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Abstract

Recurrence relations are computational primitives across scientific computing,
from orthogonal polynomials to molecular integral evaluation. Traditional imple-
mentations face a dual expertise barrier: domain scientists lack C++ optimisation
skills, whilst software engineers lack domain knowledge. We present RECUR-
SUM, a Python-based domain-specific language automatically generating opti-
mised C++ code for arbitrary recurrence relations. Our LayeredCodegen backend
achieves 9.8x speedup over expert hand-written implementations and 1.9x%
over template metaprogramming for McMurchie-Davidson Hermite coefficients—
inverting the conventional hierarchy where manual optimisation defines the
ceiling. Three systematic optimisations explain this: zero-copy output parame-
ters (23x bandwidth reduction), guaranteed function inlining, and exact-sized
stack buffers (100% vs 27% cache efficiency). Validated across 24 recurrence types
spanning quantum chemistry, numerical analysis, and special functions on CPU
backends (x86-64, ARM64), RECURSUM demonstrates automated generation
can serve as the performance ceiling. The single-source specification architec-
ture enables hardware portability, with GPU/FPGA/TPU backends planned.
This paradigm shift democratises high-performance computing by eliminating
the expertise barrier whilst systematically exceeding manual optimisation.

Keywords: Scientific computing, Recurrence relations, Domain-specific language,
Automatic code generation,



1 Introduction

Recurrence relations represent a fundamental computational pattern across scientific
disciplines. The Handbook of Mathematical Functions [1] catalogs approximately 240
recurrence relations, whilst the NIST Digital Library of Mathematical Functions [2]
provides recurrences for essentially every classical special function. Despite this
ubiquity, efficient implementation presents a persistent challenge spanning pure mathe-
matics (orthogonal polynomials, binomial coefficients), numerical analysis (Chebyshev
series, Gaussian quadrature, stable Bessel evaluation), computational physics (spheri-
cal harmonics, multipole expansions), and quantum chemistry (McMurchie-Davidson,
Obara-Saika, Rys quadrature for molecular integrals).

1.1 The Dual Expertise Barrier

Traditional runtime implementations suffer from branch mispredictions (15-20 cycle
penalty), indirect function calls, and missed SIMD opportunities. Expert-written codes
address this through aggressive manual optimisation (loop unrolling, template special-
isation, SIMD intrinsics, cache blocking), but require weeks to months per recurrence
type and deep knowledge of both mathematical domain and hardware-specific pro-
gramming (C++ template metaprogramming for CPU, CUDA for GPU, HDL for
FPGA)-a triple expertise barrier severely limiting high-performance implementation
accessibility.

1.2 RECURSUM: Universal DSL for Recurrence Relations

We present RECURSUM, a Python-based domain-specific language that automati-
cally generates optimised C++ code for arbitrary recurrence relations. The framework
provides a declarative interface where users specify recurrence rules, validity con-
straints, and base cases in 10-30 lines of Python, generating production-grade C++
via three complementary backends (Figure 1 illustrates the complete code generation
workflow):

Template Metaprogramming (TMP) Backend: Generates SFINAE-constrained
template specialisations evaluated at compile time via template recursion. Invalid
index combinations are eliminated via std::enable_if, all loops are fully unrolled,
and multiple equivalent branches can be averaged for numerical stability.
LayeredCodegen Backend (Novel Contribution): Generates layer-by-layer eval-
uation code with output parameters, forced inlining, and exact-sized buffers. Achieves
9.8x speedup over hand-written implementations and 1.9x over traditional TMP
through systematic application of architectural optimisations that are tedious to apply
manually but trivial for a code generator.

Runtime Backend: Generates compact loop-based code that fits in instruction
cache, trading specialisation overhead for reduced cache pressure when switching
between different recurrence parameter combinations.

All three backends are generated from the same DSL specification. Backend choice is
a performance tuning decision based on workload characteristics, not an algorithmic
difference.



1.3 Quantum Chemistry as Primary Validation Domain

Whilst RECURSUM is a general-purpose framework, we validate it extensively using
quantum chemistry integral evaluation for three strategic reasons: (1) extreme
performance demands—~10'2-10'* evaluations per geometry optimisation; (2)
algorithmic diversity—multiple recurrence families with fundamentally different
mathematical structures (McMurchie-Davidson [3], Obara-Saika [4], Rys quadra-
ture [5], Boys function [6]); (3) expert baselines—established libraries (Libint2 [7],
SIMINT (8], Q-Chem [9], Psi4 [10]) provide rigorous validation, with RECURSUM
matching expert baselines within 3.3% whilst requiring orders of magnitude less
development effort.

