ (a, z) denotes the incomplete γ function [69].
In Fig. 4, we present the degree distribution P (k) for the generalized configuration

model, with the corresponding log–log representation for the same set of parameters
shown in the inset. The blue curve depicts P (k) computed from the exact formula
in Eq. (36). The red dashed curves correspond to the asymptotic form of the degree
distribution P (k) for a generic reduced temperature τ and eµ

∗ ≪ 1, as provided by
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Eq. (55), where the analytical prediction coincides with the exact numerical result to
graphical accuracy. The chosen parameters are µ = 20, τ = 1.05, and N = 102.

Fig. 4: We display the degree distribution P (k) as a function of the degree for the
generalized configuration model. The inset shows the corresponding log–log plot. The
blue curve is obtained from an exact expression, while the red dashed curves indicate
the limiting form of the degree distribution. The analytical prediction and the exact
numerical result agree to within graphical resolution.

3.3 Applications to scale-free networks

Scale-free networks that exhibit a strongly scale-free topology are defined by a degree
distribution that closely adheres to a power-law form, P (k) ∼ k−γ , over a broad
interval of degree values k. For a scale-free network with power-law exponent γ and
degree k ∈ (1, . . . ,∞), the degree distribution can be expressed as:

Psf (k) =
k−γ

ζ(γ)
, (57)

dsf =

∞
∑

k=1

kPfs(k) =
ζ(γ − 1)

ζ(γ)
, (58)

where ζ(z) is the Riemann ζ-function [69].
Let the degree k vary from 1 up to km, where km denotes the maximum degree.

Then, by applying the summation formula [70]

n
∑

k=1

1

ks
= ζ(s)− ζ(s, n+ 1), (59)
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we obtain

Psf (k) =
k−γ

ζ(γ)− ζ(γ, km + 1)
, (60)

dsf =
ζ(γ − 1)− ζ(γ − 1, km + 1)

ζ(γ)− ζ(γ, km + 1)
, (61)

where ζ(s, a) is the Hurwitz zeta function [69]. Weakly scale-free networks share certain
traits with scale-free networks but do not strictly follow a power-law degree distri-
bution over the full degree range. In Ref. [25], scale-free models were compared with
several alternative distributions—log-normal, exponential, Weibull, and power law
with cutoff. The study demonstrated that, for most networks, log-normal distributions
provide a better fit to empirical data than pure power laws.

We will contrast the exact solution defined by Eq. (36) with these alternative
distributions in order to assess the robustness of the model. To demonstrate the cor-
respondence showing that our model is also applicable to these networks, which more
closely follow some of the next distributions.

• Log-normal degree distribution:

P (k) =
e−

(ln(k)−δ)2

2σ2

√
2πσk

. (62)

• Exponential degree distribution:

P (k) = Ce−λk. (63)

• Weibull degree distribution:

P (k) = Ce−(λk)a . (64)

• Power law with cutoff degree distribution:

P (k) =
k−δe−λk

Liδ(e−λ)
, (65)

where Lis(z) is the polylogarithm function [69] (also defined in Appendix D, Eq.
(D50)).

In Fig. 5, we display the degree distribution P (k) as a function of the degree k. The
blue curve represents P (k) calculated from the exact expression in Eq. (43), while the
red dashed curves depict the alternative degree distributions specified in Eqs. (62)-
(65). Where we use the next parameters (a) µ = 20, τ = 0.11, δ = 4.61, σ = 0.1,
N = 102, (b) µ = 20, τ = 1.375, λ = 7.63, C = 1.63, N = 103, (c) µ = 20, τ = 1.595,
C = 1, δ = 1, λ = 6.9, N = 106, and (d) µ = 20, τ = 1.32, C = 0.11, δ = 1, λ = 5.5,
N = 102. We compare our FERGMs-based theoretical predictions with these results
and find that they agree well with the alternative distributions.
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(a) Log-Normal Distribution. (b) Exponential Distribution.

(c) Weibull Distribution. (d) Power-Law with cutoff Distribution

Fig. 5: We present the degree distribution P (k), blue curve, in function of degree
k. The red dashed curves represent each of the alternative degree distributions. It’s
easy to see that the model and the alternative distributions’ results agree to within
graphical resolution; it’s not until we see the inset part of this figures with the log-log
representation that we can notice the main differences, and how accurate the model can
be, some of the start differing by a factor of 10−12. For example, the Exponential and
Weibull distributions, and for the Log-normal, the difference between the distributions
is visual. The main conclusion can be that the FERGMs reach fater zero, except for
the log-normal distribution wich is the opposite.
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4 Modeling Real-World Networks

Rigorous model validation requires comprehensive statistical metrics beyond visual
comparison. The first four moments—mean, variance, skewness, and kurtosis—fully
characterize distribution shape, capturing central tendency, spread, asymmetry, and
tail behavior, which are critical for heterogeneous networks. Relative error in average
degree measures the reproduction of network scale, while residual standard deviation
quantifies the overall goodness-of-fit across all degrees. These metrics enable objec-
tive comparison between theoretical predictions and empirical data, revealing whether
models capture full structural complexity or merely approximate certain features.
This approach is essential when comparing FERGMs with power-law models, as net-
works may exhibit scale-free-like behavior in limited ranges while deviating in global
properties.

We evaluate the predictions of the FERGMs against those of the scale-free model
by comparing the standard deviation σ, the relative error ϵ, and the first four statistical
moments—the mean µ1, the variance σ2, the skewness µ3, and the kurtosis µ4—and
by visually contrasting both models with the empirical network data reported in Table
1. The datasets are sourced from the Stanford Network Analysis Project (SNAP) [35]
and the Koblenz Network Collection (KONECT) [34].

For the FERGMs, we adopt the CM whose degree distribution P (k) is specified in
Eq. (39), with the corresponding partition function Z defined in Eq. (40). In contrast,
for the GCM the degree distribution P (k) follows Eq. (43), and its partition function Z

is given by Eq. (44). Finally, for the Scale-free model we employ the degree distribution
Psf (k) as defined in Eq. (60).

The empirical networks analyzed here fall within the category of sparse networks,
defined by a low average degree per node, κ ≪ 1. Under this condition, one has
eµ

∗ ≪ 1, in this limit, Eq. (55) leads to a Poisson-like degree distribution for the
GCM. In contrast, the opposite regime κ≫ 1, implying eµ

∗ ≫ 1, corresponds to dense
networks. For this second class, the CM is instead governed by Eq. (49).

To align the model with real-world networks, we fix the parameters τ or α for CM or
GCM, respectively, along with the choice of µ∗, by imposing the following constraints:

d =
⟨k⟩
Z
, (66)

C2 =
(τ + 1)2

(τ + 2)2
eµ

∗

, (67)

where d is the empirical average node degree, and C2 is the empirical global clustering
coefficient defined in Table 1.

