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Overview

This Supplementary Information provides extended derivations, operator-algebraic background, ex-
perimental details, and statistical analysis supporting the main manuscript. The structure is as
follows:

e S1: Modular derivation of the exponential Born correction rule and its uniqueness.
e S2: Perturbative expansion, validity regime, and asymptotics.
e S3: Statistical inference framework, Fisher information, and likelihood tests.

e 54: Noise and systematic-error models for superconducting qubits and device-specific error
envelopes.

e S5: Practical extraction of  K; from tomographic data.

e S56: GHZ bias extraction and effective modular tilt in the two-outcome sector.
e S7: Bayesian discrimination between Born+noise and modular models.

e S8: Asymptotic limits and consistency checks.

e S9: Interpretation boundaries (what the framework does and does not claim).
e S10: Reproducibility notes and minimal metadata for independent verification.
e S11: Operator-algebraic KMS background and modular theory.

e S12: Locality and no-signalling in the modular framework.

e S13: IBM Quantum implementation details and example Qiskit Runtime scripts.

Throughout, standard notions from quantum statistical mechanics and operator algebras follow
Refs. [1H4].



1 S1. Formal derivation of the exponential rule

In the main text, the deviation from the Born rule is encoded in a normalized exponential reweighting

of the form
(0) —5K;

b "¢
pi = : ) (1)
et
(0)

where p;’ are Born weights and 0 K; are outcome-resolved modular imbalances. Here we show how
this structure arises from modular perturbation theory and why it is essentially unique given the
operational assumptions.

S1.1. Modular equilibrium and perturbation

Let p be the reduced density operator of the measured subsystem at the measurement time t,,.
Define the modular generator
K = —logp, (2)

in analogy with the standard relation between thermal states and their Hamiltonian, pg = e P )7,
for which —log pg = SH + log Z. In the operator-algebraic setting, K generalizes the logarithm of
the KMS state [1, 2].

Consider a reference (equilibrium) state

-K
=7 Zo = Tr(e™"?), (3)
and a weakly perturbed state
p=po+dp,  Tr(dp)=0, (4)
with ||0p]| < 1. Define
K = —log p = —log(po + dp). (5)

Using the Fréchet derivative of the logarithm in finite dimension (e.g. via the Helffer—Sjostrand
representation [2]), one obtains

K =Ko= [ oo+ 50 (m )" ds-+ 0157, (6)

Thus,
SK = K~ Ko=— [ (m+9) 8 (pn +5) ds + OG?). (7)
0

In a fixed projective measurement basis {|i) }, we define the outcome-resolved modular imbalance
as in the main text:

0K = (i K1) = > p” GIEL). 8 = 1) (8)

By construction, one has

ZPEO)MQ =0, (9)

which guarantees normalization of probabilities at first order.



S1.2. First-order correction

Let p; denote the actual outcome probabilities observed in the experiment for basis {|i)}. Under
a weak modular perturbation and the operational assumption that only diagonal modular entries
contribute to p; (Assumption Al in the main text),

pi =p + Te(5pIL) = p” + a 6K, + O(6K?), (10)

for some constant « depending on normalization conventions. In the framework adopted in the
main text (Eq. (6)), we fix o = —pgo) so that

pi=p" (1 - 6K;) + O(SK?). (11)
Eq. is precisely the linearized form of the modular rule.

S1.3. From linear correction to exponential rule

We now derive the full nonperturbative form under mild assumptions on the functional dependence
of p; on (SKl
Assume:

(i) Positivity: p; > 0 for all 1.

(ii) Normalization: ), p; = 1.
(0)

(ili) Diagonal modular dependence: p; depends on the nonequilibrium state only through p,”’ and

dK; (no off-diagonal modular terms).

(iv) Composition/additivity: two successive tilts 0 K l-(l) and 0K Z-(Q) combine to produce an effective
tilt 0 K i(tOt) = 5Ki(1) +0K Z-(Q), and the resulting deformation of probabilities is consistent under
composition.

Under (iii), we can write

_ 0K
Sy FOK;)

for some function f: R — Rt with f(0) =1 (so that p; — p(o) cuando JK; — 0). Condition (iv)

i

implies that applying a tilt § K i(l) followed by d K i(g) must be equivalent to a single tilt 6 K i(l) +0K Z-(2),
which forces

(12)

)

fla+y) = f(@)f(y) (13)
By continuity and positivity, the Cauchy functional equation yields
f(z)=e? (14)
for some real constant A. Linear consistency with Eq. fixes A = 1. Thus
(0) —3K;
p e
Pi= e (15)

Z] p§0)e—5Kj

which is Eq. . This proves that, under the stated operational assumptions, the normalized
exponential rule is unique up to a global rescaling of § K.

