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Abstract

For the infinite dimensional system combining time-delayed negative feedback and time-periodic
driving, we investigate the discrete-time dynamical system generated by the Poincaré map T
of this system and present an amenable condition which enables us to obtain the global con-
vergence of the orbits. This yields the global convergence to the harmonic periodic solutions of
the corresponding time-periodic delayed systems with negative feedback. Our approach is moti-
vated by embedding the negative feedback system into a larger time-periodic monotone delayed
dynamical systems. We further utilize the theoretical results to obtain the global convergence
to periodic solutions for the time periodically-forced gene regulatory models with distribution
delay. Numerical simulations are exhibited to illustrate the feasibility of our theoretical results
for these models.

Keywords: global convergence, time-delayed negative feedback, time-periodic driving,
Poincaré map, gene regulatory models

1. Introduction

Delay equations reveal systems whose future states depend on past values, vital for capturing
time-lagged phenomena in biology, engineering, and epidemiology to predict dynamics accurately
[3, 7]. Building on this foundation, feedback control systems dynamically adjust outputs to meet
targets, ensuring stability from automation to biological regulation [1, 11, 14, 15, 16]. Among
these, negative feedback systems are particularly prevalent in biological processes [8, 17, 21,
22]. Meanwhile, periodic phenomena arise naturally in population biology when accounting
for external cyclic drivers like day-night rhythms or seasonal parameter variations [17, 20, 24].
Consequently, investigating the dynamics of systems combining time-delayed negative feedback
and periodic driving presents both significant challenges and profound fascination. In the present
paper, we consider the following time-periodic delayed cyclic system with negative feedback:
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1= Fi(t,z) = Gy (t,x,zp(t — 1)),
ii:Fi(t,ﬂft)EGi (t,fbi,ﬂfi,l(t*T)), 2<’L'<’I’L*1, (11)
T = Fp(t,zy) = Gy (t, 2, Xp—1(t — 1)),

where r > 0 is the given delay and the nonlinearity G = (G, G2, -+ ,Gy,) is continuous, together
with their partial derivatives with respect to x, for any (t,z) € Ry x R™. Here R = [0, 00).
Moreover, there exists §; € {—1,+1} such that

0
on

>0, forall (t,&,7) € Ry x R? and 1 < i < n.
Let X € C = C ([-r,0],R™) be the nonempty state space. It is also assumed that there exists
7 > 0 such that

F(tyx) =F(t+71,2¢), (t,x1) € Ry X X, (1.2)

where z4(s) = z(t +s), —r < s < 0.

For the autonomous case, that is, F' does not depend on ¢ in (1.1), Mallet-Paret and Sell [15]
have established the remarkable Poincaré-Bendixson theory with delay, which yields that the
w-limit set of any bounded orbit must be a nontrival periodic orbit if it contains no equilibrium.
Following [16], we call system (1.1)-(1.2) a time-periodic delayed monotone cyclic feedback system
(MCFS). Let A = 6162---6, = —1. Then system (1.1)-(1.2) turns out to be a time-periodic
delayed MCF'S with negative feedback. It is worth pointing out that such system is not monotone
in the delayed sense of Hirsch [9, 10, 19] with respect to certain usual convex cones.

Due to the complexity introduced by external periodic driving, very few studies have concen-
trated on dynamics of the time-periodic delayed MCFS with negative feedback. In the present
paper, we will focus on the global asymptotic behavior of the time-periodic delayed negative
feedback system (1.1)-(1.2) that can be viewed as a closed-loop system

= F(t,xe) = f(t,ze,h(ze)), (1.3)
which satisfies the following assumptions (see more details in Section 2):

(A1)’ For each p € U, & = f(t,z¢,p) can generate a time-periodic monotone delayed system on
X in the usual order relation sense.

(A2) For each (t,€) € Ry x X, f(t, 2z, ) is increasing in ¢ relative to an order relation.
(A3)" The output function h : X — U is decreasing.

Here, the set U C C ([-r,0],R™) is called the input space and the assumption (A3)" exhibits
characteristic of the delayed negative feedback.
A prototypical example of system (1.3) is the following gene regulatory models with discrete



delay (see [18] for more details):

iy = g(zn(t — 1)) — aa ()2,
i =z (t—r) —o(t)r;,  2<i<n-—1, (1.4)

Ep = Tp1(t — 1) — an(t)zp.

Here «;(t) = a;(t+7) > 0 are continuous for any i = 1,--- ,n, and g : Ry — R is continuously
differentiable and satisfies g(0) > 0 and its derivative ¢’ < 0.

Enciso et al. [4] investigated the asymptotic behavior of the autonomous delayed system (1.3)
with negative feedback. Under the assumptions (A1)’-(A3)" with f being independent of time ¢,
they constructed some positively invariant subset BC X ={x e R" : 2 € X CC, T|_p0) = x};
and moreover, under the additional condition

a,b € B with a <b and f(a,h(b)) =0= f(b,h(d)) = a =b,

they have obtained the global convergence of any solution for such autonomous system.

