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Abstract

Dynamic driving simulators rely on motion cueing algorithms to generate plat-
form trajectories that reproduce accelerations and rotations of simulated vehicles
within physical limits. The employment of model predictive control (MPC) has
emerged as a promising approach for this task, primarily due to its capability
to address constraints explicitly. However, ensuring closed-loop stability poses
a fundamental challenge. Conventional stability-enforcing mechanisms, such as
terminal equality constraints or terminal costs, limit workspace utilization by
inducing premature washout behavior, while extending the prediction horizon
conflicts with stringent real-time requirements. This paper presents a dual-mode
architecture that decouples stability certification from performance optimization.
A safety mode based on linear state feedback defines a maximal positive invari-
ant set that guarantees asymptotic stability and constraint satisfaction. Within
this set, a performance mode employs MPC for reference tracking without termi-
nal constraints, maximizing workspace utilization. The approach is formulated
as a quadratic program and validated on a robot-based driving simulator. Simu-
lation results confirm guaranteed constraint satisfaction and safe mode switching
capability. The architecture reconciles stability certification with performance
optimization for MPC-based motion cueing.

Keywords: Driving simulation, Motion cueing, Model predictive control, Stability
analysis, Invariant sets, Quadratic programming



1 Introduction

Dynamic driving simulators have become indispensable tools for vehicle development,
driver training, and human factors research [1, 2]. These systems integrate real-
time vehicle dynamics simulation with physical motion platforms, providing drivers
with vestibular, somatosensory, and proprioceptive feedback [3, 4]. The validity of
simulator-based studies depends critically on the fidelity with which vehicle motions
are reproduced and the resulting level of driver immersion [5, 6]. The central com-
ponent enabling this motion reproduction is the motion cueing algorithm (MCA),
which translates the dynamics of the simulated vehicle into motion commands for the
physical platform.

Various motion platform configurations have been developed for driving simula-
tion. The two most common architectures are hexapod-based Stewart platforms, which
provide six degrees of freedom through parallel kinematic actuation, and serial kine-
matic robots [2]. Regardless of the specific platform architecture, simulator workspaces
remain fundamentally smaller than required to fully reproduce real vehicle motion [7].
This workspace limitation constitutes the central challenge addressed by the MCA.

1.1 Classical Washout Algorithm

The predominant MCA approach in industrial practice remains the classical washout
algorithm (CWA), introduced by Schmidt and Conrad [8] and subsequently refined in
numerous studies [9-11]. The CWA employs linear high-pass and low-pass filters to
decompose vehicle motion into transient and sustained components. High-frequency
transient accelerations are reproduced through direct translational platform displace-
ment, while sustained low-frequency accelerations are rendered via tilt coordination.
This technique exploits the gravito-inertial ambiguity of the human vestibular system,
wherein the otolith organs cannot distinguish between gravitational and inertial accel-
erations for small tilt angles and rates [12, 13]. A defining characteristic of the CWA
is the washout mechanism, which ensures that the motion platform returns toward its
neutral configuration after reproducing transient motions [9].

Despite its widespread adoption, the CWA exhibits several inherent limitations.
First, the algorithm lacks state feedback, meaning that actual platform position rela-
tive to workspace constraints is not incorporated into the motion generation [6]. Con-
sequently, filter parameters must be tuned conservatively for worst-case maneuvers,
resulting in reduced motion magnitude during regular driving [14]. Second, linear filter-
ing introduces phase shifts between vehicle and simulator motion, potentially creating
perceptual artifacts [15]. Third, the tuning process involves numerous interdependent
parameters, requiring extensive subjective testing and expert knowledge [16].

1.2 Model Predictive Control

The limitations of filter-based algorithms prompted the investigation of optimization-
based model predictive control (MPC) algorithms, which emerged as a promising
approach [6, 17]. MPC formulates motion cueing as a finite-horizon optimal con-
trol problem, computing control inputs by minimizing a cost function that penalizes



tracking errors between vehicle and simulator motion while respecting platform con-
straints [18]. Using a dynamic model to predict future platform states, MPC can
anticipate upcoming maneuvers and workspace limitations, enabling proactive motion
shaping [19].

A key advantage of MPC over filter-based methods is the explicit incorporation
of platform constraints within the optimization problem [14]. Rather than requiring
conservative worst-case tuning, MPC can utilize the full workspace for each individual
maneuver while guaranteeing that hardware limits are not exceeded. Studies have
demonstrated that MPC-based motion cueing generally achieves higher perceptual
quality than classical filter-based approaches [20, 21].

However, the application of MPC introduces practical challenges. The real-time
requirement imposes stringent computational constraints, as the optimization problem
must be solved within the sampling interval, typically in the order of milliseconds [2].
Moreover, ensuring closed-loop stability poses a fundamental theoretical challenge [22,
23]. Conventional stability-enforcing mechanisms in MPC, such as terminal equality
constraints or terminal costs, limit workspace utilization by biasing the optimization
toward returning to the neutral position [24, 25].

1.3 Contributions

This paper presents a dual-mode MPC architecture for motion cueing that systemat-
ically decouples stability certification from performance optimization. The proposed
framework addresses the fundamental tension between guaranteed stability and max-
imum workspace utilization by introducing two operational modes with distinct
objectives. A safety mode employing stabilizing linear state feedback defines a maximal
positive invariant set that guarantees asymptotic stability and constraint satisfaction.
Within this set, a performance mode employs MPC for reference tracking without
terminal constraints, thereby maximizing workspace utilization.

The dual-mode architecture is formulated independently of the motion platform
and relies solely on a linear, time-invariant, state-space representation of the platform
dynamics. This general structure allows the approach to be applied to various config-
urations of dynamic motion simulators, including hexapod-based Stewart platforms
and serial kinematic robots. This work demonstrates and validates the methodology
using a robot-based driving simulator.

The main contributions are summarized as follows:

1. A dual-mode control architecture that provides formal guarantees for recursive fea-
sibility and closed-loop stability without requiring terminal costs, terminal equality
constraints, or extended prediction horizons in the MPC formulation.

2. A systematic procedure for constructing the maximal positive invariant set under
linear state feedback, establishing a certified safe operating region for motion cueing
applications.

3. A quadratic program formulation enabling real-time computation with computa-
tional complexity scaling with the control horizon.

