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Section A. Effective Dirac model

We follow the lines of derivation as presented in our work [1] to obtain the effective Hamiltonian for the
dielectric slab metasurface patterned into holes with two types of geometric perturbation: staggering the
sizes of the holes and hexameric clustering within a unit cell.

We consider a two-dimensional (2D) distorted honeycomb lattice constituting a triangular lattice of
hexagons, see Fig. S1. The lattice vectors of the triangular lattice are chosen a; = a (0,1) and a, =

a (\/5/2,—1/2). In the sublattice (real-space) basis, six sites make up the unit cell (numbering is
clockwise), and the six-component wavefunction is

a = (g, ay, a3, ay, a5,a6)T. (S1)

x
Fig. S1. Lattice schematic. Schematic representation of the tight-binding model (TBM) on a 2D triangular lattice

formed by hexamer clusters. Black and grey lines depict intracell t; and intercell t, hoppings between the sites. The

sites of two sublattices are painted by green and yellow circles. Shaded is one hexagonal unit cell.

The momentum space Hamiltonian H (k) for this lattice reads

mVH _tl 0 _tz eikal O _tl
_tl _mVH _tl O _tz eik(a1+a2) O
0 _tl mVH _tl 0 _tz eikaz
H(k) B _t e_ikal 0 _tl _mVH _tl 0 ’ (Sz)
0 _tz e_ik(a1+a2) 0 _tl mVH _tl
_tl 0 _tze_ikaz O _tl _mVH

where myy quantifies a detuning between two sublattices, t, , describe intra/intercell coupling. Around the
Brillouin zone center at I point, k = 0, Eq. (S2) reduces to

—Myy t, 0 t, 1+ika,) 0 ty
t myy t 0 t, 1+ ik(a,+a;)) 0
P B t, —Myy t 0 t, (1 + ika,)
H ) ~ t, A1—ika) 0 t Myy t 0 - (83)
0 t,(1—-ik(a,+ay)) O t —Myy t
t 0 t,(1—ika,) O t; myy

Considering the condition that both t, t, weakly deviate from the coupling strength ¢ in the unperturbed
(graphene-like) lattice, |t; — t;| < |t] and |myy| < t, we perform a unitary transformation,



[ -1 —i -1 1 1
ieZin/B _ein/3 _l-e—zin/3 _e—in/3 -1 1
U _ i l-e—2m/3 _eZLn/B _l-eZLn/3 _e—2m/3 1 1 (S4)
NN 1 —i 1 -1 1
\iezm/3 oin/3 _je-2in/3 g-in/3 1 1/
ie—ZiTL’/3 eZin’/3 _ieZiTL'/3 e—2i7'l,'/3 -1 1
and obtain the Hamiltonian 7 = U 'HT in a new basis u = U e as
Mgy vp(—ky +iky) 0 iMmyy vp(ky +iky) 0O \
I vp(—ky — iky) —mgy imyy 0 0 vp (ke + iky) I
a0 2| ° —imyy Mgy vp(ky +iky)  —vp(ky, —iky) O [
=1 _im 0 vp(k, —ik,)  —m 0 —vp(ky —iky) | (85)
VH p\Ky x SH D\ Kx y
kvp(ky —ik,) O —vp(ky +ik,) 0 2t + t, Myy )
0 vp(ky—iky) 0 —vp(ky +iky) myy =2t — t,

where we denote the Dirac velocity v, = t,a/2, and the mass term mgy = t; — t,. Because |myy| and
|mgy | are much smaller than |2t; + t,|, we neglect the high-energy part of H and exclude the fifth and the
sixth columns and rows describing singlet states. Thus, we obtain the effective Hamiltonian H g in the
subspace of the circularly-polarized states u = (uy, Uy, U3, uy)7 to the first order of k,

Mgy Vp (—ky + lkx) 0 imVH
T (k) = Vp (—ky - ikx) —Mgy imyy 0
eff 0 —imyy Mgy vp(ky + ikx)/ (S6)
—imyy 0 Vp (ky - ikx) —Mgy

= Mgy 05 Sg — kayO'xSZ — kanySO — mVHO'xSy.