Similar exponential reweightings appear in nonequilibrium statistical mechanics as large-deviation
tilts of stationary distributions [4H6] and in fluctuation theorems [7H9].



2 S2. Perturbation theory and validity regime

In practical experiments, modular imbalance is expected to be small, |0 K;| < 1 for all i. Expanding
Eq. up to second order yields

PO (1~ 6K + L6KZ +--)

pi =
S (1 6K+ 6K+ )
=" [1 = 0K + § (6KF — Var,0 (0K)) + O(6K?) (16)
where )
Var, ) (0K) Z pPr? — | S p\VeK; | (17)

Using the centering condition Eq. @, the linear term already matches Eq. .

The detectability of K; against Born shot noise is controlled by the competition between the
linear systematic shift and binomial fluctuations. For a binary outcome with true probability p(®) =
1/2, the Born shot noise scales as

P00 -p®) 1

0Born (V) = = . 18

Hence, to resolve a deterministic modular deviation of magnitude dp ~ [ K|, one requires
1
|(5K| > O'Born(N) ~ ﬁ’ (19)
i.e. sufficiently large shot numbers N.
3 S3. Statistical inference framework
Let n; counts be observed for outcome ¢, with ) . n; = N. The empirical estimator is
. ng

Under independent shots, the likelihood for a given model 6 (here 6 includes 0K and possibly
nuisance parameters) is multinomial:

£(6) = P({n:}|6) = ,sz . (21)

The log-likelihood reads
log £(6) = const + Z n; log p;(6). (22)

%



S3.1. Fisher information and Cramér—Rao bound

For a one-parameter modular tilt (e.g. an effective scalar 6K for a binary outcome), the Fisher
information is

2 ) 2
I(6K) = E —a:?KQlog[,(cSK)] -NY - (;K) (a;ggo) . (23)

The Cramér—Rao bound then states that any unbiased estimator SK satisfies

1
I(0K)

Var(§K) > (24)
For binary GHZ-like tests with baseline p(®) = (1/2,1/2) and small symmetric tilt, this reproduces
the 1/\/N scaling used in the main text.

S3.2. Likelihood-ratio tests

To compare the Born model (K = 0) with a modular model (§K # 0), one may use the likelihood-
ratio statistic
maxsg—o L(0K)

A= —2Zlog maxgsy L(0K)

(25)

Under regularity conditions, Wilks’ theorem implies that A is approximately x2-distributed with
one degree of freedom in the large-N limit, providing a simple significance test for 0K # 0 [10] [11].

S3.3. Information criteria for model selection

Beyond likelihood-ratio and Bayesian tests, it is often useful to compare competing models using in-
formation criteria that penalize model complexity. Two standard choices are the Akaike Information
Criterion (AIC) and the Bayesian Information Criterion (BIC).

Given a model M with kjs free parameters and maximized log-likelihood log L}~ for a dataset
with N independent shots, one defines

AIC(M) = 2kp — 21og L3F, (26)
BIC(M) = kprlog N — 2log Lyf™. (27)

Lower AIC/BIC values indicate a better balance between goodness of fit and model complexity. For
two models My and M fitted to the same dataset, it is common to look at the differences

AAIC := AIC(M;) — AIC(M,),  ABIC := BIC(M;) — BIC(M). (28)

As a rough guideline, |[AAIC|, |ABIC| < 2 indicate that the models are statistically indistinguish-
able; values in the range 4-10 are often interpreted as “moderate” evidence, and |AAIC|, |ABIC| 2>
10 as strong evidence against the model with larger value.

In the present context we will treat

o My as a calibrated Born+noise model, in which deviations from the ideal Born probabilities
pgo) are explained entirely by standard hardware errors (SPAM, decoherence, crosstalk, etc.),

with a small number of effective nuisance parameters 6g;



e M as the modular model, in which deviations are described by the normalized exponential
rule Eq. (with parameters dK;) in addition to the same calibrated noise parameters.

Because the modular model contains extra structure (the reweighting by JK;), it generically has
k1 > ko and is penalized by the terms 2kj; and kpslog N in Egs. f. A genuine modular
signature therefore requires not only a higher likelihood L7*** > Li'**, but a sufficiently large
improvement to overcome the complexity penalty and produce AAIC < 0 and ABIC < 0 with
|A] > 1.

In our IBM Bell and GHZ datasets the calibrated Born+mnoise description already fits within the
expected 1-5% error envelopes of current superconducting hardware. As a result, the modular model
does not achieve a statistically decisive improvement in AIC/BIC once the additional parameters
0K; are penalized. Throughout this work we therefore adopt a deliberately conservative stance:
the modular framework is used only to translate the observed deviations into quantitative upper
bounds on J K, rather than as evidence in favour of a new model. Any future claim of a nonzero
modular tilt would have to demonstrate a robust AAIC and ABIC improvement over well-calibrated
Born+noise models under the same analysis pipeline.