4. Application to a robot-based driving simulator demonstrating the integration of
tilt coordination through an extended platform model with dedicated virtual tilt
channels.



The remainder of this paper is organized as follows. Section 2 presents the math-
ematical preliminaries, including discrete-time linear time-invariant systems, MPC
fundamentals, and stability concepts. Section 3 develops the dual-mode architecture
comprising safety mode and performance mode, establishing recursive feasibility and
stability guarantees. Section 4 derives the quadratic program formulation for real-time
implementation. Section 5 details the application to a robot-based driving simulator,
including tilt coordination, constraint specification, and simulation results. Section 6
concludes with a summary and directions for future research.

2 Preliminaries

This section delineates the mathematical underpinnings of the proposed dual-mode
model predictive motion cueing framework. The focus is on discrete-time linear time-
invariant (LTI) systems, which form the basis of the proposed architecture. The
principles of MPC are introduced, with an emphasis on stability concepts related to
this control strategy. The stability guarantees in linear MPC and the restrictions these
guarantees present for motion cueing applications are examined.

2.1 Discrete-Time LTI State-Space Models

Throughout this paper, we consider the state-space representation of deterministic
discrete-time LTT systems

x(k+1) = Ax(k) + Bu(k) 1)

y(k) = Cx(k) + Du(k)
with the system matrices A € R"*" B € R"*™ C € RP*" D € RP*™, the state
vector x(k) € R™, the input vector u(k) € R™, the output vector y(k) € RP, and the
time index k € Np.

Remark 1 (Feedthrough Elimination) Any direct feedthrough matrix D in (1) can be

eliminated by augmenting the state and employing the input increment Au according to
(k) = [ﬁgm eR™™, Au(k) = u(k+1) - u(k) € R™.

The augmented discrete-time state space model is then given by

i(k+1):[ A B]i(kw[onx"b} Aulk),

Omxn Im In
A B
y(k) = [C D] %(k),
——

C
with D = O.

To model basic simulator dynamics for motion cueing applications, the state vector
typically contains platform velocities and positions and the input vector comprises
commanded accelerations.



2.2 Model Predictive Control

MPC is an optimization-based control strategy that employs a dynamic model to
determine control actions in a predictive manner, see [22, 23] for a comprehensive
overview. Using the discrete-time model (1) to predict future behavior, the control
task can be formulated as a finite-horizon optimal control problem. Given a prediction
horizon N € N and the current state x; € R"™, the objective is to compute a control
sequence {u(z)}fi,iv ~1 that minimizes a specified cost function while respecting system
constraints.

2.2.1 Cost Function

The cost function encodes the control objectives, thereby influencing the controlled
system dynamics. In the context of motion cueing, the goal is to track a given reference
trajectory {r(i)}*N "1 with r(i) € R? representing the vehicle motion to be replicated
by the simulator platform. A quadratic cost function penalizing tracking deviation
and control effort is given by

k+N-—-1

Yo () —y(@)TQ(x(E) — y(i) +u(@) "Ru()), (2)

i=k

where Q € RP*P and R € R™*™ are symmetric positive semidefinite weighting matri-
ces. The relative weighting of conflicting objectives is determined by these weighting
matrices, in which larger entries in Q prioritize accurate replication of the vehicular
motion, while larger entries in matrix R promote smoother actuator behavior.

2.2.2 Constraint Handling

Since dynamic motion platforms are inherently limited by actuator capabilities and
physical workspace boundaries, both the control input u and the state x are restricted
to admissible sets Y C R™ and X C R"”, respectively. Commonly, these sets are given
as convex polyhedral constraint sets,

u:{ueRm|Fuu§gu}7 X:{XeRn|FxX§gx}a (3)

where Fy € R"*™ g, € R F, € R™*" and g, € R™. It is assumed that both
sets contain the origin, ensuring that the equilibrium pair (x,u) = (0, 0) is admissible.



2.2.3 Receding Horizon Principle

Combining the cost function (2) with the admissible sets (3), the MPC optimization
problem at time step k can be written as

| N1
minimize =~ o Y () —y(@) T Q@) — y(@) +u(@) "Ru(i))
{u(@)}iZ, i=k
subject to x(k) = xg,
x(i+ 1) = Ax(i) + Bu(s), (4)
y(i) = Cx(i) + Du(i),
u(i) e U,
x(i+1)e X,
i=kk+1,...,k+N -1

Solving (4) given the current state x; and a reference trajectory {r(i)};=N =" yields

an optimal input sequence {u*(z)}fjkN ~1. After applying the first element u*(k), the
remaining input sequence is discarded and the prediction horizon is shifted by one
step, i.e. k <— k + 1. The system state xy4; is then measured or estimated again, and
a new optimization problem is formulated based on the updated information. This
procedure, referred to as the receding horizon principle, implicitly defines the feedback
law

pn (k,xp) = u* (k) (5)
yielding the closed-loop system dynamics

x(k+1) = Ax(k) + Bun (k,x(k)),
y(k) = Cx(k) + Dun(k,x(k)), k=0,1,2,...,

with the initial condition x(0) = xq.

Algorithm 1 Basic MPC Implementation

Require: Prediction horizon N € N. Set k = 0.

: Measure the state x; at time k.

. Solve (4) for optimal input sequence {u*(i)}**N =1 Set pun (k,x;) = u*(k).
: Apply pun(k,xp) to the system for the time step from k to k + 1.

: Set k < k+ 1 and go to step 1.

N

2.3 Stability Concepts

Stability is a fundamental property of dynamic systems that ensures predictable and
safe behavior over time. In motion cueing applications, stability ensures that the
motion platform returns to its neutral position, x = 0, when no reference trajectory,



or the zero reference r(i) = 0, is to be tracked, thus preventing drift and avoiding
unsafe excursions.

To analyze the dynamics in the absence of external inputs, the discrete-time state-
space model (1) with zero input, i.e., u(k) = 0 is considered. This leads to the
autonomous state equation

x(k+1) = Ax(k). (7)
The state x, = 0 constitutes an equilibrium state, since (7), upon reaching this state,
remains there for all subsequent time steps.

Definition 1 (Asymptotic Stability) The equilibrium state xe = 0 of the autonomous sys-
tem (7) is referred to as asymptotically stable if there exists v > 0 such that ||x(k)|| < 7v||xol|
for all £ > 0 and limy_, . ||x(k)|| = 0.