In this paper, we will investigate the dynamics of the periodic map (i.e., Poincaré map), de-
voted by T, for the time-periodic closed-loop delayed negative feedback system (1.3). Motivated
by the work in [4], we will embed the discrete-time dynamical system {T™},>¢ on X into an
extended discrete-time dynamical system {T"},>0, which is defined on the Cartesian Square
X x X, generated by the time-periodic symmetric system

{ab = f(t, e, h(y)), (1.5)

g = £y, h(z)),

such that T(€,€) = (T€,T€) on the invariant diagonal of X x X. Furthermore, we provide an
amenable condition:

(A4)" There exist xg,yo € X satisfying xo < yo with [Zo, Jo] C X and

0 [%

. / f(t,y?,h(x?))dtQOé/ ft,2d n@)))dt, for 0 € [r —r, 7], if 7 >7
0

(1.6)

0
. / ft,y2 h(2?)dt <0< /ftxt,hyt))dt, for 0 € [0, 7], if 7 <,
0

where (2%(t),3°(t)) = ®(¢,0, (Zo, o)) is the solution of system (1.5). Moreover, for any
two 7-periodic continuous functions a(-), b(-) € C([0,7],X) satisfying a(-) < b(-) and
ar,br € [Zo, Yo], there holds

/T f(t,ae,h(by))dt =0 = /T f(t, b, h(ay)) dt = a(-) = b(:). (1.7)
0 0

Here (1.6) enables us to find a positively invariant region B C X for the Poincaré map T
associated with system (1.3) and (1.7) ensures the uniqueness of periodic solutions for system
(1.3). It is worth noting that the global convergence of the time-periodic systems with negative



feedback has been obtained by (A4)" without delay (i.e., » = 0)(see [21]). For the given delay
r > 0, we will show that the global convergence of the orbits for the discrete-time dynamical
system {7 },,>0 holds whether the period 7 < r or 7 > r (see Theorem 2.1). In the terminology
of differential equations, the global convergence to a unique 7-periodic solution is thus obtained
for system (1.3) (see Corollary 2.2).

By applying our theoretical results to the time periodically-forced delayed gene regulatory
system (1.4) with «o;(t) = «;,1 < i < n — 1, we obtain that any solution will approach to a
unique 7-periodic solution provided that the following condition holds:

(H1) max {—¢'(u) : 0 < u < oz_lg(O)} <, where a= Hai and «, = min a,(t).

. 0<t<r
=1

Another prototypical application of system (1.3) is the following negative feedback systems
with distribution delay:
i1 = g(Lpat) — ay(t)xy,
i‘i = Lz;lxg_l — Oéi(t).l‘i, 2 < ) <n— 1, (1.8)
Ty = Ln—1$271 - an(t)xnv
where a;(t) = a;(t+7) > 0 is continuous for any ¢ = 1,--- ,n, and g : Ry — R4 is continuously
differentiable and satisfies g(0) > 0 and its derivative ¢’ < 0, and

1 0
Lzt = / zi(t+s)ds, 1 <i<n.
r T
According to our theoretical results for the time periodically-forced delayed negative feedback
system (1.8) with «a;(t) = a;,1 < ¢ < n — 1, we obtain the existence and global convergence of
periodic solution provided that the following condition holds:

n

, where a= HO‘" and a, = min a,(t),
1 o<t
1=

(H2) max{—¢'(u):0<u< 04_19(0)} < %

where N is the minimal positive integer such that N7 > r. Moreover, numerical simulations
for the dynamics of the time-periodic delayed gene regulatory model are illustrated to show the
obtained theoretical results for periodic systems (1.4) and (1.8).

This paper is organized as follows. In Section 2, we introduce some notations and preliminar-
ies, and state main results for the time-periodic delayed closed-loop system (1.3) with negative
feedback. In Section 3, we give the proof of our main results. Finally, we explore the dynamics
of time periodically-forced gene regulatory models with delay in Section 4.

2. Notations and main results

Let R™ be ordered by “<g” generated by a cone K with nonempty interior and denote by K*
the dual cone to K. This cone K can induce a cone Cx in the Banach space C = C ([—r, 0], R"),



where the delay r > 0, defined by
Ck ={6€C:{(s) 20, —r<s <0}

It has nonempty interior in C given by Int(Cx) = {£ € C : {(s) > 0, —r < s < 0}, where the

(14

usual notion “<, <,<” will be used for the various order relations on C generated by Cx. In

particular,
§<nin C < forany se[-r0], {(s) <n(s) in R".

We will use the same notation “<” for the order relation in R™ and C without explanation in the
future. Let R™ be ordered by “<y” generated by a cone Ky with nonempty interior. Similarly,
the cone Ky induces a cone Cg,, in the Banach space Cy = C ([—r,0],R™), defined by

Cry, ={peCy:e(s) >0, —r <s <0}
There exist two natural imbeddings which are R™ into C and R™ into Cy respectively. Let
X={zeR": 7€ X CC, 7| =2}

Denote U C Cy and U = {u € R™ : & € U} in the same way. Let x:(s) = z(t +s), —r < s < 0.
We focus on the asymptotic behavior of the time-periodic closed-loop system

T = F(t,.%'t) = f (t,:(}t, h(act)) , (t,l‘t) < R+ X X (21)

obtained from the open-loop system

{I’ = f(txtvs@)a pE uv
y = h(z)

by identifying input and output: y = ¢ (see [1] for more details). Here f(¢,&,¢) = f(t+7,&, @)
is a 7-period vector field.
Assume that f: Ry X X xU — R" and h : X — U are continuous and satisfy

(A1) For each (t,p) € Ry xU, & f(t,&,p) is quasimonotone in the sense of (QMD): for any
e X, Ae K with £ <nand A(£(0)) = A(n(0)) implies A (f(£,€,¢)) < A(f(t:n,9))-

(A2)/ For each (t7£) € R-‘r X X, Y1 < P2 = f(tugugol) < f(t,f, @2)
(A3) For any z € X, there exists u = h(z) € U such that h(Z) = @; & < & = h(&) < h(&).