Its bulk spectrum w4 (k) is gapped and consists of two doubly-degenerate bands,

w0y (k) = + ngH +miy + v3 (k2 + K2). s7)
In the u basis, u; 4/u, 3 represent to the dipolar and quadrupolar components, respectively.

With the transformation

0 i =i 0
s 1f1 o0 1
Uab = v2lo i i o (58)
-1 0 0 1
to the basis Uy = (Up, Ug, Vg, V) = Uap (Uq, Up, Uz, us)T, Hegr can also be rewritten in the form
0 UD (kx - lky) _(mSH - imVH) 0
—~ UD (kx + lky) 0 0 _(mSH - imVH)
Hap (k) = . ;
_(mSH + lmVH) 0 0 UD(_kx + lky) (89)
O _(mSH + imVH) UD(_kx - lky) 0

= UD(6XkX + 6yky)fz - 5‘0(m3H‘fx + mVny).



If the two effective masses (spin-Hall mgy and valley-Hall my ) are parametrised by the same real-valued
phase, such as mgy = mg cos @, myy = mg sin @, they can be combined into a single complex-valued
quantity in the complex plane m(p, ¢) = mpe ¢, similar to the momentum in the polar coordinate system
ki F ik, = keT:

0 vpke ™ —mge™® 0

- vpke' 0 0 —Mye™™

Rapll) = | 2% e
—mgpe 0 ' 0 ' —vpke (S10)
0 —mgye'? —vpke'? 0

=vp (6xkx + 6yky)fz - m060(cos @T,+sing fy).

Extended 3D parameter space spanned by three masses

If, additionally, the intracell coupling dimerization t; # t5 is present in the lattice Fig. S1, the full lattice
Hamiltonian Eq. (S2) is modified to

Myy —t; 0 —t etk 0 —ty
—t, —Mmyy —t, 0 —t,etk(artaz) 0
A6 =| , Caw o e O TRl s
—t, e 1 0 -t —Myy —t3 0
0 —t,e"tk(ar+az) 0 —t; Myy —t;
—t3 0 —t, e kaz 0 —t; —Myy

and the effective Hamiltonian at small k, which is a generalized version of Eq. (S6), reduces to

mSH UD(_ky + lkx) O imVH + mKK
g_,z_ (k) — VD(_ky - lkx) _mSH imVH + mKK 0
eff 0 _imVH + mKK mSH UD(ky + ikx) ’ (812)
_imVH + mKK 0 UD(ky - lkx) _mSH

where we denote my, = V3(t3 — t1)/2 proportional to the coupling difference (t3 —t;). The bulk
spectrum of (S9) is then

w4 (k) = i\/me +miy + miy + vi (k2 +k2). (S13)

All  together, three masses span a 3D  parameter space (Mgy, Myy, Mix) =
my(cos0, sin@cos®, sinBsind). In Ref. [1], we operated in the 2D parameter subspace spanned by valley-
Hall and spin-Hall masses that form a circle on the Poincare sphere. In our notations for edge state
transformations, ® varied along the interface and ® = 0 was fixed, and we described how the polarisation
(pseudo-spin) of bulk and edge modes evolves adiabatically, giving rise to a geometric phase.

Here, we generalize our approach to cover all possible polarization states on the Poincaré sphere. For this
purpose, we change the basis s ¥ = Usu, using the transformation U5 that diagonalizes the mass matrix.
For instance, a useful form for obtaining the defect state bound to the mass vortex in the sublattice basis is
given by (obtained with U}, (S8), where the last row is multiplied by (—1)):



ﬁeffz =7Vp (6_xkx + é\—yky)fo - OA_z(mSfo + mVH’Ey) - 6’Z’fmeK
. . . . . (S14)
=vpk,l; + kayFZ — mgyls — myyly — mygls,
where we introduced 4 x 4 matrices [},i = 1,...,5 satisfying the anticommutation relation filj- = 26ijl4xa
similar to 2 X2 Pauli matrices in the two-band Dirac Hamiltonian, (fl, f,, 15, Ty, ﬁ;) =
(6xf0, 8yT0,6,Tx, 6,1y, 6Zfz). We directly take (S12) with the mass matrix derived above from TBM to
obtain the Hamiltonian H o3 = UH U1 for ¥ in the form

