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Abstract

Quaternion-valued neural networks and shallow variational quantum circuits (VQCs)
both derive their local transformations from the rotation group SU(2), yet their
comparative performance as learning architectures on classical supervised tasks has
not been systematically examined. We present a controlled comparison in which
real-valued, quaternion-valued, and quantum classifiers operate on identical frozen
feature representations across MNIST, FashionMNIST, and CIFAR-10, isolating
performance differences to the geometric inductive biases of the classification heads.
For CIFAR-10, we evaluate two feature regimes—a learned 16-dimensional bot-
tleneck and frozen ImageNet-pretrained ResNet18 features (512-dimensional)—to
assess whether observed relationships reflect fundamental architectural properties
or artifacts of representation capacity. Quaternion classifiers match real-valued base-
lines on MNIST (93.64% vs. 93.54%) and FashionMNIST (84.47% vs. 84.60%), while
shallow product-state VQCs achieve only 87.52% (MNIST) and 82.03% (FashionM-
NIST), despite substantially higher computational cost. On CIFAR-10, quaternion
networks retain 94.3% of real-valued performance under the learned bottleneck and
95.9% under ResNet18 features, demonstrating robustness across a 32-fold increase
in feature dimensionality. On CIFAR-10, product-state quantum circuits underper-
form quaternion classifiers by 2.8–3.5 percentage points across both feature regimes.
Notably, entanglement reverses from providing modest gains (approximately +0.6
percentage points) on simple grayscale benchmarks to degrading performance by
9.3 percentage points relative to the product-state circuit when combined with
high-quality pretrained features, indicating that additional quantum resources can
adversely affect learning in shallow, measurement-limited regimes. These results
demonstrate that classical SU(2) models realized through quaternion networks
provide computationally efficient classification heads that match real-valued base-
lines while substantially outperforming shallow variational quantum circuits on
classical vision tasks.
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Introduction 1

Quaternion-valued neural networks (QNNs) have emerged as compact and expressive 2

architectures for modeling structured correlations in visual, auditory, and spatial signals 3

[1–3]. Hypercomplex representations based on the complex numbers C and the 4

quaternions H were originally motivated by signal-processing applications [4], where 5

algebraic structure can encode phase relationships, spatial couplings, and directional 6

information more efficiently than unconstrained real-valued models. Among these, unit 7

quaternions are particularly notable: they parameterize three-dimensional rotations, 8

form a noncommutative division algebra, and are isomorphic to the Lie group SU(2) [5]. 9

Unit quaternions under multiplication form the Lie group S3 ∼= SU(2), providing a 10

smooth four-parameter representation with constrained degrees of freedom amenable to 11

gradient-based optimization. These properties have enabled QNNs to achieve 12

competitive or superior performance under fixed parameter budgets in tasks involving 13

spatial correlation, gesture recognition, and audio source separation [2, 3]. 14

In parallel, quantum machine learning has renewed attention to models whose 15

trainable components are intrinsically parameterized by Lie groups. Variational 16

Quantum Circuits (VQCs) are constructed from tunable unitary operations acting on 17

qubits, with single-qubit gates drawn from SU(2) and commonly expressed as 18

parametrized rotations RX(θ), RY (θ), and RZ(θ). These local SU(2) transformations 19

are composed via tensor products and entangling operations to form expressive quantum 20

hypothesis classes [6, 7]. Theoretical analyses emphasize that VQC expressivity depends 21

critically on both the richness of local rotation dynamics and the introduction of 22

multi-qubit entanglement, which enables correlations inaccessible to purely classical 23

systems [8]. Recent advances in hybrid optimization, adjoint differentiation, and GPU- 24

accelerated simulators, including PennyLane Lightning and NVIDIA cuQuantum, have 25

made systematic empirical exploration of these regimes feasible at practical scales [9, 10]. 26

Variational quantum classifiers (VQCs) represent one of the most widely studied 27

near-term quantum learning paradigms. In these models, classical data are embedded 28

into quantum states via parameterized circuits, followed by measurement and classical 29

post-processing. A central motivation for VQCs is the prospect of quantum-enhanced 30

feature spaces, in which nonlinear embeddings induced by quantum evolution can render 31

otherwise inseparable classical data linearly separable in Hilbert space [11]. However, 32

end-to-end VQC pipelines conflate two distinct sources of potential advantage: quantum 33

feature extraction and quantum classification dynamics. Moreover, unlike classical 34

neural networks, which preserve continuous intermediate representations throughout the 35

forward pass, VQCs must ultimately compress a high-dimensional quantum state into a 36

small set of classical expectation values at measurement, introducing an intrinsic 37

information bottleneck that is independent of circuit depth or parameterization. 38

Viewed through a geometric lens, both variational quantum circuits (VQCs) and 39

quaternion neural networks (QNNs) derive their expressive power from trainable 40

transformations acting on SU(2). This shared structure motivates an experimental 41

design that isolates SU(2)-structured classification dynamics by fixing upstream feature 42

representations and comparing head architectures under strictly matched conditions, 43

ensuring that observed performance differences are attributable to the head geometry 44

rather than to quantum or classical preprocessing. To this end, we construct a controlled 45

evaluation based on three widely used image benchmarks—MNIST, FashionMNIST, 46
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and CIFAR-10—chosen to span increasing levels of visual and statistical complexity. We 47

adopt a tiered evaluation spanning increasing representational complexity: for MNIST 48

and FashionMNIST, all models operate on a 16-dimensional learned bottleneck, while for 49

CIFAR-10 we consider both this learned bottleneck and a frozen ImageNet-pretrained 50

ResNet18 backbone producing 512-dimensional embeddings. This dual-regime design 51

allows us to assess whether observed performance trends reflect fundamental 52

architectural properties or instead arise from representation capacity, and whether local 53

SU(2) rotation structure alone can support competitive classification across feature 54

qualities. More broadly, this framing aligns with recent work emphasizing that claims of 55

quantum advantage must be evaluated relative to problem structure, data distributions, 56

and strong classical baselines, rather than inferred from model class alone [12]. 57

Despite these parallel developments, the relationship between quaternion-valued 58

neural networks and variational quantum classifiers remains largely unexplored, even 59

though both manipulate trainable elements drawn from isomorphic copies of SU(2). 60

Quaternion layers implement normalized Hamilton products with unit quaternions, 61

while VQCs implement unitary evolution of quantum states using single-qubit SU(2) 62

gates. This shared local geometry does not imply equivalence of the underlying 63

computational models, which differ fundamentally in their state spaces, measurement 64

processes, and access to entanglement. This raises a foundational question: does 65

classical SU(2) geometry alone provide competitive performance for learning tasks 66

addressable by product-state quantum circuits, and how does this relationship vary 67

across feature representations of differing quality? More concretely, can classical 68

quaternion layers match or exceed the performance of variational quantum classifiers 69

operating on identical features, and under what conditions does entanglement introduce 70

behavior that cannot be replicated by classical SU(2) implementations? 71

Addressing this question clarifies the role of local SU(2) geometry in learning and 72

sharpens claims of quantum advantage that rest on rotation dynamics rather than 73

nonclassical correlations. To this end, we adopt a controlled experimental methodology 74

in which all models operate on identical, frozen classical representations across multiple 75

feature regimes, ensuring that observed performance differences arise from the 76

representational geometry and computational mechanisms of the SU(2)-derived heads 77

themselves. Using this framework, we provide the first systematic empirical comparison 78

of quaternion-valued classifiers and variational quantum classifiers under matched SU(2) 79

constraints across MNIST, FashionMNIST, and CIFAR-10, including evaluations under 80

both learned low-dimensional bottlenecks and high-quality pretrained feature 81

representations. 82

Comparison equitability 83

A persistent challenge in empirical quantum machine learning is disentangling the 84

effects of feature extraction from those of classification dynamics within end-to-end 85

pipelines. In this study, we intentionally decouple these components by fixing shared 86

classical feature representations and varying only the classification head. For MNIST 87

and FashionMNIST, all models operate on a 16-dimensional learned bottleneck; for 88

CIFAR-10, we evaluate under both this bottleneck and a frozen ImageNet-pretrained 89

ResNet18 backbone producing 512-dimensional embeddings. This design does not aim 90

to assess quantum feature maps or end-to-end hybrid architectures; rather, it isolates a 91

narrower but well-defined question: whether local SU(2) geometry alone, absent 92

quantum feature extraction and deep entanglement, provides a learning advantage at 93

the classification stage, and whether this relationship is robust across feature qualities. 94

By holding input representations fixed within each regime while varying representation 95

strength across regimes, we ensure that observed performance differences reflect the 96
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inductive bias and representational geometry of the heads themselves, not unequal 97

preprocessing capacity or co-adapted feature learning. 98

Unit quaternions and their correspondence to SU(2) 99

A quaternion q ∈ H is written as 100

q = w + xi+ yj + zk, w, x, y, z ∈ R,

with the imaginary units obeying Hamilton’s multiplication rules 101

i2 = j2 = k2 = ijk = −1.

From these, the cyclic products follow: 102

ij = k, jk = i, ki = j.

The reversed products acquire a minus sign, which follows directly from ijk = −1 and 103

associativity: 104

ji = −k, kj = −i, ik = −j.

The general Hamilton product (quaternion multiplication) of two quaternions 105

q1 = w1 + x1i+ y1j + z1k and q2 = w2 + x2i+ y2j + z2k is computed by expanding the 106

product and applying these multiplication rules. The result is associative but generally 107

noncommutative, q1 ⊗ q2 ̸= q2 ⊗ q1, reflecting the underlying nonabelian structure 108

inherited from three-dimensional rotations and preserved in neural network layers 109

employing quaternion-valued weights. 110

The quaternion conjugate is q∗ = w − xi− yj − zk, and the norm satisfies 111

∥q∥2 = qq∗ = w2 + x2 + y2 + z2.

A unit quaternion obeys ∥q∥ = 1, so the set of unit quaternions forms the three-sphere, 112

{ q ∈ H | ∥q∥ = 1 } ∼= S3.

The same manifold appears in quantum computation through the special unitary 113

group 114

SU(2) = {U ∈ C
2×2 | U†U = I, det(U) = 1 },

whose elements act as single-qubit rotations. The Lie group of unit quaternions is 115

isomorphic to SU(2). One convenient explicit realization is given by [5] 116

Φ : H −→ SU(2), w + xi+ yj + zk 7−→

(

w + iz y + ix

−y + ix w − iz

)

.

For any unit quaternion q, the image U = Φ(q) satisfies U†U = I and det(U) = 1, and 117

multiplication is preserved: 118

Φ(q1q2) = Φ(q1) Φ(q2).

The kernel of Φ is {±1}, so a unit quaternion q and its antipode −q map to unitary 119

matrices that differ only by an overall sign. In quantum mechanics, such matrices are 120

physically indistinguishable, since global phase has no observable effect on quantum 121

states. This establishes the identification S3 ∼= SU(2), with SU(2) acting as a double 122

cover of SO(3), such that each physical rotation corresponds to a pair of antipodal unit 123

quaternions inducing the same quantum operation. 124
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Unit quaternions

{q ∈ H : ∥q∥ = 1}

Action (Hamilton): h′ = q ⊗ h

4D real coordinates

(w, x, y, z)

Single-qubit SU(2)

U ∈ SU(2)

det(U) = 1, U†U = I

Action (unitary): |ψ′⟩ = U |ψ⟩

2× 2 complex matrices

4 real DOF

Lie group isomorphism

{q ∈ H : ∥q∥ = 1} ∼= SU(2)
q ←→ U

Quaternion layer (QNN)

Hamilton product ⊗

h′ = q ⊗ h

VQC block

Unitary evolution on SU(2n)

|ψ′⟩ = U |ψ⟩

Research Questions:
Do classical SU(2) models match or exceed shallow

variational quantum circuits on learning tasks across feature
qualities, and how does entanglement’s contribution vary with

representation strength?

Fig. 1. Schematic correspondence between unit quaternions and single-qubit SU(2) operations. The
Lie group of unit quaternions q ∈ H : |q| = 1 is isomorphic to SU(2), and both are diffeomorphic to the
3-sphere S3, reflecting a shared rotation geometry. Quaternion layers act on classical feature vectors via
the Hamilton product (h′ = q ⊗ h), which preserves the full four-dimensional quaternion representation,
whereas variational quantum circuits apply unitary evolution (|ψ′⟩ = U |ψ⟩) to quantum states followed
by measurement. Although the trainable parameters inhabit the same SU(2) geometry, quantum circuits
uniquely permit entanglement and nonclassical state evolution; however, learning proceeds only through
a low-dimensional set of measurement expectations, which can impose an information bottleneck absent
in quaternion layers.