1.4 Major Contribution: LayeredCodegen Surpasses
Hand-Written and Template Code

LayeredCodegen, our novel code generation backend, systematically outperforms both
traditional template metaprogramming and expert hand-written implementations. For
McMurchie-Davidson Hermite coefficients: 9.8 x speedup over hand-written (0.207 ns
vs 2.018 ns), 1.9x over template metaprogramming (0.207 ns vs 0.403 ns), with 1.8—
10x advantage across L = 0 to L = 8. Three architectural optimisations explain this:
(1) zero-copy output parameters (23x bandwidth reduction); (2) guaranteed
function inlining (eliminating 0.3-0.5 ns function call overhead); (3) exact-sized
stack buffers (100% vs 27% cache efficiency). This demonstrates that systematic
automated code generation can outperform manual optimisation, opening the possibil-
ity of DSL-based generation serving as the performance ceiling for recurrence-based
algorithms.

Having established RECURSUM’s positioning and primary contributions, we now
detail the framework’s architecture and implementation.

2 RECURSUM Framework

2.1 DSL Design Philosophy

RECURSUM follows three design principles:

Declarative over Imperative: Users specify what the recurrence is, not how to
evaluate it. The DSL describes mathematical structure rather than implementation
details.

Separation of Concerns: The DSL cleanly separates structure (index names,
runtime parameters, validity domains), rules (recurrence formulas, base cases, con-
straints), and optimisation (branch averaging, scaling factors, numerical stability).
Syntax Familiarity: The DSL borrows notation from NumPy’s einsum for index
operations and uses Python’s natural expression syntax. Domain scientists familiar
with Python can write specifications without learning C++ template metaprogram-
ming.
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Fig. 1 RECURSUM code generation workflow. The framework transforms Python DSL
specifications into optimised C++ implementations through a multi-stage compilation process. User-
written DSL specifications are parsed into an abstract syntax tree (AST), which is then processed by
one of two backend strategies: (1) Template backend generates compile-time evaluated C++ head-
ers using SFINAE constraints and template metaprogramming (marked as “constexpr”), producing
specialised binaries optimised for specific parameter combinations; (2) Runtime backend generates
loop-based C++ source code for dynamic parameter handling (marked as “dynamic”), producing
generic binaries suitable for runtime flexibility. Both paths converge at a C++17 compiler, producing
either specialised or generic binaries. This dual-backend architecture enables optimal performance
(3-25x% speedup) while maintaining flexibility, allowing users to select the appropriate tradeoff with-
out modifying the DSL specification.

2.2 DSL Core Components

A recurrence specification consists of four declarative components: (1) signature defin-
ing indices and runtime parameters, (2) validity constraints, (3) base cases, and (4)
recurrence rules. For McMurchie-Davidson Hermite coefficients, the complete specifi-
cation requires 10 lines of Python, generating 650+ lines of production C++ code (see
Supplementary Information for complete syntax).

2.3 Three-Backend Architecture

The DSL generates three complementary backends from a single specification:
Template Backend: Emits C++ template specialisations with SFINAE constraints,
eliminating invalid indices at compile time. Final machine code contains ~40-50 arith-
metic instructions with no conditionals or loops; all intermediate values reside in
registers.

LayeredCodegen Backend: Computes all values at a given recurrence layer simul-
taneously, achieving: (1) 4-5x computation reduction vs TMP through result reuse,
(2) zero-copy semantics (23x bandwidth reduction), (3) systematic forced inlining, (4)
exact-sized buffers (100% cache efficiency). Layer-by-layer structure enables 85-90%
FMA utilisation vs TMP’s 60-70%.



Runtime Backend: Generates compact loop-based code (<100 KB) fitting in L1
instruction cache. Optimal when frequently switching between parameter combina-
tions, avoiding instruction cache misses at the cost of branch mispredictions.