A fundamental theoretical result relates asymptotic stability to the eigenvalue
spectrum of the system matrix. Let p(A) denote the spectral radius of A, defined as
the largest absolute value of its eigenvalues.

Theorem 1 (Schur Stability) Let A € R™™™ be the state matriz of the autonomous sys-
tem (7) with eigenvalues A1,...,An € C. The equilibrium state xe = 0 is asymptotically
stable if and only if all eigenvalues lie strictly inside the unit disk, that is, p(A) < 1. ]

An alternative characterization of asymptotic stability is given by the Lyapunov
theory [26].

Theorem 2 (Lyapunov’s Direct Method for Discrete-time Systems [26, 27]) Let an
autonomous discrete-time system be given by x(k + 1) = f(x(k)), where f: D — R" is
assumed to be locally Lipschitz continuous on an open set D C R" containing the origin, i.e.,
0 € D. Suppose there exists a function V: D — R satisfying:

1. V is continuous,
2. V(0) =0,
3. V(x) >0 for allx € D\ {0}.

Then, xe = 0 is asymptotically stable, if V(x) — V(f(x)) > 0 holds for all x € D\ {0}. In
this context, V is called a Lyapunov function for the system. O

Remark 2 (Control Lyapunov Function) For a non-autonomous discrete-time system x(k +
1) = f(x(k),u(k)), a function V satisfying the conditions of Theorem 2 is called a Control-
Lyapunov function (CLF). [28]

It is important to note that Theorem 1 and Theorem 2 provide equivalent char-
acterizations of asymptotic stability for the autonomous system (7). Both concepts
extend to non-autonomous systems, where the objective becomes the synthesis of a
stabilizing feedback law for the closed-loop system (6). In particular, Schur stabil-
ity (Theorem 1) underpins the design of a linear state feedback u(k) = —Kx(k) by



assigning the eigenvalues of A — BK to lie inside the unit disk. In contrast, Lya-
punov theory provides the theoretical foundation for establishing closed-loop stability
in MPC through the construction of an appropriate CLF.

2.3.1 Stability of Linear MPC

Since the MPC feedback law (5) is implicitly defined by Algorithm 1, stability must
be ensured through the structure of the optimization problem itself. Considering the
washout case with zero reference, r(i) = 0, the MPC optimization problem (4),
including feedthrough elimination (Remark 1) when D # O, may be written as

1 k+N-—-1 ~ .
minimize - (x(z)TQx@) n u(i)TRu(z’))
fu@yE 2 S
subject to x(k) = xp,
x(i + 1) = Ax(i) + Bu(i), (8)
u(i) €U,
x(i+1) e X,
i=kk+1,... k+N—1

The central idea linking linear MPC to Lyapunov theory is to employ the MPC value
function as a candidate CLF. Define the cost functional Jy: R"™ x (R™)Y — R and
the optimal value function Vi : Xy — R by

k+N-1
T (YY) = 2 (x()T@x(i) + (i) TRu(),
i=k
VN (xg) = inf JN,

{u@ YN et (xk)

where Uy (x;) denotes the set of admissible input sequences for state xi, and Xy =
{x € X | Un(x) # 0} is the feasible set. By construction, Vj satisfies the properties
of continuity and positive definiteness if Q and R. are positive definite [29]. However,
the Lyapunov decrease condition Vy(xx11) < Vi (xx) along closed-loop trajectories
is not guaranteed by the basic formulation (8).

Three principal approaches ensure that V serves as a CLF for the closed-loop
system [22, 23]:

1. Sufficiently long prediction horizon: Vy(xk4+1) < Vn(xx) can be ensured if N
exceeds a critical threshold. While theoretical bounds on the required horizon length
have been established [23, 30], verifying these conditions in practice may be chal-
lenging. However, letting N — oo guarantees the Lyapunov decrease via Bellman’s
principle of optimality [31, 32].

2. Terminal equality constraint: Enforcing the equality constraint x(k + N) = 0
ensures that the shifted input sequence, appended with u = 0, remains feasible,
thereby guaranteeing Vy (xr11) < Vv (xx).



3. Terminal cost and terminal set: Introducing a terminal penalty Vi(x(k + N)) =
x(k + N)TPx(k + N) and constraining the terminal state to a control-invariant
set, x(k+ N) € Xy C X, ensures that Viy(xx11) < Vi (xg). This means, Xy must be
positive invariant under a stabilizing feedback, such as uf(i,x(7)) = —K¢x(7), i >
k+ N. A common choice is to set K; as the unconstrained LQR gain and Py as
the solution of the discrete-time algebraic Riccati equation. [22]

Each approach ensures that Vi serves as a CLF for the closed-loop system, thereby
certifying asymptotic stability of the origin. In particular, terminal costs and termi-
nal constraints have been employed in MPC-based motion cueing [24, 25, 33, 34].
However, these stability-enforcing mechanisms impose limitations for motion cueing
applications. Long prediction horizons increase the computational burden of solving
equation (4) and may conflict with real-time requirements. Terminal equality con-
straints, such as x(k+N) = 0, require the platform to reach the neutral position within
the prediction horizon, thereby severely restricting workspace utilization. Terminal
costs and terminal sets, while less restrictive, bias the optimization toward returning
to the neutral position, effectively inducing potentially premature washout behavior
and degrading motion fidelity. These observations motivate the decoupling of stabil-
ity certification and performance optimization. By delegating stability to a dedicated
feedback controller, the MPC optimization (4) can be tuned to prioritize performance
while allowing maximum workspace utilization.

3 Dual-Mode Predictive Motion Cueing

This section presents a dual-mode control architecture for motion cueing that sys-
tematically separates safety guarantees from performance optimization. The approach
comprises two operational modes: a safety mode employing stabilizing state feed-
back and a performance mode utilizing MPC for reference tracking. Throughout this
section, it is assumed that a discrete-time LTT state-space representation (1) modeling
the motion platform dynamics is available, the pair (A, B) is reachable, and the full
state vector x is accessible at every time step.

3.1 Safety Mode: Stabilizing State Feedback

The goal of the safety mode is to provide a stabilizing controller that ensures
asymptotic convergence to the origin while satisfying all constraints. Since (A, B)
is reachable, a constant feedback matrix K € R™*™ can be designed such that the
closed-loop matrix

AK = A - BK
satisfies p(Ak) < 1. Under the feedback law u(k) = —Kx(k), the closed-loop
dynamics become
x(h+1) = Ax(k), (9)

for which the origin x = 0 is globally asymptotically stable by Theorem 1.



