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ABSTRACT: The paper discusses torsional waves propagation through a multilayered medium
consisting of exponentially varying heterogeneous transversely isotropic elastic upper layer and
lower half-space; and an anisotropic poroelastic middle layer with initial stress. The governing
equations for each region are derived using appropriate stress—strain relations and solved in terms
of Whittaker functions and Bessel functions. By applying boundary and continuity conditions
across the interfaces, a general dispersion relation is obtained, which incorporates the combined
effects of material heterogeneity, poroelasticity, and pre-stress. Numerical analysis is undertaken
to investigate the effect of key parameters, including rigidity and density inhomogeneity present
in both upper layer and lower half-space, as well as initial compressive stress in the porous middle
layer. The results show that rigidity heterogeneity has the most considerable effect on phase
velocity, followed by density variation and initial stress effects. Specifically, increasing rigidity or
compressive stress leads to a substantial rise in torsional wave velocity, while density variation
contributes moderately to wave speed enhancement. The findings provide deeper insight into the
role of heterogeneity and pre-stress in controlling characteristics of torsional wave, with potential
applications in seismic exploration, subsurface imaging, and geotechnical engineering.

KEYWORDS: Torsional surface waves, multilayered medium, exponential heterogeneity, poroelasticity,
initial stress, dispersion relation

1. INTRODUCTION

Earthquakes are complex geological events that involve tectonic plates movement and dissipation

of energy in the crust of the Earth. Earthquakes occur due to the sudden movement along faults in



the Earth’s crust, which is often triggered by the release of built-up stress in underground rocks
The seismic waves generated by this sudden movement cause the Earth to shake. Volcanic
eruptions, snow avalanches, landslides and even turbulent rivers can also generate seismic waves
which also can be detected and studied by seismologists. The Earth's interior is indeed complex
and difficult to study through direct excavation. Advanced technologies for seismic wave
propagation are the most credible and cost-effective methods for exploring the Earth's internal
structure. For the purpose of understanding Earth's interior composition, various geophysical
models have been developed by researchers that account for various material properties, including
inhomogeneity, anisotropy, reinforcement, viscoelasticity and magneto elasticity, etc. In dynamic
problems, these properties significantly influence seismic wave propagation and provide insights
into the Earth's composition. The basic theory and core literature on elastic waves have been

extensively covered in numerous books, scholarly works and monographs.

Beyond the extensive literatures on Love waves, Rayleigh waves, Stonely waves, we have another
category of surface wave, known as torsional waves, which has garnered relatively limited
attention. The study of this wave has got significant attention due to its broad implications in
geophysics, civil engineering, and earthquake seismology. Among various wave types, torsional
waves are uniquely sensitive to variations in shear properties, making them valuable for probing
the mechanical behaviour of layered media. The foundational principles governing elastic
behaviour in solid media were laid down in the classical works of Love [1] and Ewing et al. [4],
which provided early insights into wave mechanics in layered structures. The complexity of wave
propagation in realistic geological formations necessitates an understanding of layered,
inhomogeneous, porous, and pre-stressed media, which has evolved over decades through both
theoretical and experimental contributions. Biot’s pioneering work on propagation of wave for
fluid-saturated porous solids [5], [6], as well as his exploration of incremental deformation
mechanics [7], revolutionized the modelling of poroelastic media. His earlier study on wave
behaviour under initial stress [2] highlighted critical role of pre-stress in modifying wave
characteristics. These ideas were further extended by Weiskopf [3], who analysed stress
distributions in soils, emphasizing the interaction between foundations and subsurface stress
waves. Achenbach [9] and Bath [8] provided in-depth mathematical frameworks for wave
propagation in elastic and seismological contexts, respectively, while Udias and Buforn [20]

presented a modern consolidation of seismological principles applicable to surface waves.



