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1 Model Evaluation

1.1 Euler’s elastica regularization

Let Q C R2 be an open connected domain. A set C C () is defined as a simple, closed, oriented, smooth
curve of class C? if it can be obtained as a regular level set of a function u : 2 — R in the following way.
Let u be locally Lipschitz on €2 and suppose that there exists an open neighborhood U C € of C such that

u € C*U), |Vu(z,y)| >0 forall (x,y) € U,
and
C={(z,y) € Q] u(z,y) =0}. (1)
The non-vanishing gradient guarantees that C is a regular C? curve, and the map
Vu(z,y)
ne,yY) =1 . p x,y GUa (2)
OO Suyy O

defines a unit normal vector field of class C!' on U that coincides with the oriented normal of C on the curve
itself. The (signed) curvature « of C is defined pointwise as the Euclidean divergence of n restricted to the
curve:

k(p) = (Vn)(p), pecC. 3)
In terms of the defining function u, (3) reads
Vu
H—V(W) onC. 4

Because n is a unit field, its divergence on C coincides with the tangential derivative of the normal direction;
this is precisely the classical notion of signed curvature. A direct computation of the divergence in (4) yields
the explicit formula
umuz — 2Ugy Uz Uy + uyyui
(u2 + u2)3/2

whose right-hand side is independent of the particular choice of the defining function u as long as |Vu| > 0
near C.

Let a, 3 > 0 be fixed constants. For a C? curve C as defined above, the Euler’s elastica energy is the
functional

onC, ®))

KR =

EC) = /C(a + B K?) ds, (0)

where ds denotes the arc-length element on C. When C is represented implicitly via the function  satisfying
(1), we may rewrite (6) as an integral over the whole domain {2 by means of the co-area formula. For a.e.
t € R and any continuous function f

/ f(x,y) ds = / £ () Ve, 9)] 8 (u(z,y) — t) dz dy, ™
{u=t} Q

where § is the one-dimensional Dirac distribution, i.e., 6(z) is defined by its action on test functions:
Jg ¥(2)0(2) dz = ¢(0). Taking ¢ = 0 and f(z,y) = « + Bx* in (7) gives the level-set formulation of
the Euler’s elastica energy:

2
B = [ [a+8(9- (%) ] IVate )| 5(ute.) do . ®)
where the divergence term V - (%) is understood as the pointwise function on U defined by (4) and its

restriction to C coincides with the geometric curvature .



1.2 Directional convolution

We introduce a learnable directional convolution layer to better capture the anisotropic spatial structure
of point-spread functions (PSFs) in imaging data. The layer acquires adaptive directional sensitivity via
parameter learning and enforced sparsity. Since the shape of a PSF often varies significantly along the
optical axis, the learnable weights enable the filter to adjust its directional selectivity dynamically, thereby
reflecting the PSF’s anisotropic geometry more faithfully. Moreover, because real imaging data contain
varying levels of out-of-focus noise, the proposed convolution learns robust feature representations across
different noise conditions, which helps reduce localization errors in complex imaging scenarios.

Let z : Z? — R denote a discrete image. For a centre pixel pg = (0,0), its 3 x 3 neighbourhood is
indexed by

N = {ph cee 7p8} = {(_17 _1)7 (07 _1)7 (17 _1)7 (_170)7 (170)7 (_17 1)7 (07 1)7 (17 1)}

For each neighbour p,, € N, we define the corresponding unit direction vector

Pn — Po

Vo = 5>
Hpn _pOHQ

and the Euclidean distance d,, = ||p, — po||2, which takes values in {1,+/2}. A discrete approximation of
the directional derivative along v, at pg is given by the finite difference

_ x(pn) — x(po)
gn = TO

We construct a generalised gradient operator that combines these directional differences in a learnable way.
We introduce per-direction parameters a,, € R (amplitude) and §,, € R™ (distance scaling), and define

8
Z(T: —93(]90)]~

n=1

S|

To guarantee a zero response in any constant region, i.e., whenever x(p,,) = z(po), we impose the zero-sum

constraint .
n J—
Z =0

which ensures translational invariance and prevents an output bias. The operation above can be rewritten as
a standard convolution with a 3 x 3 kernel F:

y(po) = Y Flk) x(po + k),

ke NU{po}

where the kernel entries are a
67”7 k=pp,€ N ,

8
YR

— O,
We enforce sparsity constraints on the pairs {a,, 0, } to enhance directional selectivity and reduce parameter
redundancy. This yields two specialised kernels: ., sensitive to horizontal and diagonal directions while