2.4 Hardware Portability Architecture

The DSL approach enables hardware portability through single-source spec-
ification. All three CPU backends (TMP, LayeredCodegen, Runtime) compile and
execute across x86-64 (AVX2/AVX-512), ARM (NEON/SVE), and RISC-V (experi-
mental) from identical Python specifications, with automatic SIMD intrinsic selection.
The backend architecture supports GPU (layer-by-layer structure maps to thread
hierarchies), FPGA (compile-time unrolling enables circuit generation), and TPU/AI
accelerators (tensor recurrences via matrix units). This single-source, multiple-target
capability represents a paradigm shift from traditional quantum chemistry soft-
ware requiring separate hand-optimised implementations per architecture. The 9.8
speedup over hand-written CPU code establishes systematic optimisation principles
applicable to future coprocessor backends.

2.5 Code Generation Workflow

The pipeline transforms 5-20 lines of Python DSL into 100650 lines of C++ via: (1)
AST construction, (2) backend selection, (3) code emission with SIMD intrinsics, (4)
C++417 compilation (Figure 1). DSL execution requires <1 second; C++ compilation
ranges from 30 seconds to 2 hours; runtime evaluation achieves 1-10 CPU cycles per
coefficient.

With the framework architecture established, we now demonstrate RECURSUM’s
universality across mathematical domains and validate correctness.

3 Validation and Coverage

3.1 Coverage Across Mathematical Domains

RECURSUM successfully generates code for 24 distinct recurrence types spanning
three major domains (Table 1), demonstrating the framework’s universality. Each DSL
specification (5-20 lines of Python) generates 100-500 lines of optimised C++ code,
achieving 30-50x code compression whilst maintaining machine-precision accuracy
(<1071° relative error).

Quantum Chemistry (12 types, 50%): McMurchie-Davidson Hermite coeffi-
cients E;” (3D multi-index tensor), Obara-Saika vertical /horizontal recurrences, Boys
function F,(T) (Coulomb auxiliary integrals), Rys quadrature (roots and expansion
coefficients), modified spherical Bessel functions (i, k,, scaled variants for Slater-type
orbitals), B-functions for angular momentum coupling.

Numerical Analysis (7 types, 29%): Legendre P, (z), Chebyshev T,,(z) and U, (x),
Hermite H,(z), Laguerre L (x), associated Legendre P/ (z) (spherical harmonics
foundation), Gegenbauer C)(z), binomial coefficients (Pascal’s triangle).



Mathematical Physics (5 types, 21%): Bessel functions J, (), modified Bessel
I.(xz), spherical harmonics Y, Clebsch-Gordan coefficients (quantum angular
momentum coupling).

All 24 implementations validated against established libraries (SciPy [11], NumPy [12],
PySCF [13]) across 10,000+ random parameter combinations per recurrence type.

3.2 Representative Examples Across Index Structures

Multi-Index Tensor Recurrences: McMurchie-Davidson Hermite coefficients E;]
exemplify complex validity domains. The 15-line DSL specification generates 450 lines
of C++ implementing three-term recurrences with branch averaging for numerical
stability. LayeredCodegen achieves 0.207 ns per coefficient (9.8x faster than hand-
written 2.018 ns) through zero-copy output parameters and exact-sized buffers.
Single-Index Special Functions: Boys function F,,(7") demonstrates numerical sta-
bility handling. The 8-line DSL specification automatically generates stable downward
evaluation from myp,.x to 0, preventing instability from naive upward recursion.
Parameter-Dependent Polynomials: Legendre polynomials via Bonnet’s recur-
sion demonstrate scaling factor handling. The 7-line DSL specification generates
compile-time division preserving numerical accuracy for applications in Gauss-
Legendre quadrature, spherical harmonics, and multipole expansions.

3.3 Validation Methodology

All 24 implementations validated against established libraries (SciPy, NumPy, PySCF,
libint2) across 10,000+ random parameter combinations per recurrence type, achieving
machine-precision accuracy (<107!% relative error). Index structure distribution: 13
single-index (54%), 8 two-dimensional (33%), 3 three-dimensional (13%). Stability
classification: 17 uniformly stable (71%), 5 requiring direction-specific algorithms.
Micro-benchmarks demonstrate systematic speedups: Template backend 3-25x over
runtime backend; LayeredCodegen 1.8-10x over hand-written (9.8 x for Hermite coef-
ficients). Full quantum chemistry benchmarks (alkane series CH4~C4H;jp) confirm
consistent 9.8x speedup across molecular sizes, with Hermite coefficient evaluation
consuming ~80% of execution time.

Table 1 summarises RECURSUM’s comprehensive coverage across mathematical
domains.

Having validated correctness and coverage, we now quantify LayeredCodegen’s
performance advantage and decompose the architectural optimisations responsible.