- 0 0 vp(k, + ik,)
_ 0 mg vy(k, — ik,) 0
Hegrs (k) = ook, + i1,) _ymo . (S15)
UD (ky - lkx) 0 0 _mo

that consists of two decoupled blocks for (¥, ,)T and (1,,13)7. The generalised transformation matrix
05(0, ®) reads

. ® 0
0 —ie'®sin — cos — 0
2 2
g e N
) —ie'®cos - 0 0 sin:
U; = S16
. e . ® .
0 ie’®cos — sin — 0 (516)
2 2
o @ e
ie'®sin - 0 0 cos

The bulk modes of the Hamiltonian Heg5 are doubly degenerate, with eigenfrequencies Wy =

+ fm(z) + k2 + kJZ,, rewritten from (S13). For edge states at the mass-inverted interface (my(y > 0) =

m¢ > 0and my(y < 0) = —m, < 0, where m. = const), with the ansatz « exp (ik,x — k|y|), k, = ix
aty >0, and k), = —ix aty < 0, where » > 0 is the decay rate, we find the localization rate #? =m2,
They are spin-momentum-locked: left-propagating wave k, = —w of polarization (3,,0,0,1,)7 =

1/4/2(1,0,0,i)”, and right-propagating wave k, = w of polarization (0,,,13,0)T = 1/4/2(0,1,i,0)T.
The 1 and u vectors are related via the transformation u = 03_1![):

. Q) ; 0]
0 i o 0 i O
ie™""cos - ie™"Psin -
) C] ) C]
., | ie™sin > 0 —ie"“®cos 5 0
0,7 = ’ . , (s17)
cos - 0 sin o 0
. 9 . )
sin - cos -



ie”i® (1/) cos o P,sin 9)
22 T2
. Q) Q]
ie”® <1,blsin 5~ P3cos E)
w= ol o7 (S18)
P, cos ) + P3sin )

0 0

P,sin ) + 1, cos )

The polarization vectors for the right- (I) and left- (II) propagating edge states, which can be launched at
0 = 0,® = 0 at the input and evolve adiabatically, are as follows

ie"“®cos (0/2)
u =L e ®cos (0/2)
1=l isin@/2) | (819)
sin (0/2)

e “®cos (0/2)

ie~"®sin (/2
Ues. 11 Z% e c0551(2)§2)/ ) : (520)
icos (0/2)

Section B. Vortex-mass Jackiw-Rebbi bound state

The eigenvalue problem with the Hamiltonian (S6) (setting myx = 0), Heogr(k)u = wu, on substitution of
spatial operators k = (kx, ky) = —i(0y, 0,), represents a system of partial differential equations (PDEs)

for u
Mgy vp(idy +0,) O imyy
vp(id, —d —-m im 0
D( y x) . SH VH . u = wu, (821)
0 —imyy Mgy Vp (—zay + ax)
—imyy 0 vp (—iay - ax) —Mgy

that can be solved numerically in the xy plane. Specifically, for a single-vortex cavity problem with
continuous [2] or discrete [3] phase modulation implementing the mass winding, the mass profile profile
mqy(p) in (S11) is a radial function in the polar coordinate system (p, ¢), or a constant. In this Section, we
provide the solution for the particular case of a vortex-like mass distribution of the form m(p, ¢) = mye‘??,
with the negative unity charge Q = —1, as in (S10), and my = m, = const.

In the sublattice basis u,;, adopting the spatial-derivative operator in the polar coordinates in Eqs. (S10),
— - (0 _1 0
ket'? = —jett® (— + ——), (S22)
dop poy

the eigenvalue problem for the four-component vector g, = (Up, Ug, Vg, Vp)! reads



—iv,e” (i - ii) —m.e”% 0
° ap pog ¢
I

— 0 — ~ip
6p P 6<p a) mee

Up
<‘;:> =0, (S23)
Vb

In the following we set the velocity parameter vp = 1. The system (S23) represents an eigenvalue problem
for the modes of the cavity created by the inhomogeneous distribution of the off-diagonal mass terms
m(p, @) and m*(p, ¢). The eigenfunctions [up, Uy, Vg, V] should be finite at p = 0 and decay at infinity
p — .