Vardoulakis [10] contributed by analysing torsional wave behaviour in inhomogeneous elastic
media, marking a key development in addressing geometric and material irregularities. Subsequent
studies expanded these concepts to more complex environments. For instance, Dey and Sarkar [11]
explored the behaviour of torsional waves in anisotropic and porous media subjected to initial
stress, and later by Dey et al. [12] in porous elastic layered systems. The role of rigid boundaries
and heterogeneous substrata was explored by Gupta et al. [13], [14], highlighting sensitivity of
torsional surface wave behaviour to interface conditions and material gradation. Kumari and
Sharma [15], [16] introduced viscoelastic and magneto-viscoelastic effects into the analysis,
offering insights into layered composite responses. Recent investigations have incorporated
gravitational effects, dry sandy geomedia, and sliding contact interfaces [17], [18], [19], [24], [27],
along with increasingly realistic heterogeneous modelling. Studies such as those by Alam et al.
[22] and Prasad and Kundu [23] further integrated poroelasticity with anisotropic and stress-
induced heterogeneities. The impact of corrugated boundaries, void-type porous materials, and
numerical modelling has also been investigated in modern works [25], [28], [29]. The most recent
contributions continue to refine these models. Shokrollahi et al. [26] presented a unified approach
for both elastic and poroelastic layers, while Majhi et al. [30] offered insights into the combined
effects of non-homogeneity and initial stress in layered poroelastic configurations. These
cumulative efforts establish a robust platform for analysing torsional surface wave behaviour in

complex geological structures.

This work examines the propagation attributes of torsional surface waves through a multilayered
system, comprising upper layer and lower half-space with exponentially varying rigidity and
density, sandwiching an initially stressed poroelastic middle layer. Such a configuration is of
practical relevance in modelling the Earth’s crust, where mechanical properties often vary
continuously with depth due to compaction, weathering, and other geological processes.
Exponential variation in rigidity and density is a realistic representation of these gradual changes,
capturing the nonlinear behaviour of real-world media more effectively than uniform or linearly
varying models. The middle layer, considered poroelastic and subject to initial stress, reflects
conditions found in fluid-saturated geological formations, such as aquifers and hydrocarbon
reservoirs, where pre-stress and porosity significantly influence wave propagation. The initial
stress in poroelastic middle layer adds complexity to the wave propagation dynamics, modifying

dispersion behaviour and potentially altering phase velocities. This research aims to develop a



comprehensive analytical framework to describe the wave propagation under these conditions. The
equations that govern the dynamics of each layer are formulated and solved using appropriate
boundary and continuity conditions, leading to a dispersion equation that encapsulates the effects
of material gradation, poroelasticity, and initial stress. The results provide insights into how these
factors collectively influence torsional wave characteristics, offering valuable implications for

geotechnical assessment and subsurface imaging.

The findings provide critical data for improving the accuracy of seismic surveys used to locate
natural resources by better predicting wave propagation through heterogeneous layers. The
developed dispersion relations can enhance imaging techniques used to map the Earth’s interior,
particularly in identifying the properties of fluid-saturated zones like hydrocarbon reservoirs. The
study’s insights into material gradation and pre-stress are valuable for assessing the stability of soil
and rock formations for large-scale construction projects and foundation designs. Understanding
the role of initial stress and material heterogeneity helps in more accurately modeling seismic
energy dissipation and ground shaking during tectonic events. Numerical results showing rigidity’s
dominant influence guide tomographic techniques to resolve depth-dependent stiffness changes in
poroelastic media. Phase velocity variations due to heterogeneity and initial stress parameters

inform inversion models for imaging underground formations, such as aquifers or fault zones.

2. FORMULATION

This investigation explores torsional waves propagation in a stratified medium composed of three
distinct layers. The topmost heterogeneous layer having finite thickness H,, characterized by
rigidity and density varying exponentially. Beneath this lies a finite porous layer of thickness Hy,
modelled as a water-saturated, anisotropic medium of Weiskopf type. The lowest region is an
infinitely extending heterogeneous half-space, also exhibiting exponential gradation in rigidity as
well as density. Intermediate porous layer under the influence of an initial compressive radial stress
P = —s,,., which introduces pre-stress effects into the wave dynamics. Anisotropy in the porous

medium is incorporated to more accurately reflect directional dependence of mechanical properties



in naturally occurring formations. The configuration and boundary interfaces are illustrated

schematically in Fig. 1.
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Fig. 1 Geometry of the problem
3. SOLUTIONS
3.1. DISPLACEMENT FOR M;
We have motion equation governing the dynamics of the layer as
do 0 60'29
%m0 9000 4 255 = p(2) 22 (1)

Here, 0,9 and 0,9 represent shear stress components, v(r,6,z) stands for displacement in

circumferential 8-direction, p stands for density of medium.