Assume that solutions of initial value problems in & for (2.1) are unique and write (¢, tg, &)
for the maximally extended solution satisfying Wy (¢0,§) =&, i.e., ¥(to + s,t0,£) = &(s) for any
s € [-r,0]. We will assume without further mentioning that the domain of ¥(¢,tp,&) includes
[to —7,00) in case £ € X. The closed-loop system (2.1) can be imbedded into a larger symmetric



system on the Cartesian Square X x X as

{x' = f(t, 2z, h(y)), (2.2)

= [ty h(zy)).

For o0 € X x X, denote ®(¢,tg, o) be the unique solution of system (2.2) satisfying @, (tg,0) =
o. Assume also that G(t,(§,n)) = (f(t,€, h(n)), f(t,n,h(§))), the right-hand side of (2.2), is
completely continuous (i.e., mapping bounded sets to precompact sets). Due to the uniqueness
of solutions, the diagonal

D={(¢§:{eXx}
is positively invariant for (2.2). More precisely, ®(t,to,0) € D whenever o = (£,£) € D, for all
to > 0. In particular, ®(¢,tg,0) = (¥ (¢,t0,£), ¥(¢, t0,&)).
It is convenient to define the fundamental object of study in this section, i.e., the Poincaré
map for the 7-periodic system (2.1):

T =0,(0,¢), forany € € X.

Here (T€)(s) = ¥(0,€)(s) = ¥(7 + 5,0,¢), for any s € [—7,0].
According to the existence and uniqueness of the solution of the initial value problem and the
periodicity of the vector field, one has

T = U,.(0,§), for any n > 1,

where T" =T oT o---0T is an n-order composite mapping.
—

n
Furthermore, we define the Poincaré map T for the 7-periodic system (2.2) as

To =®,(0,0), forany o € X x X.

In particular, if o = (€,€) € D, then T'(€,€) = (T€,T€).

By virtue of (A1)’-(A3)’, the Poincaré map T for the extended system (2.2) can generate a
discrete-time monotone system on X x X C C x C with regard to the cone P = Cg x (—Ck) as
below, where P gives rise to the order relation

&n) <p (§7) == €< and 7<)
Now we introduce the following amenable condition and state our main results as follows.
(A4) There exist zg,yo € X satisfying zg < yo with [Zg, Jo] C X and

0
. / ft,y2 h(z?))dt <0< / ft, 29, n@?) dt, for 6 € [r —r 7], if 7>,
0 (2.3)

0
o/f(t,y?,h(z:t <0< /fty;t,hyt )dt, for 6§ € [0, 7], if 7 <,
0



where (29(t),3°(t)) = ®(¢,0, (Zo, o)) is the solution of system (2.2). Moreover, for any
two 7-periodic continuous functions a(-), b(-) € C ([0, 7], X) satisfying a(-) < b(-) and
ar,br € [Zo, Yo], there holds

| st e de=0= [ fe.brhian)) de — () = b, (2.4)
0 0

Theorem 2.1. Assume (A1) -(A4)" hold. Then the Poincaré map T for system (2.1) possesses
a unique fized point 7 € [Zg, Yo| such that

wr ([Zo, %o]) = {7}-
In the terminology of differential equations, we have the following result for system (2.1).

Corollary 2.2. Assume (A1)'-(A4)" hold. Then system (2.1) has a unique T-periodic solution
r(t). Moreover, for any & € [Zo, o],

¥ (t,0,€) —r(t)]| — 0, ast— oo.

3. Proof of the main results

Throughout this section, we always assume that (A1)’-(A4)" hold. In order to prove our

main results, we need the following Lemmas.

Lemma 3.1. The Poincaré map T for (2.2) generates a discrete-time monotone system on
X x X with respect to <p.

Proof. Let G(t, (&,m)) = (f(t,€,h(n)), f(t,n,h(£))). To prove the monotonicity of the Poincaré
map T, one only needs to show that G(t, (£,n)) satisfies (QMD) condition relative to the cone
P, (see [10, Section 4, Theorem 4.1]). To this purpose, for any (£,7) <p (£,7) and (A, —pu) € C*

with (A, —p) (£(0),7(0)) = (A, —p) (£(0),7(0)), we must verify that
A, =G (t,(§,m) < (A —p)G (t,(€,7)) , for any t > 0.
In fact, (A, =) (£(0),7(0)) = (X, —x) (£(0),7(0)) and A, € K* imply that
0< A (€(0) = £(0)) = p(7(0) —1(0)) < O.

Thus, we obtain )
A(£(0)) = A(£(0)) and p(n(0)) = p(7(0)).
Note that ¢ < & and 77 < 7. Then, one has



= (A =G (t, (1)),

where the first inequality is due to the monotonicity of f and h with respect to (A2)-(A3),
and the second inequality follows from (A1)’ O

Lemma 3.2. If (2.3) holds, then the order interval

I = [(Zo,%0), (Jo,To)lp = {(§n) : (Zo,T0) <P (§,m) <p (Yo, T0)}-

is positively invariant with respect to T for system (2.2). In particular, [Zo,T0] is positively
invariant with respect to T for system (2.1).