4 S4. Noise and systematic-error models

Superconducting transmon devices as provided by IBM Quantum [12HI5] implement qubits with
dominant error channels:

e amplitude damping (characterized by T1),

e pure dephasing (characterized by 1),

e coherent calibration errors (over-/under-rotations),

e residual ZZ coupling and crosstalk,

e readout assignment errors and classical post-processing bias.

In a simplified, operational description, the effective probability for outcome 7 can be written as

Pl — pgideal) n 5pl(noise) . 5p§m0dular), (29)
where:
pgideal) denotes the Born probability for the target state,
° 5p§nmse) encodes all standard noise channels (amplitude damping, dephasing, SPAM, etc.
[3, 16, 17]),

. 5pz(modular)

is the possible systematic shift described by the modular rule Eq. .
In current devices, typical noise-induced deviations from the ideal pgldeal) in multi-qubit circuits are
of order 1%—5% [12], [16] [17], which matches the magnitude of the GHZ and Bell deviations reported
in the main manuscript.

A referee will naturally ask whether the observed deviations can be fully explained by (5p£nmse)
alone. In this section we therefore lay out explicit, low-parameter noise models against which the

modular hypothesis can be compared using the information criteria introduced in Sec. S3.3.



S4.1. Minimal calibration-informed noise model

For a binary outcome (e.g. the {000, 111} sector of the GHZ experiment), a convenient parametriza-
tion combines state-preparation and measurement (SPAM) asymmetry with a simple depolarizing
channel.

Let g; denote the ideal Born probabilities after coherent preparation and before noise, and let r
parameterize a symmetric depolarizing channel,

= g =1-ra+s, 0<r<i (30)
On top of this, we model readout asymmetry by a 2 x 2 confusion matrix
1
Mgo = ( o1 . c1o > , (31)
€01 — €10

where €91 (€19) is the probability to misidentify “0” as “1” (“1” as “0”). The measured probabilities

are then
p(Born+noise) q(dep)
0 _ 0
(Born+noise) | — Mro (dep) | - (32>
P1 a4

For a nominally symmetric GHZ or Bell configuration, gy = g1 = 1/2 in the ideal Born baseline.
In that case the depolarizing channel Eq. leaves the distribution invariant and the only contri-
bution to the measured asymmetry arises from the readout parameters €p; and e19. To first order

in small asymmetries, one finds

(Born+-noise)

Born-+nois
2 =1+ Lew—en) + O, pg orn-fnoise) _ 2 — (e —e01) + O(e?), (33)

so that any small bias dp = ]péBom+nmse) — %| can be reproduced by a corresponding small readout
imbalance. This is the standard explanation for percent-level deviations in two-outcome experiments
on superconducting hardware.

The modular model, on the other hand, predicts

(0) —sK;
(modular) _ p;, ¢ K (34)
Z] p§0)6—5Kj
which for a centred binary tilt §Ky = —dK; = AK/2 and pgo) = 1/2 yields, to first order,
modular AK modular AK
p((] )2% 4 pg )2%_7- (35)

Comparing Egs. and , we see that an isolated binary dataset at fixed N cannot distinguish,
at the level of mean probabilities alone, a small modular tilt |AK| < 1 from a small readout
asymmetry |e;0 — €o1] < 1.

The discrimination power of the experiment therefore comes from:

e shot-number scaling (1/v/ N vs. N-independent bias),
e cross-basis and cross-backend constraints,

e and, crucially, the rigid functional form of Eq. across different initial states and measure-
ment settings.

These features overconstrain the modular hypothesis and allow it to be penalized against Born+noise
models using AIC/BIC, as discussed in Sec. S3.3 and Sec. S7.



S4.2. Systematic error envelopes and conservative interpretation

Using calibration data provided by IBM Quantum (gate error rates, 77 /T5, and readout assignment

matrices), one can construct more detailed Born-+noise models in which 5p§n(ﬁse) in Eq. is
entirely accounted for by:

e coherent over-/under-rotations in the GHZ/Bell preparation circuits,
e amplitude damping and dephasing over the circuit depth,

e classical readout confusion as in Eq. ,

e and small classical post-processing biases.

In all IBM datasets analyzed in the main manuscript, the observed deviations from the ideal Born
predictions remain within the combined 1-5% envelope expected from these mechanisms. In par-
ticular:

e Bell-state tomography exhibits stabilizer correlations Ezz, Ex x = 0.98, consistent with high-
fidelity entanglement generation plus standard decoherence and SPAM,;

e three-qubit GHZ data on ibm_fez, ibm_marrakesh and ibm_torino show biases in the {000,111}
sector at the percent level, again compatible with known hardware characteristics.