We then compare the normalized degree distributions generated by the FERGMs
and by the power-law model with the empirical degree distribution for both configu-
rations. For the Power-law Distribution (PLD), we quantify the relative error, ϵ, using
the standard expression

ϵ =
|dsf − d|

d
× 100%, (68)
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where the mean node degree dsf is obtained from Eq. (61). In the case of FERGMs,
the relative error ϵ = 0 arises because the average degree D = d is enforced through
model constraints. In addition, we calculate the residual standard deviation, σ, for
FERGM and PLD, along with the fourth-order statistical moments: the centered and
standardized mean µ1, the variance µ2 = σ2, the skewness µ3, and the kurtosis µ4,
incorporating the sampling adjustment defined as:

µ1 =
1

M

∑

i

xi, (69)

σ2 =
1

(M − 1)

∑

i

(xi − µ1)
2
, (70)

µ3 =
M

(M − 1) (M − 2)

∑

i

(xi − µ1)
3

σ3
, (71)

µ4 =
M (M + 1)

(M − 1) (M − 2) (M − 3)

∑

i

(xi − µ1)
4

σ4
− 3 (M − 1)

2

(M − 2) (M − 3)
, (72)

where xi is the normalized empirical data and M is the size of the sample defined by
the distribution of each real-world network. Note that these four statistical moments
are chosen because some of the samples of the networks are small. When network
samples are hugeM → ∞, we recover centered standard first fourth moments without
sampling adjustment.

We present in the main text the empirical data defined for the following networks
shown in Table 1, collected by the databases KONECT and SNAP:

1. Skitter – This is the undirected network of autonomous systems on the Internet
connected to each other from the Skitter project.

2. Amazon – This is the co-purchase network of Amazon based on the “customers
who bought this also bought” feature. Nodes are products and an undirected edge
between two nodes shows that the corresponding products have been frequently
bought together.

3. DBLP – This is the co-authorship network of the DBLP (Digital Bibliography &
Library Project) computer science bibliography. Nodes are authors and an undi-
rected edge between two nodes exists if the corresponding authors have published
at least one paper together.

4. Orkut – This is the social network of Orkut users and their connections. The
network is undirected. The dataset was crawled from the orkut website and may
thus be incomplete.

5. Youtube – This is the friendship network of the video-sharing site Youtube. Nodes
are users, and an undirected edge between two nodes indicates a friendship.

6. Brightkite – This undirected network contains user–user friendship relations from
Brightkite, a former location-based social network where users shared their loca-
tions. A node represents a user, and an edge indicates that a friendship exists
between the user represented by the left node and the user represented by the right
node.
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Table 1: Empirical values of some networks from different categories, such as social networks, infrastructure networks, collab-
oration networks, friendship networks, hyperlinks networks, extracted from the KONECT and SNAP datasets.

Network name Network size, N Network density L Average node Maximum node Power law Tail power law Clustering
(number of nodes) (number of edges) degree, d degree, dm exponent, γ exponent, γtail Coefficient C2

skitter 1696415 11095298 13.08087703 35455 1.610 2.291 0.2581
com-amazon 334863 925872 5.529855493 549 1.691 3.581 0.3967
com-dblp 317080 1049866 6.622089063 343 1.720 3.261 0.6324
com-orkut 3072441 117185083 76.28142119 33313 1.272 1.272 0.1666
com-youtube 1134890 2987624 5.265045952 28754 2.429 2.141 0.0808
loc-brightkite 58228 214078 7.353094731 1134 1.905 2.481 0.1723
loc-gowalla 196591 950327 9.668062119 14730 1.730 2.651 0.2367
roadNet-CA 1965206 2766607 2.815589816 12 2.055 8.991 0.0464
roadNet-PA 1088092 1541898 2.834131673 9 2.052 8.991 0.0465
roadNet-TX 1379917 1921660 2.785182007 12 2.073 8.901 0.0470
soc-pokec † 1632803 30622564 37.50919615 14854 1.404 3.061 0.1094
web-Google † 875713 5105039 11.65916002 6332 1.617 2.731 0.5143

The symbol † denotes directed networks, such as soc-pokec, in the table. We also report the maximum node outdegree, indicated by
dm → d

+
m.
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7. Gowalla – This undirected network contains user–user friendship relations from
Gowalla, a former location-based social network where user shared their locations.
A node represents a user, and an edge indicates that a friendship exists between
the user represented by the left node and the user represented by the right node.

8. California Roads – This is the road network of the State of California in the
United States of America. The nodes of the network are the intersections between
roads and road endpoints, and the edges are road segments between intersections
and road endpoints. The network is undirected.

9. Pennsylvania Roads – This is the road network of Pennsylvania in the United
States of America. The nodes of the network are the intersections between roads
and road endpoints, and the edges are road segments between intersections and
road endpoints. The network is undirected.

10. Texas Roads – This is the road network of Texas in the United States of America.
The nodes of the network are the intersections between roads and road endpoints,
and the edges are road segments between intersections and road endpoints. The
network is undirected.

11. Pokec – This is the friendship directed network from the Slovak social network
Pokec. Nodes are users of Pokec, and directed edges represent friendships.

12. Web Google – This is a network of web pages connected by hyperlinks. The data
was released in 2002 by Google as part of the Google Programming Contest.

In Fig. 6, we present visual interpretation guidelines for the first four statistical
moments, this well known graphs can help us to understand the results presented in
the tables to follow. In Fig. 6a we show that if the empirical data and the model for
comparation have the same mean, they actually are centered and can be viewed as the
plot is presented, meanwhile if the variance is diferent as in Fig. 6b shows the shape
of the curve can be slightly different. For the Fig. 6c and Fig. 6d particular cases are
presented for example how to imagine if the means are different but the variance are
the same, and what if the variance and the means are different, cases that actually
aren‘t presented in our results. For the other hand something important for us is how to
interpret the Skewness and the Kurtosis, the Fig. 6e and Fig. 6f help us to get an idea
of how the model is fitting the empirical data by understanding the values presented
in the tables Table 3 and Table 5. For example if the value of the skewness is negative
is means that the fitting model is geting to the right of the values of the empirical data
(ED), and getting left for the possitive value, for the kurtosis the positive or negative
value of the results can be interpret as how long the tails are getting from the ED. If
the kurtosis is positive the tail are shorter, and if they are negative the tails are longer.

In Tables 2 and 3, we present the CM outcomes for the 12 empirical networks
under both power-law exponents, γ and γtail. The results show that, in most instances,
FERGMs consistently surpass standard power-law models, as indicated by their uni-
formly lower values for each of the first four statistical moments. In Table 2, we present
the numerical results for the CM, reporting the reduced temperature, reduced chemi-
cal potential, average node degree, relative error, and residual standard deviation for
both the primary power-law exponent γ and the exponent below γtail. We demonstrate
that FERGMs consistently outperform traditional power-law models in most cases, as
evidenced by their lower RSD.
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(a) Same Means, Same Variance. (b) Same Means, Different Variance

(c) Different Means, Same Variance. (d) Different Means, Different Variance.

(e) Skewness Comparison. (f) Kurtosis Comparison.

Fig. 6: We present here the visual interpretation guidelines for the first four statistical
moments for reference. To understand how to read the information in the tables, we
use this reference plot, which helps us interpret the results.