Proof. Note that zg < yo implies (%o, o) <p (fio, F0). Denote do = (%o, fio), bo = (Jo, Zo)-
Case 1. When 7 > r, for any s € [—r, 0], by (2.3), we obtain

(T&())(S) — &0(8) = (I)(T + s, 0 do) — do(s)
=®(1+s,0,a0) — ap(0)

/ G (£, B4(0, o)) dt
:(A f@%m@»wA”wam@ma)>@m.

Case 2. When 7 < r, for any s € [—r, 0], we discuss it separately as follows.
If —r < s < —7, by the definition of the Poincaré map 7', one has

(TCNL())(S) — do(s) = @(7’ + s, O, EL()) — fbo(s)
= ao(7 + ) —ao(s) = (0,0);

If —7 < s <0, by (2.3), one has
(Tao) - CLO / G t (I)t 0 ao))d

=(A f@%m@»wéﬁvmwm@mw)>@m.

In a word, we conclude
Tag =p ao.
Observe also that system (2.2) is symmetric. Then it yields that

®(t,0,b0) = (4°(t),2°(t)), for any t > 0.

Thus, by repeating the same arguments above, one can obtain Tby <p by. Consequently, for
any o € I, it follows from Lemma 3.1 that

ao <p Tag <p To <p Ty <p bo,



which entails that I is positively invariant for 7. Note also that the diagonal

D ={(£¢):£eX}

is positively invariant for system (2.2). Then I N D is positively invariant for T. Since {T”}n>0
reduces to {T"},,>0 on D, we obtain that [Zg, o] is positively invariant with respect to 7. [

Lemma 3.3. The Poincaré map T has two fized points p,q € I with p <p §.

Proof. Given any o € I, one has g <p o <p by. By virtue of Lemmas 3.1-3.2, we obtain

Observe that the vector field G(t,(£,n)) is completely continuous and the order interval I is
unifomly bounded, then Oj(ao), Of(bo) C I are equicontinuous. By Arzela-Ascoli Theorem,
they have compact closure. Then there exist p, g € I such that

wy(do) = {p} and wz(bo) = {q}
by using monotone convergence criterion (see [10, Section 5, Lemma 5.3]). Moreover,
TGy — p, T"bg — 7, as n — oo.
Clearly, p and ¢ are two fixed points of T with p <p q. O

An immediate consequence of Lemma 3.3 is the following result.

Lemma 3.4. System (2.2) possesses two T-periodic solutions p(t) = (p(t),p*(t)), q(t) =
(P*(1).p' (1)) satisfying p(1 +5) = p(s), a(r +s) = 4(s), for any s € [-r,0] and p(t) <p q(t), for

any t > 0. Moreover,
|®(t,0,d0) — p(t)|| — 0 and || ®(¢,0,b0) — q(t)|| — 0, ast — oco.
Proof. By Lemma 3.3, p and ¢ are two fixed points of T satisfying p <p ¢. Then
p(t) = ©(t,0,p) and ¢(t) = ®(£,0,9)

are two T-periodic solutions of the system (2.2). Moreover, we also obtain

p(r+5)=®(1+5,0,p) = (Tp)(s) = p(s), for any s € [—r,0].
Similarly, ¢(7 + s) = q(s), for any s € [—r,0]. Next, we will show

H(I)(taoaa[)) _p(t)H - Oa as t — o0.



The proof for ¢(t) is analogous. Since T"dy — p, one has

1@ (2,0, T"a0) — p(t)]l = [[@ (£,0, ®nr(0, a0)) — p(1)]
= [|® (t + n7, n7, @7 (0,d0)) — p(t)] (3.1)
= [|®(t + n7,0,d0) — p(t)]| — 0,

as n — oo uniformly for ¢ € [0, 7] (see [7, Chapter 2, Theorem 2.2]). For any sequence t, — 0o,
we write ¢, = m,T + s,, where m,, are nonnegative integers and s,, € [0,7). Then

H@(tn,o,do) - (I)(tm 0715)” = H(I)(mnT + $n, 0, do) - (Ib(mnT + S’VhOaﬁ)H
= | ®(mnT + 80,0, a0) — P(5,,0,p)||.

Together with (3.1), we obtain that
1 (%,0,a0) — p(t)|| = |2(2,0,a0) — (¢,0,p)|| = 0,
as n — oo. Similarly,
| (¢, 0, BO) —q(t)]] =0, ast— oco.

Finally, donote

Again, by Lemma 3.1, one has
p(t) = ®(t,0,p) <p ©(,0,7) = q(t), for any t > 0.
Thus, we have completed the proof. ]

Now, we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. By Lemma 3.4, p(t) = (p'(t),p*(t)), q(t) = (p?(t),p*(t)), defined on
[0,00), are two T-periodic solutions of system (2.2) satisfying

p(1 +s) = p(s), q(T+5) =q(s), forany s € [-r,0],

and
pt(t) < p?(t), for any t > 0.

Then pl(t), p?(t) are two T-periodic continuous functions and satisfy



and
(P (7 +8),0*(1 + 5)) = p(7 + 5) = p(s) = (p' (5),5°(s)) , for any s € [—r,0].