Because a low-parameter Born-+noise model already provides an adequate fit, the modular frame-
work is not used here to claim discovery of Born-rule violations. Instead, the logic is inverted:
Eq. is treated as a physically motivated, tightly constrained deformation of the Born baseline,
and the IBM data are used to place upper bounds on |0K;| that are consistent with, and lie within,
the calibrated noise envelopes. From the viewpoint of systematic errors, this is the most aggressive
position one can take without over-interpreting the data: any modular tilt must be small enough
that it remains hidden inside an already quantified Born-+noise error budget, and the information
criteria of Sec. S3.3 and Sec. S7 confirm that introducing § K; as additional parameters does not yet
yield a statistically decisive improvement in model quality.

5 S5. Tomographic reconstruction of 0 K;

Given a reconstructed density matrix p in the Hilbert space of the measured subsystem, the modular
generator is defined as
K = —logp. (36)

S5.1. Regularization

In practice, numerical tomography yields p that may have small negative eigenvalues or eigenvalues
very close to zero due to finite-sample noise. To define K robustly, a standard regularization is
adopted:

I
pl—)pezz(l—e)p+eg, 0<ex 1, (37)

where d is the Hilbert-space dimension. For € below the experimental resolution, p. and p are
statistically indistinguishable, while p. is strictly positive and K = — log p, is well-defined.



S5.2. Diagonal modular imbalance

Once K is computed, the outcome-resolved imbalance in the measurement basis {[i)} is

K; = (i| K |i) ij GIELY, P =12 (38)

with [¢) the intended pre-measurement pure state. These 0 K; can then be fed back into Eq. to
generate explicit predictions for p; under the modular hypothesis.

6 S6. GHZ bias extraction theory

For the three-qubit GHZ state

1
E(|ooo>+|111>), (39)

and computational-basis measurement, the Born baseline is

IGHZ3) =

p9(000) = p©®(111) = 1, p (others) = 0. (40)

In the main text, we focus on the two-outcome GHZ subspace {000,111} and define effective
probabilities
P(000) off P(111)

e’ = ' =
O 7 P(000) + P(111)’ 17 P(000) + P(111)"

For a binary measurement with baseline (pé ), p&o)) (1/2,1/2) and a centred modular tilt such
that

(41)

Deviations from 1/2 define

-4 (42)

0Ky = —0K, = AK/2, (43)
Eq. yields, to first order,
AK
po~ 3+ 5 (44)
AK
= % T Ta (45)
hence AK .
op ~ | 1 ‘ |5K —0K1|. (46)

Therefore, an empirical GHZ bias dp provides a dlrect upper bound on the effective modular tilt
|6 Koo — 6K111| < 46p. (47)

This is the relation used in the main article to infer preliminary constraints on § K from IBM GHZ
data.



S6.X. Experimental GHZ baseline: table and figures

Table 1: GHZ summary metrics. Raw populations P(000) and P(111), GHZ-sector population
Pgrz, total leakage 1— Pgpyz, and asymmetry A = P(000)—P(111) for representative IBM Quantum
runs.

Backend N P(000) P(111) 1- Pgpuz A
ibm_fez 2000 0.462 0.462 0.076 0.000
ibm_fez 5000 0.464 0.461 0.075 0.003
ibm_fez 10000 0.463 0.462 0.075 0.001
ibm_fez 20000 0.465 0.460 0.075 0.005
ibm_fez 50000 0.472 0.451 0.077 0.021
ibm_fez 100000 0.477 0.454 0.069 0.023
ibm_marrakesh 50000 0.487 0.488 0.025 —0.001
ibm_torino 50000 0.401 0.385 0.214 0.016

GHZ population vs shots

0.94

0.93 ~

0.92 ~

P(000) + P(111)
o

0.91 ~

0.90

104 10°
Shots N

Figure 1: GHZ population vs shots. Stability of Pgyz = P(000) + P(111) under increasing N,
confirming a Born-consistent equilibrium baseline.
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Measurement asymmetry vs shots
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Figure 2: Measurement asymmetry vs shots. The asymmetry remains N-independent, indi-
cating a systematic instrumental bias.
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GHZ leakage vs shots (ibm_fez)
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Figure 3: Total leakage vs shots. Leakage outside the GHZ sector does not decrease with N,
defining a hardware noise floor.
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Measurement asymmetry by backend
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Figure 4: Backend dependence of asymmetry. Different IBM backends exhibit distinct bias
levels, confirming instrumental origin.

