
Supplementary information for1

Optimised optical waveforms drive efficient water window2

attosecond pulse generation3

Miguel A. Silva-Toledo1,2,∗, Fabian Scheiba1,2,∗, Maximilian Kubullek1,2, Rafael de Q. Garcia1,2,4

Roland E. Mainz1,2, Giulio Maria Rossi1,2,3, and Franz X. Kärtner1,25
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1 Experiment35

1.1 Measurement procedure36

This section describes the measurement procedures that were followed for the acquisition of the37

presented data. The experiment was carried out for Helium and Neon as the high-harmonic gen-38

eration (HHG) target. Additionally, all HHG measurements were repeated for multiple different39

peak intensities of the driving waveforms using a set of neutral density filters; the used filters were:40

ND0.0 (uncoated substrate), ND0.1, ND0.2, and ND0.3. The slight thickness differences between41

the filters were characterised independently and are used to relate the different measurements. The42

driving waveform energies for the different filters are given in Table 1.43

Table 1: Measured NIR and IR pulse energies at the gas target for the different ND filters.

The ND 0.0 filter corresponds to the 2-mm UV fused silica substrate without the reflective coating.

ND NIR (µJ) IR (µJ) Total (µJ)

0.0 20 170 190

0.1 19 163 182

0.2 16 126 142

0.3 11 77 88

A complete dataset for one combination of gas-type and neutral density filter is produced44

using the following steps:45

1. Determination of best IR-only phase-matching parameters: HHG spectra are recorded46
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while scanning the position of the gas-cell relative to the focus for a set of different backing47

pressures. The measurements are carried out using only the IR-pulse while averaging over48

its CEP. From this set of measurements the combination (Pb,zPM) maximising the IR-only49

yield is determined. The found combination was kept fixed for all following measurements.50

2. IR CEP scan: HHG spectra are recorded at the found (Pb,zPM) combination while scanning51

the CEP of the IR-pulse. The scan is used to determine the highest possible yield for the IR52

field case for specific HHG photon energy ranges.53

3. In-situ waveform characterization: A TREX measurement (see Section 1.3) is carried out54

at the optimised target position (zPM), using helium at a backing pressure of 1 bar and the55

strongest attenuating neutral density filter ND0.3 to avoid ionisation, which would prohibit a56

proper reconstruction of the pulses. In addition to knowledge of all used driving waveforms57

in the subsequent measurements, the reconstruction also gives the precise time-zero between58

the IR- and NIR-pulse for the relative delay scans.59

4. Relative delay scans at different CEPs: HHG spectra are recorded at the optimal (Pb, zPM)60

combination determined in step 1 while scanning the relative delay between the constituent61

pulses around the established time-zero. Each scan is repeated for different CEP values: the62

reference CEP (the initial lock point) ϕ0, ϕ0 − π/4, ϕ0 − π/2, and ϕ0 − π.63

It is important to note that the phase lock between the constituent pulses was not broken64

from the TREX measurement onwards. This allows us to assign a driving waveform to each65

recorded HHG spectrum. We furthermore calibrate the spectra using additional measurements66
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with a calibrated XUV photodiode (see Section 1.7) allowing us to determine the absolute photon67

flux for each spectrum.68

1.2 Determination of best IR field phase-matching parameters69

Figure 1 shows HHG gas cell scans at different backing pressures and attenuations acquired using70

only the IR pulse, with Neon (2, 4, and 6 bar) and Helium (6, 8, and 10 bar). The (Pb,zPM)71

combinations maximising the HHG-yield and cutoff for each attenuation are identified from these72

scans and listed in Table 2.73
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Figure 1: HHG gas-cell scans in He and Ne driven by the IR pulse for different ND filters.

HHG spectra as a function of gas target position for ND filters: (a) 0.0, (b) 0.1, and (c) 0.2. Each

panel shows scans in He (i: 6 bar, ii: 8 bar, iii: 10 bar) and Ne (i: 2 bar, ii: 4 bar, iii: 6 bar), with

averaged CEP. The optical driving beam transmitted through the gas cell was blocked by a 150 nm

Al filter. Each spectrum was integrated for 2 s.
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Table 2: Optimal macroscopic parameters for IR-only HHG. Combinations of backing pressure

Pb and gas target position zPM for IR-only HHG in neon and helium, under various ND filters (see

Figure 1).

Helium Neon

ND
Backing pressure

(bar)

Target pos.

(mm)

Backing pressure

(bar)

Target pos.

(mm)

0.0 8.0 0.8 4.0 1.0

0.1 6.0 1.0 4.0 1.0

0.2 6.0 1.5 4.0 1.0

Figure 1 shows the influence, that the input pulse energy has on the cutofff energy and yield74

of HHG in Helium and Neon. Without additional attenuation (ND0.0), the cutoff reaches approx-75

imately 360 eV in Helium and 345 eV in Neon. When attenuating with ND0.1 the Helium cutoff76

decreases by around 15 eV while the Neon cutoff only drops by 5 eV. After further attenuation77

using ND0.2 the cutoff with both gases reduces significantly to only about 280 eV. As both target78

gases reach the same cutoff for this input energy, this suggests that plasma effects only have a79

minimal influence on the driving field propagation for this high attenuation case.80

Besides the discussed influence on the cutoff, the pulse energy also has a strong impact on81

the overall HHG yield. For both gases the highest yield is reached at the highest pulse energy,82

whereby the highest yield for Helium (reached at 8 bar) is approximately 10 % of the highest yield83

in Neon (reached at 4 bar). Increasing the attenuation by switching to ND0.1 leads only to a minor84
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yield-drop of 10 % in Neon but to a more significant drop of 25 % in Helium. A further attenuation85

increase using ND0.2 leads to an order of magnitude decrease in yield for both cases.86

1.3 In-situ waveform characterization87

The driving waveforms are characterised in-situ using the TREX technique1. At each optimal gas88

target position a TREX scan is performed. In order to avoid distortions due to ionisation the scans89

are taken using the ND0.3 in Helium at 1 bar backing pressure. These precautions ensure that the90

measured waveforms closely resembles the ones in vacuum at the target position.91
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Figure 2: TREX measurement for in-situ waveform characterization. (a) Measured and (b) re-

constructed TREX trace at the best gas target position zPM = 1.5 mm for He at 1 bar using ND0.3.