F(k) =



suppressing vertical neighbours, and F,, sensitive to vertical and diagonal directions while suppressing
horizontal neighbours. The sparsity pattern is determined by the index sets

Ra? = {p17p37p47p57p67p8} and Ry = {p17p27p37p67p77p8}‘

The horizontal directional response is therefore

velpo) = 3 5 [o(pn) — (o)),

nERw

which is implemented by the convolution

ye(po) = Y Fulk) z(po + k),

keNU{po}
with the kernel F,, given by .
i, k=pn € Re,
Fok) = 0, k= pn & Ra,
- Z %:, k = po.

Arranging these values on a 3 x 3 grid yields the kernel matrix

0, 0 05
Fo=0s —Soer, 00 05 with 6, := <
06 0 05 !

Analogously, the vertical directional kernel is

01 ) 03
06 07 s

The proposed framework generalises several classical edge-detection operators as special cases, obtained by
fixing the ratios 6,, = a,, /0, appropriately. The specific choices that recover the Sobel, Prewitt, Frei—-Chen,
Roberts-cross, and Scharr operators are summarised in Table 1. Consequently, this learnable directional
convolution not only generalises traditional fixed filters, but also provides a flexible mechanism for adapting
the directional response to the particular anisotropy present in the PSF of a given imaging system.

1.3 Alternating update mechanism

The localization loss L, is formulated within a mixture-model framework and optimized via an alternating
scheme that decouples emitter localization from uncertainty calibration. Let {pg, fi, 6k}kK:1 be the learn-
able mixture weights, predicted locations, and initial uncertainty estimates for & potential emitters. The
ground-truth data consist of £ emitter locations g and associated uncertainties o;. The objective function
is defined as a combination of a negative log-likelihood term for localization and a regularization term for
uncertainty calibration:

E K K
L= Z(log(z m P(st | s 57) ) + Alog Y (7 P07 | &k,wi))>, (M
e=1 k=1

k=1
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Table 1: Classical edge-detection operators as instances of the learnable directional convolution.

Operator Choice of 0,, = a,, /5y,

17 Dn € {plap37p6ap8}7
Sobel 9” = 27 DPn S {p47p5}5
0, otherwise.

1, ER Ry),
Prewitt 0, = Pn o (or Ry)
0, otherwise.
1
Frei—Chen 0,=—, a,=1,9,=d,
dn,
]‘7 e b )
Roberts cross 0, = Pn {p1 ps}
0, otherwise.

37 p’rl c {p17p37p67p8}7
Scharr en = 107 Pn € {p47p5}7

0, otherwise.

where 7, = % are the normalized mixture weights, 7, = gik are the detached normalized
j=1Pj j=1Pj

weights with pp = detach(py), i.e., py carries the current value of p; but does not propagate gradients,
P(- | p,0?) denotes the Gaussian probability density function, and wj;, > 0 are auxiliary learnable scale
parameters that model the deviation between predicted and true uncertainties. The optimization proceeds in
two alternating stages, each focusing on a distinct component of the loss.

Stage 1: Localization update. This stage minimizes the negative log-likelihood term

1 & <
L4 = _E210g<kzlﬂk P (s | ﬂkv&z)>’

e=1

the parameters of which are updated via gradient descent:

(1) (1) 0L A

p =D — 1A )
L(t41) At 0L 4
ILI’I((; ):M;g)—UA NOK
Ofiy,
(1) (1) 0L A
o =40, —na .
’ : o6V

Maximizing the Gaussian likelihood at the ground-truth location p} encourages precise spatial predictions.
A smaller variance &,% produces a sharper density peak, which increases the likelihood contribution and
thereby drives the model to refine both the location estimates [i; and the associated uncertainties 6y, for
high-confidence emitters.



Stage 2: Uncertainty calibration. This stage minimizes the regularization term

P,
Lp = _EZIOg;<7~% P(o; | &kawz))v

e=1

which can be interpreted as performing maximum-likelihood estimation for the parameters 6, and wy, under
a Gaussian prior whose mean is the true uncertainty o . Crucially, the mixture weights 7, are detached from
the computational graph; therefore, gradients of £p do not propagate back to the original weights pj. The
updates are:

(1) (1) OLp
O =0, —NUB

(90,(6)

(t+1) (t) oLp
wy, =W, —7NB PR
3w,(€)

p,(fﬂ) = detach (ﬁ](fﬂ)) .