Therefore, we obtain

0=p'(r) — p'(0) = / " f(tph b)) dt,

and

0=17) = 120) = [ 1(t.ptmp)) v
By virtue of (2.4) in (A4)’, there holds
pt(t) = p*(t), for any t > 0.

Hence, one has
O(t,0,p) = p(t) = q(t) = ®(¢,0,q), for any ¢ > 0.

This yields that

1>

p(s) = p(r +s) = q(7 + ) = q(s) = (7(s),7(s)), for any s € [-r,0],

Due to Lemma 3.3, it is clear that p(= @) is the unique fixed point of T in I. Therefore, we can
obtain

wi (1) = wp ([0, bolp) = {P} (= {a}).
This implies that 7 is the unique fixed point of T" in [Zg, go| and
wr ([Zo, o)) = {T}-

Thus, we have proved Theorem 2.1. ]

4. Applications to time-periodic delayed gene regulatory models

In this section, we explore the existence of periodic solutions and global convergence for time
periodically-forced delayed gene regulatory models. Numerical simulations are also presented to
validate the theoretical results.

4.1. Time-periodic gene regulatory models with discrete delay

Firstly, we explore the dynamics of the time-periodic gene regulatory model with discrete
delay, modeled by the equations

&1 = g(zn(t — 7)) — a1z,
T; = xi_l(t — 7") — Q,;Z;, 2<isn—1, (4'1)

T = Tp—1(t — 1) — an(t)zy.

Here a; > 0 for any ¢ = 1,--- ,n — 1, and the 7-periodic function «,(t) = a,(t +7) > 0 is
continuous, and g : Ry — R, is continuously differentiable and satisfies g(0) > 0 and ¢’ < 0.

11



Let C = C ([-r,0],R?) and Cy = C ([-r,0],R4). The map h : C — Cy is defined by h(¢) =
9(&n(—7)), that is, h(&) is a constant function. With these hypotheses, the time-dependent
vector field of system (4.1) naturally satisfies assumptions (A1)’-(A3)’. Take the cone K = R’
Let

n

A _ 1 - 1 - 1\ T -~
X = [wo, 30 = [0.9(0) (o707 05"+ ot ez -0 !) | X = [T, 0] (4.2)

and introduce the assumption

(H1) max{—¢(u):0<u<a'g(0)} <a, where a= Hai and «, = min a,(t).

. o<t<r
=1

By applying Corollary 2.2 to the time-periodic gene regulatory model (4.1) with discrete delay,
we have the following

Theorem 4.1. Assume (H1) holds. Then system (4.1) has a unique T-periodic solution r(t) in
X such that for any € € X,

1¥(t,0,8) —r(t)]] =0, ast— oo,

where W(t,0,€) is the solution of system (4.1) satisfying Vo(0,&) = €.

Proof. We first show that the solution W(t,0,&) remains in X (see (4.2)), for any ¢ € X and
t > 0. Write

U(t,0,8) = (z1(t), 22(t), - ,2,(t)) and & = (81,52, e ,{n) )

It is easy to see that W(t,0,&) € R (see [19, Chapter 5, Theorem 2.1]), whenever € € C. Since
g(zn(t —7)) — a1y < g(0) — arzy and & < g(0)a;?, the comparison theorem (see [13, Chapter
6, Theorem 6.9.4]) implies that

z1(t) < e g(0)a;t + g(0)ag? (1—e ") = g(0)a;t.
Similarly, one has
x;(t) < g(0)041_1042_1 o -ai_l, for any 2 <i<n-—1.

Note that 2,1 (t — ) — an(t)zn < g(0)a; tayt -+ a,, — ana,, we obtain

Thus, ¥(¢,0,£) remains in X for any ¢ > 0.
Next, we verify that system (4.1) satisfies (2.3) in (A4)’. Let

U=1[0,g(0)] in R and U =1[0,§(0)] in Cy.
Then, system (4.1) can be imbedded in the extended symmetric system

12



(@1 = g(yn(t — 1)) — 11,
& =xi—1(t — 1) — oy,

T = Tp—1(t — 1) — an(t)zy,
U1 = g(xn(t — 7)) — a1y,

Ui = yi1(t — ) — oy,

( Un = Yn—1(t = 1) — an(t)yn.

2<i<n—1, (4.3)

Let (2°(¢),y°(t)) = @(t,0, (%0, 7o) denote the solution of system (4.3). Then, for any 6 € [0, 7],
one has

0
/0 £t 0. h(20)) dt = 5°(8) — yo <0,
and
/ ftxt,hyt) xO(H)—x()}O.

This verifies (2.3) in (A4)".
Finally, we prove that system (4.1) satisfies (2.4) in (A4)". Let a(-), b(-) € C ([-r, 7], X) be
two 7-periodic continuous functions satisfying a(-) < b(-) and

/T F(t ap, h(by)) dt = 0 = / F(t, by, h(ay) dt. (4.4)
0 0

We will show that a(t) = b(t) for any t € [0,7]. To this end, we write
a(t) = (al(t)7a2(t)a T aan(t))—r and b(t) = (bl(t)a bQ(t)7 T abn(t))T :
Then (4.4) implies that
| aatt=mydt=ar- [“aa
0 0
/ ai(t - T‘) dt = Q41 / ai+1(t)dt, 1 < 1 < n — 2,
0 0
/ an—1(t —r)dt :/ an (t)an(t) dt.
0 0

Hence, by iterating these equalities, one has

A &_H%/ t)an (t) dt.