3.1.1 State Feedback Design

The design of K can be accomplished via pole placement, by specifying a set of n
desired eigenvalues Ay, ..., A\, satisfying |\;| < 1. For single-input systems, i.e., m = 1,
Ackermann’s formula [35] yields an explicit construction. Given the monic polynomial

p(>‘) = H()\ — )\i) =\"+ an_l)\”*l +-+a

i=1
and the reachability matrix
R,=|[B AB A’B --- A" 'B| e R"*",
the feedback gain placing the eigenvalues of Ak at the roots of p()\) is given by
K=e, R, p(A), (10)

where e [0 -+ 0 1] €R"and p(A) = A" + o, (A" 4+ + gl

n —

Remark 3 (Eigenvalue Placement Guidelines) To ensure smooth transient behavior and
robustness, the closed-loop eigenvalues should be placed with a conservative margin to
the unit circle. Negative eigenvalues should be avoided as they induce step-to-step sign
alternations, thereby increasing actuator reversals and peak effort.

Remark 4 (State Feedback for Multiple Input Systems) For m > 2, Ackermann’s formula
does not directly generalize. In this case, robust assignment methods such as the algorithm
by Kautsky, Nichols, and Van Dooren [36] may be employed.

Ezample 1 (State Feedback for Discrete-Time Double Integrator) Consider a discrete-time
double integrator

x(k+ 1) = [7{ ﬂ x(k) + {%7;;3} u(k)
ot %

with the sampling interval fixed at Ts = 0.012s. For a non-oscillatory, critically damped
response, the closed-loop poles are placed at A\; = Ay = 0.98, yielding

p(A\) = (A — 0.98)* = AZ — 1.96 A + 0.9604.
The reachability matrix

0.012 0.012
Rz =B AB| = [0.000072 0.000216] (11)
satisfies rank(R2) = 2, confirming reachability. Applying (10) yields
0.9602 —0.0333
K = [3.3167 2.7778] , Ak =A-BK= {0.0118 0.9998 } . (12)

The closed-loop response for the initial condition x(0) = [O O.S]T
stability is shown in Fig. 1.

illustrating asymptotic

10
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Fig. 1 Closed-loop state trajectory and control input for v(0) = 0m/s, p(0) = 0.3m

3.1.2 Constructing the Maximal Positive Invariant Set

Beyond stability considerations, the feedback law u(k) = —Kx(k) also induces a cer-
tified safe operating region in the form of a positive invariant set. For the construction
of such sets, input admissibility is mapped into the state space. To simplify notation,
the resulting combined admissible set is defined as

Xk = {x € R"|Fyx < gy, Fu(~K)x < gu} - {x eR"|Frx < gK}, (13)
with
Fy gx
Fg = , = .
K {Fu(—K)] 8K [gu}

The construction of the safe operating region within Xk relies on the following
definitions.

Definition 2 (Positive Invariant Set) A set Og C R is positive invariant for (9) if
x(0) e Ox = x(k)€e Ok forallkeN.

It should be noted that the stability condition p(Ak) < 1, together with the
fact that Xk is a polyhedral set containing the origin, guarantees the existence of a
polyhedral positive invariant set for (9) [37]. Of particular interest is the largest such

set.

Definition 3 (Maximal Positive Invariant Set) The set Og C Xk is the maximal positive
invariant (MPI) set for (9) if OF is positive invariant and contains all other positive invariant

sets within X.

A key characteristic of Of¢ is providing a formal safety certificate: any state xo €
Og ensures that the closed-loop trajectory under u(k) = —Kx(k) satisfies x(k) € Og

11



for all k € N. Following [38], the polyhedral MPI set may be constructed iteratively
using the precursor set

Pre(XK) = {X e R" ’FKAKX < gK} n Xk.

Accordingly, the MPI set is the largest fixed point of the precursor operator. Starting
from Xk, repeated application according to

0% = Xk, Ot = Pre(0k), i=0,1,2,...

contracts the set until a fixed point is reached. The sequence {Ok} is nested and
nonincreasing. If O = O for some i, then O = Oj. As p(Ak) < 1 and Xk is
a polyhedron containing the origin, this procedure terminates in finitely many steps
yielding the polyhedral MPI set O = {x € R" |F‘I><°X < g} [38]. Algorithm 2
implements this iteration.

Algorithm 2 Computation of the Polyhedral Maximal Positive Invariant Set O

Require: Closed-loop matrix Ak, constraint set Xx = {x € R" | Fxx < gk }
Ensure: Polyhedral MPI set O
1. 0% + Xk, i+ 0
2: repeat
Ot + Pre(Oj)
1+ 1+1
until (’)%+ - Oi up to a prescribed tolerance

@ oo w

Ezample 2 (MPI Set Computation for Single Axis) We consider the discrete-time double
integrator with state feedback from Example 1. The constraint sets are defined according
to the physical limits of longitudinal motion in the x-direction of the RODOS® simulator
platform:

a€[-6,6m/s?, ve[-15, 1.5/m/s, pe[-0.55, 0.3 m. (14)
These limits correspond to polyhedral constraint sets
U={ueR|Fuu<gu}, X={xeR®|Fxx<gx}, (15)
with
-1 0 1.5
0 —1 0.55 -1 6
Fx=11 o &= |15 F“_[l]’ g“_M' (16)
0 1 0.3

With K from (12), the combined admissible set

rCx0) < o] }

is obtained. Algorithm 2 with initial set OOK = Xk converged after 53 iterations to the MPI
set O = {x e R" |Fgx < g }, where F € RY%2 and g2 € R%. This set is illustrated

XK_{XG]R2

12



in Fig. 2. By construction, every x(0) € O ensures that the closed-loop trajectory governed
by (9) satisfies all acceleration, velocity, and position constraints for all k£ € N.