23



In Table 3, we present the first moment given by Eq. (69), the second central
moment in Eq. (70), the third standardized moment in Eq. (71), and the fourth stan-
dardized moment in Eq. (72). From Table 3 we observe that almost all skewness values
for the FERGMs are positive, indicating that they are shifted to the right of the ED,
while all skewness values for the PDL are negative, indicating that they lie to the left
of the ED. Considering the magnitude of these values, we can see that the FERGMs
are closer to the ED than the PLD, even though they deviate in opposite directions.
Finally, Table 3 shows that the kurtosis is positive for almost all values, and that it is
lower for the FERGMs than for the PLD.

In Fig. 7, the FERGMs degree distribution P (k) from Eq. (49) for the CM is
plotted as a function of the degree using the exponent γ, with a log-log version of
the same data shown in the inset. Numerical results for the CM are presented. The
inset of the main plot displays the degree frequency as a function of the degree on a
log-log scale, illustrating the power-law exponent γ. Empirical data are depicted as
red solid diamonds; FERGM with P (k) given by Eq. (49) is represented by blue solid
squares; PLD with P (k) ∝ k−γ is marked by green solid circles. From the figures, we
observe that for examples such as Amazon (MDS), DBLP, and Google Hyperlinks,
the FERGMs visually reproduce the distribution of the ED more accurately than the
PLD. Other examples, such as Orkut and Pokec, indicate that this model with this
configuration is not a good visual match for these real-world networks, even though the
numerical results suggest it provides a better fit. For infrastructure networks such as
Texas Roads, California Roads, and Pennsylvania Roads, the FERGMs and the PLD
model yield very similar results, without any visually noticeable differences. Cases as
Youtube Friendships, Brightkite ans Gowalla are visually more aceptable with the
PLD Model.

As for Fig. 8, the degree distribution is plotted as a function of degree for the CM,
using the tail exponent γtail, with the inset once more presenting the data on a log-log
scale. The ED are shown as red solid diamonds; the FERGMs with P (k) specified by
Eq. (49) is depicted by blue solid squares; and the power-law distribution P (k) ∝ k−γ ,
defined in Appendix E, Sec. (3.3), is represented by green solid circles. For this set
of results we can observe that the PLD lost almost all visually predictions of the
distributions of the real-world networks, and results as Amazon and DBLP for the
FERGMS can still be consider a better visually representations of the distributions and
for the case of infrastructure networks the roads networks as California, Pennsylvania
and Texas cannot be modeled more effectively by FERGMS.
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Table 2: We show in this table the numerical results for the CM, we demonstrate that FERGMs consistently outperform
traditional power-law models in most cases, as evidenced by their lower RSD. We can se that the relative error for the PLD
can exhibit results from 15% to 768%, and the RSD is in most cases lower for FERGMs.

Network name PLC Reduced Reduced chemical Parameter Average node degree Relative error RSD
γ temperature, τ potential, µ∗ eµ

∗

/105 ED, FERGMs PLD PLD FERGMs PLD

Skitter 1.61077 13.70868 13.70868 8.986 13.0809 66.3457 407.19 % 0.00947 0.01468
2.29100 12.91997 12.91997 4.083 13.0809 2.69364 79.407 % 0.01201 0.02606

com-amazon 1.69122 12.79796 12.79796 3.614 5.52986 9.75713 76.444 % 0.00460 0.02005
3.58100 11.66621 11.66621 1.165 5.52986 1.17348 78.779 % 0.00449 0.03725

com-dblp 1.72001 12.51551 12.51551 2.725 6.62209 7.67029 15.828 % 0.00604 0.02093
3.26100 11.50891 11.50891 0.995 6.62209 1.25559 81.039 % 0.01272 0.04113

com-orkut 1.27235 13.55056 13.55056 7.672 76.2813 662.275 768.20 % 0.00380 0.00380
1.27235 13.55056 13.55056 7.672 76.2813 662.275 768.20 % 0.00380 0.01136

com-youtube 2.42900 13.34194 13.34194 6.227 5.26505 2.12330 59.671 % 0.02269 0.00922
2.14100 13.53964 13.53964 7.589 5.26505 3.92924 25.371 % 0.02189 0.00569

loc-brightkite 1.90579 10.46189 10.46189 0.349 7.35309 6.05793 17.613 % 0.01650 0.00968
2.48100 10.00847 10.00847 0.222 7.35309 1.94193 73.590 % 0.01800 0.01736

loc-gowalla 1.73070 11.64046 11.64046 1.136 9.66806 23.0961 138.89 % 0.01277 0.01154
2.65100 10.86703 10.86703 0.524 9.66806 1.67229 82.702 % 0.01509 0.02409

roadNet-CA 2.05571 14.78872 14.78872 2.646 2.81559 1.92019 31.801 % 0.11093 0.19640
8.99100 13.69175 13.69175 8.835 2.81559 1.00207 64.409 % 0.09347 0.28935

roadNet-PA 2.05282 14.19363 14.19363 1.459 2.83413 1.79152 36.787 % 0.13029 0.22744
8.99100 13.09401 13.09401 4.860 2.83413 1.00207 64.642 % 0.11064 0.33117

roadNet-TX 2.07371 14.42962 14.42962 1.848 2.78518 1.90076 31.754 % 0.11473 0.19591
8.90100 13.35156 13.35156 6.287 2.78518 1.00221 64.016 % 0.09900 0.28559

soc-pokec † 1.40480 13.13103 13.13103 5.043 37.5092 168.51 349.25 % 0.00794 0.01081
3.06100 11.47228 11.47228 0.960 37.5092 1.33668 96.436 % 0.00924 0.03343

web-Google † 1.61721 13.14853 13.14853 5.132 11.6592 32.4436 178.26 % 0.00949 0.01275
2.73100 12.13860 12.13860 1.869 11.6592 1.57532 86.488 % 0.01178 0.02817
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Table 3: We show in this table the numerical results for the CM, showing the four moments. We demonstrate that FERGMs
consistently outperform traditional power-law models in most cases, as evidenced by their lower results for each of the first four
statistical moments.

Network name Power-Law Coefficient First Moment Second Moment Third Moment Fourth Moment
γ Expected Value/10−7 Variance Skewness Kurtosis/105

FERGM PLD FERGM PLD FERGM PLD FERGM PLD

Skitter 1.61077 5.886 5.886 0.000089 0.000215 4251.50 -9792.05 0.59993 2.10613
2.29100 5.886 5.886 0.000144 0.000679 3215.36 -10272.9 0.41454 2.23136

com-amazon 1.69122 29.86 29.86 0.000021 0.000402 1968.256 -7785.039 0.87927 1.79206
3.58100 29.86 20.20 0.000020 0.001387 -2389.533 -10321.93 0.50183 2.32226

com-dblp 1.72001 31.53 31.53 0.000036 0.000438 1439.969 -5203.879 0.25700 0.92023
3.26100 31.53 31.53 0.000161 0.001691 1366.408 -5481.610 0.21570 0.97415

com-orkut 1.27235 3.217 3.217 0.000014 0.000129 -1052.078 -8292.787 0.08419 1.55311
1.27235 3.217 3.217 0.000014 0.000129 -1052.078 -8292.787 0.08419 1.55311

com-youtube 2.42900 8.806 8.806 0.000514 0.000085 8242.911 -9926.672 1.74895 2.14551
2.14100 8.806 8.806 0.000479 0.000032 8395.548 -9937.868 1.78748 2.14809