(c, d) Reconstructed IR and NIR fields (coloured) and their temporal envelopes (gray). The inten-

sity FWHM durations are indicated. (e) synthesised waveforms resulting from the combination of

the NIR and IR pulses at the indicated relative delays (white dashed lines in panel b).

The TREX signal, which extends down to 230 nm, is guided out of the vacuum system92

using UV-enhanced aluminium mirrors. To separate the strong copropagating fundamental from93

the nonlinear χ3-signal, the beam is spatially dispersed using a pair of UV fused silica prism. The94
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filtered nonlinear signal is then recorded using a comercial grating spectrometer1.95

Figure 2 shows a TREX scan and the reconstruction result measured at the position, which96

is optimal for helium with the ND0.2 filter. The good agreement between measured and recon-97

structed trace, where even small features are well reproduced, demonstrates good convergence of98

the reconstruction algorithm. The reconstructed pulse durations are about 7 fs for the NIR and 9 fs99

for the IR with an NIR to IR energy ratio of 0.49. The central wavelengths of the reconstructed100

NIR and IR pulses are approximately 0.84 µm and 1.80 µm. The TREX method reconstructs both101

pulses including their relative- and absolute-phase as well as their precise time-zero given by the102

position where their centre of mass of their time-domain intensity envelopes overlap. Thus, the103

full set of synthesised waveforms for all delays and CEPs is known from one measurement as long104

as the phase lock is not broken.105

The waveform characterisation was performed with the ND0.3 filter. In order to relate the106

reconstructed waveforms to the ones for the other ND filters, two factors need to be considered.107

First, the slightly different shapes of the transmissions curves for all filters not only lead to an108

overall change of input energy but also to a slight change of the overall spectral shape of the syn-109

thesised waveform, which includes also a change of the relative intensity ratio. Second, the slight110

thickness differences of the different filters on the order of a few tens of micrometers introduces111

a slight wavelength dependent phase change, which primarily manifests in an overall CEP and112

relative phase shift.113

1USB2000+, (OceanOptics)
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Table 3: Intensity ratios for different ND filters. NIR-to-IR intensity obtained from TREX wave-

form reconstructions at the optimal gas target positions (Table 2), and corrected values accounting

for the transmission difference with respect to the ND0.3 filter (used in TREX measurements)

ND He Ne

0.0 0.35 0.33

0.1 0.37 0.33

0.2 0.42 0.46

To account for the first factor, the NIR to IR intensity ratio is corrected based on the known114

transmission ratio of both pulses listed in Table 3. The thickness differences on the other hand115

were characterised using a Michelson interferometer. Using the known refractive index of fused116

silica2 the spectral phases of the reconstructed pulses were numerically adjusted to account for the117

measured differences.118

1.4 Synchronisation of HHG Spectra with Single-Shot Synthesis Parameters119

To analyse the connection between the driving waveform and the generated high-harmonic spec-120

trum, we need to associate a specific waveform to each spectrum. To this end, we first determine the121

driving waveforms using the TREX method as described above. From this point on, the phase lock122

of the two synthesis parameters, relative phase and CEP of the waveforms, is maintained through-123

out all following measurements. The FPGA-based feedback unit of the synthesizer measures the124

two locking phases single-shot at 1 kHz, and streams this single-shot data over the network to the125

main data acquisition PC. Using the knowledge from the TREX scan, the relative phase and CEP126
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data can be translated to relative delay and CEP, which allows the reconstruction of each optical127

waveform. In order to synchronise this data with the acquired high-harmonic spectra the FPGA128

also records an electronic fire-signal, which is output by the SXR camera while it is integrating.129

The single-shot phase data is then averaged during each integration window. Since the fire-signal130

is also recorded single-shot, this procedure only averages exactly over those pulses contributing131

to the measured signal. The averaged locking phases are used to determine an effective driving132

waveform for every high-harmonic spectrum.133

1.5 IR CEP scans134

CEP scans of the IR field alone were used to maximise the HHG photon flux driven by the IR135

field. This allows for a direct comparison with the HHG yield when driven by the synthesised136

waveforms. Figure 3 shows CEP scans recorded in He and Ne, at different intensity levels of the137

single IR pulse.138

139
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Figure 3: Measured CEP scans in He and Ne driven by the IR pulse with varying ND filters.

HHG spectra as a function of CEP for ND filters: (a) 0.0, (b) 0.1, and (c) 0.2. The phase-matching

conditions (pressure and target position) are specified in Table 2.

The resulting spectra exhibit a clear π-periodic CEP dependence of both cutoff and yield140

across the range of sampled peak intensities in both gases, indicating that the 1.5-cycle IR driver141

alone can generate IAPs. This CEP behaviour is consistent with previous studies in which IAP142

generation has been reported3–5.143
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1.6 Relative delay scans144

Figures 4–6 present relative delay scans recorded in helium at three intensity levels. For each145

level, the CEP is shifted by π/4, π/2, and π, with the latter serving as a consistency check. As146

observed for the ND0.2 and ND0.1 cases, at delays close to temporal overlap, the higher intensity147

of synthesised waveforms leads to the the highest cutoffs and photon yields. At ND0.0, however,148

the intensity near overlap leads to sufficiently high plasma levels that can abruptly distort the149

waveform already at positions near the entrance of the medium. As a consequence, the coherent150

addition of emissions with the highest energies is confined to the first portion of the medium,151

rather than over a large fraction of its length. In contrast, driving waveforms synthesised at larger152

delays, are less intense and the distortion is more gradual. This allows HHG to build up coherently153

over a longer propagation distance, allowing, in some cases, to produce brighter spectra than those154

generated near temporal overlap.155

In certain delay intervals, the delay-dependent spectral modulation exhibits a characteristic156

“boomerang” pattern, whereas in others this feature is absent. When present, the boomerang mod-157

ulation indicates that two consecutive half-cycles contribute to the emission, with one yielding a158

more energetic emission whose cutoff decreases with increasing delay and a second one at lower159

photon energies and increasing cutoff. The lower-cutoff emission usually originates from a neigh-160

bouring, later half-cycle and therefore experiences higher plasma fractions during propagation. At161

higher intensities, such as for ND0.1 and ND0.0 near temporal overlap, the reached plasma levels162

rapidly distort the field segment, suppress the emission and its coherent build-up. By contrast, the163

15



preceding half-cycle propagates under lower plasma conditions, allowing its emission to accumu-164

late coherently over a longer distance and reach a higher yield. As a result, the emission comes in165

the form of an IAP.166
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Figure 4: Experimental relative delay scan in He with ND0.2 filter at various CEP shifts.

