
Appendix for On the Social Cost of Orbital Debris

Abstract

This appendix collects the equations of the ISEM, solves the central planner maximization

problem, and derives the expression for the computation of the Social Cost of Orbital Debris

(SCOD).
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Technical appendix

This appendix collects the equations of the ISEM, solves the central planner maximization

problem, and derives the closed-form expression for the computation of the Social Cost of

Orbital Debris (SCOD).

Appendix A. The model

The economic sub-model is formed by the following equations:

max{ct}∞t=0

∞∑
t=0

(
1

1 + ρ

)t

U(ĉt, Nt) (A.1)

ct + it + ht = yt (A.2)

yt = atf(kt, st, Nt) (A.3)

kt+1 = (1− δk)kt + it (A.4)

st+1 = (1− δs)st + qtht − xt (A.5)

The sources of economic growth are,

at+1 = exp(ga,t)at (A.6)

ga,t = ga,0exp(−δat) (A.7)

qt+1 = exp(gq,t)qt (A.8)

gq,t = gq,0exp(−δqt) (A.9)

Nt+1 = Nt

(
N∗

Nt

)ζ

(A.10)

The damage function linking the economic sub-model with the debris sub-model is the

following,

xt = θDtst (A.11)

The debris sub-model is given by,

Dt+1 = (1− δd)Dt + Zt (A.12)

Zt = ωLt + γXt (A.13)
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The mapping between economic and physical variables is given by,

St = µst (A.14)

Xt = µxt (A.15)

Ht = µqtht (A.16)

St+1 = (1− δs)St +Ht −Xt (A.17)

Xt = θDtSt (A.18)

Finally, the launch sub-module is composed by the following equations:

Ht = ηLt (A.19)

ht =
η

µqt
Lt (A.20)

We assume that the aggregate production function can be represented by the following

Cobb-Douglas technology:

yt = atk
α1
t sα2

t N1−α1−α2
t (A.21)

The households’ instantaneous utility function is assumed to be a CRRA-type:

U(ĉt, Nt) =
ĉ1−σ
t − 1

1− σ
Nt (A.22)

Appendix B. Central planner maximization problem

This section states the planning problem that maximizes social welfare. The central

planner chooses consumption, investment in capital, and investment in satellites to maximize

social welfare,

max
ct,it,ht,Dt

E0

∞∑
t=0

βtNtU(ĉt) (B.1)
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subject to

ct + it + ht = yt (B.2)

yt = atf(kt, st, Nt) (B.3)

kt+1 = (1− δk)kt + it (B.4)

st+1 = (1− δs)st + qtht − xt (B.5)

xt = θDtst (B.6)

Dt+1 = (1− δd)Dt + Zt (B.7)

Zt = ωLt + γXt (B.8)

Lt =
µ

η
qtht (B.9)

Xt = µxt (B.10)

Additionally, the mapping from the ”economic” model to the ”physical” model is given

by the following expressions:

St+1 = (1− δs)St +Ht −Xt (B.11)

Xt = θDtSt (B.12)

St = µst (B.13)

Ht = ηLt (B.14)

The maximization problem can be defined as:

L = Et

∞∑
t=0

(
1

1 + ρ

)t

U(ĉt)Nt

−
∞∑
t=0

λ1,t

[
ct + kt+1 − (1− δk)kt +

η

qtµ
Lt − atk

α1
t sα2

t N1−α1−α2
t

]
−

∞∑
t=0

λ2,t

[
st+1 − (1− δs)st −

η

µ
Lt + θDtst

]
−

∞∑
t=0

λ3,t[Dt+1 − (1− δd)Dt − ωLt − γXt] (B.15)

The Lagrangian multipliers for each constraint in period t are λ1,t, λ2,t, and λ3,t, λ1,t is the

standard shadow price of consumption. λ2,t is the price of satellite assets. λ3,t is the cost

of the stock of orbital debris. We are interested in computing λ1,t and λ3,t, which are the

component of SCOD. Note that in the text, λ1,t is λc,t, equal to
(

1
1+ρ

)t
c−σ
t . Similarly, λ3,t

is λz,t.
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First order conditions from the maximization problem, for t = 0, 1, ...,∞ are,

∂L
∂ct

=

(
1

1 + ρ

)t

ĉ−σ
t − λ1,t = 0 (B.16)

∂L
∂kt+1

= −λ1,t + λ1,t+1

[
1− δk + α1

yt+1

kt+1

]
= 0 (B.17)

∂L
∂st+1

= λ1,t+1α2
yt+1

st+1

− λ2,t + λ2,t+1(1− δs − θDt+1) + λ3,t+1γθµDt+1 = 0 (B.18)

∂L
∂Lt

= −λ1,t
η

µqt
+ λ2,t

η

µ
+ λ3,tω = 0 (B.19)

∂L
∂Dt+1

= −λ2,t+1θst+1 − λ3,t + λ3,t+1(1− δd + γµθst+1) = 0 (B.20)

Appendix C. The closed-form expression for the social cost of orbital debris
(SCOD)

The closed-form expresion for SCOD is derived as follows. From the first first-order

condition (expression B.16) we obtain the first component (the denominator) of the SCOD,

λ1,t =

(
1

1 + ρ

)t

ĉ−σ
t (C.1)

The Euler equation for investment in capital other than satellites.