The corresponding stress-strain relationships in cylindrical coordinates are expressed as

o=@ (52-2). 06 = u(z) () @

Substituting these relations (2) into (1), we get

u@) (422 - D)+ 2 (1@ D) = p(2) 22 3)

ror

Assuming a separable solution as

v =V (2)],(kr)e't 4)



where k stands for wave number, J; (kr) for the first-order first kind Bessel function, w for the

angular frequency, Eq. (3) simplifies to

" u'(2) I _ 1,2 _ ﬁ _
V(@) + 52V (@) ~ k (1 c;) V(z) =0 (5)
Here, ¢ = %denotes phase velocity, the shear wave speed is defined as ¢, = \/%

Now, we consider exponentially varying material properties given by

p= e, p=peb (6)
Substituting Eq. (6) into Eq. (5) yields

Czebz

V'"(2) + aV'(2) — k2 [1 - ] V(z) =0 7)

2,az
cie

where ¢; = £L

P1

To eliminate the first derivative term Z—IZ/, we substitute V(z) = (p(Z)e(_T) into Eq. (7), and obtain

0@~ [+ k{1 - ST (z) = 0 ®)

c? (1+az)

1
Zylk

a

2 2\ 5
Introducing dimensionless parameters y; = (1 4+ —— %)2 andn, = (1 + az) and letting
1

4k2

¢ (z) =Y (1), Eq. (8) transforms into

') - ;- = wm) =0 ©

c%(a-b)k
2c2 a2y,

where the constant H is defined by H =

The Whittaker differential equation, Eq. (9), has a general solution of the form

Y1) = A44W 1) + BiW_ 1(=n1) (10)
2 2

Here A, and B, represent arbitrary constants.

Therefore, displacement for M1 becomes



v =V (2)];(kr)e'*

= (e, (kr)eier

= [A1WH% (2):11’( 1+ aZ)) + Blw_H‘2 ( kg4 az))] (5 gz)]l(kr)ei“’t a1

3.2. DISPLACEMENT FOR M:

We have governing equations of poroelastic medium subjected to compressive initial stress, as

derived by Biot and Weiskopf, are given below

6;7+%a§—§9+%+@—13(%—6£") 2 (e + prol) (12)
B0y 10500 4 800y 25— P2 = L (04 pyl) (13)
%Jf%%Jf%Jf%Srz— o= 2 O (orew + prgW) (14)
j—j = ;—;(preu + pooU) (15)
2= 2 (prov + poaV) (16)
%=ﬁ(l)rew+ﬁeew) (17)

Here, s;; represent the incremental stress components, (u, v, w) stand for solid and (U, V, W) for

fluid components of displacement respectively, s denotes stress in fluid. For rotation vector w,

COI’l’lpOIleIltS arc expressed as

w,=—|=—-r—
r 2r Loo ozl

_Zr

1 [ow a"] _1 a_u_"_W] _ 1 ["(”’)_a_” (18)
= 2laz  arl ™z or 96

For a porous, anisotropic, fluid-saturated layer with initial stress P, following are relationships

between stress and strain

Ser = (A+ P)ey + (A— 2N + P)egg + (F + P)e,, + Q¢
Sgg = (A—2N)e,, + Aegg + Fe,, + Q¢

Sy, = Fey + Fegg + Ce,, + Q¢

Sro = 2Ner9» Sz = ZGeez, Srz = 2G ey (19)



where A,F,C,N,G are elastic coefficients. N and G also denote directional rigidities of

anisotropic layer in r and z-directions respectively.