This decoupling ensures that the calibration of uncertainty estimates does not interfere with the learned
emitter-existence probabilities.

Iterative refinement. The alternating scheme establishes a mutually reinforcing feedback loop. The up-
dated variance 0}, from Stage 1 is passed to Stage 2, where it is calibrated against the true uncertainty o).
The refined 6, then re-enters Stage 1, leading to a more accurate probability density and consequently to
improved estimates of Py and fig. This iterative decoupling prevents conflicting gradient signals and jointly
enhances localization accuracy and uncertainty reliability.

1.4 Differentiable non-maximum suppression

To enable end-to-end training of the single-molecule localization pipeline, we introduce a differentiable
non-maximum suppression (NMS) algorithm designed to operate robustly across both low- and high-density
imaging conditions. Instead of relying on fixed global thresholds, our method employs a lightweight
post-processing network that predicts pixel-wise threshold maps Ziow, thigh, teum € RIXW “each correspond-
ing to a distinct detection criterion adapted to local signal density. In low-density regions, a relatively high
threshold toy is applied to select isolated, high-confidence candidates. A soft-selection mechanism is then
used to suppress duplicate detections within local neighbourhoods. In high-density regions, where over-
lapping signals are frequent, a lower threshold tp;gn allows the detection of weaker emitters. An additional
condition requires that the sum of responses from the centre pixel and its four-connected neighbours ex-
ceeds a cumulative threshold ¢.,, to reduce false positives. The entire procedure is made differentiable by
replacing discrete operations (thresholding, local-max selection, summation) with continuous relaxations,
thereby enabling gradient-based optimization through the NMS module.

Differentiable approximations. Hard thresholding is relaxed using a scaled sigmoid function
soft_threshold(p, t) = o (s - (p — 1)),

where p is a pixel-wise probability (or intensity) value, ¢ is the corresponding learned threshold, o(z) =
(1 4+ e=#)~1 is the logistic sigmoid, and s > 0 is a sharpness parameter. Larger s makes the transition
steeper, approaching a step function.



Discrete local-maxima detection is replaced by a soft-attention mechanism over a 3 x 3 neighbourhood.
Let N3(k) denote the set of pixel indices in the 3 x 3 window centred at pixel k. Define the local-max score
as

exp((px — max;e Ny (k) Pi)/T)
> je Ny (k) €XP((Pj — maxie Ny () Pi)/7)

where 7 > 0 is a temperature parameter. As 7 — 0 the distribution approaches a one-hot vector at the strict
local maximum, while larger 7 yields a smoother assignment of prominence. Neighbourhood aggregation
for the high-density path is implemented via a fixed, normalized convolution with the four-connected stencil

soft_local max(p); =

1 010
K= 3 111
010
Thus the aggregated response at pixel k is
neighbour_sum(p); = Ky j—k Dij-
(4,5)€N3 (k)

Complete differentiable pipeline. The overall procedure, which combines the low-density and high-density
detection paths, is summarised in Algorithm 1. The inputs are a batch of probability maps p € RE*HxW
and the learned threshold maps fiow, thigh, tcum € REXHXW = A operations are applied independently per
batch element and per spatial location.

Algorithm 1 Differentiable non-maximum suppression

Require: Probability map p € RE*H*W: Jearned thresholds oy, thigh, teum € REXHXW . sharpness s > 0,
temperature 7 > 0.
Low-density detection

1: Myow < soft_threshold(p, tiow) > soft mask after high threshold

2: ajow < soft_local_max(p) > soft local-max assignment

3: Plow — Miow © Alow > low-path activation
High-density detection

4: Mpigh < soft_threshold(p, thign) > soft mask after low threshold

5: Squm < neighbour_sum(p) > aggregated neighbourhood response

6: Meum < soft_threshold(ssum, tcum) > soft cumulative mask

7: Dhigh <= Mhigh © Meum > high-path activation
Fusion

8: Pout < max(Piow, Dhigh) > element-wise maximum

9: return poy € REXHXW

The output poye is a soft activation map that highlights pixel-wise detection confidences while being
fully differentiable with respect to the input probability map p and the learned thresholds fiow, thigh, teum-
This design allows the NMS module to be integrated seamlessly into an end-to-end trainable localization
network.