Thus, quaternion layers in neural networks and single-qubit blocks in variational 125

quantum circuits optimize over the same underlying rotation group (Figure 1), 126

implying a shared parameter geometry rather than functional equivalence. What 127

distinguishes the quantum setting is not local SU(2) structure, but the availability of 128

measurement and multi-qubit entanglement, which introduces representational effects 129

that no quaternion multiplication can replicate. 130

Contributions 131

This work establishes a controlled empirical connection between quaternion-valued 132

neural networks and variational quantum classifiers under matched SU(2) constraints. 133

All models operate on identical, frozen classical feature representations across MNIST, 134

FashionMNIST, and CIFAR-10, allowing performance differences to be attributed solely 135

to the geometry and computational structure of the classification heads rather than to 136

feature extraction or representation quality. 137

Our contributions are fourfold: 138

1. Quaternion–quantum correspondence in the product-state regime: We 139

present the first controlled empirical comparison demonstrating that quaternion 140

networks match or exceed the performance of product-state variational quantum 141

classifiers on classical image tasks under shared SU(2) constraints. Across both 142

minimal 16-dimensional learned bottlenecks and rich 512-dimensional pretrained 143

embeddings, quaternion models consistently retain 94–96% of real-valued MLP 144
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performance, indicating a stable and robust relationship between real and quaternion 145

architectures across a 32-fold range in feature dimensionality. 146

2. Limits of local SU(2) dynamics without entanglement: Under matched con- 147

ditions, we observe no performance advantage attributable to local SU(2) rotations 148

alone in product-state quantum classifiers on classical image data. Product-state 149

quantum circuits underperform quaternion implementations by 2.4–6.1 percentage 150

points under learned bottlenecks and by 3.5 percentage points under high-quality 151

pretrained features, indicating that measurement-induced information compression 152

and optimization constraints dominate in shallow quantum architectures absent 153

entanglement. 154

3. Entanglement benefit reversal under rich feature representations: By 155

systematically contrasting entangled and non-entangled quantum classifiers across 156

feature regimes, we identify a clear empirical boundary: entanglement yields modest 157

gains (0.6–0.7 percentage points) on MNIST and FashionMNIST with learned bottle- 158

necks, provides no benefit on CIFAR-10 under the same bottleneck, and degrades 159

performance by 9.3 percentage points on CIFAR-10 when paired with high-quality 160

pretrained features. This reversal demonstrates that shallow entanglement can inter- 161

act adversely with high-dimensional classical representations, delimiting a regime in 162

which quantum resources hinder rather than enhance performance. 163

4. Quaternions as geometry-faithful classical baselines for quantum ML: We 164

show that quaternion networks constitute a stronger and more appropriate classical 165

baseline than standard real-valued MLPs for evaluating quantum machine learning 166

proposals on classical data. The consistent quaternion–real performance relationship 167

across datasets and feature qualities implies that claims of quantum advantage must 168

exceed not only real-valued baselines but also parameter-efficient classical SU(2) 169

implementations that faithfully capture the local geometry shared with shallow 170

quantum circuits. 171

Together, these results delineate when quaternion layers provide faithful classical 172

substitutes for variational quantum classifiers on classical vision tasks and identify an 173

empirical boundary where shallow entanglement becomes detrimental under rich feature 174

representations. The stable qualitative ordering between real-valued, quaternion, and 175

quantum models across datasets and feature regimes indicates that these effects reflect 176

fundamental architectural properties rather than dataset-specific artifacts. More 177

broadly, our framework offers a systematic methodology for disentangling geometric 178

structure from genuinely quantum contributions in near-term machine learning by 179

enforcing shared representations across models, revealing interactions between quantum 180

resources and classical feature quality that end-to-end pipelines typically obscure. 181

Materials and Methods 182

This section describes the datasets, preprocessing steps, model architectures, and 183

training protocols used to evaluate the role of representational geometry in classical and 184

quantum-inspired classifiers. All experiments are designed to enable controlled, head-to- 185

head comparisons across model classes by holding data exposure, feature representations, 186

optimization settings, and random seed initialization fixed wherever possible. Differences 187

in performance can therefore be attributed to the inductive bias and parameterization 188

of the classification heads rather than to confounding factors such as dataset imbalance, 189

feature quality, or training protocol variation. We follow a fixed experimental pipeline 190

(Fig. 2): datasets and preprocessing, frozen feature representations, classification heads, 191

optimization and training protocol, and finally diagnostic evaluation. 192
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Datasets

MNIST, Fashion,

CIFAR-10

Frozen Features

16-D bottleneck

or 512-D ResNet18

Classification

RealNet, QuatNet

Quantum variants

Training

Adam optimizer

3 random seeds

Evaluation

Accuracy

Time

Experimental Controls
Shared stratified subsets (1,500 train + 300 test per class)

Fixed seeds {42, 123, 456} – Matched data exposure

Fig. 2. Experimental pipeline overview. All models operate on identical frozen fea-
ture representations across three datasets and two feature regimes (16-dimensional
learned bottleneck and 512-dimensional pretrained ResNet18). Strict controls ensure that
observed performance differences arise solely from the classification head architecture
rather than from data exposure, feature quality, or training protocol variations.

Datasets and preprocessing 193

To study how representational geometry and model architecture interact with 194

increasing visual complexity, we conduct experiments on three standard image 195

classification benchmarks: MNIST handwritten digits [13], FashionMNIST clothing 196

items [14], and CIFAR-10 natural images [15]. These datasets are selected to provide a 197

controlled progression from low-dimensional grayscale structure (MNIST), to visually 198

richer but still grayscale imagery with greater intra-class variability (FashionMNIST), 199

to full-color natural images with substantially higher semantic and representational 200

complexity (CIFAR-10). This progression allows us to isolate the effects of 201

representational geometry under increasingly demanding visual conditions while 202

maintaining comparability with prior work. 203

MNIST and FashionMNIST consist of 28× 28 grayscale images drawn from ten 204

balanced classes. MNIST contains handwritten digits with relatively simple 205

stroke-based structure, while FashionMNIST replaces digits with clothing items, 206

introducing greater texture and shape variability while preserving identical 207

dimensionality. CIFAR-10 consists of 32× 32 RGB images from ten object categories, 208

exhibiting substantial background variation and semantic diversity. 209

All datasets are normalized using mean and standard deviation statistics 210

appropriate to the feature-extraction regime. MNIST and FashionMNIST use empirical 211

scalar statistics computed from their respective training sets. CIFAR-10 uses 212

per-channel normalization matched to the feature extractor: empirical per-channel 213

statistics computed from the CIFAR-10 training subset in the learned-bottleneck 214

regime, and standard ImageNet per-channel statistics in the pretrained ResNet18 215

regime. Normalization is applied as 216

MNIST: x 7→
x− 0.1307

0.3081
,

FashionMNIST: x 7→
x− 0.2860

0.3530
,

CIFAR-10 (RGB): xc 7→
xc − µc

σc

, c ∈ {R,G,B},

where (µc, σc) denotes the per-channel mean and standard deviation used in the given 217

regime. In the pretrained ResNet18 regime we use ImageNet statistics 218

(0.485, 0.456, 0.406) and (0.229, 0.224, 0.225), while in the learned-bottleneck regime we 219

compute (µc, σc) empirically from the CIFAR-10 training subset. 220
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To control sample complexity and enforce strict class balance, we construct 221

stratified subsets by randomly selecting 1,500 training and 300 test examples per class 222

(seed 42), yielding 15,000 training and 3,000 test images per dataset. Real-valued and 223

quaternion models are trained with batch sizes of 128 and evaluated with batch sizes of 224

256. Quantum models use smaller batch sizes (32 for training, 64 for evaluation) to 225

accommodate the computational cost of circuit simulation. All methods are trained on 226

the same fixed stratified subset, and data exposure is matched at the level of epochs 227

over this subset rather than the number of optimizer steps. We adopt epoch-matching 228

because it equalizes the number of times each training example is seen, which is the 229

most direct control for sample exposure in a fixed-subset setting; step-matching would 230

instead equalize optimizer updates while inducing unequal data passes. 231

For CIFAR-10, experiments are conducted under two feature-extraction regimes to 232

disentangle architectural effects from representation-capacity effects. In the learned 233

bottleneck regime, all models operate on features from a shared frozen 16-dimensional 234

bottleneck trained as part of the real-valued baseline, matching the protocol used for 235

MNIST and FashionMNIST. In the pretrained CNN regime, this bottleneck is 236

replaced with a frozen ImageNet-pretrained ResNet18 backbone (torchvision, default 237

weights), yielding 512-dimensional embeddings extracted from the final average pooling 238

layer. Both regimes use identical stratified subsets, hyperparameters, and random seed 239

control, ensuring that observed differences arise from representation strength rather 240

than sample complexity or training protocol variations. 241

All architectures are trained independently on each dataset and feature regime using 242

identical hyperparameters and comprehensive random seed control. For each 243

experimental seed {42, 123, 456}, we initialize all random number generators (Python, 244

NumPy, PyTorch, CUDA, and PennyLane) and enable PyTorch deterministic mode. 245

This protocol ensures that cross-dataset and cross-regime comparisons reflect 246

differences in visual complexity and representation quality rather than stochastic effects 247

or experimental design choices. 248

Frozen feature extraction 249

To isolate the contribution of the classification head, we deliberately control feature 250

extraction rather than adopting end-to-end convolutional architectures. Convolutional 251

networks introduce strong domain-specific inductive biases, such as translation 252

equivariance and local receptive fields, which would confound attribution by obscuring 253

whether observed performance differences arise from the SU(2) geometry of the 254

classification head or from architectural priors embedded in the feature extractor. By 255

freezing feature representations, we ensure that all models operate on identical inputs 256

within each regime, so that performance differences reflect the representational 257

geometry and inductive bias of the classification head rather than unequal or 258

co-adapted feature learning. 259

To evaluate whether conclusions drawn under this controlled setting depend on 260

representation capacity, we consider two feature-extraction regimes. The first employs a 261

deliberately low-capacity learned bottleneck that maximally isolates head-level effects. 262

The second replaces this bottleneck with a substantially richer pretrained convolutional 263

representation, providing a controlled excursion in representation strength that tests 264

whether observed relationships persist under more expressive classical features. 265

In the learned-bottleneck regime, used for MNIST, FashionMNIST, and CIFAR-10, 266

inputs are mapped through a shared feature extractor 267

fθ : Rd → R
16, fθ(x) = tanh(Wx+ b),
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where d = 784 for 28× 28 grayscale images and d = 3072 for 32× 32 RGB images. The 268

extractor consists of a single linear layer followed by a tanh nonlinearity. The bounded 269

output of tanh ensures scale stability for both quaternion normalization and quantum 270

data encoding, where features are interpreted directly as rotation angles; unbounded 271

activations would otherwise induce excessively large rotations or require artificial 272

clipping. This feature extractor is trained end-to-end as part of the real-valued baseline 273

using seed 42 and then frozen. The resulting 16-dimensional feature vector h = fθ(x) is 274

treated as fixed input for all quaternion and quantum classification heads, while the 275

three-seed protocol applies only to the head parameters. 276

To assess whether performance relationships observed under this restrictive 277

bottleneck are artifacts of limited representation capacity, we conduct an auxiliary 278

control experiment on CIFAR-10 using a frozen ImageNet-pretrained ResNet18 279

backbone (torchvision, default weights). Let ϕ(·) denote the penultimate-layer 280

embedding extracted from the final average pooling layer, 281

ϕ : R32×32×3 → R
512.