When neon is used as the generation medium (Figs. 7–9), the delay-dependent behaviour167

differs from that observed in helium, aside from the generally reduced harmonic cutoffs, which168

rarely exceed ∼ 350 eV. Owing to its lower ionisation potential, neon reaches significant plasma169

levels at lower intensities. At the lowest attenuation levels (ND0.0 and ND0.1), in contrast to170

the helium case, the most intense signals and higher cutoffs do not appear near delay zero, but171

rather a “depletion” region appears, spanning relative delays from approximately −13 to +3 fs, in172

which essentially no HHG signal above 200 eV is detected. In this delay range, the dominant cycle173

of the synthesised waveform remains sufficiently intense that it undergoes rapid plasma-induced174

16



-10 -5 0 5 10

250

300

350

400

450

P
h

o
to

n
 e

n
e

rg
y
 (

e
V

)

-10 -5 0 5 10

250

300

350

400

450

-10 -5 0 5 10
Relative delay (fs)

250

300

350

400

450

P
h

o
to

n
 e

n
e

rg
y
 (

e
V

)

-10 -5 0 5 10
Relative delay (fs)

250

300

350

400

450

(a) (b)

(c) (d)

Δφ = φ0  

Δφ = φ0 - π/2 

Δφ = φ0 - π/4 

Δφ = φ0 - π 

Helium: ND0.1, 6.0 bar, target pos. = 1.0 mm 

Figure 5: Experimental relative delay scan in He with ND0.1 filter at various CEP shifts.
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Figure 6: Experimental relative delay scan in He with ND0.0 filter at various CEP shifts.
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distortion upon entering the medium, preventing sustained generation and coherent build-up of175

>200 eV emissions . By contrast, this depletion region is absent at the highest attenuation level176

(ND0.2). In this case, HHG emission originating from a single half-cycle persists across nearly177

the entire scanned delay range, with an enhanced yields near temporal overlap. The presence178

of a single dominant half-cycle contribution indicates that even at this reduced intensity, plasma179

formation is sufficient to suppress emission from neighbouring half-cycles leading to secondary180

emissions, thereby facilitating IAP generation. These neon scans highlight how plasma effects181

constrain the shortest and most intense waveforms synthesised near zero delay, limiting efficiency182

gains in the water window and shifting optimal generation toward lower photon energies.183
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Figure 7: Experimental relative delay scan in Ne with ND0.2 filter at various CEP shifts.
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Figure 8: Experimental relative delay scan in Ne with ND0.1 filter at various CEP shifts.
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Figure 9: Experimental relative delay scan in Ne with ND0.0 filter at various CEP shifts.
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1.7 Absolute photon flux measurement184

The measurement of the soft X-ray photon flux is based on the signal recorded by a calibrated185

photodiode. This signal is used to calibrate the intensity axis of the CCD-based spectrometer186

measurements. Once calibrated, the photon flux for a specific energy range can be computed from187

CCD signals.188

Since the photodiode is silicon-based, measurements are performed using the IR pulse only,189

with its spectrum ranging from 1.2 µm to 2.2 µm, instead of the NIR pulse, which spans 0.65 µm190

to 1.1 µm, as the NIR light would be absorbed by the silicon detector, complicating the distinction191

between the signals generated by soft X-ray light and optical light. During the measurement,192

all other light sources in and around the beamline are blocked or turned off, including pressure193

gauges (which have a hot filament that could emit light reaching the photodiode) and infrared194

light from closed-loop stages. Any potential reflections inside the HHG chamber are also blocked.195

Additionally, to measure within the water window, a combination of Al and Cu filters is used. This196

combination ensures that neither optical light nor low-order harmonics in the vacuum UV nor in197

the EUV range reaches the detector.198

Figure 10 exemplifies the calibration measurements performed using this methodology. For199

this measurement HHG is driven using the IR pulse while its CEP is swept fast over a full period200

multiple times in order to record a CEP-averaged signal. This averaging over all CEP values201

prevents fluctuations in photon flux that might arise from the IR field being at a specific but random202

passively stable CEP. The generated emission is recorded by both the CCD and the photodiode.203
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Figure 10: CCD spetrometer calibration. (a) Power spectral density inferred from the CCD mea-

surement at the photodiode position. (b) Estimated voltage signal after accounting for photodiode

responsivity (Fig. 1) and amplifier gain. (c) Integrated voltage signal with mean value plotted as a

red line. (d) Voltage signal measured with the photodiode after background subtraction.
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Analysis of the CCD-based measurement The number of incident photons on the CCD detector204

per eV, per second is given by:205

nCCD(ω) =
SCCD(ω) · σ

ηQE(ω) · ne-h(ω) · texp
(1)

where, σ is the sensitivity in electrons per CCD count, SCCD is the raw measured signal (in counts206

per eV), texp is the exposure time, ηQE is the CCD quantum efficiency and ne-h(ω) = h̄ω/3.65eV207

(in electrons per photon) accounts for the photon energy dependent average number of generated208

electron-hole pairs per incident photon in a Si-based detector 6.209

The expected photon flux at the position of the photodiode (located before the grating) is210

then given by:211

nPD(ω) =
nCCD(ω)

ηg(ω)
(2)

This formula accounts for the grating efficiency ηg but neglects any other potential transmission212

losses such as the input slit before the grating. From nPD(ω), the power spectral density, plotted in213

Fig.10a, is calculated as:214

PPD(ω) = nPD(ω) · (h̄ω). (3)

Finally, to account for the photodiode’s spectral response, PPD(ω) is converted to a voltage215

signal using the photodiode’s known responsivity curve ηPD and the amplifier’s transimpedance R216

of 10 GΩ. This converted signal is shown in Fig.10b. The integration of this signal over photon217

energies yields the photodiode voltage estimated via CCD measurements218

Vest. =

+∞∫
0

PPD(ω) · ηPD ·R dω , (4)
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Analysis of the photodiode-based measurement The calibration measurements of the respon-219

sivity of our photodiode was performed at beamline PO4 at PETRA III. The voltage signal gen-220

erated by the soft X-ray radiation, VPD, obtained with the following methodology is considered221

our most reliable reference for determining the HHG efficiency or photon flux. The measurement222

method consists of repeatedly inserting and removing a glass plate from the beam path to distin-223

guish the soft X-ray signal from the optical background and account for a drifting offset of the224

readout circuit. This creates a time-varying pattern in the photodiode voltage, as shown in Fig.10d.225