7 S7. Bayesian and information-theoretic model discrimination

A complementary way to compare the Born+noise picture with the modular hypothesis is through
Bayesian model selection and information criteria [18 19].

S7.1. Competing hypotheses

We consider two classes of models:

e Hy (Born+noise): p; = pgo) + 5p§n°ise), where 6p§n0ise) are nuisance parameters constrained by

calibration and by the explicit noise structures of Sec. S4 (SPAM, decoherence, crosstalk, etc.).
In practice we use low-dimensional parametrizations such as Eqs. f for binary sectors,
augmented by standard depolarizing and amplitude-damping channels for multi-outcome dis-
tributions.

e H; (modular): p; follows Eq. , with 0K as additional parameters and noise included
implicitly via the reconstructed state p and K = —logp, as in Sec. S5.

Assigning priors mo(6p), m1(61) to each model parameter set and integrating out nuisance pa-
rameters, the evidences are

P(data|H0) = /d@o £0(90) 7T0<9[)), (48)

P(data|H1) == /d91 £1(01)7r1(91). (49)

13



The Bayes factor is
_ P(data|H;)

~ P(data|Hp)"

Following Jeffreys’ scale [18], values Bjp > 1 would indicate preference for the modular model,
whereas Bjg < 1 would favour Born+noise.

Big (50)

S7.2. AIC/BIC comparison between Born+noise and modular models

The Bayesian evidence can be complemented by the information criteria of Sec. S3.3. If we denote
by ko and k; the number of free parameters in the Born+noise and modular models, respectively,
and by log L5, log £1"** their maximized log-likelihoods for a dataset with IV shots, the AIC and
BIC differences are

AAIC = AIC(H1) — AIC(Hy) = 2(k1 — ko) — 2(log LT — log L), (51)
ABIC = BIC(H;) — BIC(Hy) = (k1 — ko) log N — 2(log L' — log L§**). (52)

Because the modular model introduces additional parameters dK; on top of the calibrated noise
budget, one generically has k1 > kg. A genuine modular effect must therefore yield a sufficiently
large increase in likelihood,

log L7 — log L§™ > 1,

to overcome the AIC/BIC penalties and produce AAIC < 0 and ABIC < 0 with [A] 2 10.
Otherwise, the more economical Born+noise description is statistically preferred.

S7.3. Conservative use of current IBM data

For the Bell and GHZ datasets analyzed in the main text, we find that:

e low-parameter Born+noise models, using calibrated SPAM and decoherence envelopes as in
Sec. S4, already describe the data at the 1-5% level expected for current superconducting
hardware;

e including modular tilts 6 K; yields, at best, a marginal improvement in the maximized like-
lihood that is not sufficient to overcome the AIC/BIC penalties associated with the extra
parameters.

In other words, with present statistics and noise levels the data do not require a modular deformation:
a calibrated Born-+noise model is fully compatible with all observed deviations.

For this reason, throughout the manuscript and Supplementary Information we adopt an explic-
itly conservative interpretation:

e the modular rule Eq. is treated as a structurally constrained, operational parametrization
of possible deviations from Born equilibrium;

e the IBM data are used to place upper bounds on |§K;| consistent with the Born-+noise en-
velopes, rather than as evidence for a breakdown of the Born rule;

e any future claim of genuinely modular behaviour must demonstrate a robust Bayes-factor pref-
erence Byg > 1 and significantly negative AAIC, ABIC relative to well-calibrated Born-+noise
models, under the same analysis pipeline and with full systematic error budgets included.

14



In this sense, the present work is “aggressive” in its treatment of systematic errors: we explicitly
build and fit low-parameter noise models, quantify their explanatory power via information criteria,
and only then use the modular framework to translate residual deviations into quantitative limits
on 0K;. This places the burden of proof squarely on any putative non-Born signal and makes the
proposal fully falsifiable within standard statistical methodology.

S7.4. Summary of AIC/BIC model comparison

Table [2| summarizes the information-criterion comparison between a calibrated Born-+noise model
and the modular model across the IBM Bell and GHZ datasets analysed in the main text. In

all cases, the Born+noise hypothesis remains statistically preferred once the additional modular
parameters § K; are penalized.

Table 2: Statistical model comparison (AIC/BIC) on IBM GHZ/Bell data. Observed
counts {n;} are fit under three hypotheses: Hp (ideal Born equilibrium), Hpy (Born + calibrated
hardware noise), and Hjy; (Born + modular tilts). Lower AIC/BIC is better.