Only the parameters of the classification head operating on ϕ(x) are optimized; the 282

ResNet18 backbone remains fixed across all seeds and model variants. This 283

512-dimensional representation constitutes a 32-fold increase in feature dimensionality 284

relative to the learned bottleneck and provides a controlled test of whether 285

quaternion–real performance relationships and quantum degradation patterns persist 286

under substantially richer classical features. 287

Quantum models are retained in this pretrained-CNN regime despite increased 288

computational cost. The same four-qubit, depth-3 variational circuit architecture used 289

in the learned-bottleneck experiments is employed, with only the classical feature 290

selector scaled to map 512-dimensional inputs to four encoding angles. Although 291

training times increase from approximately four hours to eighteen hours per seed, 292

GPU-accelerated simulation renders this regime computationally feasible and enables 293

systematic evaluation of whether measurement-induced degradation and entanglement 294

effects depend on representation quality. 295

Across both regimes, the use of frozen feature extraction ensures that observed 296

performance differences arise from the inductive bias and representational geometry of 297

the classification heads rather than from unequal preprocessing capacity or end-to-end 298

co-adaptation. The dual-regime design further distinguishes head-level architectural 299

effects, isolated by the bottleneck, from representation-quality effects revealed by the 300

pretrained CNN control. 301

Real-valued baseline 302

The real-valued classifier (RealNet) serves as the reference architecture against which 303

quaternion and quantum classifiers are evaluated. Its structure is adjusted across 304

feature regimes to accommodate differing input dimensionalities while preserving 305

comparable nonlinear depth and activation structure. 306

16-dimensional bottleneck regime (MNIST, FashionMNIST, CIFAR-10) 307

In the learned-bottleneck regime, RealNet is implemented as a two-layer multilayer 308

perceptron operating on frozen 16-dimensional features: 309

h ∈ R
16 W1,ReLU
−−−−−−−→ R

64 W2−−−→ R
10.
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The hidden layer width of 64 units provides sufficient nonlinear capacity for 310

classification while avoiding additional architectural depth or inductive bias beyond 311

that already present in the bottleneck representation. This configuration yields 1,738 312

trainable parameters in the classification head, excluding the frozen 12,560-parameter 313

feature extractor. 314

512-dimensional CNN regime (CIFAR-10 only) 315

For the pretrained ResNet18 control experiment, RealNet operates on 512-dimensional 316

frozen feature embeddings and employs a wider hidden layer to accommodate the 317

increased input dimensionality while retaining the same two-layer structure: 318

h ∈ R
512 W1,ReLU
−−−−−−−→ R

128 W2−−−→ R
10.

This architecture contains 66,954 trainable parameters in the classification head, 319

excluding the frozen 11.2M-parameter ResNet18 backbone. The increased hidden width 320

reflects the higher-dimensional input while maintaining architectural consistency with 321

the bottleneck regime. 322

Training protocol 323

Across all regimes, RealNet is trained using the Adam optimizer with learning rate 10−3
324

and cross-entropy loss, with early stopping based on held-out validation accuracy 325

(maximum 100 epochs, patience 10). In the learned-bottleneck regime, the feature 326

extractor fθ is trained once using seed 42 and then held fixed; the three-seed protocol 327

applies to the classification head only. In the pretrained CNN regime, the ResNet18 328

backbone remains frozen throughout training, and only the classification head 329

parameters are optimized. 330

Together, these design choices establish RealNet as a competitive yet minimally 331

structured baseline across feature regimes, providing a consistent reference point for 332

evaluating quaternion and quantum classifiers without introducing additional 333

architectural complexity that could obscure geometric comparisons. The complete 334

architecture for all model variants, including the shared frozen preprocessor and the 335

four classification head designs, is illustrated in Figure 4. 336

Quaternion classifier 337

The quaternion classifier (QuatNet) replaces real-valued operations with 338

quaternion-valued layers while preserving the same frozen feature representations across 339

regimes. Architectural variations reflect input dimensionality while maintaining 340

identical quaternion algebra and geometric constraints. 341

16-dimensional bottleneck regime (MNIST, FashionMNIST, CIFAR-10) 342

In the primary experimental setting, QuatNet operates on the shared frozen 343

16-dimensional bottleneck. The real-valued feature vector is reinterpreted as four 344

quaternions, 345

h ∈ R
16 −→ q

(0) ∈ H
4,

by reshaping h into quaternion components (w, x, y, z). The classification head consists 346

of a 4→ 16 quaternion linear layer followed by a 16→ 10 quaternion linear layer. Class 347

logits are obtained by extracting the real component of each output quaternion. This 348

architecture contains 1,000 trainable parameters in the quaternion head, representing a 349

1.7-fold reduction relative to the 1,738 parameters in the real-valued baseline. 350
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512-dimensional CNN regime (CIFAR-10 only) 351

For the pretrained ResNet18 control experiment, QuatNet operates on 512-dimensional 352

frozen feature embeddings. The input features are reshaped into 128 quaternions, 353

h ∈ R
512 −→ q

(0) ∈ H
128,

and processed through a 128→ 32 quaternion linear layer followed by a 32→ 10 354

quaternion linear layer. This configuration yields 17,832 trainable parameters, 355

corresponding to a 3.7-fold reduction compared to the 66,954 parameters of the 356

real-valued baseline operating on the same features. 357

Quaternion operations 358

Each quaternion layer applies Hamilton products between learned unit-quaternion 359

weights and input quaternions [2, 3], 360

q
(l+1)
j = bj +

∑

i

Wji ⊗ q
(l)
i , Wji ←

Wji

∥Wji∥+ ε
.

Weights are initialized as unit quaternions and renormalized after each parameter 361

update. Because the weighted sum and bias addition do not preserve unit norm, layer 362

outputs are renormalized prior to application of the tanh nonlinearity. 363

Training protocol 364

Across all regimes, the quaternion head is trained using the Adam optimizer with 365

learning rate 10−3 and cross-entropy loss, with early stopping based on held-out 366

validation accuracy (maximum 100 epochs, patience 10). The shared feature 367

representations (fθ in the bottleneck regime and the ResNet18 backbone in the CNN 368

regime) remain frozen throughout training. 369

Implementation note: quaternion optimization 370

Quaternion layers are implemented using standard differentiable operations within 371

PyTorch’s autograd framework. Although the unit-quaternion constraint defines a 372

manifold structure (the 3-sphere S3), we employ an extrinsic optimize-then-project 373

strategy [16] in which parameters are updated in Euclidean space and subsequently 374

normalized to enforce unit norm. This approach avoids explicit manifold-aware gradient 375

computations while ensuring that all weights remain valid unit quaternions. As such, 376

quaternion optimization here constitutes a constraint-preserving approximation to 377

Riemannian optimization on S3, analogous in spirit to the Euclidean parameterizations 378

commonly used for variational quantum circuits despite their intrinsically curved 379

geometry. 380

The computational overhead of this projection is negligible: normalization incurs 381

only O(p) operations per update for p parameters and requires no additional forward or 382

backward passes. Standard Euclidean optimizers therefore suffice for quaternion 383

networks, in contrast to quantum circuits where geometry-aware optimization typically 384

incurs O(p2) circuit evaluations per iteration. 385

Quantum classifiers 386

The quantum classifier (QuantumNet) is implemented as a variational quantum circuit 387

(VQC) with circuit depth three, corresponding to three complete data re-uploading 388
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(a) Quantum-NoEnt: Product-state circuit (no entanglement)

q0 RY (z0) RY RZ RY (z0) RY RZ RY (z0) RY RZ

q1 RY (z1) RY RZ RY (z1) RY RZ RY (z1) RY RZ

q2 RY (z2) RY RZ RY (z2) RY RZ RY (z2) RY RZ

q3 RY (z3) RY RZ RY (z3) RY RZ RY (z3) RY RZ

(b) Quantum-Ent: Circuit with CNOT ring entanglement

q0 RY (z0) RY RZ RY (z0) RY RZ RY (z0) RY RZ

q1 RY (z1) RY RZ RY (z1) RY RZ RY (z1) RY RZ

q2 RY (z2) RY RZ RY (z2) RY RZ RY (z2) RY RZ

q3 RY (z3) RY RZ RY (z3) RY RZ RY (z3) RY RZ

Fig. 3. Variational quantum circuit (VQC) architectures used for classification, shown here in the four-
qubit configuration employed for MNIST and FashionMNIST. In each of the three data re-uploading layers,
features are encoded via single-qubit rotations RY (zi) on qubit qi, followed by trainable local rotations

RY (θ
(ℓ)
i,Y ) and RZ(θ

(ℓ)
i,Z), where ℓ ∈ {1, 2, 3} indexes the re-uploading layer (individual parameter indices

are omitted for visual clarity). Panel (a) shows the product-state variant (Quantum-NoEnt), which omits
entangling operations. Panel (b) shows the entangling variant (Quantum-Ent), which inserts a CNOT
ring after the local rotations in each layer, coupling q0→q1→q2→q3→q0. Measurements are performed
only at the end of the circuit. In the four-qubit configuration, we measure Pauli-Z observables on all
qubits together with two-qubit correlations Z0Z1 and Z2Z3, yielding the six-dimensional expectation
vector (⟨Z0⟩, ⟨Z1⟩, ⟨Z2⟩, ⟨Z3⟩, ⟨Z0Z1⟩, ⟨Z2Z3⟩) passed to a classical linear classifier. In the ResNet18 512-
dimensional regime, the same depth-3 re-uploading architecture is used with eight qubits; in that case,
we measure eight single-qubit Pauli-Z expectation values together with four two-qubit ZZ correlations,
yielding a twelve-dimensional expectation vector prior to the final linear classifier.

layers (Figure 3). In the 16-dimensional bottleneck regime, the circuit operates on four 389

qubits; for the 512-dimensional ResNet18 feature regime, the circuit is scaled to eight 390

qubits to provide sufficient representational capacity for the richer input. Across 391

regimes and entanglement variants, the circuit depth, re-uploading structure, and 392

measurement dimensionality are held fixed, while the number of qubits and the 393

associated classical feature selector are adjusted to match the input dimensionality. 394

Measurement dimensionality is intentionally constrained in order to isolate the effect of 395

SU(2) parameter geometry; expanding the measurement space would effectively 396

introduce an additional classical post-processing layer, confounding interpretation of the 397

variational head itself. Deeper circuits were not considered here, as increased depth 398

introduces additional confounds (e.g., barren plateaus, noise and simulator scaling, and 399

optimizer instability) that would obscure controlled comparisons of head geometry 400

under fixed feature representations. 401
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16-dimensional bottleneck regime (MNIST, FashionMNIST, CIFAR-10) 402

In the learned-bottleneck regime, the frozen 16-dimensional classical feature vector is 403

mapped to four real-valued encoding angles via a trainable linear feature selector, 404

gϕ : R16 → R
4, z = tanh(Wϕh+ bϕ),

where Wϕ ∈ R
4×16 and bϕ ∈ R

4. The parameters of gϕ are optimized jointly with the 405

quantum circuit parameters, while the shared preprocessor fθ remains frozen. 406

512-dimensional CNN regime (CIFAR-10 only) 407

For the pretrained ResNet18 control experiment, the circuit is scaled to eight qubits to 408

accommodate richer representations, with the feature selector mapping 512-dimensional 409

features to eight encoding angles, 410

gϕ : R512 → R
8, z = tanh(Wϕh+ bϕ),

with Wϕ ∈ R
8×512. This increases the feature-selector parameter count from 411

4×16+4 = 68 to 8×512+8 = 4,104, yielding a total of 4,282 trainable parameters across 412

the feature selector (4,104), circuit rotations (48), and final linear classifier operating on 413

12 measurements (130). The ResNet18 backbone remains frozen throughout training. 414

Circuit architecture and entanglement variants 415

Each circuit layer applies data re-uploading [17] through alternating feature encoding 416

and trainable single-qubit rotations. For each layer ℓ ∈ {1, 2, 3} and qubit i ∈ {0, 1, 2, 3}, 417

the circuit applies a feature-dependent rotation RY (zi) followed by trainable rotations 418

RY (θ
(ℓ)
i,Y ) and RZ(θ

(ℓ)
i,Z). In the entangled variant (Quantum-Ent), each layer 419

additionally includes a ring of CNOT gates coupling qubits sequentially as 420

q0 → q1 → q2 → q3 → q0. In the product-state variant (Quantum-NoEnt), no 421

entangling gates are applied. For the ResNet18 feature regime, the circuit is scaled to 422

eight qubits to provide sufficient capacity for the richer 512-dimensional representations, 423

maintaining the same depth-3 data re-uploading structure but increasing the 424

measurement dimension from 6 to 12 observables. 425

Measurement and classical post-processing 426

Measurements are performed only at the end of the circuit. In the 16-dimensional 427

bottleneck regime with four qubits, expectation values of Pauli-Z observables are 428

recorded for each qubit together with two two-qubit correlations, yielding a 429

six-dimensional measurement vector 430

(⟨Z0⟩, ⟨Z1⟩, ⟨Z2⟩, ⟨Z3⟩, ⟨Z0Z1⟩, ⟨Z2Z3⟩)

passed to a classical linear classifier (R6 → R
10). In the 512-dimensional ResNet18 431

regime with eight qubits, twelve measurements are recorded (eight single-qubit Pauli-Z 432

observables and four two-qubit ZZ correlations), yielding a (R12 → R
10) linear map to 433

produce class logits. In the product-state variant, these two-qubit observables factorize 434

and therefore do not increase expressivity beyond the single-qubit measurements; they 435

are retained only to keep the classical post-processing interface identical across 436

entanglement variants and feature regimes. 437
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Feature selector 438

The quantum classifiers include a trainable linear feature-selection layer gϕ that maps 439

classical feature vectors to qubit rotation parameters. This component is not an 440

auxiliary hybrid enhancement but a necessary architectural interface required to map 441

classical inputs onto a fixed number of qubits. The same feature selector architecture 442

and parameterization is used across all quantum variants, including both product-state 443

and entangling circuits. As a result, performance differences between Quantum-NoEnt 444

and Quantum-Ent cannot be attributed to feature-selection quality. Moreover, quantum 445

underperformance persists—and in the entangling case worsens—when replacing the 446

learned 16-dimensional bottleneck with high-quality 512-dimensional ResNet18 features. 447