The strain components are defined as

ou 16v+u ow
€. =—,gg =——+—,e,, = —,
T’ %% T 00 v’ oz

1[10u ov v 1[ov 10w

= —|-— —_——— = —-|— - 2
€ro 2[r66 ar 71’02 =715 T 7 el (20)

_1[6W+6u] B 16(rU)+16V+6W
¢r =5 or "oz’ T ¥ or rdd o0z

Q serves as coupling parameter between the volumetric strain of solid and fluid components, and

is positive. The stress vector from fluid pressure P relates to the total stress s as
—s=fP (21)
where f stands for porosity.

Now mass densities of solid ps, fluid pf, and porous medium p relate to the mass coefficients p,.,.,

Pre, Pog by

Prr + prg = (1= f)ps, pro + poo = fpy (22)
Aggregate mass density is depicted by

p=ps+f(pr—ps) (23)
According to Biot, the following inequalities must hold for physical validity

Pro <0, pr >0, pog > 0, prrPog — prg > 0 (24)

Assuming propagation of torsional wave along r-direction with displacement in 8-direction, we

consider

u=0,v=v(rzt))w=0

U=0,V=V(rzt),W=0 (25)

With these assumptions, only the following stress-strain relations remain valid



Se, = 2Geg,, Srg = 2Neyg (26)

Substituting these into the equations of motion (12) - (17), the only non-zero equation becomes

dsy 059z 2 dw, 92

% %‘F;Sre —P aa:, =E(PrrU+PreV) 27)
92

and ——= (prev + pgoV) = 0 (28)

Using the stress-strain relations of Eq. (19) in Eq. (27), we get

(V=2)Ga -2 +350) + 655 = 5 (o + prgV) 29)

2/ \orz  rz  ror 0z2 t2
Using Eq. (28), assume p,.qU + pggV = d"’ (constant), then

d’' — v
Vz — Pro
Poo

0%v

-~ (30)

a2 I}
So, = (prov + peeV) = d

2
Pro

Poo

where d' = p —

Substituting this into Eq. (29), we get

(NV-D)(Z-2+10) 16 =ar 22 (31)

2)\arz2 12 " ror 0z2 at2

1
.
N->|? G\z2 o o :
From Eq. (31), I d,zl and (E)z are wave speeds obtained in r and z-directions, respectively.
For porous media, velocity B’ for shear wave in r-direction has been expressed as

1
1- 2 N . . . . . . .
B = [T( 622] , here ¢, = ’; depicts velocity of shear wave in r-direction for anisotropic, non-
porous elastic medium, with no initial stress.

P a 1 Pro Vi
Here,f=5,d=;=;(mr— ):)/11__




where y1; = %, Y12 = £ Va2 = p% are non-dimensional mass parameters defined by Biot for

p

porous layer.

Introducing non-dimensional coordinates & = &, + % and R = %, with wave number k = %, Eq.

(31) becomes

10v v G 0%v d'L?9%v
erEﬁ_EJFN__gE‘N__gﬁ (32)
Assuming solution of Eq. (32) as v = V(&)J;(R)e'“t, where J;(R) stands for first kind Bessel

function, V(&) is the solution of following ODE

VL o2y =
TS +q°V=0 (33)
wZ 24/
)
where q° = —%——
NP

Eq. (33) has general solution given by
V(§) = Aye' + Bye~i4¢
Hence, displacement for M; is

v = (4,6 + B,e~1%)], (R)et (34)
N . .
where g% = dv (— - —), v=o,C0= wL is the phase velocity.

3.3. DISPLACEMENT FOR M3

We have equation describing torsional wave motion in lower half-space, which possesses spatially

varying properties, is given by

7*‘7"‘ Org = P(Z) atz 35

Here, 0,9 and g, are the stress components, v(r, 8, z) stands for 8-direction displacement, p

denotes material density.