0.4 ‘ ‘
=1 MPI Set O
0.2] i
£
= Or 7
2
Z —02] |
ol
—0.4 | |
—0.6

-1.5 -1 -0.5 0 0.5 1 1.5
Velocity vy

Fig. 2 MPI set for longitudinal movement of RODOS®

The safety mode provides asymptotic stability and formal constraint satisfaction
guarantees through the feedback law u(k) = —Kx(k) and the MPI set Og. How-
ever, this mode does not account for reference tracking or performance optimization.
In motion cueing applications, the primary objective is to replicate vehicle motion
through platform movement. To address this requirement, another mode is introduced
that prioritizes workspace utilization while leveraging the safety guarantees established
by O%.

3.2 Performance Mode: Linear MPC for Reference Tracking

The goal of the performance mode is to maximize motion cueing fidelity without the
need for stability-enforcing constraints or penalties. By delegating asymptotic stability
to the safety mode, the MPC optimization can be designed exclusively for reference
tracking and workspace utilization.

3.2.1 Optimization Problem

Given a previewed reference trajectory {r(z)}f:,iv ot representing the vehicle motion

to be reproduced by the motion platform, the performance-mode optimization problem

13



is formulated as

1 k4Np—1 . k+No—1
minimize =~ o @) —y@) Qi) —y@)+ D u(@) Ru(i)
{u@) i ik =
(17a)
subject to x(k) = x,
x(i+ 1) = Ax(i) + Bu(i),
y (i) = Cx(i) + Du(i),
x(i+1) € Og = {x e R" |FRx < g¥}, (17b)
i { S e sl ke g

i=kk+1,... k+N,—1,

with the prediction horizon N, and the control horizon N, < N,. This temporal
separation exploits preview information for anticipatory motion shaping while main-
taining computational tractability, since the number of decision variables scales with
N, rather than N,. The constraint (17b) requires that all predicted states remain
within the MPI set Og¢, constructed under the state feedback u = —Kx. This allows
instantaneous safe switching: at any time step k, the safety mode u(k) = —Kx(k)
can be activated without risking infeasibility or constraint violation. The separation
between free optimization and feedback-governed prediction is encoded in (17¢). The
control inputs are treated as decision variables constrained to the admissible set U for
i < k + N, whereas for ¢ > k 4+ N, inputs are fixed according to the stabilizing feed-
back law. This feedback tail closure ensures that the predicted trajectory ultimately
converges toward the origin, thereby maintaining membership in Og. Solving (17) for
{u;(i)}F N1 and applying the first element w}(k), implicitly defines the dual-mode

K2

feedback law
pak,xi) = (k). (18)

3.2.2 Recursive Feasibility and Stability Guarantees

For practical MPC implementations, it is essential to guarantee that the optimiza-
tion problem (17) remains solvable at every sampling instant throughout closed-loop
operation. This property, referred to as recursive feasibility, prevents the control algo-
rithm from encountering infeasibility during runtime, which would result in undefined
control actions. The constraint structure of the performance mode, combined with
the invariance properties established for the safety mode, provides a mechanism for
guaranteeing recursive feasibility.

Theorem 3 (Recursive Feasibility) Consider the dual-mode framework with performance-
mode optimization (17), feedback law (18), and the MPI set O constructed under the safety-
mode state feedback u = —Kx. If x;, € O, then the optimization problem (17) is feasible at
time k and the successor state satisfies X1 = Axy + Bug(k,x) € O .
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Proof Assume xj;, € O . We construct a candidate input sequence {ﬁ(z)}f:]j\fcfl by applying

the safety-mode feedback according to u(i) = —Kx%(i) for ¢ € {k,...,k + Nc — 1}, where
%(k) = x and %(2 + 1) = (A — BK) %x(4) = Akx(i). Since O C Xk is positive invariant
under Ak per construction, it follows that %x(i) € O for all ¢ > k. By definition of Xk
in (13), this implies (i) € U, satisfying (17¢). Hence, the candidate sequence is feasible.
For the successor state, constraint (17b) enforces x*(k + 1) € O for any optimal
trajectory. Since xp41 = Axy + Bujj(k) = x*(k + 1), membership x;41 € O follows
directly. O

An immediate consequence of Theorem 3 is that initialization within the MPI set
guarantees feasibility for all future time steps: if xg € OF, then the dual-mode MPC
procedure according to Algorithm 1 with the feedback law (18) is well-defined for all
k € Ng, and the closed-loop state trajectory satisfies x;, € O for all k£ € Ny.

The separation of stability and performance objectives represents a key advan-
tage over conventional MPC formulations. By leveraging the precomputed MPI set,
the performance mode focuses exclusively on tracking fidelity while inheriting stabil-
ity guarantees from the safety controller. This decoupling enables tuning of Q and R
in (17a) for perceptual quality without compromising closed-loop stability. Further-
more, the control horizon N, and prediction horizon N, can be selected based on
computational budget and available preview information rather than stability require-
ments, since asymptotic convergence is externally certified. In the following section, we
derive the numerical implementation of the performance-mode optimization problem
as a quadratic program suitable for real-time computation.

4 Numerical Implementation

The performance-mode optimization problem (17) must be solved at every discrete
time step within the sampling interval Ts, which for modern driving simulators
typically lies in the order of milliseconds [2]. This real-time constraint necessitates
computational methods with deterministic execution times. Since the prediction model
is linear, the cost function is quadratic, and all constraints are polyhedral, the MPC
problem can be reformulated as a convex quadratic program (QP) of the form

1
minimize -z Pz+q'z
z € R"= 2

subject to Gz < h,

where P € R"=*"= ig symmetric and positive definite, q € R"=, G € R™a*"= and
h € R™a. In this section, we derive the QP formulation by eliminating the predicted
state and output trajectory through recursive substitution of the state equation.

4.1 Rewriting the Cost Function

For ease of notation, the stacked control sequence @t € RY<™  state vector x € RV,
output vector y € R¥»?, and reference vector ¥ € R™V»? are introduced as

2= [x(k+1)7 x(k+2)7 - x(k+N,)7] ",
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[u(lﬂ)—r uk+1)" ---u(k+ N, — 1)T]T ,

y=®T yk+DT - yk+ N, -],
r=[r(k)T r(k+1)7 - r(k+ N, —1)T] "

To express the predicted trajectories in dependence of x; and u, recursive
application of the state space equations (1) yields

i—1
y(k+i)=CA'x; + > CA"™ 7 'Bu(k+j)+ Du(k+i), i=0,1,...,N.— L
§j=0

For i > N, the control inputs are fixed by the safety-mode feedback u(k + i) =
—Kx(k + ). Defining Ck := C — DK leads to

N.—1
y(k+1i) = CkA ™ [ AVxp+ Y ANT'"IBu(k+j) |, i=Ne,....N,—1.