By applying a Fourier filter, which selects only harmonics at frequencies associated to the peri-226

odic in/out movement of the plate, other residual sources of noise are removed and the voltage227

oscillation amplitude is determined.228

CCD calibration factor The calibration factor (α), which accounts for any unknown further229

losses and discrepancies (i.e. losses on the input slit, imperfect XUV gratings, etc.), is given by230

the ratio between the measured photodiode voltage VPD and the estimated voltage from the CCD231

measurement (Vest.). The determined calibration factor for this particular example is:232

α =
VPD

Vest.
=

8.0± 0.3V

3.5± 0.3V
= 2.3± 0.2 . (5)

For measurements presented in the main script, the calibration factor was α = 2.7 ±0.6. This233

variability, again, stems from other non-accountable input coupling losses.234
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1.8 Efficiency measurements235

Figure 11: Measured absolute HHG yield and efficiency in He and Ne with IR-only and syn-

thesised fields. Photon flux, energy, and efficiency (Eout/Ein) within a 10% bandwidth for (a)

helium and (b) neon. Values represent the HHG source, produced by either the IR-only field (gray)

or synthesised fields (coloured) at all attenuation levels (ND0.0-0.2), with corresponding beam

energies shown. The IR-only values represent the maximum flux from CEP scans, while the syn-

thesised field values represent the maximum flux achieved across four delay scans at different CEP

shifts (0, π/4, π/2, and π; see Fig. 12).
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Figure 12: Extracted waveform synthesis settings for optimised HHG yields in He and Ne.

Relative delays and CEP values (0, π/4, π/2, π) for the synthesised waveforms that led to the

highest yields (shown in Fig. 11) at all attenuation levels (ND0.0-0.2) in (a) helium and (b) neon.

CEP markers: circles for 0 and π, squares for π/4, diamonds for π/2. The inset in (a) provides a

zoomed view of the relative delay axis.

2 On-axis macroscopic modeling of HHG236

Simulating the macroscopic effects of HHG in the high intensity and high gas pressure regime237

is crucial to understand the mechanisms leading to the experimental observations. An exhaustive238

parameter search scanning all driving waveforms, gas pressures and gas target positions using a239

full four-dimensional (3 spatial and time) model by far exceeds computational resources. We thus240

opted to use an on-axis method, following Refs.7, 8, to simulate the driving waveform propagation241

and macroscopic build-up of HHG. This reduced model is significantly less computationally de-242

manding and thus allows us to perform simulations for the complete set of experimentally used243

25



parameters as well as further experimentally uncharted parameter regions. In order to describe the244

observed effects accurately one needs to include a focusing term for the propagation of the driving245

waveform; when using a description in three spatial dimensions this term is included naturally, in246

our reduced on-axis description this term needs to be added manually, which will be described in247

the following.248

The general procedure to calculate the macroscopically observed HHG radiation for one249

specific choice of macroscopic parameters (gas target position, gas pressure, driving waveform250

shape and intensity) includes the following steps:251

1. Nonlinear propagation of the driving waveform through the spatially varying gas target252

2. Calculation of the time-dependent single-atom high-harmonic dipole moments at each axial253

position254

3. Propagation of the harmonic radiation to the end of the gas target and coherent summation255

of all contributions256

4. Projection of the calculated high-harmonic field to the far-field257

In this approach the back action of the harmonic field on the driving field is neglected, decoupling258

the propagation of the driver and the harmonics. This approximation is justified since the harmonic259

intensity is many orders of magnitude lower than that of the driving field8.260
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2.1 Optical driving field propagation261

In order to propagate the driving field through the medium, we consider the influence of the neutral262

atomic gas and generated plasma as well as the geometric focusing of the driving beam. We use263

the Slowly Evolving Wave Approximation (SEWA), which is valid for pulse durations close to the264

single-cycle regime 9. In this framework the on-axis propagation equation for the electric field in265

the reference frame of the speed of light, Ẽ(ω, z), is266

∂Ẽ

∂z
(ω, z) = i

[
k(ω)− kn(ω, z)

]
Ẽ(ω, z)

+
i

2ωc
F
{
∂Jabs

∂t
(t, z) + ω2

p(t, z)Ẽ(t, z)

}
− i

2k
∇2

⊥Ẽ(ω, r, z)
∣∣∣
r=0

.

(6)

The wavenumber kn(ω, z) describes the linear dispersion of the neutral atomic gas and de-267

pends on the local density of the medium ρ(z). The density is calculated from the pressure profile268

P (z) using the ideal gas law with an assumed temperature of 293.14 K. Under these assumptions269

the shape of the density and pressure profile is the same.270

Plasma effects are calculated from the time-domain ionisation dynamics. The ω2
p(t, z)Ẽ(t, z)271

term describes the plasma dispersion and leads to a blue-shift. It includes the plasma frequency272

ω2
p , defined as273

ω2
p(t, z) =

e2ρ(z)ηe(t, z)

ϵ0me

. (7)

This frequency is both time- and spatially-dependent due to the density profile and because the274

driving field is continuous deformed during the propagation. When considering the full transverse275
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evolution of the driving beam, this term would lead to plasma defocusing, which is however not276

described in our on-axis model. In addition to dispersion also the energy loss of the driving field277

due to the ionisation is included. The loss is described by the Jabs term in Eq.(6). It is given by278

Jabs(t, z) = ρ(z)[1− ηe(t, z)]
Ipw(|Ẽ(t, z)|)
ϵ0|Ẽ(t, z)|2

Ẽ(t, z), (8)

We now turn to the description of the beam focusing in our on-axis code. The synthesised279

beam in vacuum is modelled as the coherent sum of N Gaussian beams, one for each synthesised280

pulse, which are evaluated on-axis (r = 0), Ẽj(ω, z, r = 0) = Ẽj(ω, z):281

Ẽ(ω, z) = Ẽ1(ω, z) + Ẽ2(ω, z) + . . .+ ẼN(ω, z). (9)