We have stress-strain relationships expressed as

U[___] 0z0 :pg_v (36)

z
Substituting these into the motion Eq. (35) gives

10v

u@) (G435 - 5) + k@3 = p @ 3 67

ror
Assuming solution as
v =V(2)]y(kr)e'* (38)

we reduce the governing equation to

L ED e 2] &
V@) + 2V~ k (1 ) V(z) =0 (39)
where ¢ =%and Cy =\/%

Given, u = uze™, p = pze™ (40)

Substituting into the differential Eq. (39), we obtain

V"(2) + mV'(2) — k? [1 - ]V(z) =0 (41)
where ¢; = ﬁ

—mz

To eliminate the first derivative 2— we define V(z) = (p(z)e( >) which transforms the Eq. (41)

into

0" (@) - [E+ k2 {1-S 82 6 (2) = 0 (42)

¢ (14mz)

1
nc?

)2, N3 = 2V3 (1 + mz) and setting

2

Introducing dimensionless variables y3 = (1 2
3

@(z) =Y (n3), Eq. (42) becomes

') = ;- 2| =0 (43)



c2(m-n)k

where § = ——;
2c3meys

For physical feasibility, the displacement should vanish as z — oo, corresponding to Y (n3) — 0 as

13 — o0. The bounded solution satisfying this behavior is

Y(n3) = DW51(773)
2
where W 1 (n3) depicts Whittaker function, D represents arbitrary constant.
2

Hence, displacement for M3 becomes

v =V(2)],(kr)e't

—mz

= ()T (kr)eiet

= [DWS% (% 1+ mz))] e(_Tmz)jl (kr)e't (44)

4. BOUNDARY CONDITIONS

We have corresponding boundary conditions as given below.

(1) At the interface of M and M3, continuity of displacements and stresses is required, i.e.,
atz=20
(@) [v]; = [v]3
(b) [s9212 = [09.]3

(i1)) At the interface of M; and M, continuity of displacements and stresses is required, i.e.,
atz = —H;
(a) [v]y = [v];
(b) [09,]1 = [s6,]2

(iii)  The free surface of M has no traction, i.e., at z = —(H, + H,)

[092]1 =0



5. DISPERSION RELATION

Boundary conditions (i), (i1), and (iii) lead to
A,el% + B,e~% — DK, =0
A,K,e'9% — B,K,e"1% — DK, =0

A1K4+BiKs — AyettComkh) _ B, omialfo—kin) — ¢

—M+K9H1 M—K14H1 iq(£,—kHy) —iq((§y—kH1)
A1R1€ a + Blee a —Aszeq 0 U+ Bsze 0 U= 0

Y1k Y1k
kg (H +H A ka(Hy+H
A1R3€ a 9( ! 2) + B1R4e a 14( ! 2) = 0

where

_ 2V3k
K, = Wsll( -

2

). K, = iGka,

(45)
(46)

(47)

(48)

(49)

=0 (2 [ (50 (s 22 5= 9]

a

1\2 1 1 1\2
(ko e (H) 5 (1)
K6 o ( ) (1 aHl) > K7 - 2y1k (1—aHy)?’ KS =1+ %{1—aH1)’

aH
(-am))es ks =w_ (- 2E @ - any) s,
2

4

a aH 2y1k\"H -H a? (_H_%)z_l

Ko =yik + 2, Ky = 1-aHy’ K = ( a ) (1= am)™ Kz = 2y1k (1-aH)?”’
1 (-yg-t 2 a 2y1k\H H
Kiz = ﬁu—afl)’ Ky = y1k — 2’ Kis = ( c: ) (1 —aH, + HZ)) ’

2 2
oo e
1 7 ayik (1—aGy+m))> Y WK1 a(iy o)) 0 1-alhe,)’

_ (2pk\7H -H _ a? (‘H‘%)Z‘% _
Kiq = (T) (1 —a(H, + Hz)) , Koo = 2V1k(1—a(H1+H2))2’ K =1

Ry = pie K (K; — KgKo+KgKyo), Ry = (—1)" p e 1Ky (Kyp + Ki3K14—Kq0Ki3),

1
_ 4
2y1k

a

(1—a(H1+H2))

)



R3 = K15(K16 - K9K17+K17K18): R4 = (_1)HK19(K20 + K14-K21_K18K21)-

Eliminating the constants A;, By, D, A, and B, from egs. (45), (46), (47), (48) and (49), we get