Jj=0

Hence, a stacked state space representation can be written as

% = Ax;, + Bu, y = Cx; + Du, (19)
where
i A T i B (0) o ]
A2 AB B (0)
A= AN , B= AN-—1B e AB B ,
Ax AN AgAN-—IB ... AkAB AxB
-AI]\(ZP_NCANC_ _Agp_NcAchlB . AIJZP_NCAB Aﬁp_NcB_
and
- C . i D (0] T
CA CB
_ - _ : 6]
C= CA CN , D= CAN-—2B D
CkA™ CxAN-—1B CkB
Np—Ne—1 3 e . N
[Ck Ay AN Cx AN NeTIANIB L o AN VIR
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Substituting (19) into the cost function of (17), introducing block-diagonal weighting
matrices Q = diag(Q, ..., Q) € RY¥eP*MP and R = diag(R,...,R) € RNemxNem,
and omitting constant terms, the objective takes the standard QP form

J=-u'Pa+q u, (20)

1
2
with

P—D'QD+R, q:=D'Q(Cx;—7)
The matrix P is symmetric and positive definite if Q = O and R = O, ensuring strict
convexity and uniqueness of the optimal solution.

4.2 Constraint Reformulation

For input admissibility u(k + ¢) € U with ¢ € {0,..., N. — 1}, the constraints are
stacked as
Fuu < gy, (21)
where F,, = diag(Fy,...,Fy) € RVNemuaxNem and g, = [gl,...,gl]T € RV"u State
constraints x(i + 1) € O require explicit enforcement only through the control
horizon, since positive invariance of Og under u(i) = —Kx(i) ensures automatic sat-
isfaction for ¢ > N.. Hence, for i € {0,..., N.—1} the state constraints can be written,
using (19), as
FOOBNCI_I S goo - FOOANCX]C' (22)
Here, Ay, € RYe"X" and By, € RNen*Nem denote the first N, block rows of the
prediction matrices A and B, respectively. Furthermore, Fo, = diag(Fg,...,F) €
RNenoeXNem and g, = (g7, ...,8% ']T € RVem= where no, denotes the number of
inequalities defining the MPI set Of.
Combining (20), (21) and (22), the performance-mode optimization problem (17)
is reformulated as 1
minimize —
ic ]RN“m 2 (23)
subject to Ga < fl,
with

~N Fu Nijg X Nem T gll 7
G = |:FooBNc:| € R"a , h= g — Foo Ay xs € R™a,

where niq = Nc(ny + neo) denotes the total number of inequality constraints.

Remark 5 (Problem Dimensions) The QP formulation (23) has Ncm decision variables and
Nec(nu + noo) inequality constraints. Both quantities scale with the control horizon N
rather than the prediction horizon Np. This enables extended prediction horizons for preview
exploitation in motion cueing applications without increasing the optimization problem size.

Remark 6 (Online Computation) At each time step k, the Hessian P and the constraint
matrix G remain constant since they depend only on the system matrices and horizons. Only
the gradient q and the right-hand side h require updating based on the reference ¥ and the
current state xj. This structure permits efficient warm-starting strategies.
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4.3 QP Solver Selection

The standard QP formulation (23) can be solved using a variety of numerical optimiza-
tion algorithms. In the context of real-time MPC, active-set methods are particularly
attractive, as they naturally support warm starting. By initializing the optimization
at each sampling instant with the solution obtained at the previous time step, only a
small number of iterations is typically required to reach convergence [39].

Since (23) contains only inequality constraints, it is compatible with active-set
solvers such as qpOASES [40] and DAQP [41]. It is worth mentioning that the suit-
ability of qpOASES for MPC-based motion cueing applications has been successfully
demonstrated in previous work [18, 24]. This proven applicability in the motion cue-
ing domain, coupled with its robust warm-starting capabilities, motivates the choice
of gpOASES for the implementation on our robot-based simulator platform.

5 Application to a Robot-Based Driving Simulator

This section considers the application of the proposed dual-mode model predic-
tive motion cueing framework to the robot-based driving and operation simulator
RODOS® at the Fraunhofer ITWM. We first demonstrate how the established concept
of tilt coordination, which enables the rendering of sustained accelerations, can be inte-
grated in the proposed framework. Subsequently, an extended 8-DOF platform model
incorporating dedicated tilt channels is derived and discretized. The constraint param-
eterization, reference generation strategy, and washout mechanism are discussed. A
signal flow diagram illustrating the motion cueing architecture is provided in Fig. 3.

Driver Motion
Inputs Cueing
Vehicle Simulation
s Pose
C"CV“ A4
€ Motion C € P15 P6[  Tnyerse
Feedback Kinematics

Fig. 3 Signal flow of RODOS®

5.1 Tilt Coordination

The reproduction of sustained accelerations using direct translational platform motion
is fundamentally limited by the bounded workspace. The technique of tilt coordination
addresses this limitation by exploiting a characteristic of the human vestibular system,
namely the gravito-inertial ambiguity of the otolith organs [12]. These sensory organs
respond to the resultant specific force vector rather than to acceleration and gravity
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independently. The specific force f acting on the vestibular system is defined as
f=a+g,

where a denotes the translational acceleration and g = [0 0 —g]" the gravitational
acceleration, with g = 9.81m/s%.

Fig. 4 Principle of tilt coordination

The principle of tilt coordination is illustrated in Fig. 4. For an upright orientation,
a longitudinal translational acceleration ay produces the specific force f, = [ax 0 —g] T,
sensed as inertial force F,, = —f, = [~ay 0 g] . Tilting the head backward by an angle
6 redistributes the specific force f = [0 0 g]T into head-fixed components, yielding
F, =[F, 0F,] = [gsin0 0 — gcosf]". Comparing the longitudinal components
reveals that identical vestibular stimuli arise when ay = —gsinf. Hence, sustained
translational accelerations can be substituted by appropriate platform tilt angles.