|\ mee* 0 —-w ivpe™ (————

—-m.e'® le”"(a +l 0) -
¢ dp  pog

Rearranging (S23) leads to

(6 i d ) ) . i
3 279 —imov, = iouye'?,
_ (6 N i d ) ] —ip
—imeu, — (—+—=—) v, = iwvye ?,
c%a ap p a(p a b (824)
(i + Li) u, — imee 2%y, = iouze”
dp pade
—im.e?%y ( 0_t9 )v = iwv,e'?.
C b — ap pa(p b a

The immediate analytical solution of Egs. (S24) is pinned to the zero frequency w = 0. It is axially-

symmetric, d, = 0, and resides at one a-sublattice (obtained by solving the first two equations of the

system (S24)), with v, = u;, = 0 and the decay scale |m.| ™! inversely proportional to the bandgap size in

the bulk spectrum (S7):
Up 0
Ua Le™ ™ pmimel
vy |0 <l e eI (525)
Vb 0

Here, u, = v, . The host sublattice a/b depends on the rotation direction (chirality) in the mass vortex and
corresponds to the negative or positive sign of the charge Q = +1, respectively.

Transforming the eigenvector to the original basis of circularly-polarized states u(w = 0) = U ugp,(w =
0), we obtain all 4 nonzero components that describe the coupled spins:

Uq 1
e P R T $26
uz |9 x| 1 [f(P) (S26)
Uy 1

Thus, it has a clear connection to the zero-energy edge states, — two spin-polarised edge states coexist at
the same w = 0 at k = 0 and get coupled.

The solution (S25) is also consistent with definitions of the rotation operators for the Hamiltonian (S10).
The rotation operator for one spin block in graphene (2 X 2 k-dependent Dirac block in (S10)), if rotated
with respect to the axis directed out-of-plane by angle ¢, is governed by ¢ matrices:



. ~ —ip/2
e~i@/2)%z = cos(¢/2)6, — isin(@/2)6, = (e 0 ) (527)
0 el®/2

Under 27 rotation, the eigenstates acquire a 7 phase factor. Therefore, the eigenvectors need to be rotated
twice to return in phase. Similarly, the rotation operators for Hamiltonian (S10) are given by matrix
exponentials:

_lo
e 2 0 0 0
R i(p/2)2 L4 ¢ % 0 o
Ry (@) = e7'@/D% = cos (—) To — isin( )‘EZ =0 € , , (S28)
2 2 %)
0 0 ez 0
ip
0 0 0 ez
—ip/2 0
~ 10 ei(p/Z
R@=|0 o D > (529)
0 0 “P/ 2
The total rotation in an enclosed circular path is given by their multiplication
e 0 0 0
p B 0 1 0 0
R R = S30
k(@)Ru (@) 0 010 (S30)
0 0 0 e

Thus, the axially symmetric solution (S25) (its angular momentum is zero) has the first and last components
equal to zero, v, = u;, = 0, while u, and v, are angle-independent.

Section C. Line-defect cavity in the continuum Dirac description

Next, we consider a hybrid line defect, which consists of a line segment of the domain wall, with step-like
mass change mgy (x| < pg,y > 0) = m, mgy(|x| < po,y < 0) = —m¢, myy (x| < pg,y) = 0 across

the interface y = 0, and two side-attached mass semivortices m(|x| > py) = mcei(‘p_g), whose centers
are shifted to (£pg, 0) (see Fig. S2). In the middle region, within the straight-line interval |x| < p,, the
field in this cavity can be decomposed into contra-propagating spin-polarized edge waves confined to the
horizontal spin-Hall domain wall. The polarization eigenvectors for spin-up and spin-down edge states are

(ul,uz,u3,u4)T(+x) =(1,-4 O'O)T/\/E for ky = w/vp, (S31)
(ul'uZ'u3'u4~)7('—x) = (0,0,1,)" /V2 for ky = —w/vp. (S32)