N

Dataset AIC(HB) AIC(HBN) AIC(H]w) BIC(HB) BIC(HBN) BIC(H]\,{)
Bell (Z7), ibm_marrakesh 40000 —5465.1 —5502.8 —5501.9 —5469.2 —5509.4 —5509.2

GHZ, ibm_fez 100000 —137920.4 —138801.6 —138799.2 —137923.9 —138809.4 —138806.9
GHZ scaling (20k) 20000 —27576.7 —28456.0 —28455.1 —27579.1 —28461.8 —28460.9
GHZ cross-backend (ibm_marrakesh) 50000 —69371.2 —70248.8 —70247.4 —69374.5 —70255.6 —70254.2
GHZ cross-backend (ibm_torino) 50 000 —65420.1 —66200.4 —66200.1 —65423.4 —66207.2 —66206.9

8 S8. Asymptotic limits and consistency checks
The exponential rule possesses several useful limits:

e Born recovery limit: If § K; — 0 for all 4, then

pi = p\. (53)

e Strong modular limit: If one outcome has 0K} < 0 and all others satisfy dK; — 0K > 1,
then

consistent with an “all weight on minimal K picture.

e Symmetry under rigid shifts: If we replace dK; by dK; + ¢ for all 7, the probabilities are
unchanged, because the constant cancels between numerator and denominator.

These properties mirror those of exponential families in statistics and of Gibbs measures in
statistical mechanics [4], 20].

S8.B. Consistency with standard quantum limits

The modular framework respects all standard limits of quantum theory:

e Classical limit: As A — 0 and decoherence dominates, reduced states rapidly relax and
0K; — 0, recovering classical probability theory.
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e Thermal limit: For genuine thermal equilibrium states p oc e ## the modular generator
reduces to SH and the correction vanishes identically.

e Projective consistency: In the limit of perfectly calibrated measurements and infinite statis-
tics, the framework reduces exactly to the Born rule.

Thus, the modular correction is a precision extension, not a competing theory.

9 S9. Interpretation boundaries
The modular framework is deliberately conservative. It does not:

e modify the Schrédinger equation or fundamental dynamical laws,
e replace or alter the standard projective measurement postulates,
e allow signalling or superluminal communication,

e predict macroscopic violations of quantum mechanics.
Instead, it:

e treats the Born rule as an equilibrium fixed point associated with modular (KMS) balance
[, 2, 4,

e parametrizes possible nonequilibrium deviations via a structurally constrained exponential
reweighting,

e provides a concrete experimental framework to bound or constrain such deviations using cur-
rent hardware,

e keeps all modular quantities operational: they are extracted from reconstructed reduced states
and validated models, not postulated independently.

Thus, the framework is best viewed as a precision test of Born equilibrium within standard
quantum mechanics rather than as a replacement theory.

S9.B. Explicit statement of claims and non-claims

For clarity to the reader and to avoid overinterpretation, we explicitly list what the present work
does and does not claim.

Claims. This work:

e identifies the Born rule as a fixed point of an operational equilibrium condition expressed in
modular variables;

e derives a unique, normalized exponential reweighting of Born probabilities under controlled
departures from that equilibrium;

e shows that the reweighting is compatible with standard quantum mechanics, locality, and
no-signalling;

16



demonstrates that current superconducting platforms allow one to separate Born shot noise
(o< N=1/2) from systematic bias;

uses IBM Quantum data to place conservative, device-calibrated upper bounds on effective
modular tilts 0 K.

Non-claims. This work does not:

claim an observed violation of the Born rule;
claim new fundamental dynamics or a modification of the Schrédinger equation;
claim evidence for intrinsic nonequilibrium quantum probabilities in nature;

claim that current IBM devices exhibit modular nonequilibrium beyond standard noise en-
velopes.

Any future claim of a nonzero modular tilt must satisfy the falsification criteria outlined in
Sec. S7 and outperform calibrated Born+noise models under the same statistical penalties.

S9.C. Editorial positioning

The intended scope of this work is methodological and experimental rather than ontological. The
modular framework is proposed as a testable organizing principle linking quantum measurement
statistics with nonequilibrium thermodynamics, not as a reinterpretation of quantum mechanics.
This positioning aligns the manuscript with the remit of journals such as Physical Review A, PRX
Quantum, New Journal of Physics, and SciPost Physics, where falsifiable protocols and precision

bounds are valued over speculative claims.

10

S10. Reproducibility notes

To reproduce the main IBM experiments, the following metadata are essential:

Backend names used in the main manuscript: ibm_fez, ibm_marrakesh, ibm_torino.
Qubit indices used for GHZ and Bell experiments (contiguous high-fidelity pairs/triples).

Circuit description: gate sequence for Bell and GHZ state preparation, including transpilation
constraints (connectivity, optimization level).

Shot numbers for each run (with N up to 100000 in GHZ scaling tests).

Calibration snapshots around the time of execution (gate fidelities, T, T5, readout assignment
matrices).

Job identifiers as listed in the main manuscript, allowing retrieval via Qiskit Runtime.