ĉ−σ
t =

(
1

1 + ρ

)
Etĉ

−σ
t+1

[
1− δk + α1

yt+1

kt+1

)

]
(C.2)

Next, from the first-order condition (B.19), we obtain that,

λ2,t =

(
1

1+ρ

)t
ĉ−σ
t

qt
− µω

η
λ3,t = 0 (C.3)

and moving one period ahead previous expression,

λ2,t+1 =

(
1

1+ρ

)t+1

ĉ−σ
t+1

qt+1

− µω

η
λ3,t+1 = 0 (C.4)

By substituting λ2,t+1 into the first-order condition (B.20), we obtain that,

−


(

1
1+ρ

)t+1

ĉ−σ
t+1

qt+1

− µω

η
λ3,t+1

 θst+1 = λ3,t − λ3,t+1(1− δd + γµθst+1) (C.5)
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Operating and solving for λ3,t+1 yields,

λ3,t+1 =
1

1− δd + γµθst+1 +
µω
η
θst+1

λ3,t +

(
1

1+ρ

)t+1

ĉ−σ
t+1

qt+1

θst+1

 (C.6)

Substituting the expressions for λ1,t, λ2,t, and λ2,+1 in the first-order condition (B.18),

we have, (
1

1+ρ

)t
ĉ−σ
t

qt
− µω

η
λ3,t =

(
1

1 + ρ

)t+1

ĉ−σ
t+1α2

yt+1

st+1

+


(

1
1+ρ

)t+1

ĉ−σ
t+1

qt+1

− µω

η
λ3,t+1

 (1− δs − θDt+1) + λ3,t+1γµθDt+1 (C.7)

and collecting terms, (
1

1+ρ

)t
ĉ−σ
t

qt
− µω

η
λ3,t =

(
1

1 + ρ

)t+1

ĉ−σ
t+1α2

yt+1

st+1

+


(

1
1+ρ

)t+1

ĉ−σ
t+1

qt+1

 (1− δs − θDt+1)− λ3,t+1

[
µω

η
(1− δs − θDt+1)− γµθDt+1

]
(C.8)

Next, by substituting the expression for λ3,t+1,(
1

1+ρ

)t
ĉ−σ
t

qt
− µω

η
λ3,t =

(
1

1 + ρ

)t+1

ĉ−σ
t+1α2

yt+1

st+1

+


(

1
1+ρ

)t+1

ĉ−σ
t+1

qt+1

 (1− δs − θDt+1)

− 1

1− δd + γµθst+1 +
µω
η
θst+1

λ3,t +

(
1

1+ρ

)t+1

ĉ−σ
t+1

qt+1

θst+1


[
µω

η
(1− δs − θDt+1)− γµθDt+1

]
(C.9)
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Collecting terms, we find,(
µω

η
− 1

1− δd + γµθst+1 +
µω
η
θst+1

[
µω

η
(1− δs − θDt+1)− γµθDt+1

])
λ3,t =(

1
1+ρ

)t
ĉ−σ
t

qt
−
(

1

1 + ρ

)t+1

ĉ−σ
t+1α2

yt+1

st+1

−


(

1
1+ρ

)t+1

ĉ−σ
t+1

qt+1

 (1− δs − θDt+1)

+
1

1− δd + γµθst+1 +
µω
η
θst+1

(
1

1+ρ

)t+1

ĉ−σ
t+1

qt+1

θst+1

[
µω

η
(1− δs − θDt+1)− γµθDt+1

]
(C.10)

Finally, the SCOD is defined as,

SCODt = −λz,t

λc,t

(C.11)

Hence, the exact expression for the computation of the SCOD is given by,

SCODt = − 1(
1

1+ρ

)t
ĉ−σ
t

1

µω
η
− 1

1−δd+γµθst+1+
µω
η
θst+1

[
µω
η
(1− δs − θDt+1)− γµθDt+1

]
[( 1

1+ρ

)t
ĉ−σ
t

qt
−
(

1

1 + ρ

)t+1

ĉ−σ
t+1α2

yt+1

st+1

−


(

1
1+ρ

)t+1

ĉ−σ
t+1

qt+1

 (1− δs − θDt+1)

+
1

1− δd + γµθst+1 +
µω
η
θst+1

(
1

1+ρ

)t+1

ĉ−σ
t+1

qt+1

θst+1

[
µω

η
(1− δs − θDt+1)− γµθDt+1

]]
(C.12)
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