If the feature selector were the dominant limitation, increasing upstream representation 448

quality would be expected to mitigate or offset performance loss; instead, performance 449

degrades in the entangled setting. These patterns indicate that the primary constraints 450

arise downstream of feature selection, from measurement-induced compression, shallow 451

circuit expressivity, and optimization instability, rather than from the classical input 452

interface itself. 453

For completeness, we note the relative contribution of the feature selector to the total 454

number of trainable parameters in the quantum models. In the 16-dimensional bottleneck 455

regime, the feature selector comprises 68 of 162 trainable parameters (42%), while in 456

the 512-dimensional CNN-feature regime it accounts for 4,104 of 4,282 parameters 457

(96%). However, parameter count alone does not determine representational bottlenecks. 458

The feature selector performs a simple linear projection from classical feature space to 459

rotation parameters, whereas the variational quantum circuit implements nonlinear 460

unitary evolution followed by inherently lossy measurement. The persistence of quantum 461

underperformance across both parameter regimes—and the reversal of entanglement 462

effects between learned bottlenecks and rich pretrained features—indicates that 463

circuit-level expressivity limits and measurement-induced compression dominate 464

performance, rather than deficiencies in the classical feature-selection interface. 465

Further decomposing performance into feature-selection and circuit-specific 466

contributions via additional ablations (e.g., replacing the quantum circuit with a purely 467

classical head or freezing circuit parameters) is an interesting direction for future work. 468

However, such decompositions are orthogonal to the conclusions of the present study, 469

which concern end-to-end architectural behavior under a fixed and necessary quantum 470

input interface. Accordingly, the feature selector is treated here as an integral 471

component of the variational quantum architecture rather than as a separable source of 472

performance limitation. 473

Optimization geometry and diagnostic evaluation 474

All quantum models are simulated using PennyLane’s lightning.gpu backend, which 475

performs exact statevector evolution on SU(2n) up to floating-point precision. Circuit 476

parameters are represented as coordinates in a Euclidean parameter space and 477

optimized using standard gradient-based methods (Adam). Although forward quantum 478

dynamics respect the intrinsic Lie group geometry of SU(2n), the default optimization 479

procedure operates on a flat surrogate geometry. 480

To assess whether incorporating explicit geometric information materially alters 481

short-horizon loss reduction under the present experimental design, we conducted 482

controlled diagnostic experiments comparing Euclidean gradient descent, Adam, and 483

Fubini–Study / quantum Fisher information (FS/QFI)–based natural-gradient methods 484

[18]. Diagnostics were performed on fixed minibatches using identical frozen 485

preprocessors, circuit architectures, and initialization protocols, and were deliberately 486

restricted to short optimization horizons (K = 10 updates) in order to isolate local 487
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Table 1. Optimization geometry diagnostics on the learned 16-dimensional bottleneck regime
under a fixed frozen preprocessor and identical variational circuit architecture. Results are
averaged over 3 random seeds and 10 minibatches per seed (30 runs per entry). Reported
losses correspond to the final cross-entropy after K = 10 update steps on each minibatch.
Wall-clock times are reported per minibatch. Cosine similarity measures alignment of the
applied update direction at step 1 with the full Fubini–Study (FS/QFI) natural-gradient step.
Absolute loss values remain close to the random-guessing baseline log(10) ≈ 2.30 by design,
as the purpose of this diagnostic is to compare optimization geometry and update alignment
over very short horizons rather than task-level convergence.

Optimizer Dataset Final loss Loss SD Time (s) Cosine vs. full FS/QFI

Euclidean GD MNIST 2.316 0.039 6.04 ± 0.36 0.940 ± 0.047

FashionMNIST 2.301 0.052 5.95 ± 0.41 0.937 ± 0.074

CIFAR-10 2.320 0.036 6.09 ± 0.52 0.958 ± 0.031

Adam MNIST 2.315 0.039 5.97 ± 0.40 0.728 ± 0.073

FashionMNIST 2.301 0.052 5.92 ± 0.47 0.725 ± 0.067

CIFAR-10 2.320 0.036 5.97 ± 0.39 0.689 ± 0.099

FS/QFI (diag) MNIST 2.316 0.039 7.33 ± 0.59 0.961 ± 0.030

FashionMNIST 2.301 0.052 7.32 ± 0.68 0.959 ± 0.041

CIFAR-10 2.320 0.036 7.48 ± 0.70 0.974 ± 0.016

FS/QFI (block-diag) MNIST 2.316 0.039 7.44 ± 0.62 0.961 ± 0.030

FashionMNIST 2.301 0.052 7.47 ± 0.72 0.959 ± 0.041

CIFAR-10 2.320 0.036 7.37 ± 0.59 0.974 ± 0.016

FS/QFI (full) MNIST 2.315 0.039 18.11 ± 1.16 1.000

FashionMNIST 2.301 0.052 18.46 ± 1.51 1.000

CIFAR-10 2.320 0.036 18.23 ± 1.36 1.000

geometric effects on descent direction and immediate loss sensitivity rather than global 488

convergence behavior. For context, random-guess cross-entropy for 10-class problems is 489

log(10) ≈ 2.303; the reported losses after 10 optimization steps therefore represent 490

minimal improvement over initialization, consistent with the short diagnostic horizon. 491

Results from these local geometric diagnostics are summarized in Table 1. 492

Across datasets, FS/QFI diagonal and block-diagonal approximations yield update 493

directions that are nearly collinear with the full natural-gradient step (cosine similarity 494

≈ 0.96–0.97), whereas Adam exhibits lower directional alignment (≈ 0.69–0.73) due to 495

its adaptive rescaling of gradients. In this short-horizon diagnostic setting, however, all 496

optimizers achieve essentially identical loss reduction, with final cross-entropy means 497

differing by less than 10−3 and variances remaining indistinguishable across methods 498

(standard deviations 0.036–0.052 across all optimizers and datasets). This equivalence 499

holds despite substantial differences in directional alignment: Adam’s updates deviate 500

from the natural-gradient direction by cosine dissimilarity ≈ 0.31, yet produce 501

statistically identical outcomes in both mean performance and stability. 502

Training protocol and evaluation 503

For each architecture (Real, Quaternion, Quantum-NoEnt, Quantum-Ent), we perform 504

independent training runs with three random seeds (42, 123, 456). Each seed initializes 505

Python, NumPy, PyTorch, CUDA, and PennyLane random number generators, and 506

PyTorch deterministic mode is enabled (torch.backends.cudnn.deterministic = 507

True). Reported results are the mean ± standard deviation across seeds. Real and 508

quaternion models are trained for up to 100 epochs with early stopping (patience 10). 509
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Quantum models are trained for up to 200 epochs with the same early-stopping 510

criterion to accommodate slower convergence in variational circuit optimization; 511

increasing the patience to 20 epochs did not materially change final accuracy. All 512

models minimize cross-entropy loss using Adam with learning rate 10−3 on the fixed 513

stratified training set. This protocol is applied consistently across datasets and feature 514

regimes (16-dimensional learned bottleneck for MNIST, FashionMNIST, and CIFAR-10; 515

and 512-dimensional frozen ResNet18 features for the CIFAR-10 control), with the only 516

regime-specific change being the input dimensionality to the classification head. For 517

each model, we report test accuracy at the epoch achieving the best validation 518

performance, epochs to early stopping, trainable parameters in the classification head, 519

and total wall-clock training time. Together, these metrics enable controlled comparison 520

of representational capacity and computational efficiency across real-valued, quaternion, 521

and quantum classifiers under matched SU(2) constraints and varying feature quality. 522

Use of automated tools 523

Generative artificial intelligence tools were used to assist with prose refinement, LATEX 524

formatting, and figure layout. All analytical decisions, experimental design, code 525

implementation, validation, and interpretation of results were performed by the authors, 526

who take full responsibility for the accuracy, originality, and integrity of the work. 527

Results 528

To evaluate whether classical SU(2) models can match or exceed the performance of 529

product-state quantum circuits on classical learning tasks, we compare four classification 530

heads under strictly controlled conditions on three benchmarks: MNIST, FashionMNIST, 531

and CIFAR-10. For each dataset (MNIST [13], FashionMNIST [14], and CIFAR-10 [15]), 532

all models are trained and evaluated on identical stratified subsets (15,000 training and 533

3,000 test samples) using shared frozen feature representations, ensuring that observed 534

performance differences arise solely from the inductive bias and representational 535

geometry of the classification heads. The architectures compared are (i) a real-valued 536

multilayer perceptron (RealNet), (ii) a quaternion-valued classifier (QuatNet), (iii) a 537

non-entangling variational quantum circuit (Quantum-NoEnt), and (iv) an entangling 538

VQC with a CNOT ring topology (Quantum-Ent). Results are reported as mean ± 539

standard deviation across three independent random seeds {42, 123, 456}. All quantum 540

experiments are simulated using PennyLane’s GPU-accelerated lightning.gpu backend. 541

We first present results on MNIST and FashionMNIST using a shared 542

16-dimensional learned bottleneck to establish baseline behavior on standard image 543

benchmarks. We then extend to CIFAR-10 under the same bottleneck regime to assess 544

persistence under increased visual complexity. Finally, we evaluate CIFAR-10 using 545

frozen ImageNet-pretrained ResNet18 features (512 dimensions) to determine whether 546

observed performance relationships reflect fundamental architectural properties or 547

dependence on representation capacity. 548

Across all datasets and feature regimes, quaternion classifiers consistently match or 549

closely approach real-valued baselines while substantially outperforming both 550

product-state and entangled quantum circuits (Table 2, Figure 6). On MNIST and 551

FashionMNIST, QuatNet achieves statistical equivalence with RealNet (differences 552

< 0.2 percentage points) using comparable trainable parameters. Product-state 553

quantum models underperform by 5–6 percentage points despite incurring roughly 554

700× longer training times, while entanglement yields only modest gains 555

(approximately 0.6 percentage points) at additional computational cost. On CIFAR-10 556

with ResNet18 features, quaternion classifiers retain 95.9% of real-valued MLP 557
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Input Image
(varies by dataset)

Shared Preprocessor
(Frozen)

16-D bottleneck or
512-D ResNet18

Fixed Features

Real MLP Quaternion Quantum (No Ent) Quantum (Ent)

Real Linear
(varies by regime)

Real Linear
(varies by regime)

Logits (10)

1.7K (16-D) or 67K (512-D)

Quat Linear
(varies by regime)

Quat Linear
(varies by regime)

Extract Real
Logits (10)

1K (16-D) or 18K (512-D)

Feature Selector gϕ

(varies by regime)

VQC (4q, depth-3)
SU(2) rotations

Measure
6 expvals

Linear 6 → 10

162 (16-D) or 4K (512-D)

Feature Selector gϕ

(varies by regime)

VQC (4q, depth-3)
SU(2) rotations

Measure
6 expvals

Linear 6 → 10

162 (16-D) or 4K (512-D)

Experimental Design:
• Two feature regimes: 16-D bottleneck (MNIST, FM, CIFAR-10) and 512-D
ResNet18 (CIFAR-10)
• Preprocessor frozen after Real baseline training (16-D) or pretrained (ResNet18)
• All heads operate on identical fixed features within each regime
• Isolates the inductive bias of the head architecture, not feature extraction

Fig. 4. Architecture comparison for real-valued, quaternion, and quantum classifiers across multiple
feature regimes. Critical design feature: All models operate on identical frozen feature representations
within each regime (a 16-dimensional learned bottleneck for MNIST, FashionMNIST, and CIFAR-10,
or 512-dimensional ImageNet-pretrained ResNet18 features for the CIFAR-10 control), ensuring that
observed performance differences arise solely from the classification head architecture rather than feature
extraction. The real-valued MLP serves as a baseline, the quaternion head applies the Hamilton product
with unit quaternions, and the quantum heads implement variational circuits with four qubits and
depth-3 data re-uploading, with and without CNOT entanglement gates arranged in a ring topology
(0→1→2→3→0). Layer dimensions vary by feature regime as indicated, while architectural structure
remains fixed. Parameter counts for quantum heads include all trainable components of the classification
head (the classical feature selector gϕ, variational circuit rotation parameters, and the final linear
classifier) and exclude the frozen feature extractor.
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performance, demonstrating robustness across representation strengths ranging from 558

minimal learned bottlenecks to rich pretrained embeddings. 559

Real-valued baseline (RealNet) 560

RealNet combines the shared 16-dimensional bottleneck with a two-layer multilayer 561

perceptron (16 → 64 → 10) and converges rapidly under Adam optimization (learning 562

rate 10−3) with early stopping. On MNIST, RealNet achieves 93.54%± 0.52% test 563

accuracy, converging after 21.3± 4.5 training epochs and requiring 30.0± 5.9 seconds of 564

wall-clock training time. This performance establishes a reference point for classification 565

accuracy achievable by a simple real-valued head operating on the frozen bottleneck 566

representation. 567

On FashionMNIST, RealNet attains 84.60%± 0.12% test accuracy, converging after 568