O O _K1 eiQEO e_iCIEO
0 0 —K; K,ei%o —K,e~to
K4 KS 0 _eiQ(fo—kHﬂ _e—iCI(fo—kHl) —0
K K B
Rle—%+K9H1 Rze%_Kl“Hl 0 _KzeiQ(fo—kHO Kze—iCI(fo—kHl)
vik ik
R3e—T+K9(H1+H2) R4eT—K14(H1+H2) 0 0 0
V1K o (Hy +HD) Yik_po 4 (Hi+H)
K3KsRze a “OVITUZ_goK,Rue @ 14VIITHZ
—KiRoR:eKoH1+H2)-K14H1 g p R, eKoH1-K14(H1+H2)
= tan(kqH,) = Gkq 1RaRse 1RRee 21 (50)

_ vik_
—KyKsR3(Gkq)Ze +KyK4Ry(Gkq)2e a K1a(H1+H2)

—K3RyRzeKo(H1tH2)-K1aH1 4K R R, eKoH1-K14(H1+H?)

y%lk+K9(H1+H2)

which is the equation governing the dispersion of torsional waves.
5.1. PROBLEM VALIDATION

When we remove the upper layer M, and assume the structure to be non-porous, stress-free, and
homogeneous, the considered configuration simplifies to a homogeneous isotropic elastic layer on

a homogeneous isotropic elastic half-space. Under these conditions, Eq. (50) takes the form as

2
3
tan| kH, %
2 2
-1
C2

which is the classical Love wave dispersion equation.
5.2. PARTICULAR CASES

Case I: Absence of inhomogeneity parameters in layer M4, i.e. a = b — 0, Eq. (50) takes the

form as

3
GkqK,

tan(kqH,) =



Case II: Absence of inhomogeneity parameters in half-space M3, i.e. m = n = 0, Eq. (50) takes

the form as

vk y1k
—p3y3kKsRye ™ a TR oy kK Ry a Kaa(HitH2)
—R2R3eK9(H1+H2)—K14H1 + R1R46’K9H1_K14(H1+H2)

_K5R3(qu)ze_%+K9(H1+H2) + K4R4(GkQ)Ze%_K14(H1+H2)

+“3y3kR2R3eK9(H1+H2)—K14H1 — ,ng)/3kR1R4eK9H1_K14(H1+H2)

tan(kqH;) = Gkq

Case III: When the pre-stress in the layer M, is absent, i.e. P — 0, Eq. (50) takes the form as

t kH N (dCZ 1)
an| kH, |=|——
G\ c?
ik y1k
KiKsRse™ ; +Kg(Hy+Hz) _ K3K4R4e_a —K14(H1+H3)

_ E(d_cz B ) —K1R2R36'K9(H1+H2)_K14H1 + K1R1R46'K9H1_K14(H1+H2)

2 2
2 Y1k 2 Y1k
—K,K5R, (Gk %(dciz - 1)) e~ a tRotitH) | g g g <Gk %(d%z - 1)) ol —K1a(H1+Hz)

2 2

—K3R2R36K9(H1+H2)—K14H1 + K3R1R4eK9H1—K14(H1+H2)

Case IV: When the inhomogeneity parameters in M; and M3 are absent simultaneously, i.e. a =

b - 0,m=n- 0, Eq. (50) takes the form as

tan(kqH,) =

6. NUMERICAL COMPUTATIONS AND DISCUSSIONS

Derivation of the dispersion relation reveals the relationship between phase velocity Ci and wave
2

number kH,. The relation links phase velocity to frequency, dependent on various factors,

P

including material properties, layer parameters and initial stress parameters (( = 5) The

numerical values used for each medium in this analysis are as follows.