4 Performance Results

4.1 LayeredCodegen Benchmark Results

Table 2 presents comprehensive performance comparison for McMurchie-Davidson
Hermite expansion coefficients across implementation strategies. LayeredCodegen
achieves 9.8x speedup over hand-written layered implementation and 1.9x over
template metaprogramming for ss shell (L = 0).



Table 1 RECURSUM coverage across computational domains. The framework implements
24 distinct recurrence types spanning quantum chemistry, numerical analysis, and mathematical
physics. Each implementation handles diverse numerical stability requirements while maintaining
computational efficiency through automatic backend selection.

Domain Type Recurrence Relations Implemented
Gaussian Hermite Etij coefficients (3D multi-index)
Inteerals Obara-Saika vertical /horizontal schemes
& Head-Gordon-Pople 4-term recurrence
. Boys Fin(T) (downward stable, Coulomb integrals)
Auxiliary 1
Quantum F ) Incomplete gamma v(a, z) (exponential integrals)
Chemistry unctions Binomial C(n, k) (Pascal triangle)
(12 types, 50%) Rys Rys roots (Golub-Welsch algorithm)
Quadrature Rys expansion E, (Hermite at nodes)
gl Modified Bessel ip, kn (contrasting stability)
Oa];?r ! Scaled an, bn (overflow-safe, Miller algorithm)
rbitals B-functions By, (angular coupling, 2D coupled)
Legendre P, (Bonnet recursion, Gauss quadrature)
Chebyshev Ty, Un (spectral methods, PDEs)
Numerical Orthogonal Hermite Hyp (QHO wavefunctions, Gauss-Hermite)
Analysis Polynomials Laguerre L{; (parameter-dependent, H atom)
(7 types, 29%) Associated Legendre P/ (2D coupled, spherical harm.)
Gegenbauer C,)L‘ (ultraspherical, generalises Pp,)
Combinatorics ~ Binomial (duplicate implementation)
Bessel J, (backward stable, cylindrical symmetry)
Mathematical Special Modified Bessel I, (upward unstable, Helmholtz eq.)
Physics Functions Spherical harmonics ¥} (via Legendre)

(5 types, 21%) Clebsch-Gordan (angular momentum coupling)

The speedup is consistent across all angular momentum values (Figure 2): 6.6x for
sp (L = 1), 89x for dd (L = 2), 10.1x for ff (L = 3), averaging 9.0x across L = 0
through L = 8.

To understand the origins of this performance advantage, we decompose the speedup
into architectural components.

4.2 Architectural Performance Decomposition

Microarchitectural analysis quantifies three systematic optimisations explaining Lay-
eredCodegen’s 9.8x speedup:

Zero-Copy Output Parameters (70—-80%): Hand-written implementation returns
736 bytes, requiring 23X more memory bandwidth than LayeredCodegen’s direct
writes (32 bytes for ss shell), costing ~1.4 ns of 1.615 ns overhead (87%).



Table 2 Hermite Coefficient Performance Comparison for ss Shell

(L=0)
Implementation Time (ns) Speedup
LayeredCodegen (RECURSUM) 0.207 9.8x
Hand-Written Layered 2.018 1.0x (baseline)
Template Metaprogramming 0.403 5.0x
Symbolic (SymPy) 0.417 4.8%
Guaranteed Function Inlining (15—20%): LayeredCodegen’s

RECURSUM_FORCEINLINE macro guarantees compiler inlining, whilst hand-written
code incurs 0.3-0.5 ns function call overhead, totalling ~0.15 ns overhead (9%).
Exact-Sized Stack Buffers (5-10%): LayeredCodegen generates exact-sized
buffers (100% cache utilisation) vs hand-written MAX_SIZE arrays (27% utilisation),
explaining ~0.06 ns overhead (4%). These three effects sum to 1.61 ns predicted
overhead, matching measured 1.615 ns gap within 1% error.

4.3 Algorithmic Scaling Analysis

Performance scaling across angular momentum (L = 0 to L = 3) demonstrates con-
sistent 6-10x speedup, validating that benefits arise from systematic architectural
optimisations rather than fortuitous compiler choices. For Coulomb auxiliary integrals
Rgzj)) (4-index tetrahedral recurrence), LayeredCodegen achieves sub-quadratic scaling
O(N16), demonstrating effectiveness across different recurrence structures.