Shot depths N > 10* are required to separate systematic bias from 1/v/N statistical fluctuations
at the percent level. The concrete execution protocol and code structure are described in detail in
S13 below and in the main-text section Ezxperimental implementation on IBM Quantum hardware.
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S10.B. Minimal reproducibility checklist

To enable independent verification, an experimental reproduction of the results reported here re-
quires the following minimal information:

1. backend identifier and calibration snapshot;
. qubit indices and connectivity used for Bell and GHZ circuits;
. exact circuit structure (gate sequence and measurement basis);

. transpilation settings (optimization level, routing strategy);

2

3

4

5. shot number N for each run;

6. raw bitstring counts (no post-selection);
7

. analysis code mapping counts to probabilities and asymmetries.

All quantities entering the modular analysis are functions of these directly observable inputs.
No hidden parameters or proprietary calibration models are used.

S10.C. Data integrity and auditability

All IBM Quantum data used in this work were obtained through publicly accessible hardware via
Qiskit Runtime. Representative job identifiers are provided in the main text and Supplementary
Notes. Given a valid IBM Quantum account, these jobs can be retrieved and their raw counts
independently verified.

The statistical analysis relies only on multinomial likelihoods, standard information criteria
(AIC/BIC), and explicit algebraic transformations detailed in this Supplementary Information. No
machine-learning models or opaque fitting procedures are employed.

11 S11. Operator-algebraic KMS background

For completeness, we briefly recall the operator-algebraic formulation of KMS states and modular
theory [I} 2], 21].

Let (A, ay)ter be a C*-dynamical system and let w be a state on A. w is a («, 5)-KMS state at
inverse temperature 8 > 0 if, for all A, B € A, there exists a function F)4 g(z) holomorphic in the
strip 0 < Im z < 8 and continuous on its closure such that

F(t) = w(Aa(B)), (55)
Fap(t+if) = w(a(B)A). (56)

In the GNS representation (7, H., &), Tomita—Takesaki theory associates to w a modular operator
A, and a modular flow ¢y’ such that

W(A) = (Qu (A ), 0P (mu(A)) = AT, (A)AS". (57)

For finite-dimensional systems, A, reduces to p, ® p,! and K = — log p plays the role of a modular
Hamiltonian [2].

In the present work, we exploit only the finite-dimensional reduction: the modular generator

K = —logp is defined from the reconstructed density operator, and small departures from an
equilibrium (KMS-balanced) state are encoded in JKj.
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12 S12. Locality and no-signalling

We sketch here why the modular correction respects locality and no-signalling in bipartite settings.
Consider a bipartite system AB with joint state pap on Ha ® Hp. Let pa = Trp(pap) and
define

Ka=—logpa. (58)

Assumption Al in the main text states that the correction for measurements on A depends only on
K 4 and on the Born baseline for A. That is, for a measurement {II#} on A,

(0),A _sKA
b; € ¢

A
b = 0).A — A (59)
S
with 6K ZA built from K4 alone.

Now let B perform any local operation £p (unitary, measurement, or channel). The resulting
state is

pap = (La® Ep)(pas). (60)
Tracing over B,
pa = Trp(pap) = Trp [(Ia @ Ep)(pan)] - (61)
For local CPTP maps on B, one has
Pla = pa, (62)
so Ky = —logp/y = —logpa = K4, and 5KZ-A is unchanged. Therefore the corrected statistics on

A are independent of local operations on B, implying no-signalling:
pi(with operation on B) = p{!(without operation on B). (63)

This argument is standard for reduced states in open quantum systems [3, [4] and carries over directly
to the modular correction since it is a functional only of p4.

In summary, the modular rule defines a local reweighting of outcome statistics based on the reduced
state of the measured subsystem and does not introduce any mechanism for superluminal signalling
or violation of relativistic causality.

13 S13. IBM Quantum implementation and example code

This section provides concrete implementation details for the IBM Quantum experiments described
in the main text and in the experimental implementation section of the manuscript. The goal is to
document the practical Qiskit Runtime workflow and to give minimal working examples for GHZ
preparation and hardware execution without simulation.