23.0± 2.2 epochs with a training time of 32.0± 3.3 seconds. The reduction in absolute 569

accuracy relative to MNIST reflects the greater visual and semantic complexity of 570

FashionMNIST, while the similar convergence behavior and training cost indicate that 571

the frozen bottleneck provides a stable and comparable feature representation across 572

both datasets. 573

On CIFAR-10 with the learned 16-dimensional bottleneck, RealNet achieves 574

40.23%± 0.44% test accuracy, converging after 24.0± 3.6 epochs and requiring 10.3± 1.3 575

seconds of training time. The pronounced drop in absolute accuracy highlights the 576

difficulty of compressing natural images into a low-dimensional shared representation. 577

When the same architecture operates on 512-dimensional frozen ResNet18 features 578

(Table ??), test accuracy increases to 47.13%± 0.70% (+6.9 percentage points), 579

confirming that the bottleneck regime intentionally constrains representation capacity 580

rather than limiting the expressiveness of the real-valued classifier itself. Convergence 581

remains stable across seeds in both regimes, with the CNN-feature model requiring 582

22.3± 4.0 epochs and 14.2± 2.5 seconds of training time per seed. 583

Quaternion classifier (QuatNet) 584

QuatNet replaces the real-valued MLP head with two quaternion-valued layers 585

operating on the reshaped bottleneck features (four quaternions). Each layer applies 586

Hamilton products with learned unit-quaternion weights, followed by normalization and 587

a tanh nonlinearity. Class logits are obtained from the real components of the ten 588

output quaternions. 589

On MNIST, QuatNet achieves 93.64%± 0.15% test accuracy, effectively matching 590

the real-valued baseline (compared to 1,738 for RealNet). Convergence occurs after 591

31.7± 2.4 epochs and requires 77.4± 6.5 seconds of wall-clock training time, reflecting 592

the additional computational cost of quaternion operations despite the reduced 593

parameter count. 594

On FashionMNIST, QuatNet attains 84.47%± 0.05% test accuracy, closely tracking 595

RealNet’s 84.60%± 0.12% performance despite the increased visual complexity of the 596

dataset. Training converges in 24.0± 2.4 epochs with a wall-clock time of 56.9± 6.3 597

seconds. 598

On CIFAR-10 with the learned 16-dimensional bottleneck, QuatNet achieves 599

37.92%± 0.33% test accuracy, retaining 94.3% of RealNet’s performance despite a more 600

than tenfold reduction in trainable parameters. When operating on 512-dimensional 601

frozen ResNet18 features (Table 2), test accuracy increases to 45.21%± 0.38 (+7.3 602

percentage points), preserving 95.9% of the real-valued baseline. The stability of this 603

performance ratio across feature regimes—from minimal learned bottlenecks to rich 604

pretrained embeddings—indicates that the quaternion–real relationship is not an 605

artifact of representation capacity. In the CNN-feature regime, QuatNet converges after 606
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40.0± 0.0 epochs and requires 36.1± 0.2 seconds of training time per seed, using 17,832 607

trainable parameters compared to 66,954 for the corresponding real-valued head. 608

Across all datasets and feature regimes, QuatNet consistently matches or closely 609

approaches real-valued baseline performance in the classification head. This behavior 610

reflects the imposition of a structured inductive bias through unit-quaternion 611

parameterization, which constrains and couples weights according to SU(2) algebra 612

rather than expanding representational capacity. Under these constraints, quaternion- 613

valued classifiers recover the discriminative performance of real-valued models on 614

classical vision tasks across varying levels of dataset complexity and feature quality. 615

Quantum classifier without entanglement (Quantum-NoEnt) 616

The non-entangling quantum model employs a four-qubit, depth-3 variational circuit 617

with data reuploading via RY rotations and trainable single-qubit RY and RZ gates. 618

No entangling operations are included, enforcing a strict product-state representation 619

throughout the circuit. Final measurements yield six expectation values—four 620

single-qubit Pauli-Z observables and two ZZ correlations—which are passed to a 621

classical linear classifier. 622

On MNIST, Quantum-NoEnt achieves 87.52%± 1.02% test accuracy, converging 623

after 51.3± 16.4 epochs and requiring 24,601± 7,891 seconds of wall-clock training time 624

(approximately 6.8 hours). On FashionMNIST, performance reaches 82.03%± 0.94% 625

after 47.3± 4.0 epochs with a training time of 22,285± 2,414 seconds (∼ 6.2 hours). On 626

CIFAR-10 under the learned 16-dimensional bottleneck, test accuracy further degrades 627

to 35.10%± 0.71%, with convergence after 32.3± 1.9 epochs and 15,504± 917 seconds 628

(∼ 4.3 hours) of training. 629

When operating on frozen 512-dimensional ResNet18 features (Table 2), 630

Quantum-NoEnt achieves 41.71%± 0.94% test accuracy after 48.7± 10.9 epochs, 631

requiring 64,739± 13,400 seconds (∼ 18.0 hours) per seed. Despite the substantial 632

increase in representation quality, performance remains 5.4 and 3.5 percentage points 633

below the corresponding real-valued and quaternion classifiers, respectively. This gap 634

persists even as training time increases by more than an order of magnitude, indicating 635

that the observed degradation is not alleviated by richer classical features. 636

Across all datasets and feature regimes, the product-state quantum classifier 637

consistently underperforms both real-valued and quaternion baselines while exhibiting 638

higher variance and orders-of-magnitude greater computational cost. Although 639

Quantum-NoEnt shares the same local SU(2) rotation structure as quaternion layers, 640

the combination of measurement-induced information loss and the absence of 641

entanglement constrains its effective expressivity on these classical vision tasks. In this 642

regime, classical SU(2) structure alone is insufficient to offset the representational and 643

optimization limitations introduced by quantum measurement. 644

The observed reversal in the effect of entanglement—from a modest improvement on 645

low-complexity inputs to a substantial degradation on richer learned 646

representations—reflects optimization instability that manifests when circuit expressivity 647

exceeds task requirements. Three patterns in the data support this interpretation: 648

First, variance across random seeds increases dramatically for entangling circuits 649

when combined with high-dimensional features. On CIFAR-10 with ResNet18 features, 650

Quantum-Ent exhibits standard deviation 3.18% compared to 0.94% for the 651

product-state variant—a more than threefold increase in seed sensitivity. This elevated 652

variance indicates that entangling circuits converge to qualitatively different solutions 653

depending on initialization, consistent with a fragmented optimization landscape in 654

which entanglement amplifies local minima sensitivity. 655

Second, training dynamics reveal instability: entangling circuits on ResNet18 656

features converge after 42.7 ± 3.9 epochs with highly variable convergence trajectories 657
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across seeds, whereas product-state circuits reach stable solutions after 48.7 ± 10.9 658

epochs, despite greater dispersion in stopping time. The combination of lower epoch 659

count but worse final performance for entangling circuits suggests premature 660

convergence to poor local minima rather than successful optimization. 661

Third, the magnitude of the entanglement penalty scales with feature quality: 662

modest gains (+0.6pp) on learned 16-dimensional bottlenecks, no effect on CIFAR-10 663

16-dimensional features, and severe degradation (-9.3pp) on 512-dimensional pretrained 664

features. This monotonic relationship indicates that entanglement becomes increasingly 665

detrimental as upstream representations grow more structured, consistent with 666

expressivity-trainability tradeoffs documented in variational quantum circuits where 667

increased parameterization in the absence of task-aligned structure degrades 668

optimization. 669

These patterns collectively suggest that entanglement in shallow circuits introduces 670

optimization pathologies—increased sensitivity to initialization, convergence to 671

suboptimal basins, and amplified parameter coupling—that outweigh any 672

representational benefits when operating on rich classical features. The elevated 673

variance and convergence instability observed for entangling circuits are consistent with 674

early-stage barren plateau phenomena [19], in which gradient magnitudes become 675

exponentially sensitive to initialization as circuit depth or entanglement increases. 676

While the depth-3 circuits employed here are too shallow to exhibit full barren plateau 677

behavior, the reversal of entanglement’s benefit under rich features suggests that even 678

modest entanglement can amplify optimization pathologies when feature dimensionality 679

is high. Detailed gradient flow analysis or entanglement entropy measurements during 680

training would provide additional mechanistic insight into these dynamics. 681

Quantum classifier with entanglement (Quantum-Ent) 682

The entangling quantum model augments the depth-3, four-qubit variational circuit by 683

introducing CNOT gates arranged in a ring topology (q0→q1→q2→q3→q0) at each 684

reuploading layer. This modification introduces multi-qubit entanglement while 685

preserving circuit depth, parameter count, and data-encoding structure. All remaining 686

architectural components match those of the product-state model, including feature 687

encoding via RY (zi) rotations, trainable single-qubit RY and RZ gates, and a linear 688

classifier applied to six measured expectation values. 689

On MNIST, Quantum-Ent achieves 88.16%± 0.62% test accuracy, converging after 690

67.7± 16.0 epochs and requiring 36,492± 8,670 seconds of wall-clock training time 691

(approximately 10.1 hours). On FashionMNIST, performance reaches 82.62%± 0.52% 692

after 66.3± 27.9 epochs, with a training time of 34,446± 14,570 seconds (∼ 9.6 hours). 693

Relative to the non-entangling variant, entanglement yields modest accuracy gains of 694

approximately 0.6–0.7 percentage points on these simpler datasets, albeit at 695

substantially higher computational cost. 696

On CIFAR-10 with the learned 16-dimensional bottleneck, Quantum-Ent achieves 697

34.92%± 0.22% test accuracy after 43.3± 14.5 epochs and 23,117± 7,498 seconds of 698

training (∼ 6.4 hours). In this setting, entanglement provides no measurable benefit and 699

slightly underperforms the product-state circuit, indicating that shallow entanglement 700

does not mitigate information loss when operating on severely compressed 701

representations. 702

When operating on frozen 512-dimensional ResNet18 features (Table 2), Quantum- 703

Ent exhibits a pronounced performance collapse, achieving only 32.46%± 3.18% test 704

accuracy after 42.7± 3.9 epochs and 66,114± 5,306 seconds (∼ 18.4 hours) per seed. 705

This represents a 9.3 percentage point degradation relative to the non-entangling 706

variant, reversing the modest gains observed on MNIST and FashionMNIST. The result 707

indicates that, in the presence of rich classical features, shallow entanglement interacts 708
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adversely with optimization dynamics and measurement-induced information loss, 709

overwhelming any potential representational advantage. 710

Across all benchmarks and feature regimes, the entangling quantum classifier 711

remains several percentage points below both real-valued and quaternion baselines 712

while incurring the highest computational cost. Although entanglement introduces 713

nonclassical correlations unavailable to quaternion layers, these correlations do not 714

translate into improved performance in shallow, measurement-limited circuits. In this 715

regime, entanglement is neither sufficient nor reliably beneficial, and may actively 716

hinder learning when combined with high-quality classical representations. 717

Head-to-head comparison 718

Table 2 and Fig. 5 provide complementary views of model performance under strictly 719

matched conditions. While the table reports aggregated means and standard deviations, 720

Fig. 5 presents seed-level head-to-head comparisons across accuracy, wall-clock time, 721

and convergence behavior, enabling direct assessment of stability and computational 722

cost alongside predictive performance. 723

On MNIST and FashionMNIST, quaternion classifiers match the real-valued 724

baseline within statistical variability (differences ≤ 0.2 percentage points), despite using 725

fewer trainable parameters (1,000 versus 1,738). This parity is clearly visible in the 726

accuracy panels of Fig. 5, where RealNet and QuatNet cluster tightly across seeds with 727

overlapping variance. In contrast, both quantum models underperform the classical 728

heads by approximately 5–6 percentage points. Entanglement yields only modest gains 729

over the product-state circuit (approximately 0.6–0.7 percentage points), a pattern 730

reflected in Fig. 5 by a small upward shift accompanied by increased variance and 731

substantially higher computational cost. The time and epoch panels further show that 732

these marginal gains come at orders-of-magnitude greater training time. 733

On CIFAR-10 with the learned 16-dimensional bottleneck, absolute accuracies 734

decline for all architectures due to increased task complexity under severe 735

representational compression. Despite this, the relative ordering observed on simpler 736

benchmarks is preserved, as shown consistently across seeds in Fig. 5. RealNet achieves 737