The radial dependence of each beam is given by:282

Ẽj(ω, z, r)V ac = Ẽj(ω, z)V ac exp

(
− r2

wj(z)2

)
exp

(
−i

kr2

2Rj(z)

)
(10)

We can thus express the on-axis (r = 0) field of the j-the constituent beam in vacuum as:283

Ẽj(ω, z)V ac =
Ej(ω)V ac√

1 + ẑ2j

eiζ(ẑj) , (11)

in which Ej(ω) is the spectral representation of the j-th constituent pulse, and ẑj = (z− zj0)/z
j
R is284

a normalized axial coordinate. Here, zj0 is the focal position of the j-th beam, and zjR is its Rayleigh285

length evaluated at the beam’s central wavelength. This implies that no spatiotemporal coupling is286

assumed, meaning that all frequencies within the spectrum of the j-th constituent pulse share the287

same Rayleigh length zjR. The geometrical phase is given by ζ(ẑj) = arctan(ẑ). For the off-axis288

description, wj(z) =

√
λzjR
π

√
1 + ẑ2j is the beam waist and Rj(z) = z(1 + 1

ẑ2j
) is the radius of289

curvature.290
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With the definition of Eq.(10), it is possible to evaluate equation Eq.(6) under vacuum, which291

allows us to formulate an analytical expression for the effect of the focusing term on the on-axis292

field.293

∂Ẽj(ω, z)V ac

∂z
= − i

2k
∇2

⊥ Ẽj(ω, z, r)V ac

∣∣∣
r=0

= Ẽj(ω, z)V ac
1

zjR

(i− ẑj)

(1 + ẑ2j )
= Ẽj(ω, z)V ac gj (12)

This term accounts for the variation of the intensity and geometrical phase of a focusing Gaussian294

beam, which will be derived in the following. All linear propagation phenomena do not alter the295

shape of the beam profile if only radially independent density profiles are assumed. Only a high296

refractive index could change the value of zR relative to vacuum conditions. This is, however,297

not the case for propagation in noble gases even in the multi-bar pressures used in this series of298

experiments. The main nonlinear effects that are able to reshape the beam profiles and change the299

focusing are thus plasma defocusing and Kerr lens focusing. If these effects are negligible, and the300

focusing positions and Rayleigh lengths are unaltered we can describe the evolution of the on-axis301

field in the medium based on the previously derived result for the vacuum case since the following302

relation holds:303

− i
2k
∇2

⊥ Ẽj(ω, z, r)V ac

∣∣∣
r=0

Ẽj(ω, z)V ac

=
− i

2k
∇2

⊥ Ẽj(ω, z, r)prop

∣∣∣
r=0

Ẽj(ω, z)prop
=

1

zjR

(i− ẑj)

(1 + ẑ2j )
= gj (13)

Because each beam can have a different ẑjR value, the last term of Eq.(10) can be written as304

− i

2k
∇2

⊥Ẽ(ω, z, r)
∣∣∣
r=0

=
N∑
j

− i

2k
∇2

⊥Ẽj(ω, z, r)
∣∣∣
r=0

=
N∑
j

gjẼj(ω, z) (14)

in the case where nonlinear crosstalk between the beams due to ionisation or cross phase modula-305

tion are negligible.306
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These approximations break down for high ionisation level and medium density and one can307

expect the simulations to become more inaccurate in these scenarios. For the used gas pressures308

this limit is far away for the case of the IR-only HHG and is approached only for the highest309

synthesised field strengths, as will be discussed when comparing with experiments.310

2.2 Harmonic field propagation311

The macroscopic buildup of HHG radiation in the medium is also calculated using the SEWA. The312

harmonic field is thus also expressed in the reference frame of the speed of light. For the harmonic313

field, focusing terms are not taken into account. Thus, the different divergence of the long and314

short trajectories is not considered10 and both contribute to the resulting spectra. The equation315

describing the propagation of the harmonics is316

∂Ẽh

∂z
(ω, z) + i

[
kn(ω, z)− k(ω)− i

α(ω, z)

2

]
Ẽh(ω, z) = − iω

2cϵ0
P̃NL(ω, z) (15)

The equation includes the linear dispersion and absorption due to the gas medium but does317

not account for the plasma since the harmonic frequency is much larger than the plasma frequency.318

Absorption is described by the z-dependent absorption coefficient α(ω, z), which depends on the319

gas density ρ(z). The driving term on the right-hand side depends on the nonlinear polarization,320

which is derived from the single-atom dipole moment dh(t, z).321

P̂NL(ω, z) = ρ(z)F {[1− ηe(t, z)] · dh(t, z)} (16)

We calculate the dipole moment using the result of the driving field propagation at each point in322
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time and space. Eq. (15) has the analytical solution323

Ẽh(ω, z = Lmed) = − iω

2cϵ0

∫ Lmed

0

P̃NL(ω, z)e
−i
[
kn(ω,z)−k(ω)−i

α(ω,z)
2

](
Lmed−z

)
dz, (17)

where Lmed is the length of the medium.324

2.3 Simulation post-processing325

After the propagation of HHG radiation in the medium, it is necessary to account for the transfer326

function of the beamline in order to make direct comparisons with the experiment in the far-field.327

One can apply the transfer function, for example, to the single atom response at the position where328

the fields were characterised (Fig. 13 (b)). Already at this level there is a correspondence con-329

cerning which features appear in the experiment. However, it is necessary to fully propagate the330

driving field and the HHG to see which features are better phase-matched (Fig. 13 (c-e)). In Fig.331

13 (c) and (e), averaging considering the experimental CEP (300 mrad RMS) and Delay (50 as)332

noise is also applied at the post-processing step. Fig.13 (e) shows that the fringes from Fig. 13333

(c) disappear when long trajectories are filtered out in the buildup of HHG. Fig.13 (d) shows the334

output considering only short trajectories without the waveform noise for direct comparison with335

Fig.13 (b).336
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Figure 13: Simulation post-processing: (a) Experimental relative delay scan (e.g., ND02 inten-

sity, CEP = -0.5pi). (b) Single-atom response relative delay scan. (c) 1D-propagated relative delay

scan including waveform noise (d) 1D-propagated relative delay scan excluding long trajectories

(e) 1D-propagated relative delay scan excluding long trajectories and including waveform noise.