Similarly, one can also obtain symmetrically
T
/ H%/71AMt
0

13



Consequently,

/OT[ +H0‘z o (t)an(t ]dt /T [g(bn(t))Jr:i:[llai-an(t)bn(t)} dt. (4.5)

0

Now, define the following functional on C ([—r, 7],R) as

T n—1
7iC(mrr B s e [ o)+ [L o antew] ar
=1

Then, the Frechét derivative of J at ¢ is

T n—1
(DI€).e) = [ [g(€w)+ [Low-ault)]ote) (46)
=1

Together (4.5), there holds

0“2 (b,) — J(an)

—/ (DJ (1 — s)ap, + sby) , by, — ap) ds
46)/ / (1 = s)an(t) + sbp( —1—1_104Z an(t ] b (t) — an(t)) dt ds. (4.7)

Suppose ay () # by (+). Then one can find an interval [c, d] C [0, 7] such that
an(t) < by(t), for t € [e,d).

Then the assumption (H1) entails that

/Cd 9 (1= 5)an(t) + sba +Haz () | (ba(t) = an(t)) dt > 0,

contradicting (4.7), which completes the proof. O

Next, we present some numerical simulations to illustrate our main results in system (4.1).

We take n = 3, a1 = 2, ao = 1, a3(t) = 2 — 551n(57rt) and g(u) = H% Let 29 = (0,0,0)7,

Yo = (1,1,%) , X = [zo,y0] and X = [Zo,70]. Then, Theorem 4.1 yields that there exists a

5-periodic solution r(¢) € X such that for any £ € X,
W (t,0,€) —r(t)]| =0, as t— oco.

%)T, for any s € [-1,0] and k = 0,1,--- ,4. Our simulations are as

Take r = 1, g(s) = (%, ' 51

follows:

b
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Figure 1: Trajectories of ¥(t,0, &).

0.75 {1

0.74

0.69 L L L L L L

20 40 60 80 100 120 140

Figure 3: Trajectories of z2(t).

Take r = 8, £(s) = (%,% @)T, for any s € [-8,0] and k = 0,1,--- ,4. Our simulations are

)
as follows:

Figure 5: Trajectories of ¥(t,0, &).

160

15

0.76

0.74

072 H

0.66 L L L L L L

20 40 60 80 100 120 140
Time t

Figure 2: Trajectories of z1(t).
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Figure 4: Trajectories of x3(t).
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Figure 6: Trajectories of x1(t).
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Figure 7: Trajectories of za(t). Figure 8: Trajectories of z3(t).

Figure 1 and Figure 5 respectively show that the solutions W(¢,0, £) to system (4.1), initialized
at &, ultimately converge to one common periodic orbit. Figures 2-4 and 6-8 respectively present
the trajectory graphs for the three corresponding components of W(t,0,£) = (z1(t), z2(t), 23(t)).
These figures collectively demonstrate that each component asymptotically approaches a 5-

periodic solution whose period is consistent with the period of the time-dependent vector field.

1
Remark 4.2. For the autonomous case of (4.1) with r = 0, Griffith considered g(u) = T

u
and proved that the unique positive equilibrium is asymptotically stable when m < 8 (see [6]).

Here, we take oy = a9 = 0.1 and m = 9. Firstly, taking ag = 0.1, we obtain that the positive

equilibrium is unstable and the periodic oscillatory phenomenon has emerged (see Case 1.).
Moreover, when the autonomous case of (4.1) with r = 0 is introduced by external periodic
driving (e.g., take az(t) = 2.1 + 2sin(0.17t) ), the system exhibits sub-harmonic solutions (see
Case 2.). Furthermore, solutions of (4.1) with r > 0 may not be sub-harmonic and even display
more complex dynamical behaviors as the delay r varies(see Case 3. and 4.).

Case 1. Take a1 = ag = a3 = 0.1 and g(u) =

T Let 29 = (0,0,0)T, yo = (1,1, %)T. Take

initial value £ = xg and yg, our simulations are as follows:

0.045

L L L L L L L L L
500 600 700 800 900 1000 1100 1200 1300 1400 1500
Time t

Figure 9: Trajectories of U(¢, ). Figure 10: Trajectories of x1(t).

16



0.32 T T T T T T T T T 26

03 25 i
0.28 .‘ 24 ‘
026 |
l 23
0.24 |
l 22
S 0.22 < l
‘ 21
0.2
| | A
0.18
0.16 1.9 H
0.14 8
P90 IR N Y U BN (N A Y IARARNEA AR RN RARDARNAS
500 600 700 800 900 1000 1100 1200 1300 1400 1500 500 600 700 800 900 1000 1100 1200 1300 1400 1500
Time t Time t
Figure 11: Trajectories of z2(t). Figure 12: Trajectories of z3(t).

et Let 2o = (0,0,0)7,

= xg and yg, our simulations are as follows:

Case 2. Take oy = ag = 0.1, a3(t) = 2.1 + 2sin(0.17t) and g(u) =
T

yo = (1,1, g)T. Take initial value

0.6

S L

0 . . . . . . . . .
500 600 700 800 900 1000 1100 1200 1300 1400 1500
Time t

Figure 13: Trajectories of ¥(¢,0,Z). Figure 14: Trajectories of x1(t).
9 30
8t Pk
.l
20
6
- 15
5
10
4
3k 5
2500 51;0 7(;0 81;0 9[;0 10‘00 1 1‘00 12‘00 13‘00 14‘00 1500 %00 5(;0 700 8(‘)0 900 1000 1 1‘00 12‘00 1:;00 14‘00 1500
Time t Time t
Figure 15: Trajectories of z2(t). Figure 16: Trajectories of xz3(t).