40.2%± 0.4% accuracy, QuatNet retains 94.3% of this performance (37.9%± 0.3%), and 738

the product-state quantum circuit reaches only 35.1%± 0.7%. The entangling quantum 739

model does not improve upon this result, indicating that shallow entanglement does not 740

mitigate information loss in the bottleneck regime. Seed-wise scatter in Fig. 5 confirms 741

that this degradation is systematic rather than driven by outliers. 742

When CIFAR-10 is evaluated using frozen ImageNet-pretrained ResNet18 features, 743

absolute accuracies increase substantially for all classical models (47.1% versus 40.2% 744

for RealNet), as expected from the richer representation. However, the qualitative 745

ordering remains unchanged, a pattern that Fig. 5 makes explicit across accuracy, time, 746

and epochs. QuatNet retains 95.9% of real-valued performance (45.2% versus 47.1%), 747

while the product-state quantum circuit reaches 41.7%, underperforming the quaternion 748

model by 3.5 percentage points. The entangling quantum circuit degrades further to 749

32.5%, underperforming even the product-state variant by 9.3 percentage points. The 750

persistence—and amplification—of the quantum performance gap under a 32-fold 751

increase in feature dimensionality demonstrates that these differences reflect 752

architectural and measurement constraints rather than representation capacity. 753

Across all datasets, random seeds, and feature regimes, the same ordering 754

consistently emerges in Fig. 5: RealNet ≳ QuatNet ≫ Quantum-NoEnt ≳ 755

Quantum-Ent. The figure further shows that quantum models incur substantially higher 756

training times and less stable convergence, even when accuracy gains are marginal. 757

Taken together, these results demonstrate that classical SU(2) structure, when imposed 758

through quaternion parameterization, matches real-valued baselines while substantially 759
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Table 2. Aggregated test performance (mean ± standard deviation over three seeds)
under shared frozen preprocessors. For MNIST and FashionMNIST, all models use
a 16-dimensional learned bottleneck preprocessor (12,560 parameters, frozen during
training). For CIFAR-10, results are reported under two feature regimes: (i) the same 16-
dimensional learned bottleneck, and (ii) frozen ImageNet-pretrained ResNet18 features
(512-dimensional, ∼11.2M parameters). Reported times correspond to total wall-clock
training time per seed. Parameter counts report trainable parameters outside the frozen

backbone, including the classification head and any learned feature-selection layers. Note
the substantially higher variance for quantum models across seeds, reflecting optimization
instability under parameter-shift gradient estimation without curvature information.

Dataset Model Accuracy Epochs Time (s) Trainable Params

MNIST

RealNet 0.9354± 0.0052 21.3± 4.5 30.0± 5.9 1,738
QuatNet 0.9364± 0.0015 31.7± 2.4 77.4± 6.5 1,000
Quantum-NoEnt 0.8752± 0.0102 51.3± 16.4 24,601± 7,891 162
Quantum-Ent 0.8816± 0.0062 67.7± 16.0 36,492± 8,670 162

FashionMNIST

RealNet 0.8460± 0.0012 23.0± 2.2 32.0± 3.3 1,738
QuatNet 0.8447± 0.0005 24.0± 2.4 56.9± 6.3 1,000
Quantum-NoEnt 0.8203± 0.0094 47.3± 4.0 22,285± 2,414 162
Quantum-Ent 0.8262± 0.0052 66.3± 27.9 34,446± 14,570 162

CIFAR-10
(16-D bottleneck)

RealNet 0.4023± 0.0044 24.0± 3.6 10.3± 1.3 1,738
QuatNet 0.3792± 0.0033 36.0± 5.7 24.3± 2.7 1,000
Quantum-NoEnt 0.3510± 0.0071 32.3± 1.9 15,504± 917 162
Quantum-Ent 0.3492± 0.0022 43.3± 14.5 23,117± 7,498 162

CIFAR-10
(ResNet18 512-D)

RealNet 0.4713± 0.0070 22.3± 4.0 14.2± 2.5 66,954
QuatNet 0.4521± 0.0038 40.0± 0.0 36.1± 0.2 17,832
Quantum-NoEnt 0.4171± 0.0094 48.7± 10.9 64,739± 13,400 4,282
Quantum-Ent 0.3246± 0.0318 42.7± 3.9 66,114± 5,306 4,282

outperforming shallow quantum models on classical vision tasks. Modest entanglement 760

benefits observed on low-complexity grayscale benchmarks do not generalize to richer 761

feature representations, underscoring the tight coupling between circuit depth, 762

measurement-induced compression, and task complexity in the shallow quantum regime. 763

Stability across random seeds 764

All reported results are averaged over three independent random seeds. Across MNIST, 765

FashionMNIST, and both CIFAR-10 feature regimes, relative performance rankings are 766

stable across seeds, with consistently low variability for the real-valued and quaternion 767

models and substantially higher variance for the quantum models. For all datasets and 768

feature qualities, accuracy differences between RealNet and QuatNet remain below 2.5 769

percentage points (and below 0.2 percentage points on MNIST and FashionMNIST), 770

whereas both quantum variants exhibit lower mean accuracy and markedly greater 771

seed-to-seed variability. This behavior is illustrated in Figure 6, which shows tightly 772

clustered accuracy ranges for the classical models and substantially wider ranges for the 773

quantum models, particularly on the more challenging CIFAR-10 benchmark. 774

On CIFAR-10 with frozen ResNet18 features, quaternion classifiers exhibit especially 775

low variance (standard deviation 0.38%) compared to both real-valued MLPs (0.70%) 776

and quantum circuits (0.94% for Quantum-NoEnt and 3.18% for Quantum-Ent). This 777

pattern suggests that imposing structured SU(2) constraints through unit-quaternion 778

parameterization may stabilize optimization under high-dimensional feature 779

representations. The exceptionally high variance observed for the entangling quantum 780

circuit on CNN features reflects the complex interaction between entanglement, 781

measurement, and optimization in the shallow-circuit regime. 782
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Fig. 5. Conceptual correspondence between unit quaternions and single-qubit SU(2) operations. The set
of unit quaternions {q ∈ H : ∥q∥ = 1} forms a Lie group isomorphic to SU(2); both are diffeomorphic
to the 3-sphere S3, reflecting the same underlying rotation geometry. In a quaternion layer, a classical
feature quaternion h is transformed by quaternion multiplication (Hamilton product) as h′ = q ⊗ h,
retaining a four-dimensional representation. In a variational quantum circuit, parameters specify a unitary
U ∈ SU(2) that evolves a quantum state as |ψ′⟩ = U |ψ⟩, after which information is accessed only through
measurement outcomes (and, for multi-qubit extensions, potentially through entanglement). Consequently,
despite sharing SU(2)-valued parameters, quaternion layers and quantum circuits differ in how information
is represented and revealed, leading to distinct inductive biases and optimization behavior.

CIFAR-10 representation-strength control (frozen CNN features) 783

To assess whether the reduced CIFAR-10 accuracy observed under the shared 3072→16 784

bottleneck reflects representational compression rather than intrinsic differences in head 785

architecture, we conducted an auxiliary control experiment using frozen 786

ImageNet-pretrained ResNet18 features. The learned bottleneck was replaced by a 787

ResNet18 backbone (512-dimensional output, 11.2M parameters, frozen), and only the 788

classification heads were trained. All experiments used the same stratified CIFAR-10 789

subset (15,000 training and 3,000 test samples), identical random seeds, and the same 790

early-stopping protocol as in the bottleneck regime. 791
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Fig. 6. Performance across three random seeds on MNIST, FashionMNIST, and CIFAR-10 under two
frozen feature regimes. Top: test accuracy; bottom: log-scaled training time. Vertical bars indicate the
observed range (min to max) across seeds, with glyph markers denoting the mean. Quaternion classifiers
closely track real-valued baselines on MNIST and FashionMNIST and retain approximately 94% of real-
valued performance under CIFAR-10 with a learned 16-dimensional bottleneck and approximately 96%
under 512-dimensional ResNet18 features, indicating consistency across representation strengths. Quantum
classifiers exhibit greater variance and substantially higher training time while achieving lower accuracy
across all benchmarks. Entanglement provides modest gains on grayscale datasets but degrades performance
under high-quality CNN features (CIFAR-10, 512-D), highlighting regime-dependent interactions between
circuit structure, measurement, and feature quality.

Under this frozen-CNN regime, absolute accuracy increased for all classical 792

architectures (Table 2). The real-valued head achieved 47.13%± 0.70% accuracy (+6.9 793

percentage points relative to the learned bottleneck), while the quaternion head reached 794

45.21%± 0.38% (+7.3 percentage points). Quaternions retained 95.9% of real-head 795

performance under high-quality pretrained features, compared to 94.3% under the 796

learned bottleneck, indicating that the quaternion–real performance relationship is 797

stable across representation strengths and reflects properties of the SU(2)-structured 798

head rather than artifacts of feature capacity. 799

24



Quantum models were evaluated under the same CNN-feature regime to determine 800

whether measurement-induced degradation persists with richer representations. The 801

product-state circuit (Quantum-NoEnt) achieved 41.71%± 0.94%, underperforming 802

both real and quaternion heads by 5.4 and 3.5 percentage points, respectively. The 803

entangling variant (Quantum-Ent) performed substantially worse, reaching only 804

32.46%± 3.18%, a degradation of 9.3 percentage points relative to the product-state 805

circuit and a reversal of the modest entanglement gains observed on MNIST and 806

FashionMNIST. This behavior indicates that shallow entanglement interacts 807

unfavorably with high-dimensional pretrained features, amplifying optimization 808

difficulty and measurement-induced information loss. 809

All quantum experiments employ four-qubit, depth-3 circuits with approximately 810

4,000 trainable parameters, representing the practical upper limit for systematic 811

multi-seed evaluation under GPU-accelerated simulation. Increasing circuit width or 812

depth rapidly incurs prohibitive memory cost and exacerbates optimization pathologies, 813

whereas real and quaternion models scale efficiently under standard backpropagation. 814

Quantum circuits underperform by several percentage points, while quaternions retain 815

nearly all real-valued performance. This asymmetry indicates that quantum 816

degradation arises from architectural and measurement constraints rather than 817

insufficient parameterization. 818

These results show that the low absolute CIFAR-10 accuracies observed under the 819

learned bottleneck arise from intentional representational compression rather than head 820

limitations, that quaternion–real performance ratios remain consistent across 821

representation qualities (94–96%), and that quantum circuit limitations persist—and 822

intensify—under high-quality pretrained features. The CNN-feature control therefore 823

confirms that the observed performance ordering reflects fundamental architectural 824

properties of the classification heads rather than artifacts of feature capacity. Notably, 825

compressing high-dimensional features into a small number of circuit parameters 826

reflects the intrinsic measurement bottleneck faced by variational quantum models; 827

increasing classical preprocessing would shift representational burden away from the 828

quantum head rather than alleviate it. 829

Discussion 830

The results provide empirical evidence that classical SU(2) models, as realized through 831

quaternion-valued neural networks, match or exceed the learning performance of 832

shallow variational quantum circuits on classical supervised learning tasks. Across 833

MNIST, FashionMNIST, and CIFAR-10, the same qualitative ordering of classification 834

heads persists as task complexity increases from grayscale digits to natural color images, 835

indicating that the observed differences reflect architectural inductive bias rather than 836

dataset-specific effects. Because all models operate on identical frozen feature 837

representations within each regime, performance differences arise solely from the 838

representational geometry and optimization behavior of the classification heads. 839

To distinguish architectural effects from representational artifacts, CIFAR-10 was 840

evaluated under two feature regimes: a shared 16-dimensional learned bottleneck and 841

frozen ImageNet-pretrained ResNet18 features producing 512-dimensional embeddings. 842

The quaternion–real performance relationship remains stable across this 32-fold 843

difference in feature dimensionality, with quaternions retaining 94.3% and 95.9% of real- 844

valued performance under the bottleneck and CNN regimes respectively. This robustness 845

indicates that the effectiveness of quaternion-valued heads reflects intrinsic properties of 846

SU(2)-structured parameterization rather than dependence on representation quality. In 847

contrast, quantum circuits underperform classical heads by 5–6 percentage points under 848
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both regimes, demonstrating that the measurement bottleneck and optimization 849

challenges persist even when high-quality classical features are provided. 850

These results also clarify the role of parameter count. Quantum models employ 851

approximately 4,000 trainable parameters, representing the practical upper bound for 852

systematic multi-seed evaluation with four-qubit circuits under GPU-accelerated 853

simulation. Scaling beyond this regime incurs prohibitive computational cost and 854

exacerbates known trainability limitations, including barren plateau phenomena. Real 855

and quaternion models, by contrast, scale efficiently under standard backpropagation to 856