(f) same quantity as (e), however, filtering out emissions that do not correspond to isolated attosec-

ond pulses. The synthesized field is at ND0.2 energy for all plots in this figure. (see Table1)

One challenge concerning 1D propagation of harmonics is how to separate short and long337

trajectories in the far field. Because the experiments were performed with characteristic Rayleigh338

lengths of the order of the medium dimensions (Lmedium ≈ 1mm, zIRR ≈ 2mm), we can expect339
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that the harmonics do not diverge considerably during propagation in the medium. Hence, it is340

reasonable to coherently add the on-axis short-trajectory contributions. To exclude the long tra-341

jectories though, a filter is applied at each position of the propagation in the post-processing step.342

The filter acts on every attosecond burst produced by the driving field and applies a cos2 decay343

of the emission in the time domain. The filter has 250as FWHM to ensure a smooth decay of the344

emission without introducing new frequencies to the attosecond burst due to nummerical artifacts.345

The filter’s half maximum instant in time is adjusted to be at the instant of the cutoff emission.346

Finally, to graphically exemplify how the IAP filter works for calculating the maximum flux347

in simulations, Fig. 13 (f) is a modified version of Fig. 13 (e) with emissions plotted only when348

an IAP is present. The HHG emission is considered an IAP in our simulations if the emissions of349

the other cycles above 200 eV have a peak intensity not exceeding 10% of the peak intensity of350

the main pulse. Graphically, it is very intuitive that intersection points between features that point351

to the left and right in the delay axis are excluded, because they correspond to emission under352

different half-cycles, leading to pulse trains. For Fig. 13 (f), the peak intensity after the beamline353

transfer function is considered for calculating the isolation degree of the pulses. However, in this354

study we are interested in the isolation degree already at the source, which is the kind of result355

shown in the main text and in section 2.11. Additionally, when calculating the maximum flux at356

a given photon energy for the simulations, it is necessary to ensure that the spectral component of357

interest is contained in the IAP and not in secondary emissions. Particularly at the source, where358

emissions at lower photon energies dominate, this is an even stricter demand for the IAPs.359
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2.4 Comparison with Luna.jl360

The Luna code is able to simulate the free space propagation of optical fields in gaseous media.11
361

Its on-axis output matches the results obtained with our 1D code Eq.(10) when the plasma term is362

neglected. This also means the same equations for the linear dispersion of materials are adopted363

in our propagation code. In addition, we have integrated the Tong-Lin ionisation model into the364

Luna code for simulating the plasma-induced propagation effects and third-order nonlinear effects365

were neglected. For the case of IR-only HHG, the final harmonic yield shows similar magnitude366

and the major differences are in the dependence of the harmonics as a function of gas cell position367

relative to the focus. This is caused by a very slight plasma defocusing effect. The direct photon-368

flux comparison between our code and Luna will be presented in Fig. 30. Figure 14 shows the369

comparison between codes for gas cell scans with the same driving field intensity and different370

pressures.371
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Figure 14: Comparison between a full 1D propagation code and a mixed 2D optical 1D HHG

propagation code in the reproduction of experimental gas cell scans. The dashed line indicates the

position under which the synthesised scans were performed. The IR-only field is at ND0.1 energy

(see Table1).

2.5 Comparison with other ionisation models372

For a brief comparison between ionisation models, we show the ionisation levels predicted in the373

focus of the 182 µJ (ND0.1) synthesised pulse for different models in He and Ne as a function of374

the relative delay between the two pulses. The reason for not choosing ADK for He,12 is mainly375

because a model that consistently describes the ionisation levels for both gases was desired. This376

is the case for the Tong-Lin model,13, 14 that accounts for the barrier suppression regime in Neon,377
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which leads to considerably lower ionisation levels than ADK. Due to the extremely broadband378

pulses used and the various different central wavelengths that are obtained depending on which379

cycle is driving the ionisation and also on the synthesis parameters, the PPT model was not chosen380

for this work.15 As in the case of ADK, it also yielded overestimated ionisation levels. A recently381

published model, Gasfir,16 is able to provide a very good fit to TDSE results and does not require a382

central wavelength as input. The quasistatic Gasfir limit calculates ionisation levels slightly above383

the ones predicted by the Tong-Lin model for Helium, and shows very good agreement for Neon.384

A comparison of a RP scan with the same parameters as in Fig. 15 is shown for Tong-Lin (α = 7)385

and Gasfir. Because it does not concern an order of magnitude change in the ionisation, the output386

is not considerably affected.387
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Figure 15: Comparison of ionisation models in Helium Different ionisation models are com-

pared by plotting the the final ionisation level as a function of the delay between the two pulses.

The model referred as Scrinzi et al. is what the Tong Lin α = 7.0 model used as a numerical

reference for the fitting.17
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Figure 16: Comparison of ionisation models in Neon For the same fields as in Fig. 15, the

ionisation levels predicted by different models for the case of Neon are plotted.

For the case of Helium and with the same propagation conditions, RP scans simulated with388

two different ionisation models are shown in Fig. 17. The ionisation level changes mostly the fine389

features of the HHG build-up.390
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Figure 17: Simulation of Rp scan for different ionisation models For the same macroscopic

conditions, IIR = 365TW/cm2, INIR = 0.37 ∗ IIR, zIRR = 2 mm, zNIR
R = 4 mm and gas cell 2

(Figure 18), pressure 4.9 bars.

2.6 Gas cell scans391

Different gas cell dimensions and Rayleigh lengths were tested to verify potential better agreement392

with the experiment. We observed very similar yields and behaviour as a function of gas cell393

position and pressure for various different conditions. Since our gas cell consists of a tube with394

0.8 mm internal diameter and 1.0 mm external diameter with small 200µm holes, one attempt to395

describe the medium was a gas cell (GC1) with very short cos2 wings (0.1 and 0.2 mm) and a396

constant pressure region of 0.9 mm. Asymmetric wings were chosen because the laser drilling397

produces holes of slightly different size in each side of the gas cell. This kind of gas cell geometry398

was simulated in a previous work by Varoutis et al.18. It was shown, that the smaller the hole,399

the longer the wing, and vice versa. For Neon, we believe the holes were larger than for Helium,400

since the data was taken one day after Helium and slight degradations of the gas cell are likely401
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to have happened. These very short wings reproduce the data for Neon very well but do not very402

well with the data for He, even though the behaviour of HHG as a function of pressure does also403

agree very well with experiments. Another attempt was made by modelling the central feature404

of the gas cell scans with a 0.4 mm constant pressure region and 0.8 mm wings (GC2). This is405

also computationally more demanding because of the longer propagation distance (2 mm in total),406

however, yields qualitatively better results for Helium, as shown in Figure 18.407