loc-brightkite 1.90579 171.7 171.7 0.000272 0.000093 7286.169 -10304.63 1.49179 2.23936
2.48100 171.7 171.7 0.000324 0.000301 6714.828 -10289.96 1.33335 2.23619

loc-gowalla 1.73070 50.84 50.84 0.000163 0.000133 5976.821 -10070.77 1.10985 2.17856
2.65100 50.84 50.84 0.000227 0.000580 4746.506 -10273.14 0.80300 2.23207

roadNet-CA 2.05571 5.088 5.088 0.012306 0.038574 19.14147 -4.830455 0.00031 0.00031
8.99100 5.088 5.088 0.008737 0.083727 18.86191 -20.14131 0.00038 0.00048

roadNet-PA 2.05282 9.190 9.190 0.016977 0.051733 10.40701 -3.316731 0.00008 0.00010
8.99100 9.190 9.190 0.012242 0.109678 9.874648 -13.27716 0.00011 0.00021

roadNet-TX 2.07371 7.246 7.246 0.013164 0.038381 18.67345 -2.509578 0.00034 0.00030
8.90100 7.246 7.246 0.009801 0.081563 16.89331 -18.79923 0.00037 0.00047

soc-pokec † 1.40480 6.122 6.122 0.000063 0.000116 2774.998 -9776.171 0.35404 2.04540
3.06100 6.122 6.122 0.000085 0.001117 1687.201 -10840.98 0.20169 2.38440

web-Google † 1.61721 11.41 11.41 0.000090 0.000162 5027.033 -9731.367 0.91325 2.07987
2.73100 11.41 11.41 0.000138 0.000794 3930.578 -10387.38 0.59988 2.25981
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Fig. 7: We present the numerical results for the CM, the degree distribution versus
degree is depicted in the log-log scale insert in main graph plot for the Power-law
coeficient γ. The Empirical data is represented by red solid daimonds. The FERGMs
is represented by blue solid boxes, and finally the PLD with P (k) ∝ k−γ is represented
by the green solid circles.

27



Fig. 8: We present the numerical results for the CM. The degree distribution vs
degree is depicted in the log-log scale insert in main graph plot for the Power-law
coeficient γtail. The Empirical data is represented by red solid daimonds. The FERGMs
is represented by blue solid boxes, and finally the PLD with P (k) ∝ k−γ is represented
by the green solid circles.
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In Tables 4 and 5, we present the GCM results for the 12 empirical networks,
considering both power-law exponents, γ and γtail. In Table 4 provides the numerical
results for the GCM, including the reduced temperature, reduced chemical potential,
mean node degree, relative error, and residual standard deviation for the two power-
law regimes, reported first for γ and then for γtail. We show that, in most cases,
FERGMs systematically outperform standard power-law models, as indicated by their
lower RSD values. In Table 5, we present the numerical results for the GCM. In this
table, we report the first moment in Eq. (69), the second central moment in Eq. (70),
the third standardized moment in Eq. (71), and the fourth standardized moment in
Eq. (72) we show that FERGMs generally surpass conventional power-law models.
This is reflected in their consistently lower values across each of the first four statistical
moments.

In Fig. 9, the degree distribution versus degree for GCM is plotted on a log-log
scale, and the corresponding power-law coefficient γ is indicated in the main panel.
Empirical data are represented by red solid diamonds; blue solid squares denote the
power-law distribution (PLD) with P (k) ∝ k−γ ; and green solid circles are also shown.
In this results we can observe FERGMs has a rapidly decay to zero in a mayority of
cases campare to PLD. Where PLD mantain the tail shape that most of the networks
had. For this cases the visually more accurate case presented can be Brightkite and
Gowalla where the upper left sector of the plot is better fit, which give more importance
by the time to fitting the network. against all odds, this is one of those cases where
generalizing a model does not necessarily guarantee better results than those obtained
by a more particular case.

In Fig. 10, the relationship between degree and its distribution for GCM is shown,
characterized by the tail power-law coefficient γtail, while the inset presents the same
data on a log-log scale. Empirical data are represented by red solid diamonds; the
FERGM results with P (k) specified in Eq. (55) are shown as blue solid boxes; and
the power-law distribution P (k) ∝ k−γ , defined in Sec. (3.3), is depicted as green
solid circles. As we already see in previous figures the PLD lost almost all power of
visually model the distributions of the real-world networks, and as in previous figure
the FERGMs outperforms PLD by better fitting the upper-left sector of the log-log
plot wich give more importance given that the rest of values thend to zero.

The purpose of this setup is to evaluate how changes in the power-law coefficient
influence both the body and the tail portions of the distribution. By contrasting the
power-law distribution model with the FERGMs, we assess whether these approaches
can sufficiently capture the structural characteristics of the network. This assessment
relies on comparing statistical moments, examining the relative error in predicting
the mean node degree, and analyzing the residual standard deviation. Since the CM
has not previously been used to model empirical networks in earlier research, we now
apply it to assess how well it captures real-world networks. In addition, we compare its
outcomes with those of the GCM, which is presented in this work as a novel extension.
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Table 4: We show in this table the numerical results for the GCM. We demonstrate that FERGMs consistently outperform
traditional power-law models in most cases, as evidenced by their lower RSD. We can se that the relative error for the PLD
can exhibit results from 15% to 768%, and the RSD is in most cases lower for FERGMs.

Network name PLC Reduced Reduced chemical Parameter Average node degree Relative error RSD
γ temperature, τ potential, µ∗ eµ

∗

ED, FERGMs PLD PLD FERGMs PLD

Skitter 1.61077 0.00168 -3.83914 0.02151 13.0809 66.3457 407.19 % 0.00541 0.01468
2.29100 0.00168 -3.83914 0.02151 13.0809 2.69364 79.407 % 0.00541 0.02606

com-amazon 1.69122 0.00008 -0.19744 0.82082 5.52986 9.75713 76.444 % 0.01176 0.02005
3.58100 0.00008 -0.19744 0.82082 5.52986 1.17348 78.779 % 0.01176 0.03725

com-dblp 1.72001 0.00008 0.20327 1.22540 6.62209 7.67029 15.828 % 0.00896 0.02093
3.26100 0.00008 0.20327 1.22540 6.62209 1.25559 81.039 % 0.00896 0.04113

com-orkut 1.27235 0.00106 -1.80251 0.16488 76.2813 662.275 768.20 % 0.00673 0.01136
1.27235 0.00106 -1.80251 0.16488 76.2813 662.275 768.20 % 0.00673 0.01136

com-youtube 2.42900 0.00065 -3.69457 0.02485 5.26505 2.12330 59.671 % 0.01143 0.00922
2.14100 0.00065 -3.69457 0.02485 5.26505 3.92924 25.371 % 0.01143 0.00569

loc-brightkite 1.90579 0.00124 -0.81708 0.44171 7.35309 6.05793 17.613 % 0.00545 0.00968
2.48100 0.00124 -0.81708 0.44171 7.35309 1.94193 73.590 % 0.00545 0.01736