66,954 and 17,832 parameters respectively in the CNN-feature regime. Despite this 857

disparity, quantum circuits underperform real-valued heads by 5.4 percentage points 858

under high-quality features, while quaternions retain nearly all real-valued performance. 859

This asymmetry indicates that quantum degradation arises from architectural and 860

measurement constraints rather than insufficient parameterization. 861

A particularly informative pattern emerges from the entanglement comparisons. On 862

MNIST and FashionMNIST, entanglement provides modest gains (approximately 0.6 863

percentage points) over product-state circuits at substantially higher computational 864

cost. On CIFAR-10 with a learned bottleneck, entanglement yields no improvement. 865

When combined with high-dimensional pretrained features, entanglement actively 866

degrades performance, reducing accuracy by 9.3 percentage points relative to the 867

product-state variant. This reversal suggests that shallow entanglement interacts 868

unfavorably with rich classical representations, likely amplifying optimization instability 869

and measurement-induced information loss rather than enhancing expressivity. 870

Several considerations bound the scope of these findings. The experiments are 871

restricted to classical vision benchmarks lacking intrinsic quantum structure, the 872

quantum circuits are shallow by design to maintain trainability, and training is 873

conducted on moderate-sized stratified subsets to control sample complexity. These 874

constraints define a specific but practically relevant regime in which classical and 875

quantum architectures can be compared under matched conditions. Within this regime, 876

the results support recent perspectives emphasizing that quantum advantage cannot be 877

inferred from model class alone, but must be evaluated relative to task structure, data 878

distribution, and competitive classical baselines [12]. 879

Quaternion networks match classical baselines and exceed 880

quantum models 881

Across all datasets and feature regimes, quaternion-valued classification heads achieve 882

statistical equivalence or near-equivalence with real-valued baselines while using 883

substantially fewer trainable parameters. On MNIST, QuatNet attains 93.64%± 0.15% 884

test accuracy compared with 93.54%± 0.52% for RealNet, a difference well within 885

seed-to-seed variation. A similar pattern holds on FashionMNIST, where QuatNet 886

achieves 84.47%± 0.05% versus 84.60%± 0.12% for the real-valued head. These results 887

demonstrate that quaternion parameterization does not sacrifice predictive performance 888

on standard vision benchmarks despite its substantially reduced head capacity. 889

On CIFAR-10, absolute accuracies decline for all models under the learned 890

16-dimensional bottleneck, reflecting increased task complexity under severe 891

representational compression. Nevertheless, the relative relationship between quaternion 892

and real-valued heads remains stable: QuatNet retains 94.3% of RealNet performance 893

(37.9% versus 40.2%). When evaluated instead on frozen ImageNet-pretrained ResNet18 894

features, quaternion performance increases to 45.2%± 0.38% while retaining 95.9% of 895

the real-valued baseline (47.1%± 0.70%). The persistence of this performance ratio 896

across a 32-fold increase in feature dimensionality indicates that the quaternion–real 897
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relationship reflects fundamental architectural properties rather than artifacts of 898

representation capacity. 899

These performance results are achieved with markedly fewer trainable parameters in 900

the classification head. On MNIST and FashionMNIST, QuatNet uses 1,000 trainable 901

parameters compared with 1,738 for RealNet, a 1.7-fold reduction. On CIFAR-10 with 902

ResNet18 features, QuatNet employs 17,832 parameters compared with 66,954 for the 903

real-valued head, a 3.7-fold reduction. All parameter counts refer exclusively to 904

trainable head parameters; frozen feature extractors are shared across all models and 905

therefore do not affect relative efficiency comparisons. The ability of quaternion heads 906

to recover nearly all real-valued performance with substantially reduced capacity 907

highlights the effectiveness of structured SU(2) coupling via Hamilton products. 908

Quaternion models also exhibit consistently low variance across random seeds, 909

particularly under high-quality pretrained features. On CIFAR-10 with ResNet18 910

embeddings, QuatNet displays lower variability (0.38%) than both real-valued MLPs 911

(0.70%) and quantum circuits, suggesting that SU(2)-constrained parameterization may 912

stabilize optimization in high-dimensional feature spaces. This stability is consistent 913

with the geometric coupling imposed by unit quaternions, which faithfully represent local 914

SU(2) structure [5] and constrain the hypothesis space without eliminating expressivity. 915

In contrast, variational quantum circuits restricted to product states offer no 916

empirical advantage over classical quaternion layers operating on the same frozen 917

features. Across all benchmarks and feature regimes, product-state quantum models 918

underperform QuatNet by 6.1 percentage points on MNIST, 2.4 points on 919

FashionMNIST, 2.8 points on CIFAR-10 with the learned bottleneck, and 3.5 points on 920

CIFAR-10 with ResNet18 features. These results demonstrate that classical 921

implementations of local SU(2) geometry consistently match or exceed shallow 922

product-state quantum circuits on classical learning tasks, while avoiding the 923

measurement-induced information loss and optimization instability inherent to quantum 924

models. 925

The close alignment between quaternion-valued and real-valued networks should not 926

be interpreted as a guarantee of strict equivalence. Small but consistent performance 927

differences remain, and on simpler benchmarks such as MNIST these may be partially 928

masked by ceiling effects. Nevertheless, the same qualitative quaternion–real 929

performance relationship persists across FashionMNIST, CIFAR-10 under severe 930

bottlenecks, and CIFAR-10 with high-quality pretrained features, spanning wide ranges 931

of visual complexity, absolute accuracy, and feature dimensionality. This robustness 932

across regimes supports the interpretation that quaternion-valued networks are 933

consistent with a meaningful correspondence between SU(2) geometric structure and 934

classical feature representations, rather than reflecting dataset-specific ceilings or 935

incidental architectural coincidences. 936

Measurement bottlenecks, optimization geometry, and depth 937

constraints limit shallow quantum classifiers 938

Across all datasets and feature regimes, the largest and most persistent separation 939

between classical and quantum implementations of SU(2) geometry appears between 940

quaternion networks (QuatNet) and the product-state variational quantum classifier 941

(Quantum-NoEnt). On MNIST, QuatNet achieves 93.64% test accuracy, whereas 942

Quantum-NoEnt reaches only 87.52%± 1.02%, a deficit exceeding six percentage points. 943

The same pattern holds on FashionMNIST (84.47%± 0.05% versus 82.03%± 0.94%). 944

On CIFAR-10 with the learned 16-dimensional bottleneck, QuatNet attains 945

37.9%± 0.4% accuracy compared with 35.1%± 0.7% for the product-state quantum 946

model, preserving a 2.8 percentage point gap despite lower absolute performance for all 947
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architectures. Under frozen ResNet18 features (512-dimensional), the gap widens 948

further to 3.5 percentage points (45.2% versus 41.7%), indicating that quantum 949

underperformance persists—and slightly intensifies—under richer classical 950

representations. Across all settings, this accuracy deficit is accompanied by substantially 951

higher variance and orders-of-magnitude greater training time for the quantum model. 952

The classical architectures employed are deliberately minimal—two-layer MLPs with 953

a single hidden layer—to avoid confounding depth effects with geometric differences. 954

Despite this constraint, classical heads substantially outperform depth-3 quantum 955

circuits across all feature regimes. This framing is conservative: increasing classical 956

depth would be expected to improve performance further, whereas deeper variational 957

quantum circuits introduce well-documented trainability challenges, including barren 958

plateau phenomena [19]. Accordingly, the observed performance gap should be 959

interpreted as a conservative estimate within the shallow, measurement-limited regime 960

studied here, rather than as an artifact of unequal architectural expressivity. 961

We attribute this divergence to a coupled set of structural limitations inherent to 962

variational quantum circuits in the shallow, measurement-based regime: 963

(i) measurement-induced information loss, (ii) optimization challenges intrinsic to 964

circuit parameterization, and (iii) expressivity limits imposed by shallow circuit depth. 965

These factors should be understood jointly rather than as independent deficiencies. 966

At the representational level, quaternion layers preserve internal structure 967

throughout the network. Each Hamilton-product layer maps four-dimensional real 968

inputs to four-dimensional outputs, retaining phase-coupled information explicitly at 969

every stage. By contrast, the product-state variational quantum circuit applies the same 970

local SU(2) rotations but must ultimately undergo a non-unitary, lossy measurement. A 971

four-qubit quantum state |ψ⟩ ∈ C
16 is compressed into six expectation values 972

(⟨Z0⟩, . . . , ⟨Z2Z3⟩) before reaching the final classifier, discarding amplitude and phase 973

information that remains available to quaternion networks. This measurement 974

bottleneck limits effective expressivity independent of feature quality: whether operating 975

on learned 16-dimensional bottlenecks or rich 512-dimensional pretrained embeddings, 976

quantum circuits consistently trail quaternion classifiers by 2.8–3.5 percentage points. 977

Optimization geometry further constrains quantum performance. To assess whether 978

geometry-aware optimization mitigates these limitations, we conducted controlled 979

diagnostic experiments comparing Euclidean gradient descent, Adam, and several 980

Fubini–Study / quantum Fisher information (FS/QFI) natural-gradient variants 981

(diagonal, block-diagonal, and full) on fixed minibatches across MNIST, FashionMNIST, 982

and CIFAR-10 (Table 1). FS/QFI-based methods produced update directions nearly 983

collinear with the full natural-gradient step (cosine similarity ≈ 0.95 for diagonal and 984

block-diagonal approximations), whereas Adam exhibited lower directional alignment 985

due to its adaptive rescaling. Crucially, this difference in alignment did not translate 986

into improved learning: final losses achieved by Adam were statistically 987

indistinguishable from those obtained using full FS/QFI optimization, differing by less 988

than 10−3 across all datasets. 989

Because FS/QFI-based methods incur O(p2) computational cost from metric-tensor 990

evaluation—compared with O(p) updates for Adam—these results indicate that explicit 991

curvature-aware optimization is computationally inefficient in the shallow-circuit, 992

measurement-limited regime considered here. For the architectures, datasets, and 993

feature regimes studied, standard Euclidean optimizers capture the dominant descent 994

structure without overcoming the fundamental representational constraints imposed by 995

measurement. 996

Beyond mean performance, the product-state quantum model exhibits substantially 997

higher variance across random seeds, reflecting intrinsic training instability. These 998

effects are consistent with prior analyses of variational quantum circuits, which 999
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document structured loss landscapes, sensitivity to initialization, and dataset-dependent 1000

trainability even at modest circuit depths [20]. Despite sharing identical frozen feature 1001

representations and optimization protocols, Quantum-NoEnt requires 51.3± 16.4 1002

epochs and approximately 6.8 hours of GPU time per seed on MNIST, similar time on 1003

FashionMNIST, over four hours per seed on CIFAR-10 with learned bottlenecks, and 1004

approximately 18 hours per seed on CIFAR-10 with ResNet18 features. In contrast, 1005

QuatNet converges in under two minutes on MNIST and FashionMNIST, and in under 1006

one minute on CIFAR-10 under both feature regimes. Parameter-shift gradient 1007

estimation, sensitivity to initialization, and limited circuit expressivity jointly 1008

contribute to this instability despite the shared SU(2) symmetry. 1009

The restriction to shallow circuits is deliberate. Deeper variational circuits face 1010

well-documented barren plateau phenomena [19], in which gradients vanish 1011

exponentially with system size, rendering optimization impractical with current 1012

methods. Limiting circuit depth therefore ensures trainability but caps representational 1013

power. Whether reliably trainable deeper circuits can overcome measurement-induced 1014

information loss and close the observed performance gap—or whether these limitations 1015

persist at scale—remains an open question beyond the controlled regime examined here. 1016

Quantifying the measurement bottleneck 1017

To formalize the measurement-induced information loss, we compare the effective 1018

dimensionality of representations at the final pre-classification stage across 1019

architectures. This analysis establishes upper bounds on information-bearing capacity 1020

accessible to downstream classifiers in the shallow, measurement-limited regime studied 1021

here, independent of whether those bounds are saturated in practice. 1022

In both the 16-dimensional bottleneck and 512-dimensional CNN-feature regimes, 1023

quaternion networks ultimately produce 10 quaternions at their penultimate layer 1024

(before real-part extraction for classification), corresponding to 40 real-valued scalar 1025

components. The architectural scaling between regimes affects intermediate layer 1026

widths but preserves the final representational dimensionality: 10 quaternions provide 1027

40 real values from which the classifier constructs 10-dimensional logits. 1028

Product-state quantum circuits in the 16-dimensional regime encode features into 1029

four rotation angles, apply depth-3 variational evolution to a four-qubit state (16 1030

complex amplitudes = 32 real degrees of freedom), and then extract 6 expectation 1031

values—four single-qubit Pauli-Z observables and two two-qubit correlations. In the 1032