For small tilt angles, the approximations sin 8 ~ 6 and cos # =~ 1 hold with sufficient
accuracy for motion cueing purposes. Under this linearization, the perceived specific
forces are related to the platform accelerations and tilt angles by

fx = ax — getilh
fy =ay + g Gyiles (24>
fz = Ay,

where ¢y;¢ and fij; denote the roll and pitch tilt angles, respectively. The effectiveness
of tilt coordination depends critically on the angular rate at which the tilt angle
changes. To avoid generating spurious rotational cues, the tilt rate should remain
below the semicircular canal detection threshold, typically reported in the range of
0.5°/s to 4°/s [13, 34].

To enable independent parameterization of tilt-based acceleration rendering and
physical platform rotation, we introduce two dedicated virtual tilt channels that are
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decoupled from the physical orientation angles. This approach, following the methodol-
ogy in [42], permits separate constraint specification: perceptual threshold constraints
are imposed on the tilt angular velocities while the physical platform angular velocities
remain subject to the mechanical limits of the robot.

5.2 Platform Model

Based on the tilt coordination concept introduced above, we derive an 8-DOF state-
space model comprising six physical platform degrees of freedom and two virtual tilt
channels. The motion platform dynamics are modeled as decoupled double integra-
tors, one for each degree of freedom. To derive the discrete-time LTI state space
representation (1), the input vector
T T AT 77 8
u= [a o amt] eR
is introduced, comprising the translational accelerations a = [ax ay a,] ", the angular

accelerations o = [ay a ] " corresponding to roll, pitch, and yaw rotations, and
the tilt coordination angular accelerations aiyy = [aug sitt oz.g,ti]t]T. The state vector

.
x=[vI Wl wl,p" p" pl] €R' (25)

contains the translational velocities v = [vx vy v,]T, the angular velocities w =
[we wo wy] T, the tilt angular velocities wij, = [We tilt wa titt) |, the translational posi-
tions p = [px Py Pz ', the platform orientation angles p = [¢ 0 ¥]", and the virtual
tilt angles pyyy, = [eite Oeite] |-

The complete continuous-time state equation describing double integrator dynam-
ics for all degrees of freedom is given by

%(t) = Acx(t) + Beu(t),

with the continuous-time system matrices

Ac _ 08 08 c R16><16 and BC _ IS c RlGXS-
Is Os

Applying zero-order hold discretization with sampling period T; yields the discrete-
time state equation

x(k+ 1) = Ax(k) + Bu(k),
with

A [ Is 08:| cRISXI6 .04 B |:1TSIS } c RI6XS.
Tds Is

While the components of the state vector (25) are determined by the platform dynam-
ics model, the output vector can be tailored to include all quantities relevant for
tracking and washout behavior (see Sect. 5.5). Accordingly, the output vector is defined
as

y = [fT XT}T cRY

20



comprising the perceived specific force f(x,u) = [fx fy f.] " and the complete platform
state. According to the tilt coordination relationships (24), the specific force f depends
linearly on the virtual tilt angles contained in x and the translational accelerations
contained in u. This structure yields the output equation

y(k) = Cx(k) + Du(k),
with

c_ |:03><14 Gtilt:| c R19><167 D= {13

I

The tilt coordination matrix

0 —yg
Gui = |g 0 | e R?*?
00
maps the virtual tilt angles py = [Deie Qtilt]T to the corresponding specific force

components in accordance with (24).

5.3 Constraint Specification

The admissible constraint sets are determined by the physical capabilities of the
RODOS® platform. The velocity and acceleration limits were experimentally iden-
tified using sine-sweep excitation with increasing frequency. Table 1 summarizes the
resulting bounds for each physical degree of freedom.

Table 1 Physical limits of the RODOS® platform

DoF  Acceleration  Velocity Position
T +6.0m/s? +1.5m/s [—0.55m,0.3m)]
y +8.0m/s? +2.0m/s +1.6m
z +7.0m/s? +1.0m/s +0.1m
¢ +200 °© /s? +60° /s £35°
0 +200° /s2 +60° /s +15°
P +50°/s? +60° /s £50°

The polyhedral constraint sets U and X" are constructed from these bounds accord-
ing to (3) as demonstrated in Example 2. For the decoupled tilt coordination channels,
a portion of the rotational workspace is allocated to ensure subthreshold tilt motion.
Specifically, the virtual tilt channels are subject to the constraints

‘¢tilt|a |9tilt| < 5%, |w¢>,tilt‘7 |W0,ti1t| < 50/57 |a¢>,tilt|; |a9,tilt| < 200/82-
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The tilt angle bounds of £5° remain within the range where small-angle approximation
in (24) holds with sufficient accuracy. The tilt rate constraint of 5°/s is selected
to lie slightly above typical semicircular canal detection thresholds [34, p. 26] while
providing sufficient margin for smooth tilt coordination. By partitioning the rotational
workspace, the physical platform angular velocities w and orientations p retain the
remaining capacity according to Table 1 for reproducing high-frequency rotational
movements.

5.4 Reference Generation

The performance-mode optimization (17) requires a reference trajectory {r(z)}f:év Pt

spanning the entire prediction horizon. In passive driving simulation, where the vehicle
trajectory is predetermined, the future reference values are directly available from
precomputed scenario data. However, in interactive driving simulation, the future
vehicle motion depends on driver inputs that are inherently unknown at the current
time step k. This fundamental distinction necessitates reference prediction strategies
for interactive applications.

Several approaches have been proposed to address this challenge. The simplest
strategy is constant extrapolation, where the current vehicle accelerations and angu-
lar velocities are held constant over the prediction horizon [18]. A refinement employs
prerecorded reference trajectories from previous test drives on a known track, using
adaptive scaling factors to account for driver variability [43]. Machine learning
approaches have also been explored, where neural networks trained on past motion cues
predict future vehicle dynamics based on learned driver behavior patterns [44]. More
sophisticated model-based methods combine simplified vehicle models with linear feed-
back control laws for path and speed tracking to anticipate future driver inputs based
on known route information [45]. The most elaborate approaches model the driver as
an optimal controller pursuing a predicted path, formulating and solving an additional
optimization problem at each time step to estimate future driver inputs [34, 46].

For the implementation presented herein, we adopt constant reference extrapola-
tion due to its computational simplicity:

r(i) =r(k) forie{k,k+1,...,k+N,—1}.

The receding horizon principle ensures that the reference trajectory is updated at each
sampling instant, thereby incorporating the latest vehicle state information.