For upper heterogeneous layer M4 [30]



py = 3.23 X 101° N/m?, p, = 2802 kg/m3
For sandwiched porous layer M, [30]

G = 0.1387 x 101° N/m?2, N = 0.2774 x 10'° N/m?, p,, = 1.926137 x 10% kg/m?, p,q =
—0.002137 X 103 kg/m3, pgg = 0.2153337 x 103 kg/m3

For heterogeneous half-space M5
ps = 7.34 x 10° N/m?, p; = 3195 kg/m3

To analyse how initial stress and material non-homogeneity in the upper layer and lower half-space
impact torsional surface waves propagation, numerical calculations of phase velocity is performed
using Eq. (50) for different parameter sets. MATLAB has been employed for graphical analysis
and computation. In each figure, three curves are plotted, corresponding to varying one parameter
at a time, while keeping the others fixed. Note that each parameter has been normalized with
length. This approach allows a clear assessment of the individual contribution of each parameter

to the wave propagation characteristics.
Fig. 2 explores the impact of normalized rigidity inhomogeneity parameter % in upper

heterogeneous layer (shown as a in the figure legend). The parameter takes values % =1.0,2.0,3.0

=20,-2=2,f =1,

n
k H

= 1.5. The results

ol S

with the remaining parameters fixed as %z 1.0,

reveal a distinct upward shift in the dispersion curves as % increases. Physically, a higher%

indicates a steeper exponential variation in rigidity with depth, meaning the upper layer becomes
stiffer in the near-surface region. This enhanced stiffness increases the shear wave speed, thereby
raising the torsional wave phase velocity. The effect is more noticeable at higher wave numbers,

where shorter wavelengths interact more strongly with near-surface variations.

Fig. 3 explores the effect of normalized density inhomogeneity parameter % in upper layer, with

b_ 1.0,2.0,3.0 and L 1.5,E = 2.0,ﬂ =2,f= 1,E = 1.5. Increasing b slightly raises the
k k k Hy K k
phase velocity, especially for larger wavenumbers. Since higher % implies a greater decrease in

density with depth, the medium becomes less inertial near the surface, marginally increasing wave



speed. However, the influence is weaker compared to rigidity variation because phase velocity is

more sensitive to stiffness changes than density changes in elastic wave mechanics.

Fig. 4 examines the impact of normalized rigidity inhomogeneity parameter % in lower half-space,
varying as % = 1.0, 2.0, 3.0 with % = 1,% = 1.5,% =2,f= 1,% = 1.5. As marked increase in
1

phase velocity is observed as % grows. Physically, a higher % signifies a stronger increase in

rigidity as depth increases in lower half-space, which strengthens the substratum’s ability to
transmit torsional waves. This effect is significant across the entire wave number range because

the lower half-space supports the wave motion over its full depth penetration.

Fig. 5 investigates the significance of normalized density inhomogeneity parameter % in lower
half-space for % = 1.0, 2.0, 3.0 with % = 1,% = 1.5,% =2,f= 1,% = 1.5. The results show a
1

consistent rise in phase velocity as % increases, through the effect is moderate. A large % indicates

a stronger reduction of density with depth, decreasing inertia and allowing waves to penetrate more
rapidly. The influence becomes more visible at higher wavenumbers, where deeper penetration

causes the wave to sample more of the low-density deeper medium.

Fig. 6 presents the significance of initial stress P in porous middle layer, for P = 1.0, 2.0, 3.0 with

a

Pl 1,% = 1.5,% = 1,% = 1.5,% = 2,f = 1. The phase velocity gets significant boost by
1

increasing compressive initial stress. This is because pre-stress effectively increases the medium’s
stiffness without altering its density, leading to faster shear wave propagation. The effect is
prominent across all wave numbers and reflects the known phenomenon in elastic wave theory

that compression raise wave speeds, while tensile pre-stress tends to reduce them.
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7. CONCLUSION

1. Rigidity heterogeneity parameters % and % have the most pronounced influence, significantly
increasing phase velocity of torsional surface waves.

2. Density heterogeneity parameters % and % cause a moderate but consistent rise in phase
velocity.

3. Initial stress P in the poroelastic layer markedly enhances phase velocity by increasing the
effective stiffness of the medium.

4. The effect of rigidity variation is stronger than that of density.

5. These results provide useful insights for seismic exploration, subsurface imaging, and

geotechnical assessment in heterogeneous and pre-stressed geological media.
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