loc-gowalla 1.73070 0.00230 -2.36749 0.09371 9.66806 23.0961 138.89 % 0.00277 0.01154
2.65100 0.00230 -2.36749 0.09371 9.66806 1.67229 82.702 % 0.00277 0.02409

roadNet-CA 2.05571 0.00001 -1.42069 0.24154 2.81559 1.92019 31.801 % 0.13619 0.19640
8.99100 0.00001 -1.42069 0.24154 2.81559 1.00207 64.409 % 0.13619 0.28935

roadNet-PA 2.05282 0.00002 -1.43697 0.23764 2.83413 1.79152 36.787 % 0.15813 0.22744
8.99100 0.00002 -1.43697 0.23764 2.83413 1.00207 64.642 % 0.15813 0.33117

roadNet-TX 2.07371 0.00002 -1.42340 0.24089 2.78518 1.90076 31.754 % 0.13742 0.19591
8.90100 0.00002 -1.42340 0.24089 2.78518 1.00221 64.016 % 0.13742 0.28559

soc-pokec † 1.40480 0.00076 -1.67589 0.18714 37.5092 168.512 349.25 % 0.00327 0.01081
3.06100 0.00076 -1.67589 0.18714 37.5092 1.33668 96.436 % 0.00327 0.03343

web-Google † 1.61721 0.00028 -1.51023 0.22085 11.6592 32.4436 178.26 % 0.00298 0.01275
2.73100 0.00028 -1.51023 0.22085 11.6592 1.57532 86.488 % 0.00298 0.02817
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Table 5: We show in this table the numerical results for the GCM, showing the four moments. We demonstrate that FERGMs
consistently outperform traditional power-law models in most cases, as evidenced by their lower results for each of the first four
statistical moments.

Network name Power-Law Coefficient First Moment Second Moment Third Moment Fourth Moment
γ Expected Value/10−7 Variance Skewness Kurtosis/105

FERGM PLD FERGM PLD FERGM PLD FERGM PLD

skitter 1.61077 5.886 5.886 0.000029 0.000215 -2080.397 -9792.056 0.67023 2.10613
2.29100 5.886 5.886 0.000029 0.000679 -2080.397 -10272.99 0.67023 2.23136

com-amazon 1.69122 29.86 29.86 0.000138 0.000402 -3077.101 -7785.039 1.11198 1.79206
3.58100 29.86 29.86 0.000138 0.001387 -3077.101 -10321.93 1.11198 2.32226

com-dblp 1.72001 31.53 31.53 0.000080 0.000438 -1999.876 -5203.879 0.44618 0.92023
3.26100 31.53 31.53 0.000080 0.001691 -1999.876 -5481.610 0.44618 0.97415

com-orkut 1.27235 3.217 3.217 0.000045 0.000129 -7104.622 -8292.787 1.19853 1.55311
1.27235 3.217 3.217 0.000045 0.000129 -7104.622 -8292.787 1.19853 1.55311

com-youtube 2.42900 8.806 8.806 0.000130 0.000085 9723.572 -9926.672 2.08008 2.14551
2.14100 8.806 8.806 0.000130 0.000032 9723.572 -9937.868 2.08008 2.14809

loc-brightkite 1.90579 171.7 171.7 0.000029 0.000093 8477.308 -10304.63 1.68111 2.23936
2.48100 171.7 171.7 0.000029 0.000301 8477.308 -10289.96 1.68111 2.23619

loc-gowalla 1.73070 50.84 50.84 0.000007 0.000133 4276.395 -10070.77 0.51785 2.17856
2.65100 50.84 50.84 0.000007 0.000580 4276.395 -10273.14 0.51785 2.23207

roadNet-CA 2.05571 5.088 5.088 0.018549 0.038574 16.70914 -4.830455 0.00031 0.00031
8.99100 5.088 5.088 0.018549 0.083727 16.70914 -20.14131 0.00031 0.00048

roadNet-PA 2.05282 9.190 9.190 0.025005 0.051733 10.43173 -3.316731 0.00008 0.00010
8.99100 9.190 9.190 0.025005 0.109678 10.43173 -13.27716 0.00008 0.00021

roadNet-TX 2.07371 7.246 7.246 0.018886 0.038381 18.87830 -2.509578 0.00034 0.00030
8.90100 7.246 7.246 0.018886 0.081563 18.87830 -18.79923 0.00034 0.00047

soc-pokec † 1.40480 6.122 6.122 0.000010 0.000111 -8260.712 -9776.171 1.66392 2.04540
3.06100 6.122 6.122 0.000010 0.001116 -8260.712 -10840.98 1.66392 2.38440

web-Google † 1.61721 11.41 11.41 0.000008 0.000162 -2533.962 -9731.367 0.52856 2.07987
2.73100 11.41 11.41 0.000008 0.000794 -2533.962 -10387.38 0.52856 2.25981
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Fig. 9: We present the numerical results for the GMC. The degree distribution vs
degree is depicted in the log-log scale and insert in main graph plot for the Power-law
coeficient γ. The Empirical data is represented by red solid daimonds. The FERGMs
is represented by blue solid boxes, and finally the PLD with P (k) ∝ k−γ is represented
by the green solid circles.
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Fig. 10: For purely illustrative purposes, we present the numerical results for the
GMC. The degree distribution vs degree is depicted in the log-log scale and insert in
main graph plot for the Power-law coeficient γtail. The Empirical data is represented
by red solid daimonds. The FERGMs is represented by blue solid boxes, and finally
the PLD with P (k) ∝ k−γ is represented by the green solid circles.
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5 Discussion and Conclusion

In this work, we present a unified statistical–mechanical framework for modeling
empirical networks using FERGMs. We propose two complementary formulations: the
Configuration Model (CM) with bounded fitness, 0 ≤ ε ≤ ε0, and the Generalized
Configuration Model (GCM) with unbounded fitness, 0 ≤ ε ≤ ∞. These two for-
mulations capture different physical regimes of network formation, each arising from
distinct constraints on the available resources. We have derived exact and approximate
analytical expressions for degree distributions across multiple temperature regimes.
For the CM in the high-energy limit (eβµ ≫ 1, eβε ≫ 1), the degree distribution
takes the form of Eq. (49), expressed through the lower incomplete γ function. For the
GCM in the sparse network regime (eµ

∗ ≪ 1), we obtained a closed-form solution, Eq.
(55), revealing a Poisson-like structure at low temperatures, smoothly transitioning to
broader distributions as the temperature increases.

Through systematic comparison with 12 diverse real-world networks—spanning
technological (Skitter, web-Google), social (Orkut, YouTube, Brightkite, Gowalla,
Pokec), collaborative (DBLP), commercial (Amazon), and infrastructure (California,
Pennsylvania, Texas road networks) domains—we demonstrate that FERGMs con-
sistently outperform traditional power-law models in reproducing observed degree
distributions, as Fig. 11 shows.

Fig. 11: We present the cases of success for CM: the degree distribution vs degree
is depicted in the log-plot for the Power-law coefficient γ. The Empirical data is
represented by red solid daimonds. The FERGMs is represented by blue solid boxes,
and finally the PLD with P (k) ∝ k−γ is represented by the green solid circles.