2 Numerical Implementation

2.1 Simulation data generation

To quantitatively evaluate the performance of ORIENCODE on SMLM data with out-of-focus noise, we
simulated two parallel fluorescent lines and a hollow rod, both randomly sampled within a three-dimensional
space of 6.4 x 6.4 x 1.0 um3. The separation between the parallel lines was set to 100 nm, 80 nm, 60 nm, and
40 nm, corresponding to a pixel size of 100 nm. The axial (z-axis) sampling range for the main structures
was defined as [—500,500] nm. The hollow rod had a radius of 60nm and a length of 4400 nm. For
each molecule, two out-of-focus emitters were introduced in the surrounding region. The in-plane (xy)
coordinates of these out-of-focus emitters were randomly sampled within an annular ring located at 0.3—1
full width at half maximum (FWHM) from the central molecule, while their axial positions were selected
from the union of the intervals [—1500, —500] U [500, 1500] nm.

To emulate realistic data acquisition, we modelled the noise characteristics of an EMCCD camera. The
imaging process involves several sources of noise that must be considered for accurate signal interpreta-
tion. The first originates from photon counting, which follows a Poisson process. The expected number of
electrons generated in pixel k can be approximated as

Ak = Aok - QE + b, 2

where \g j, is the average number of photons arriving at the pixel, QF is the quantum efficiency, and b
represents a background term such as dark current. The second noise source comes from the electron
multiplication register, a key feature of EMCCD sensors. This amplification process introduces additional
variability and can be approximated using a Gamma-like distribution:

p(x | sp,0) oc e P, 3)

where s, is the number of incoming electrons and 8 is the effective gain parameter. Finally, read noise is
added during signal digitization. This is typically modeled as a zero-mean Gaussian noise with a constant
standard deviation o, and can be written as

p(x) ~ N(0,07). )

Before image analysis, the raw signal was calibrated by subtracting the baseline offset and normalizing by
the total gain, which includes both the analog gain g and the electron multiplying gain 6.

2.2 Training data workflow

Stage 1: Emitter parameter initialization. First, in-focus emitters are generated. An emitter is consid-
ered in-focus when its axial displacement satisfies |Azj| < 500 nm. For such emitters we sample

(Azg, Ayy) ~ U([-0.5, 0.5]*)  (pixel units),
Az, ~ U([-500, 500]) nm,
Ik ~ N(Mdvgczl)a

where (4, Ufl are fluorophore-specific intensity parameters. Next, out-of-focus emitters (500 nm < |Azy| <
1500 nm) are created as follows. Let p € [0, 1] denote the fraction of in-focus emitters that are selected as
reference emitters. For each reference emitter we generate n out-of-focus companions. The lateral position
of a companion is obtained by adding a random radial offset to the reference position:

AV Axff cos 6
<Ayg“t> = (Ayzef +R <ing ) R ~ U([FWHM, 2xFWHM]), 6 ~ U([0, 2n]),

8



where FWHM is the full-width at half-maximum of the in-focus PSF (in pixel units). The axial displacement
of the companion is sampled uniformly from the two out-of-focus intervals:

Az, ~ U([-1500, —500] U [500, 1500]) nm,

and its intensity is drawn from the same fluorophore-specific distribution I}, ~ N (pq, 02).

Stage 2: Optical system modeling. The optical image is formed by convolving the point-source distri-
bution with depth-dependent PSF kernels. Let §(z — x,y — yi) denote a Dirac delta centred at the k-th
emitter location, and let PSF(+; 21, ) be the point-spread function at depth zj. The noise-free optical intensity
at spatial coordinates (z,y) is

M) =

Fop(z,y) = > I [6(z — xk,y — yx) * PSF(z, y; 21)],

k=1
where * denotes two-dimensional convolution. In practice the PSF is represented by a discrete kernel whose
shape varies smoothly with zj.

Stage 3: Detector noise simulation. To emulate a real camera, we add photon-shot noise and readout
noise. The expected photon count at pixel (4, ) is

Aij = Fopi(i, J) + tog,

where g is the mean background intensity (dark current plus ambient light). Photon statistics are modelled
by a Poisson distribution, and readout noise by additive Gaussian noise. Hence the final simulated pixel
value is

Fﬁnal(i,j) = Xij + €ij, Xij ~ POiSSOn()\Z’j), Eij ~ N(O, Jr2ead)’

where X;; and €;; are independent random variables. The standard deviation oe,q quantifies the readout-circuit
noise.