5.5 Washout Mechanism

The desired washout effect ensures that the motion platform returns toward its neutral
configuration when vehicle motion demands subside. Within the proposed dual-mode
architecture, washout can be achieved in two ways: implicitly through appropriate
parameterization of the weighting matrices in the performance-mode optimization, or
explicitly through manual activation of the safety mode.
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5.5.1 Implicit Washout via Cost Function Design

The implicit washout behavior emerges from the reference structure and the weighting
matrices Q and R in the performance-mode optimization problem (17). The reference
vector at time step k is constructed as

r(k) = [aven(k)T 0] wen(k)T 0fy] " € RY,

where aypn(k) € R? denotes the simulated vehicle accelerations and wen(k) € R?
represents the vehicle angular velocities at time k. The zero entries correspond to trans-
lational velocities v, tilt angular velocities wyjy, translational positions p, platform
orientations p, and tilt angles p;;.

The cost function (17a) simultaneously pursues two objectives: tracking the
nonzero reference components, which requires reproducing vehicle accelerations and
angular velocities, and driving the remaining output components toward zero. The
latter objective effects the washout behavior, as minimizing the tracking error for zero-
referenced states penalizes deviations from the neutral platform configuration. It is
important to note that the weighting matrix Q € R'9*! directly parameterizes the
trade-off between motion fidelity and washout aggressiveness. Larger weights on the
specific force components fx, fy, f, prioritize accurate reproduction of vehicle accel-
erations, while larger weights on position and orientation components promote faster
return toward the neutral configuration. The input weighting matrix R € R8*® penal-
izes control effort, thereby influencing the smoothness of both tracking and washout
motions.

5.5.2 Explicit Washout via Safety Mode Activation

The safety mode provides an alternative mechanism for initiating platform washout.
By activating the stabilizing state feedback u(k) = —Kx(k), the platform is driven
toward the origin. This explicit washout capability is particularly relevant in scenarios
requiring immediate return to the neutral position, such as emergency stops, simu-
lation termination, or operator-initiated session endings. Since any state within O
can be asymptotically stabilized to the origin under the safety-mode feedback while
respecting all input and state constraints, the explicit washout is guaranteed to succeed
without constraint violations.

5.6 Practical Advantages

The dual-mode architecture offers several practical advantages beyond the formal
stability and feasibility guarantees established in Section 3. First, the architecture
provides computational robustness through an inherent solver fallback mechanism.
If the QP solver fails to converge within the sampling period Tg, the safety-mode
feedback u(k) = —Kx(k) can be applied immediately without risking constraint vio-
lations, since the current state necessarily satisfies x; € Og. This enables aggressive
solver configurations without compromising safety. Second, the weighting matrices Q
and R can be modified during closed-loop operation without invalidating stability
guarantees. Since asymptotic stability is certified by the safety mode independently
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of the performance-mode parameters, online tuning for driver personalization or
context-adaptive motion cueing becomes feasible. Third, the externalization of stabil-
ity certification removes the need for terminal costs or terminal equality constraints
in the MPC formulation. This design freedom permits the cost function to be tailored
exclusively for motion fidelity, and the prediction horizon N, and control horizon N,
can be selected based on preview availability and computational budget rather than
stability considerations.

5.7 Simulation Results

To demonstrate the dual-mode switching capability, we consider a longitudinal accel-
eration maneuver where the safety mode is activated during operation. The simulation
employs the discrete-time double integrator model with the state feedback gain K
from Example 1. The MPI set O for the z-axis is taken from Example 2, respec-
tively. The performance-mode optimization (17) is configured with prediction horizon
N, = 20 and control horizon N, = 12. The weighting parameters are chosen as

qr, = 1.0, q, =01, ¢, =500, r, =10,

x

Quo e = 90.0,  gg,;, = 50.0, 14, =2.0.

The simulation comprises a 10s scenario with the vehicle reference acceleration shown
in Fig. 5. At t = 6, the safety mode is manually activated, simulating an operator-
initiated session termination.
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Fig. 5 Dual-mode motion cueing for acceleration maneuver

The upper plot displays the vehicle reference acceleration and the resulting spe-
cific force acceleration. During the performance mode (t < 65s), the MPC tracks the
reference while respecting all constraints according to Table 1. Upon safety mode
activation, the platform acceleration transitions to the stabilizing feedback response
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ax(k) = —Kx(k). The lower plot shows the platform position py, which remains within
the workspace bounds throughout the maneuver. After safety mode activation, the
platform returns smoothly toward the neutral position pyx = 0 without constraint
violations, confirming the guaranteed safe return capability.

6 Conclusion

This paper has presented a dual-mode model predictive control architecture for motion
cueing that systematically separates safety certification from performance optimiza-
tion. The safety mode, employing a stabilizing state feedback law and an associated
maximal positive invariant set, provides formal guarantees for constraint satisfaction
and asymptotic stability. By constraining all predicted states to remain within this
invariant set, the performance mode can be designed exclusively for motion fidelity
without requiring terminal costs or terminal equality constraints. Recursive feasibility
and closed-loop stability follow directly from the invariance properties of the safety
mode, independently of the MPC weighting parameters or horizon selection. The
framework has been implemented in the robot-based driving simulator RODOS®,
which showcases the integration of tilt coordination through an expanded 8-DOF
platform model with dedicated virtual tilt channels. Simulation results confirm the
guaranteed safe return capability upon safety mode activation, validating the theo-
retical guarantees established in the dual-mode formulation. The architecture offers
several practical advantages, including computational robustness through an inherent
solver fallback mechanism, the ability to modify tuning parameters during closed-loop
operation, and design freedom in the MPC formulation.

For future work, it would be interesting to apply the proposed dual-mode concept
to other dynamic driving simulator architectures, particularly hexapod-based Stewart
platforms, which represent the most widely deployed motion platform configuration
in professional driving simulation. Furthermore, the incorporation of vestibular per-
ception models into the framework could enhance motion fidelity by accounting for
human sensory dynamics in the cost function design. The architectural separation
between safety certification and performance optimization suggests a natural extension
to nonlinear MPC formulations, since the safety mode guarantees remain valid inde-
pendently of the specific cost function structure employed in the performance mode.
Finally, investigating advanced reference generation strategies that model the driver
as an optimal controller pursuing a predicted path could improve preview exploitation
in interactive driving simulation scenarios.
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