As shown, in Tables 2-5, FERGMs achieve zero relative error in average node
degree by construction, while power-law distributions exhibit errors ranging from
15% to 768%. The residual standard deviations are consistently lower for FERGMs,
particularly for social and technological networks.
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Our results contribute to the growing body of evidence challenging the uni-
versality of scale-free networks [25, 27]. Instead of following a strict power-law
degree distribution P (k) ∝ k−γ over all scales, most empirical networks are, at
best, only “weakly scale-free,” showing power-law-like behavior only within restricted
degree intervals. The FERGM framework naturally captures this phenomenon via
the temperature-dependent interaction between fitness distributions and connection
probabilities.

The FERGM framework offers several practical advantages. For network recon-
struction, given partial observations such as the average node degree values or
clustering coefficients, FERGMs generate ensemble-averaged network properties with
quantified uncertainties. For network design, understanding temperature-fitness rela-
tionships enables the engineering of networks with desired topological properties
through controlled fitness distributions. More broadly, our work exemplifies the
deep connection between network science and equilibrium statistical mechanics. The
Shannon-Gibbs entropy maximization principle naturally leads to ERGMs, while the
grand canonical ensemble formulation enables the treatment of networks with vari-
able link numbers. The fitness variable plays a role analogous to energy in physical
systems, with the density of states ρ (ε) determining accessible microstates. This
study introduces FERGMs as a rigorous, analytically tractable, and empirically val-
idated framework for characterizing the structural properties of real-world networks.
By formulating network formation within statistical-mechanical principles and incor-
porating intrinsic vertex fitness as a hidden variable, we propose an alternative to the
canonical scale-free framework that better captures the diversity of observed degree
distributions.

The analytical tractability of our approach facilitates a clear separation of topolog-
ical (fitness distribution ρ (ε)) and thermodynamic (temperature, chemical potential)
contributions to network structure. This decomposition enables the systematic study of
how microscopic node properties (fitness) and macroscopic constraints (temperature,
average connectivity) jointly determine emergent network topology.

The temperature–fitness duality demonstrates that network topology arises from
a subtle equilibrium between entropic disorder and fitness-driven structural organi-
zation. Distinct classes of networks—ranging from highly structured infrastructure
networks to heterogeneous social networks—occupy specific regions within this ther-
modynamic landscape, thereby accounting for systematic deviations from otherwise
universal scaling laws.

Our demonstration that FERGMs outperform traditional power-law models across
a wide range of network types, together with our derivation of analytical solu-
tions in several thermodynamic regimes, establishes this framework as a valuable
tool for the network science community. As complex networks remain central to
understanding biological, social, and technological phenomena, frameworks like FER-
GMs—combining theoretical sophistication with strong empirical performance—will
become increasingly vital for advancing both fundamental theory and real-world
applications.

To sum up, FERGMs provide a powerful perspective for interpreting the world
as a network of interdependent relationships. By integrating the concept of fitness
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and allowing for node-level attributes, these models yield a refined picture of network
organization. Their applications span diverse fields, from social science to marketing,
offering important insights into the behavior and evolution of interconnected systems.
Although challenges persist, the capacity of FERGMs to expose latent structures in
networks and deepen our comprehension of the world around us is undeniable.

Several limitations of the current framework suggest directions for future research,
as: (i) While global clustering serves as a fitting parameter, our formulation does not
fully constrain local clustering patterns or higher-order motif distributions. Exten-
sions incorporating triadic closure mechanisms or community structure could enhance
the predictive power for networks with strong mesoscale organization. (ii) Analyt-
ical evaluation of degree distributions beyond asymptotic limits involves integrals
of hypergeometric functions that can be numerically challenging. The development
of efficient approximation schemes, possibly leveraging asymptotic expansions or
saddle-point methods, would broaden the practical applicability of our approach. (iii)
The current framework describes static network snapshots. Extension to temporal
ERGMs (TERGMs) that incorporate fitness-driven evolution while preserving analyt-
ical tractability represents an important frontier. Similarly, generalization to directed
networks with asymmetric fitness and weighted networks with continuous interaction
strengths would significantly expand the model’s scope.

Even with these limitations, FERGMs continue to serve as a valuable instrument
for deciphering the intricate patterns of connections in our world. As future work
further improves these models and broadens their range of applications, the hidden
order within networks is likely to emerge more clearly, allowing us to better understand
and potentially anticipate the behavior of the complex systems that influence our lives.

Finally, while we demonstrate that exponential fitness distributions ρ (ε) ∝ e±αβε

effectively capture observed degree distributions, understanding the mechanistic
origins of these distributions—whether they emerge from multiplicative growth pro-
cesses, optimization principles, or other dynamical rules—remains an open question
warranting further investigation.

Appendix A Generating Function

Following [37], we define a generating function as

G0(z) =
∑

k

zkP (k), (A1)

where P (k) is the degree distribution (the probability that any given vertex has degree
k). Further, all calculations will be confined to the region 0 ≤ z ≤ 1.

Once the generating function is known, the degree distribution and its moments
can be readily computed:

P (k) =
1

k!

dk

dzk
G0(z)

∣

∣

∣

z=0
, (A2)

⟨kn⟩ =
(

z
d

dz

)n

G0(z)
∣

∣

∣

z=1
. (A3)
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In particular, this yields

⟨k⟩ =G′
0(1), (A4)

⟨k2⟩ =G′′
0(1) +G′

0(1). (A5)

Furthermore, it is useful to introduce a shorthand notation for the derivatives of the
generating function:

zn =
dn

dzn
G0(z)

∣

∣

∣

z=1
. (A6)

Then, applying Eq. (A3), we find that ⟨k⟩ = z1, ⟨k2⟩ = z2 + z1, and so on.
We are now ready to analyze the topological properties of the network. First, we are

interested in the degree distribution P (k). To compute G0(z), we use the generating
function formalism for networks with hidden variables developed in [65]. One can write
the degree distribution as

P (k) =

∫

g(k | ε)ρ(ε)dε, (A7)

where g(k | ε) denotes the propagator, which satisfies the normalization condition
∑

k g(k | ε) = 1. By inserting P (k) into Eq. (A1), we obtain

G0(z) =

∫

dερ(ε)
∑

k

zkg(k | ε). (A8)

As shown in [65],

ln
∑

k

zkg(k | ε) = N

∫

dε′ρ(ε′) ln
(

1− (1− z)p(ε, ε′)
)

. (A9)

Using this result in Eq. (A8), we obtain

G0(z) =

∫

dερ(ε) exp
[

N

∫

dε′ρ(ε′) ln
(

1− (1− z)p(ε, ε′)
)

]

. (A10)

In the limit of N ≫ 1, one can approximate the generating function as Eq. (35)
where k̄(ε) is the expected degree of the node with the hidden variable ε defined by
Eq. (25). The computation of the degree distribution P (k) is defined by Eq. (36).

A direct calculation yields the following expression: zn = ⟨k̄n⟩, where ⟨k̄n⟩ denotes
the n-th moment of the node degree:

⟨k̄n⟩ =
∫

k̄n(ε)ρ(ε)dε. (A11)
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By applying Eq. (A3), the n-th moment of the degree distribution, ⟨kn⟩, can be deter-
mined provided that the corresponding moments of the hidden variables are known,
⟨k̄n⟩. In particular, we obtain, ⟨k2⟩ = ⟨k̄2⟩+ ⟨k⟩.