Figure 18: Comparison of the use of different Rayleigh ranges (zR) and gas cell shapes for

He. The focusing beam is indicated by a yellow dotted line and the gas cell is drawn in red at

the position of more broadband and intense harmonic yield, also used for the CEP scans (dashed

lines). The used energy in this case was ND0.1 (see Table1).
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Other combinations of gas cell pressures and geometries are shown in Figure 19. When408

the gas cell dimension is considerably shorter than 1 mm, one can also observe the effect of a409

more narrow gas cell position range under which HHG is efficiently produced. This observation is410

also relevant for keeping the gas cell medium parameters close to the range of 1 mm FWHM and411

constant pressure region ≥ 0.4 mm.412
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Figure 19: Different gas cell profiles For the same zR = 2 mm, two different simulated gas cell

scans at 3 different pressures are plotted against the experimental data. GC3 has 0.2 mm constant

region and 0.4 mm wings. GC4 has 0.4 mm constant region and asymmetric 0.3/0.5 mm wings.

The used energy in this case was ND0.1 (see Table1)
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Finally, in Figs. 20 and 21, a full set of simulations for GC1 and zR = 2.8 mm is presented413

for He and Ne. The parameters for the simulations are presented in Table 4.414
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Figure 20: Comparison between experiment and simulations with the Luna code for Neon

gas cell scans. The simulations were run with GC1 and zR = 2.8 mm.
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Figure 21: Comparison between experiment and simulations with the Luna code for Helium

gas cell scans. The simulations were run with GC1 and zR = 2.8 mm.
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2.7 Simulation Parameters415

With the determination of the macroscopic parameters using the gas cell scans, it is possible to fix416

parameters for simulating the experimental CEP and RP-CEP scans. The set of parameters used in417

the final simulations is shown in Table 4. An alternative set of parameters with GC2 (see Fig. 18)418

are shown in Table 5.419

Table 4: Set of parameters used for the simulations with zIRR = 2.8 mm, zNIR
R = 5.3 mm and GC1

(see Fig. 18). The focus position is defined relative to the center of the gas cell. The peak intensity

is defined by the nominal value that would be achieved if the pulse was being focused in vacuum.

Common parameters Helium Neon

ND Peak Intensity (TW/cm2)
Pressure

(bar)

Focus pos.

(mm)

Pressure

(bar)

Focus pos.

(mm)

0.0 380 3.9 0.5 1.7 0.6

0.1 365 3.4 0.4 1.7 0.6

0.2 281 3.4 -0.1 1.7 0.6
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Table 5: Set of parameters used for the simulations with zIRR = 2 mm, zNIR
R = 4 mm and GC2

(see Fig. 18). The focus position is defined relative to the center of the gas cell. The peak intensity

is defined by the nominal value that would be achieved if the pulse was being focused in vacuum.

Helium

ND Peak Intensity (TW/cm2)
Pressure

(bar)

Focus pos.

(mm)

0.0 380 5.6 0.5

0.1 365 4.9 0.3

0.2 281 4.9 -0.2

2.8 CEP Scans420

Comparison between experimental and simulated CEP scans for the conditions shown in Table 4.421
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Figure 22: CEP scans for Helium using the Luna code for the propagation of the IR field.

Because of the low ionisation yields, the result is very similar for the simpler 1D code.
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Figure 23: CEP scans for Neon using the Luna code for the propagation of the IR field.

Because of the low ionisation yields, the result is very similar for the simpler 1D code.

2.9 Relative delay scans in Helium422

Apart from the phase scans reported in the main manuscript, we recorded scans at various overall423

intensities (ND0.0, ND0.1, ND0.2) in Helium and Neon. This is justified by the stark increase of424

peak intensity around zero time delay between IR and NIR channel. On top of the delay scan with425

fine delay resolution (0.1 fs), a more coarse scan across the CEP is done (0.25 π). In Figs. 24-26426

four plots of relative delay scans are displayed, each for a dedicated CEP. The precise CEP value427

is inferred from TREX measurements. The simulations shown were from the conditions indicated428

in Table 4.429
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Figure 24: Experimental and simulated delay scans in Helium for 142 µJ synthesizer pulse

energy (ND0.2).

48



Figure 25: Experimental and simulated delay scans in Helium for 182 µJ synthesizer pulse

energy (ND0.1).
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Figure 26: Experimental and simulated delay scans in Helium for 190 µJ synthesizer pulse

energy (ND0.0).

2.10 Relative delay scans in Neon430

All the simulations for delay scans in Neon were performed with the custom full propagation431

1D code. Several continua are well reproduced both in shape and absolute yield. For the higher432

pulse energy scans (Figs. 28-29), there is a noticeable region of HHG depletion around time zero433

relative delay. This is caused by the very high peak intensities leading to a high ionisation of the434

medium that does not allow phase matching during propagation. For larger positive delays after435

the depletion region (>1 fs), a few waveforms demonstrate cutoff extension, as will be pointed out436
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in the flux analysis of Fig. 31.437

Figure 27: Experimental and simulated delay scans in Neon for 142 µJ synthesizer pulse energy

(ND0.2).
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Figure 28: Experimental and simulated delay scans in Neon for 182 µJ synthesizer pulse energy

(ND0.1).
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Figure 29: Experimental and simulated delay scans in Neon for 190 µJ synthesizer pulse energy

(ND0.0).