17



1
Case 3. Take a; = ag = 0.1, a3(t) = 2.1 4 2sin(0.17t) and g(u) = Let 29 = (0,0,0) T,
5

IR
yo = (1,1,2)". Take r = 0.1, initial value £(s) = (%,%,z—k)T, for any s € [-0.1,0] and
k=0,1,---,4. Our simulations are as follows:

251
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500 600 700 800 900 1000 1100 1200 1300 1400 1500
Time t

Figure 17: Trajectories of ¥(¢,0,¢). Figure 18: Trajectories of z1 ().
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Figure 19: Trajectories of z2(t). Figure 20: Trajectories of z3(t).

1
Case 4. Take oy = ag = 0.1, a3(t) = 2.1 + 2sin(0.17¢) and g(u) = ——. Let z9 = (0,0,0) T,
u

1+
Yo = (1,1,%)T. Take r = 1, initial value £(s) = (%,%,%)T, for any s € [-1,0] and k& =
0,1,---,4. Our simulations are as follows:
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Figure 21: Trajectories of ¥(¢,0,¢). Figure 22: Trajectories of z1 ().
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Figure 23: Trajectories of z2(t). Figure 24: Trajectories of z3(t).

4.2. Time-periodic gene requlatory models with distribution delay

Now, we consider the gene regulatory system with distribution delay

i1 = g(Lpat) — ayzq,

& = Li 12t — aymy, 2<i<n—1, (4.8)

B = Lp_17h_| — ap ().
Here o; > 0 for any @ = 1,--- ,n — 1, and the 7-periodic function ay,(t) = an,(t +7) > 0 is
continuous, and g : Ry — Ry is continuously differentiable and satisfies g(0) > 0 and ¢’ < 0.
See [18] for more details. Let

1 0
Lﬂ;ﬁ:—/ zi(t+s)ds, 1 <i<n,
rJ—r

T t ot t

where © = (21,29, ,2,) 1 = (zh,2h, - 2t)T and z4(s) = z(t + 5), —r < s < 0.
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Let C = C ([-r,0,R%}) and Cy = C([-r,0],Ry). The map h : C — Cy is defined by
h(§) = g(Ln&n), that is, h(€) is a constant function. With these hypotheses, the time-dependent
vector field of system (4.8) naturally satisfies assumptions (A1)’-(A3)’. Take the cone K = R’.
Let

n

A _ 1 - -1 — —1\ T ~ o~
X = [w0, 0] = [0,900) (o107 a5+ sartag o)) ] X = [Fo g0l (49)

Given delay r, denote
1, if >,

N:{ HH, if 7 <1

be the minimal positive integer such that N7 > r and introduce the assumption

ar

n
N where o = Hai and ay, = min a,(t).

5 o<t<r
=1

(H2) max{—¢'(u):0<u<ag(0)} <

By applying Corollary 2.2 to the delayed gene regulatory model (4.8), we obtain

Theorem 4.3. Assume (H2) holds. Then system (4.8) has a unique T-periodic solution r(t) in
X such that for any € € X,

W(£,0,8) =r@)] =0, ast— oo,

where W(t,0,€) is the solution of system (4.8) satisfying Vo(0,&) = €.

Proof. We first show that the solution W(t,0,&) remains in X (see (4.9)), for any ¢ € X and
t > 0. Write

U(t,0,8) = (z1(t), z2(t),- - ,2,(t)) and & = (5_1,5_2, e ,En) .

It is easy to see that U(t,0,&) € R (see [19, Chapter 5, Theorem 2.1]), whenever £ € C. Since
g(Lnzt) — arzy < g(0) — aqzy and & < g(0)ag?, the comparison theorem (see [13, Chapter 6,
Theorem 6.9.4]) implies that

x1(t) < e“”tg(())ozf1 + g(O)ozf1 (1 — e_alt) = g(O)afl.
Similarly, one has
zi(t) < g(0)a;tagt - a;t, forany 2<i<n—1.
Note that L1zt | — ap(t)z, < g(O)aflagl e ofil — QpTp, We obtain

T, (t) < g(0)agtagt - ot

n

Thus, ¥(¢,0,£) remains in X for any t > 0.
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Next, we verify that system (4.8) satisfies (2.3) in (A4)’. Let

U=10,¢9(0)] in R and U =10,g(0)] in Cy.
Then, system (4.8) can be imbedded in the extended symmetric system

i1 = g(Lnyl) — onz1,

i = Li1wl_| — auay,

&, = L, 12t —a,(t)x

no e n(8)n, 2<i<n—1, (4.10)
1 = g(Lnwy,) — a1y1,
Ui = Lis1yt_1 — iy,

Un = Ln—1ny — ap(t)yn.