Appendix B Degree Distribution

We are now prepared to investigate the network’s topological characteristics. Our
initial focus is on the degree distribution, P (k). To this end, we employ the generat-
ing function method described in Appendix (A). For sparse networks, the generating
function is specified by Eq. (35), where

k (ε) = (N − 1)

∫ ε0

0

p(ε, ε′)ρ(ε′)dε′, (B12)

it denotes the expected degree of the vertex associated with the hidden variable ε; see
Eq. (53).

The calculation of the degree distribution gives

P (k) =
1

k!

∫ ε0

0

e−k(ε)
(

k (ε)
)k
ρ (ε) dε. (B13)

The degree distribution P (k) describes how the connections in a network are dis-
tributed among nodes. Specifically, it gives the probability distribution of the degrees
(the number of connections or edges) across all nodes in the network.

B.1 Case eβµ ≫ 1, eβε ≫ 1

We can express both the expected vertex degree and the average node degree in terms
of the reduced chemical potential, defined as µ∗ = βµ, and the new hidden parameter
µ∗x = βε as follows

k (x) =
N − 1

2 sinh (αµ∗/2)

(

eαµ
∗/2

2F1

(

1, α; 1 + α;−eµ∗x
)

− e−αµ∗/2
2F1

(

1, α; 1 + α;−eµ∗(x−1)
))

,

(B14)

⟨k⟩ = (N − 1)

4 sinh2 (αµ∗/2)

[

eαµ
∗

3F2

(

1, α, α; 1 + α, 1 + α;−eµ∗
)

− 2 3F2 (1, α, α; 1 + α, 1 + α;−1)

+ e−αµ∗

3F2

(

1, α, α; 1 + α, 1 + α;−e−µ∗
)

]

.

(B15)

To investigate the thermodynamic limit, the model must be defined by fixing the
parameters α and µ∗. Using the condition βµ = µ∗ ≫ 1, we find

k (x) =
N − 1

2 sinh (αµ∗/2)
eαµ

∗/2
2F1

(

1, α; 1 + α;−eµ∗x
)

, (B16)
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⟨k⟩ = (N − 1)

4

eαµ
∗

sinh2 (αµ∗/2)
3F2

(

1, α, α; 1 + α, 1 + α;−eµ∗
)

. (B17)

The degree distribution is given by high energies, βε = µ∗x≫ 1. Using the asymptotic
properties of the hypergeometric functions, we obtain

k (x) =Λe−µ∗x +Ωe−αµ∗x, (B18)

⟨k⟩ =Λ′e−µ∗

+Ω′e−αµ∗

, (B19)

where

Λ =
(N − 1)

2

eαµ
∗/2

sinh (αµ∗/2)

α

α− 1
, (B20)

Ω =
(N − 1)

2

eαµ
∗/2

sinh (αµ∗/2)

απ

sin (απ)
, (B21)

Λ′ =

[

(N − 1)

4

eαµ
∗

sinh2 (αµ∗/2)
α2

]

(

1

(α− 1)
2

)

, (B22)

Ω′ =

[

(N − 1)

4

eαµ
∗

sinh2 (αµ∗/2)
α2

](

µ∗π

sin (πα)
+
π2 · cos (πα)
sin2 (πα)

)

. (B23)

It is easy to prove that the only terms that make a contribution are the first terms
such that we can rewrite Eqs. (B18) - (B19) as

k (x) =Λe−µ∗x, (B24)

⟨k⟩ =Λ′e−µ∗

. (B25)

With these results, we can express Eq. (35) in the form

G0 (z) = − αe−αµ∗/2

2 sinh (αµ∗/2)

∫ −y0

1

e(z−1)Λyy−(α+1)dy, (B26)

where y = e−βε = eµ
∗x and y0 = e−βµ = e−µ∗

. And integrating, it is easy to confirm
that G0(1) = 1. By applying another change of variables, we can rewrite Eq. (B26)

G0 (z) = −αe
−αµ∗/2 ((z − 1)Λ)

α

2 sinh (αµ∗/2)

∫ w1

w0

e−wy−(α+1)dy, (B27)

where −w = (z − 1)Λy. Upon performing the integration, we obtain

G0 (z) = −αe
−αµ∗/2 ((z − 1)Λ)

α

2 sinh (αµ∗/2)
[Γ (−α,w0)− Γ (−α,w1)] , (B28)

39



where Γ (a, x) is the upper incomplete gamma function. To verify the correctness of
our result, we evaluate G0 (1) and G

′′

0 (1). This gives G0 (1) = 1 and G
′′

0 (1) = ⟨k⟩, in
agreement with expectations.

To determine the degree distribution, we insert the expression of Eq. (A2) into the
generating function. Carrying out the differentiation, we find

P (k) = − αe−αµ∗/2

2 sinh (αµ∗/2)
Λα 1

k!

[

Γ (k − α,Λ)− Γ
(

k − α,Λe−µ∗
)]

, (B29)

where Eq. (D55) has been employed to determine the degree distribution.

Appendix C Generalized Configuration Model

For the GCM case where the upper limit of the energy isn’t cut off. Using the
generation function defined in Eq. (42), where

k (ε) = (N − 1)

∫ ∞

0

p(ε, ε′)ρ(ε′)dε′, (C30)

is the expected vertex degree for the node associated with the hidden variable ε as
defined in Eq. (53). Evaluating the degree distribution leads to

P (k) =
1

k!

∫ ∞

0

e−k̄(ε)
(

k̄(ε)
)k
ρ(ε)dε. (C31)

C.1 Arbitrary reduced temperature τ and eµ
∗

≪ 1

In the limit where eβµ ≪ 1, the expressions for k̄(ε) and ⟨k⟩ can be approximated as
follows:

k̄(ε) ≈ (N − 1)
τ

1 + τ
eβ(µ−ε), (C32)

⟨k⟩ ≈ (N − 1)
τ2

(1 + τ)2
eβµ. (C33)

Using the asymptotic form of the generalized hypergeometric function, in conjunction
with Eqs. (D53) and (D58), we can rewrite Eq.(35) as:

G0 (z) = τβ

∫ ∞

0

eΛ
+e−βε

e−τβεdε, (C34)

where
Λ = (z − 1) (N − 1)

τ

τ + 1
, and Λ+ = Λeβµ, (C35)

by introducing the substitutions y = e−βε and b = eβµ in Eq. (C34), we obtain

G0 (z) = τ

∫ 1

0

eΛbyyτ−1dy, (C36)
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we identify this as the lower incomplete gamma function by setting −s = Λb and
sy = u, which gives

G0 (z) =
τ

sτ

∫ s

0

e−uuτ−1du =
τ

sτ
γ (τ, s) . (C37)

By substituting these results into Eq. (A2), we obtain

P (k) =
τΛ−τγ(k + τ,Λ)

k!
, (C38)

where

Λ =
(1 + τ)⟨k⟩

τ
. (C39)

A similar approach can be reached by solving the integral P (k) directly in Eq. (C31)
using the limiting case for k (ε) in Eq. (C32) and employing some of these changes of
variables, as we do it in this section.