S13.1. Runtime service and backend selection

All hardware runs were executed via qiskit-ibm-runtime, using the QiskitRuntimeService inter-
face and the SamplerV2 primitive in hardware mode. After registering an IBM Quantum account,
the service is instantiated as
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from gqiskit_ibm_runtime import QiskitRuntimeService

service = QiskitRuntimeService(channel="ibm_quantum")
backend = service.backend("ibm_fez") # or "ibm_marrakesh", "ibm_torino"

Warnings about an unset instance (e.g. Instance was not set at service instantiation)correspond
to the default open instance and do not affect the results reported here. For users with access to
specific instances, the call can be made explicit:

service = QiskitRuntimeService(
channel="ibm_quantum",
instance="open-instances"

S13.2. GHZ circuit construction and transpilation

A minimal three-qubit GHZ circuit in Qiskit is

from qiskit import QuantumCircuit

def ghz_3qubits():
gc = QuantumCircuit(3, 3)
qc.h(0)
gc.cx(0, 1)
gc.cx(1, 2)
qc.measure([0, 1, 21, [0, 1, 2])
return qc

qc = ghz_3qubits()

Before execution on a specific backend, the circuit is transpiled to the native gate set and connectivity
of that backend using Qiskit’s preset pass manager:

from qiskit.transpiler.preset_passmanagers import generate_preset_pass_manager

pm = generate_preset_pass_manager (backend=backend, optimization_level=1)
isa_circuit = pm.run(qc)

The resulting isa_circuit is the hardware-ready circuit used as input to SamplerV2.

S13.3. Hardware execution via SamplerV2

The key change relative to legacy APIs is that direct calls like backend.run(...) are deprecated
in favour of SamplerV2. The correct pattern is

from giskit_ibm_runtime import SamplerV2 as Sampler

N_SHOTS

10000

sampler = Sampler (mode=backend) # hardware mode
sampler.options.default_shots = N_SHOTS # global shot count
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job = sampler.run([isa_circuit]) # list of circuits
result = job.result() [0] # first circuit’s result
counts = result.data.meas.get_counts()

print (counts)

This is the minimal SamplerV2 workflow used throughout the IBM experiments in the main text. In
particular, the GHZ baseline and scaling tests on ibm_fez followed this structure, with appropriate
shot numbers and backend choices.

S13.4. Incorporating non-KMS drive unitaries

For future protocols involving explicit non-KMS driving, a two-qubit unitary Uap(y) acting on a
data qubit and an ancilla can be introduced. Its matrix form (cf. main text) can be encoded as

import numpy as np
from giskit.circuit import QuantumCircuit
from qiskit.quantum_info import Operator

def U_AD_matrix(gamma) :

¢ = np.sqrt(l - gamma)
s = np.sqrt(gamma)
U = np.array([

(1, 0, 0, 0],

[0, c, s, 0],

[0, -s, c, 0],

(0, 0, 0, 1]
1, dtype=complex)
return U

gamma = 0.2
U = Operator (U_AD_matrix(gamma))

gc_drive = QuantumCircuit(4, 3) # 3 data qubits + 1 ancilla
qc_drive.h(0)

gc_drive.cx(0, 1)

qc_drive.cx(1, 2)

gc_drive.append(U, [2, 3]) # apply U_AD on qubit 2 + ancilla 3
gc_drive.measure([0, 1, 2], [0, 1, 2])

The circuit qc_drive can then be transpiled and executed exactly as in S13.2-S13.3. Repeating
this for several values of v produces a family of driven GHZ experiments, which can be analysed in
the modular framework to search for or constrain outcome-resolved 6 K.

S13.5. Example end-to-end baseline script

For completeness, we include a compact, self-contained script corresponding to a typical GHZ
baseline run on ibm_fez:

# ghz_ibm_baseline.py
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from qiskit import QuantumCircuit
from gqiskit.transpiler.preset_passmanagers import generate_preset_pass_manager
from qiskit_ibm_runtime import QiskitRuntimeService, SamplerV2 as Sampler

N_SHOTS = 10000

def ghz_3qubits():
gc = QuantumCircuit(3, 3)
qc.h(0)
gc.cx(0, 1)
qc.cx(1, 2)
qgc.measure([0, 1, 2], [0, 1, 2])
return qc

def main():
service

QiskitRuntimeService(channel="ibm_quantum")
backend = service.backend("ibm_fez")

qc = ghz_3qubits()
pm = generate_preset_pass_manager (backend=backend, optimization_level=1)
isa_circuit = pm.run(qc)

sampler = Sampler (mode=backend)
sampler.options.default_shots = N_SHOTS

job = sampler.run([isa_circuit])
print("Job ID:", job.job_id())

result = job.result() [0]
counts = result.data.meas.get_counts()
print("Counts:", counts)

== "__main__":

main()

if __name

Running this script reproduces, up to statistical fluctuations and drift, the type of GHZ baseline data
used in the main manuscript to extract effective biases and to test 1/ /N shot-noise scaling. More
elaborate workflows (e.g. multi-backend comparisons, Bell tomography, and non-KMS variants) are
straightforward extensions of this minimal pattern.

Taken together, S10-S13 provide the information required for an independent group to reproduce
both the IBM Quantum hardware configuration and the analysis pipeline used in the main article.
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