2.3 Evaluation metrics

To evaluate the performance of ORIENCODE on simulated data containing out-of-focus noise, we employed
two widely used metrics to assess detection accuracy and localization precision: the Jaccard Index (JI) and
the Root Mean Square Error (RMSE).

The Jaccard Index (JI) measures detection accuracy by measuring the overlap between the set of detected
localizations and the set of ground truth emitters. It is defined as:

B TP
~ TP+ FP +FN

where TP, FP, and FN denote the number of true positive, false positive, and false negative detections,
respectively. For this classification, a detected localization is matched to a ground truth emitter and consid-
ered a true positive (TP) if its lateral displacement is less than 250 nm and its axial displacement is less than
500 nm.

In contrast, the Root Mean Square Error (RMSE) quantifies the localization precision for correctly iden-
tified emitters. It is calculated for all matched localizations (TPs) as the root mean square of the Euclidean
distances between estimated and true positions:

JI (5

1
RMSE — ~ Z (& — 257)2 + (§; — yOT)2 + (8 — 257)2), (6)

)



where N is the number of true positive matches (TP count), (Z;, 9, Z;) are the estimated coordinates of the
i-th matched emitter, and (28T, yST, 25T) are its corresponding ground truth coordinates.

Furthermore, to provide a more detailed analysis, we decomposed the overall RMSE into its lateral and
axial components. The lateral Root Mean Square Error (RMSE|,,) evaluates the localization precision in the

zy-plane:

1 . A
RMSE = | > (&5 — 2f)2 + (5 — v7)?). )
i=1

Similarly, the axial Root Mean Square Error (RMSE,x) quantifies the precision along the optical axis (z-
axis):

N
1 . 2
RMSEu = 4| - ;:1 (2 —271)" ®)

3 Supplementary Results
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Supplementary Figure 1: Quantification of intrinsic localization precision using simulated secondary
antibody data under noise-free conditions. The panels show aggregated 3D scatter plots (left) and position
histograms in z, y, z (right) for 1,000 aligned emitters at the focal plane (z = 0). Rows from top to bottom
display results obtained by ORIENCODE, DECODE, and Gaussian fitting, respectively.
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Supplementary Figure 2: Structure and sample images of simulated data. a, Schematic diagram of two
simulated fluorescent lines with a spacing of 40nm and a length of 6400nm. b, Schematic diagram of a
simulated hollow rod with a radius of 120 nm and a length of 5600 nm. ¢, SMLM challenge training dataset
MTO [1]. d—f, Visualizations of random frames in a—c, respectively.
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Network

Supplementary Figure 3: Visualization of the 13 channels predicted by the ORIENCODE. The net-
work’s output is a 13-channel feature map providing a per-pixel description. The channels encode key phys-
ical parameters, including: the molecular presence probability (p); sub-pixel offsets for 3D position and
intensity (Ax, ..., Al); their associated uncertainties (o, . .., or); the predicted localization error bounds
(wz, wy, w) based on the CRLB; and background (bg).
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Supplementary Figure 4: Visualization of raw data from calibration beads. Samples were prepared
by sparsely immobilizing fluorophore-labeled secondary antibodies on a glass coverslip, followed by data
acquisition under standard STORM [2] imaging conditions. It is evident that out-of-focus PSFs at large
axial distances (e.g., at z = 1500 nm) appear highly diffuse and hazy. In contrast, this effect is absent for
PSFs within the effective imaging depth (e.g., at z = +500 nm), where they maintain a distinct shape.
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Supplementary Figure 5: Calibration of the astigmatic PSF. To calibrate the astigmatic point spread func-
tion, a z-stack of 301 images of a sparsely sampled emitter was recorded. The images were acquired with a
10 nm axial step size over a £1.5 pm range around the focal plane. The central region (0.5 sm) was used
to model the in-focus PSF, while the remaining images in the outer ranges were used for the out-of-focus
PSF. a, Comparison of Gaussian and spline fitting [3] results for the experimental PSF obtained from cali-
bration beads. b, The ellipticity and orientation of the fitted PSF are plotted as a function of axial position,
showing their characteristic variation through focus.
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Supplementary Figure 6: Visualization of simulated data under different levels of out-of-focus noise.
The above visualizations display simulated data with a fixed number of 20 in-focus emitters. The density of
out-of-focus emitters is progressively increased, with values of 0.5, 1.5, 2.5, 3.5 /um?. The specific method
for generating the simulated data refers to Supplementary Note 2.2.
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