Let (z°(t),3°(t)) = ®(¢,0, (Zo, Jo)) denote the solution of system (4.10). Then, for any 6 € [0, 7],
one has

0
/0 F(t, 40, h(2)) dt = 4°(8) — o < 0,
and ,
/ F(t,29 b)) dt = 20(0) — 2 > 0.
0

This verifies (2.3) in (A4)".
Finally, we prove that system (4.8) satisfies (2.4) in (A4)". Let a(-), b(:) € C (]0,7],X) be
two 7-periodic continuous functions satisfying a(-) < b(-) and

/ f(t,at,h(bt)) dt=0= / f(t,bt,h(at))dt (411)
0 0
We will show that a(t) = b(t) for any t € [0, 7]. To this end, we write

a(t) = (ar(t),az(t), - ,an(t) " and b(t) = (bi(t), ba(t),--- ,ba(t)) .

Then (4.11) implies that

/OTg(i/O bn(t+8)ds> dt:al-/OTal(t)dt,

—r

I T

/ ai(t+s)dsdt:ai+1-/ ai+1(t)dt, 1<i<n—2,
o "Jr 0

/0771”/_(1 an_1(t + s)dsdt = /OT an(t)an () dt.

Hence, by iterating these equalities, one has

/ng (71" t bn(v) d”) dt = :i:[llai : /OT an(t)an(t) dt.

t—r
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Similarly, one can also obtain symmetrically

/079 (i /t; an(v) dv) dt = l:[llai . /OT (£ () dt.

n—1

/ng (i /ti an(v) d“) di H1 ai - /OT an(t)an(t) dt

Consequently,

) t = ) (4.12)
:/0 g (i /t_r ba(v) dv> dt + ];[1 o /0 o (£)bn(£) di.
Now, define the following functional on C ([—r, 7], R) as
J:C(=r, 7 R) 5 R, £ s /OTg (i t:f(v)dv> dt+:i:[11ai . /OT an(E(H) dt.
Then, the Frechét derivative of J at & is
(DJ(&), ) —/OT [g' (i t §(v)dv> . i/t ©(v) dv} dt —I—ﬁOzi : /OT an(t)p(t) dt. (4.13)
t—r t—r Pl
Together (4.12), there holds
0“2 1) = J(an)
— /1<DJ (1= $)an + sbn) , b — ap) ds (4.14)
0
(2)/01 [/0 [0 (ut.) - i/ti ba(1) — an(v)] o] dt+:i:[lloq - /0 0un () (b (1) — an(1)) ] s,
where u(t, s) = i/ttr [(1 —s)an(v) + Sbn(v)] do.
Case 1. If 7 > r, then one has
/OT {g’ (u(t,s)) - % /ttr (b (V) — an(v)] dv} dt +:i_1110zi : /OT an(t) (bp(t) — ap(t)) dt
> /O o (ult ) /O ba(v) — an(w)] do] di +7:1j11ai - /O an(t) (bu(t) — an(t)) dt
> (i /0 J (u(t,s)) dt +£[1a2-> - /0 [Bat) — an(t)] .
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Case 2. If 7 < r, then one has

/OT o (u(t,s))-l/t bn(2) — an(v)] do] dt+ﬁai-/07an(t) (bu(t) — an(t)) dt

T Ji—r i=1
> [ o /ONT ba(1) — an(v)] ] dt+ﬁai [ a0 ot - ey

> (g /0 J (ult, s))dt+£[1ai) ./OT [ba(t) — an()] .

Suppose ay () # by (+). Then one can find an interval [c, d] C [0, 7] such that
an(t) < by(t), for any t € [c,d].

Then the assumption (H2) entails that

T 1 t n—1 T
[ g @ty + [ ao) — entenac] ae+ TLas [ ane) 6ult) = an(o)ar > 0
contradicting (4.14), which completes the proof. O

For system (4.8), we present some numerical simulations to illustrate our main results. Take
n=3 o =4, ag =3, as(t) = 2 — %sin(%mﬁ) and g(u) = 1—}-% Let 29 = (0,0,0)7, 4o =
(3, %, %)T, X = [zo,y0] and X = [To, Jo. _Then, Theorem 4.3 yields that there exists a 5-
periodic solution r(¢) € X such that for any £ € X,

|W(t,0,8) —r(t)] — 0, as t— oco.

= T . .
Take r =1, £(s) = (%, %, %) , for any s € [-1,0] and k = 0,1,--- ,4. Our simulations are as
follows:
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o 0.08 <
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0.06
0\ )
g 0.47
0.154 0.465
0.46
0.152 0.455 045 . . . . . . . . . )
Xy X4 100 120 140 160 180 200 220 240 260 280 300
Time t
Figure 25: Trajectories of W(t, 0, £). Figure 26: Trajectories of z1 ().
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Figure 27: Trajectories of 2 (t). Figure 28: Trajectories of z3(t).

Take r = 8, £(s) = (%, 2—’2, %)T, for any s € [-8,0] and k = 0,1,--- ,4. Our simulations are

as follows:

0.464 -
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0.461 H
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0459 I A A ) A S D
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Figure 29: Trajectories of ¥(¢,0,¢). Figure 30: Trajectories of z1 ().
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Figure 31: Trajectories of x2(t). Figure 32: Trajectories of x3(t).
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Figure 25 and Figure 29 show that the solution W(t,0,&) to system (4.8), initialized at &,
ultimately converge to one common periodic orbit. Figures 26-28 and 30-32 respectively present
the trajectory graphs for the three corresponding components of W(t,0,£) = (z1(t), z2(t), 23(t)).
These figures collectively demonstrate that each component asymptotically approaches a 5-
periodic solution whose period is consistent with the period of the time-dependent vector field.
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