C.2 Arbitrary reduced temperature τ and eβµ ≫ 1

For this case, we use the definition written in Eq. (53) and Eq.(54) for the limit when
βµ→ ∞. We then approximate the hypergeometric function using Eq. (D54), making
use of the facts that in our situation −1 < R (c− a− b) ≤ 0 and |arg (−z)| < π.

k (ε) ≈ (N − 1) eβε, (C40)

⟨k⟩ ≈ (N − 1) . (C41)

For the low-temperature regime: τ ≪ 1, since the main contribution in the integral
for the computation of the generating function is given by the region 0 < ε < µ, one
can approximate the expected node degree as follows:

k̄(ε) = (N − 1)H(µ− ε), (C42)

where H(x) is the Heaviside step function, and x = µ − ε. If µ < ε, then x < 0, and
if µ > ε, then x > 0,

H(x) :=

{

1, x > 0

0, x < 0
. (C43)

The transition at ε = µ becomes sharper as β increases. Straightforward computation
when x > 0 of the generating function yields

G0(z) = e−(1−z)⟨k⟩. (C44)

Next, applying Eq. (C44) into Eq. (A2) and differentiate, we derive the Poisson
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Fig. C1: We present the degree distribution P (k), for the generalized configuration
model in the main panel, and the corresponding log–log representation for the same
regime in the inset. The blue curve represent the limit case for degree distribution
P (k) for arbitrary reduced temperature τ and eµ

∗ ≫ 1. The red dashed curve presents
the Poisson distribution where the analytical prediction and the exact numerical result
coincide within graphical accuracy. Number of nodes N = 102. Parameters: τ = 0.1,
µ∗ = 20.

distribution

P (k) =
e−⟨k⟩⟨k⟩k

k!
. (C45)

Note that for x < 0, the expression becomes undefined. Therefore, in the low-
temperature limit with µ∗ ≫ 1, the network reduces to a classical random graph
characterized by a Poisson degree distribution [71]. In Fig. C1, for a network temper-
ature of τ = 0.1, we compare this Poisson distribution with the degree distribution
obtained from Eq. (C31). The number of nodes is N = 102, and the parameters
τ = 0.1, µ∗ = 20. One observes an excellent match between the two results.

Appendix D Analytical Identities

The definition of a generalized hypergeometric function

pFq (a1, ..., ap; b1, .., bq; z) =
∞
∑

n=0

(a1)n . . . (ap)n
(b1)n . . . (bq)n

zn

n!
, (D46)

where (ai)n and (bi)n are the ascendant factorial (also called the Pochhammer symbol,
Pochhammer function, or Pochhammer polynomial).
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In this work, we continue to assume that none of the bottom parameters bi are
nonpositive integers. The Pochhammer symbols are given by

(x)n = x (x+ 1) (x+ 2) . . . (x+ n− 1) , (D47)

for the particular case p = q + 1, with (a1) = 1, (ai ̸=1) = a, and (bi) = 1 + a, we may
express it as

q+1Fq (1, a, ..., a; 1 + a, .., 1 + a; z) = aqϕ (z, q, a) , (D48)

where ϕ (z, q, a) is Lerch transcendent function defined as

ϕ (z, q, a) =
∞
∑

n=0

zn

(n+ a)
q . (D49)

The polylogarithm arises as a particular case of the Lerch transcendent function, if
we set k = n+ 1, we obtain

Lis (z) =
∞
∑

k=1

zk

ks
= zϕ (z, s, 1) , (D50)

and, it is straightforward to verify that

3F2 (1, 1, 1; 2, 2; z) = z−1Li2 (z) . (D51)

Another particular case occurs for a = 1, b = 1, and c = 2, and is specified when

2F1 (1, 1; 2; z) = −z−1 ln (1− z) , (D52)

It is straightforward to verify that, in this particular case, the identity relating the
generalized hypergeometric functions for q = 2 and q = 1 can be expressed as:

3F2

(

1, a, a; 1 + a, 1 + a; z
)

= −a2 ∂
∂a

(1

a
2F1

(

1, a; 1 + a; z
)

)

, (D53)

another useful identity employed in this work arises in the limit z → ∞, where we can
approximate the hypergeometric function by [72]:

2F1 (a, b; c; z) =
Γ (c) Γ (b− a)

Γ (b) Γ (c− a)
(−z)−a

2F1

(

a, 1− c+ a; 1− b+ a;
1

z

)

+
Γ (c) Γ (a− b)

Γ (a) Γ (c− b)
(−z)−b

2F1

(

b, 1− c+ b; 1− a+ b;
1

z

)

(|arg (−z)| < π) .

(D54)
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For the derivation of the degree distribution in Eq. (B29)

∫ v1

v0

e−vvk−α−1dw =

∫ v1

0

e−vvk−α−1dv −
∫ v0

0

e−vvk−α−1dv = γ (k − α, v1)− γ (k − α, v0)

=

∫ ∞

v0

e−vvk−α−1dv −
∫ ∞

v1

e−vv−α−1dv = Γ (k − α, v0)− Γ (k − α, v1) .

(D55)

A helpfull identity used in this work is [68, 72]:

2F1 (a, b; c; z) = 2F1 (b, a; c; z) , (D56)

and specifically in the case where b = c [69]

2F1 (a, b; b; z) = (1− z)
−a
, (D57)

for the specific choice a = 1, b = α, c = α+ 1 and z = −1 we may apply

2F1 (1, α; 1 + α;−1) =
1

2
α

[

ψ

(

1

2
α− 1

2

)

− ψ

(

1

2
α

)]

, (D58)

where ψ(x) = Γ′(x)/Γ(x) for x ̸= 0,−1,−2, . . ., which is known as the ψ-function.
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produce arbitrary scale-free networks. Phys. Rev. E 70, 056126 (2004) https:
//doi.org/10.1103/PhysRevE.70.056126

[25] Broido, A.D., Clauset, A.: Scale-free networks are rare. Nat. Commun. 10(1),
1017 (2019)

[26] Artico, I., Smolyarenko, I., Vinciotti, V., Wit, E.C.: How rare are power-law
networks really? Proc Math Phys Eng Sci 476(2241), 20190742 (2020)

[27] Holme, P.: Rare and everywhere: Perspectives on scale-free networks. Nat.
Commun. 10(1), 1016 (2019)

[28] Newman, M.E.J.: The structure and function of complex networks. SIAM Review
45(2), 167–256 (2003) https://doi.org/10.1137/s003614450342480
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[65] Boguñá, M., Pastor-Satorras, R.: Class of correlated random networks with
hidden variables. Phys. Rev. E 68, 036112 (2003) https://doi.org/10.1103/
PhysRevE.68.036112

[66] Wilf, H.S.: Generatingfunctionology. A K Peters, Wellesley, MA (2006)

[67] Nesterov, A., Villafuerte, P.H.M.: Critical phenomena in complex networks: from
scale-free to random networks. The European Physical Journal B 96(11), 143
(2023) https://doi.org/10.1140/epjb/s10051-023-00612-0
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