2.11 Photon flux/efficiency calculations438

This subsection considers two benchmarks that are relevant for the conclusions of this work: (I)439

for the IR-only photon flux calculations, the 1D optical field propagation and propagation with the440

Luna code resulted approximately in the same HHG yield; (II) the simulated photon flux for the441

case of Neon has a remarkable agreement even with the 1D code simulating the synthesised pulses.442

The first conclusion allows us to plot IR-only (on-axis) results from the 2D code and compare443

them with results obtained from the 1D code. The second conclusion is, that even when neglecting444
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plasma defocusing as done with the 1D code, the flux is not overestimated by orders of magnitude445

and can actually very well describe the experimental behaviour. The same cannot be expected from446

the 2D code, because a more precise knowledge of the wavefront would be necessary to accurately447

simulate the plasma defocusing that occurs experimentally.448

To support the first benchmark, we present the data in figure 30. The HHG predictions for449

the same pulse energy show similar functional behaviour for the maximum flux under a certain450

macroscopic condition. In addition, slight differences concerning the cutoff occur for the higher451

pulse energies.452
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Figure 30: 1D vs. Luna Code For the same macroscopic conditions, the optimal IR-only efficien-

cies at each photon energy for the 2D (Luna - dashed lines) and 1D codes (solid lines) are plotted.

Concerning the results for Neon, we present figure 31. For almost all the simulated curves,453

a slightly lower cutoff is achieved, which could be corrected by running a set of simulations at454

slightly higher intensities or averaging intensities within the experimental variations of 5%. For455

example, 197µJ, an energy 4% larger than the highest synthesised pulse used (190µJ), is also456

plotted. This pulse energy shows a better efficiency agreement in the cutoff region.457
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Figure 31: Comparison of HHG efficiencies obtained in the experiment with those obtained in

simulations. In this comparison non-IAP filtered HHG and all synthesis parameters are considered

when computing the efficiency. The IR-only cases made use of the 2D (Luna) code and the IR+NIR

simulations were computed with our custom 1D code.

It is worth mentioning that the cutoff extension up to 400 - 425 eV is a kind of waveform458

tailoring different from the ones exploited in the main manuscript. In the case of Neon the ionisa-459

tion of the IR-only field is already close to the maximum allowed ionisation in Neon for efficient460
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phase matching. When this limit is severely exceeded with the synthesised fields, a depletion re-461

gion appears in the HHG Delay scans (Figs. 27-29). Hence, only larger delays (see Fig.12b), that462

only finely tune the IR-cycle shape keeping a similar intensity to the IR-only HHG, are able to463

phase match efficiently. The shaping makes the recombination half-cycle longer, allowing greater464

acceleration and an extended cutoff relative to the IR-only HHG.465

A corresponding flux analysis for Helium is shown in Fig. 32. The highest simulated effi-466

ciencies considering all synthesis parameters and also non-IAP filtered HHG are compared with467

the experimental data. Also the IAP flux from the main text is plotted in dashed, low opacity, lines468

for comparison. One notices there seems to be an overestimation of the efficiencies if the scaling469

factor is chosen to match the ND02 IR-only efficiency at 225 eV. If one chooses ND01 IR-only as470

a reference instead (Fig.32 (c)), then a better agreement is obtained. For comparison, a 4% more471

intense 131 µJ IR-only driver simulation is also plotted, as done for the Neon results (Fig. 31).472
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Figure 32: Simulated efficiencies In (a), the maximum experimental HHG efficiencies are plotted

for comparison with simulations (b,c). In (b), both the maximum simulated non-IAP filtered HHG

(solid lines) and IAP efficiencies (dashed) are plotted, following the same colors as in (a). In blue,

the maximum IR-only energy that still allows production of IAPs is plotted. The scaling factor is

chosen based on the result for the 126 µJ IR simulation. In (c), the scaling factor is changed to

match the higher IR-only pulse energies and a 131 µJ IR driver simulation is also plotted.

In Fig. 33, the simulations for the macroscopic conditions of Fig. 18 (GC2, zR = 2 mm)473

are shown. The same scaling factor as in Fig. 32(c) was used and the same order of magnitude474

of flux as in the latter is observed. This shows that the results are robust relative to uncertainties475

in the macroscopic parameters. If the RP-CEP scans are simulated with the 2D code, even though476

many features do not agree with the experiment, it is still possible to compare the photon flux. This477

comparison is done also in Fig. 33. One notices that the 2D code produces an underestimation of478

the enhancement achieved experimentally. This can be seen comparing the 142 µJ IR+NIR and479
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170 µJ IR case. One would expect the synthesised pulse to produce HHG more efficiently as in the480

experimental case. On the other hand, the 1D code slightly overestimates the yield.481
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Figure 33: Simulated efficiencies In (a), the maximum experimental efficiencies are plotted for

comparison with simulations (b). For one of the macroscopic conditions of Fig. 18 (GC2, zR =

2 mm), a full set of simulations was done (solid lines) and the same scaling factor as in Fig. 32(c)

was applied. For this same set of parameters, 2D simulations in Luna were performed also for two

synthesis cases (142 µJ and 182 µ J in dashed lines). The whole HHG flux is considered in (b)

without any IAP filtering.
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2.12 Effect of input pulse energy on efficiency482

To further support our benchmarking, the cases of flux at higher IR and IR+NIR pulse energies483

are simulated keeping a constant pressure and focusing position as in the experiment. Further484

optimization could be done by tuning these two parameters. Experimentally, however, the multi-485

bar pressure levels in Helium set anyway a constraint of how much it can actually be increased.486

For the IR-only results, the 2D code was used. For synthesised waveforms, the 1D code was487

used. The 223, 246 and 268 µJ energies correspond to simulation peak intensities of 500, 550 and488

600 TW/cm2 respectively. For the IR+NIR cases, an IR peak intensity of 440 TW/cm2 and 600489

TW/cm2 was used for the 220 µJ and 296 µJ curves, respectively. The NIR intensity follows the490

same ratio from the 182 µJ macroscopic condition (INIR =0.37IIR). For the IR-only driver, the491

production of IAPs stops to occur at energies above 223 µJ, and at 268 µJ the non-IAP filtered492

HHG efficiency also starts to drop. In the case of the synthesised drivers, because of the flexibility493

of tailoring the field for emission at a certain photon energy, it is possible to keep the efficiency for494

IAP generation even at higher pulse energies or peak intensities.495
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Figure 34: Simulated efficiencies In (a), the experimental curve for IR-only maximum efficiency

at different photon energies is compared with the simulated curves for different IR pulse ener-

gies. Solid lines represent the non-IAP filtered HHG efficiency and dashed lines of the same color

correspond to the IAP production efficiency. The dots with a guiding line present the measured

experimental values. In (b), the same comparison is made for the synthesised pulses at different

pulse energies, with one IR-only curve for comparison. The same scaling parameter as in Fig.

32(c) is used.
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