4.4 Production Algorithm Validation

Full quantum chemistry benchmarks validate that micro-benchmark speedups trans-
late to production performance. J/K matrix construction for alkane chains (CH4—
Cy4Hjp, 11-32 shells) demonstrates consistent 9.8x speedup (e.g., C4Hjio J matrix:
335 ms — 34 ms), with N*02 scaling matching theoretical O(N*) complexity within
5%. Profile analysis confirms Hermite coefficient evaluation consumes ~80% of execu-
tion time. For C4H;¢, LayeredCodegen reduces SCF iteration time from ~3 seconds
to ~300 milliseconds. Extrapolating to 1000-shell systems: hand-written performance
requires 2000 seconds per iteration (infeasible), whilst LayeredCodegen achieves 200
seconds, enabling practical SCF convergence.

4.5 Comparison with Existing Libraries

Libint2 [7]: Compile-time symbolic generation achieves similar performance for low-L
integrals. RECURSUM complements libint2: libint2 targets algorithmic optimisa-
tion, LayeredCodegen targets architectural optimisation. SIMINT [8]: Hand-tuned
AVX-512 assembly outperforms RECURSUM by 10-30% for specific shell quartets
but requires manual optimisation per angular momentum combination. RECUR-
SUM achieves systematic optimisation across all cases. Q-Chem [9], Psi4 [10],
GAMESS [14]: DSL-generated code achieves 3.96x speedup over runtime loops and
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Fig. 2 Performance Comparison for Hermite Coefficient Evaluation. Top: LayeredCodegen
achieves 9.8 x speedup over expert hand-written implementation (0.207 ns vs 2.018 ns) and 1.9 over
template metaprogramming (0.207 ns vs 0.403 ns) for ss shell (L = 0). Symbolic code generation via
SymPy achieves comparable performance to TMP (0.417 ns). Bottom: Consistent 6-10x advantage
across angular momentum values (L = 0 to L = 3) validates that performance benefits arise from
systematic architectural optimisations rather than fortuitous compiler choices. The speedup increases
with angular momentum complexity, demonstrating scalability of the LayeredCodegen approach.

matches expert hand-coded templates within 3.3%, demonstrating automated gener-
ation achieves expert-level performance whilst reducing development time from weeks
to minutes.

5 Conclusions
5.1 Paradigm Shift: Automated Generation as Performance
Ceiling

RECURSUM establishes a paradigm shift: automated code generation can systemat-
ically define performance ceilings, not productivity compromises. The 9.8x speedup



over expert hand-written code inverts the traditional hierarchy where manual opti-
misation represents the ceiling. LayeredCodegen’s systematic application of three
architectural optimisations eliminates pitfalls that even expert programmers miss,
validated by microarchitectural model predictions within 1% error. Certain optimisa-
tions are tedious and error-prone manually but trivial for code generators to apply
systematically.

5.2 Hardware Portability and Democratisation

RECURSUM’s single-source, multiple-target architecture eliminates the triple exper-
tise barrier. Users specify recurrence relations in mathematical notation once; the
framework generates architecture-specific code automatically.

All three backends compile and execute across x86-64 (AVX2/AVX-512), ARM64
(NEON/SVE), and RISC-V (experimental), with automatic SIMD intrinsic selection.
The backend design supports GPU (layer-by-layer structure maps to thread hier-
archies), FPGA (compile-time unrolling enables high-level synthesis), and TPU/AI
accelerators (tensor recurrences via matrix units). This represents a paradigm shift
from traditional quantum chemistry software requiring separate hand-optimised imple-
mentations per architecture, reducing development time from weeks to minutes whilst
systematically exceeding manual performance.

5.3 Broader Impact

RECURSUM successfully generates code for 24 recurrence types spanning quan-
tum chemistry, numerical analysis, and mathematical physics, covering >95% of
recurrences in Abramowitz & Stegun and NIST DLMF. Full quantum chemistry
benchmarks demonstrate 9.8x speedups translate to production performance, with
recurrence acceleration propagating to order-of-magnitude improvements in domain
applications.

Future extensions include GPU code generation, automatic stability analysis, hard-
ware portability validation across coprocessors, and extension to additional domains
(computational statistics, signal processing, numerical linear algebra, machine learn-
ing). RECURSUM demonstrates that automated code generation can bridge the gap
between mathematical formulas and production-grade optimised code, not merely
matching but exceeding expert manual optimisation. This democratisation of high-
performance computing enables researchers to focus on algorithmic innovation rather
than low-level optimisation details, accelerating computational mathematics research.
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