The quantization of the wavenumber (and the corresponding eigenfrequencies of the cavity modes) follows
from the boundary conditions, imposing the four-component wave function continuity at x = +p,. The
simplest solution at w = 0 is uniform along x, with k,, = 0, and exponentially localized in the y direction,
e~meYl for |x| < po. It has two vanishing components u, = v, = 0, and matches the vortex-mass solution
of the form (up, ug, v4,v,)" (p) = e~ MelP(1,0,0,—1)T /+/2" with the solution center shifted to (x,y) =
(£pg, 0). The corresponding polarization eigenvector is also consistent with representation of the reflection
matrix in terms of the rotation matrices introduced above:



up 1 1 U 1 /0
A1 Ua O S I Y A B IR TP _ 1), ifo
Ui | 4, |(@=0)= sUa | o |73 0 )7 s (w—0,|x|<p0)oc\/§ 0 +\/§ 1] (833

Vp -1 -1 Uy 0 i

1

= L (14 03 R R -m T | )
\/i ab *M a 0
0

Reflection from the semivortex edge flips the spin, as required for the backward propagation, and introduces
a phase shift of (i g), being interpreted as rotation Ry, (—m)R) (—m) over a semi-circle of infinitely small

radius at the semivortex core. It implies mutual transformation of two spin-polarised edge waves upon
reflections from the opposite vertical boundaries at x = +p,.

The effective reflection matrices, related to the spinor boundary conditions at x = +p,, can be used to
approximate the bound-state quantisation for this line-defect cavity. This approximation adequately holds
in the low-frequency regime, w =~ 0, and for high-frequency states, w — +m.. By symmetry, the higher-
order modes have pair-wise symmetric cos- or antisymmetric sin-like distributions of the components v, =
—uy and u, = v,, along the domain wall,

Uq 1 0
uz Ll =i) iy [0 ik S34
X — X —_— X
Us \/E 0 e - \/E 1 e ) ( )
Uy 0 i
Up cos k,x Up isink,x
Ua | 1 [ isink,x Ua | 1 [ coskyex
Va V2| isinkyx T\ va V2 | coskyx | (S35)
Vb —cosk,x £ —isink,x

Thus, in the limit of the long line, py > (m./vp), the mode quantisation is approximated as w(n) =
vpk,(n) = Z—Dgn, with integer numbers n = 0,41, £2 ... The spectrum contains a robust zero-frequency
0

mode, analogous to that in the free-form geometric-phase topological resonators [4].

Another representative line-defect configuration consists of a valley-Hall domain wall segment with the
mass profile myy(|x| < pg,y > 0) = —m, myy(|x| < po, ¥y < 0) = m¢, mgy(|x| < py,¥) = 0 and two
side-attached semivortices m(|x| > py) = m.e'?. Two contra-propagating edge waves at the valley-Hall
domain wall x| < p, in the u basis are

(g, Uz U3, Ua) (1) = €7 7/(1, =1, =1, D) /2 for ky = w/vp, (S36)
(g, Up, Uz, Us) iy = €7/ (=i, 1,1, —=1)T /2 for ky = —w/vp. (S37)
The zero-frequency mode defined by the mass vortex winding resides on the same sublattice as in

(S33): (up, Ug, V4, vp)T (p) = e~MclP(1,0,0,i)T /+/2". Similarly, it can now be decomposed into the valley-
Hall edge modes, bearing spin-flip upon reflections from the opposite edges at |x| = py:



Up 1 —i Uy
-1 Ug _ _ 1 7—1 0 _ 1 —i _ U, _
Uab v, ( = O) ﬁUab 0 = E i = Us (C() = 0, |x| < po) (828)
Ub [ i Uy

8 0
s ul? |
g |Ua|2
= 05 @
c
[45]
E 0 T T T T
1 |Ub|2 -
|“rf|2
0 5 B 7 .
0 1 | | ]
0 2 4 6 8 10 12

Fig. S2. Modes of the line-defect cavity. a, Schematic of the mass winding (left, dark blue curve) pooled from —p,
to po along the x axis and mass distribution mgy (middle) and myy (right) in the xy plane. b, Representative intensity
images for three pill-shape modes at the frequencies w = 0 (red dot), w = 0.29629 (green dot), w = 0.58589
(purple dot). ¢, Corresponding profiles of the components |u,| = |v,], lup| = |vp| at y = 0 aligned with the defect.
Parameters v, = 1, m. = 1, p, = 4.5.
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