512-dimensional regime, circuits scale to eight qubits (256 complex amplitudes = 512 1033

real DOF) and extract 12 expectation values (8 single-qubit and 4 two-qubit 1034

observables). Although the quantum state space is formally high-dimensional prior to 1035

measurement, only these 6 or 12 scalar observables are accessible to the final classifier. 1036

This constitutes a 6.7-fold compression in the 16-dimensional regime (6 1037

measurements versus 40 quaternion components) and a 3.3-fold compression in the 1038

512-dimensional regime (12 measurements versus 40 quaternion components). Moreover, 1039

because product-state circuits prohibit entanglement, two-qubit correlation terms 1040

factorize as ⟨ZiZj⟩ = ⟨Zi⟩⟨Zj⟩ and provide no additional information beyond 1041

single-qubit measurements. The effective measurement dimensionality is thus only 4 1042

independent observables in the 16-dimensional regime and 8 in the 512-dimensional 1043

regime, yielding 10-fold and 5-fold compressions respectively. 1044

These formal capacity differences establish an upper bound on the information 1045

accessible to the classification stage. Although a smaller set of well-chosen 1046

measurements could in principle capture task-relevant structure more efficiently than a 1047

larger unstructured representation, the consistent underperformance of quantum models 1048

across all datasets and feature regimes (2.4–6.1 percentage points under learned 1049

bottlenecks, 3.5 percentage points under CNN features) suggests that the measurement 1050
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space is insufficient to recover the discriminative information preserved by quaternion 1051

networks’ 40-dimensional penultimate representations. The observed performance gap 1052

therefore reflects a fundamental architectural constraint within this regime: 1053

measurement-induced dimensionality reduction limits the effective expressivity of 1054

shallow variational quantum classifiers independent of the formal richness of the 1055

pre-measurement quantum state. This comparison should be interpreted as a 1056

regime-specific diagnostic rather than a universal limitation of quantum architectures; 1057

deeper circuits with richer measurement strategies may overcome these constraints. 1058

Optimization geometry limits variational quantum circuits 1059

Beyond measurement compression and shallow circuit depth, variational quantum 1060

circuits face intrinsic optimization challenges arising from the geometry of 1061

parameter-shift gradient estimation. Quaternion networks are trained using standard 1062

backpropagation in Euclidean parameter space, benefiting from full gradient 1063

information and adaptive second-moment estimation via Adam. In contrast, 1064

parameter-shift rules provide only local first-order directional derivatives and do not 1065

expose curvature information such as the Hessian or the Fubini–Study metric by default. 1066

This geometric limitation manifests empirically as pronounced sensitivity to 1067

initialization and elevated variance across random seeds. On MNIST, the entangled 1068

quantum model exhibits test accuracies ranging from 87.7% to 89.0% (standard 1069

deviation 0.62%), compared with the quaternion classifier’s tightly clustered range of 1070

93.5% to 93.8% (standard deviation 0.15%). This fourfold increase in variance reflects 1071

the optimizer’s inability to reliably distinguish favorable parameter basins from 1072

unfavorable ones in the absence of curvature guidance. The same pattern persists and 1073

intensifies under richer feature representations: on CIFAR-10 with frozen ResNet18 1074

features, the entangled quantum circuit exhibits exceptionally high variance (standard 1075

deviation 3.18%), exceeding that of quaternion networks (0.38%) by more than a factor 1076

of eight and real-valued MLPs (0.70%) by more than a factor of four. Rather than 1077

stabilizing training, higher-quality pretrained features exacerbate the optimization 1078

fragility of shallow quantum circuits. 1079

Controlled diagnostic experiments (Table 1) clarify the role of optimization geometry. 1080

Explicit Fubini–Study / quantum Fisher information (FS/QFI) preconditioning yields 1081

update directions nearly collinear with the full natural-gradient step (cosine similarity 1082

≈ 0.96), yet produces final losses statistically indistinguishable from those obtained 1083

using Adam. This equivalence holds across MNIST, FashionMNIST, and CIFAR-10, and 1084

comes at approximately three times the computational cost due to the O(p2) scaling of 1085

metric-tensor evaluation. These results indicate that, in the shallow measurement-limited 1086

regime studied here, optimization geometry alone does not constitute the dominant 1087

performance bottleneck; instead, expressivity constraints imposed by circuit depth and 1088

measurement compression bound attainable accuracy regardless of optimizer choice. 1089

Nevertheless, the elevated variance across seeds reveals a persistent secondary effect. 1090

Without curvature information, gradient-based optimization cannot consistently avoid 1091

poor initialization basins. On MNIST, seed 123 converges to 87.7% accuracy while seed 1092

42 reaches 89.0%, despite identical architectures, data, and hyperparameters. 1093

Quaternion networks, by contrast, exhibit minimal seed dependence across all datasets, 1094

with all runs converging within 0.3 percentage points on MNIST and FashionMNIST. 1095

On CIFAR-10 with ResNet18 features, quaternion classifiers display even lower variance 1096

than real-valued MLPs, suggesting that structured SU(2) constraints stabilize 1097

optimization under high-dimensional feature representations rather than hinder it. 1098

These findings show that shallow quantum classifiers are doubly disadvantaged: 1099

measurement-induced information loss and limited circuit depth cap representational 1100

capacity, while geometric fragility under first-order optimization amplifies variance and 1101
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impedes reliable convergence. Classical quaternion networks, operating in Euclidean 1102

parameter space with adaptive moment estimation, achieve both higher mean accuracy 1103

and substantially lower variance across all datasets and feature regimes. These results 1104

suggest that practical quantum advantage on classical data will require not only deeper 1105

circuits and richer entanglement, but also optimization strategies or initialization 1106

schemes that robustly exploit quantum geometric structure—neither of which is currently 1107

available at practical computational cost. In the absence of such advances, increasing 1108

feature quality or circuit complexity alone does not close the observed performance gap. 1109

Representation-strength control via frozen CNN features 1110

To determine whether the observed performance relationships reflect fundamental 1111

architectural properties rather than artifacts of representation capacity, we conducted a 1112

control experiment on CIFAR-10 in which the learned 16-dimensional bottleneck was 1113

replaced with a frozen ImageNet-pretrained ResNet18 backbone. This substitution 1114

yields 512-dimensional feature embeddings—a 32-fold increase in feature 1115

dimensionality—while preserving identical classification head architectures. By 1116

dramatically increasing representation quality without altering the heads, this design 1117

isolates the effect of head geometry and inductive bias from that of feature capacity. 1118

The resulting performance patterns are remarkably consistent with those observed 1119

under the learned bottleneck. Real-valued heads achieve 47.13%± 0.70% accuracy, an 1120

increase of 6.9 percentage points relative to the bottleneck regime, while quaternion 1121

heads reach 45.21%± 0.38% (+7.3 percentage points). Under these high-quality features, 1122

quaternions retain 95.9% of real MLP performance, compared to 94.3% under the 1123

learned bottleneck. This slight increase indicates that SU(2) algebraic constraints incur 1124

no additional penalty—and may even confer modest advantages—when operating on rich 1125

pretrained representations. Notably, quaternion classifiers also exhibit lower variance 1126

(0.38%) than real MLPs (0.70%) in this regime, suggesting that structured geometric 1127

constraints stabilize optimization under high-dimensional feature representations. 1128

Quantum circuits were evaluated under the same CNN-feature regime to assess 1129

whether their underperformance under learned bottlenecks arises from weak 1130

representations or from intrinsic architectural limitations. The product-state quantum 1131

model (Quantum-NoEnt) achieves 41.71%± 0.94% accuracy, continuing to 1132

underperform both real and quaternion heads by 5.4 and 3.5 percentage points, 1133

respectively. This gap closely mirrors the 5–6 percentage point degradation observed on 1134

MNIST and FashionMNIST, indicating that measurement compression and 1135

optimization challenges persist independent of representation quality. 1136

The entangling quantum model (Quantum-Ent) exhibits a striking reversal of 1137

behavior. While entanglement provides modest gains (approximately 0.6 percentage 1138

points) over product-state circuits on MNIST and FashionMNIST, and no benefit under 1139

the CIFAR-10 learned bottleneck, it substantially degrades performance under CNN 1140

features. On CIFAR-10 with ResNet18 embeddings, Quantum-Ent achieves only 1141

32.46%± 3.18% accuracy, underperforming the product-state variant by 9.3 percentage 1142

points. This degradation is accompanied by exceptionally high variance—more than 1143

eight times that of quaternion classifiers—indicating that entanglement compounds 1144

optimization instability when combined with rich classical feature representations. 1145

These results establish three central findings. First, the quaternion–real performance 1146

relationship (94–96% retention) is robust across a 32-fold increase in feature 1147

dimensionality, demonstrating that it reflects fundamental SU(2) geometric structure 1148

rather than representational constraints. Second, quantum circuit degradation persists 1149

under both weak and strong feature representations, confirming that measurement 1150

compression and optimization fragility are intrinsic architectural limitations. Third, 1151

entanglement’s modest benefits on simple grayscale benchmarks reverse under 1152
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high-quality pretrained features, revealing adverse interactions between circuit depth, 1153

measurement strategy, and representation richness. These results validate the 1154

experimental design: the bottleneck regime isolates head architecture effects, while the 1155

frozen CNN control confirms that the observed performance relationships arise from 1156

fundamental architectural properties rather than feature capacity. 1157

Entanglement: modest gains on simple features, reversal on rich 1158

features 1159

Introducing entanglement through CNOT operations yields consistent and statistically 1160

significant improvements over product-state circuits on MNIST and FashionMNIST. 1161

The entangling classifier (Quantum-Ent) improves accuracy relative to the 1162

product-state variant (Quantum-NoEnt) by 0.64 percentage points on MNIST 1163

(88.16%± 0.62% versus 87.52%± 1.02%) and by 0.59 percentage points on 1164

FashionMNIST (82.62%± 0.52% versus 82.03%± 0.94%). These gains are consistent 1165

across all three random seeds on both datasets, indicating a reproducible 1166

representational benefit rather than a statistical fluctuation. 1167

On CIFAR-10, however, the effect of entanglement weakens substantially. 1168

Quantum-Ent achieves 34.9%± 0.3% accuracy compared with 35.1%± 0.7% for the 1169

product-state model—a difference that is small, directionally inconsistent, and well 1170

within seed-to-seed variability. Thus, while entanglement reliably improves performance 1171

on simpler grayscale benchmarks, it fails to confer a measurable advantage under the 1172

higher visual complexity of CIFAR-10 within the shallow-circuit regime considered here. 1173

These results demonstrate that entanglement can enable learning behavior 1174

unattainable by product-state circuits when operating on identical classical features, 1175

but that the magnitude of this benefit is both dataset-dependent and tightly 1176

constrained by circuit depth and measurement. On MNIST and FashionMNIST, the 1177

observed improvement (approximately 0.6 percentage points) corresponds to a 30–40% 1178

reduction in the error gap between product-state quantum models and quaternion 1179

baselines. Moreover, the reduced variance of Quantum-Ent relative to Quantum-NoEnt 1180

(σ = 0.62% versus 1.02% on MNIST and 0.52% versus 0.94% on FashionMNIST) 1181

suggests that entanglement partially stabilizes the optimization landscape in 1182

low-complexity regimes [21]. No comparable stabilization effect is observed on 1183

CIFAR-10. Although entangling gates are present, shallow depth and restricted 1184

observables limit how entanglement manifests in the loss, resulting in segmented 1185

representations that provide little advantage on higher-complexity datasets. 1186

Implications for quantum machine learning research 1187

These results have direct implications for near-term quantum machine learning research. 1188

First, they establish a classical performance floor for supervised learning on classical 1189

vision benchmarks. Any claim of quantum advantage must now exceed not only 1190

conventional real-valued baselines, but also parameter-efficient quaternion networks, 1191

which provide a stronger and more geometrically faithful classical comparator. This floor 1192

holds across a wide range of representation qualities—from minimal 16-dimensional 1193

learned bottlenecks to rich 512-dimensional pretrained embeddings—indicating that the 1194

quaternion baseline reflects fundamental properties of classical SU(2) geometry rather 1195

than artifacts of weak feature extraction or limited representational capacity. 1196

Second, the results substantially narrow the plausible sources of quantum advantage 1197

on classical data. Local SU(2) structure alone is insufficient, and entanglement does not 1198

guarantee improved performance. Entanglement yields modest gains (approximately 0.6 1199

percentage points) on MNIST and FashionMNIST under learned bottlenecks, provides 1200

no measurable benefit on CIFAR-10 under the same bottleneck, and actively degrades 1201

32



performance by 9.3 percentage points when combined with high-quality pretrained CNN 1202

features. This progression indicates that shallow entanglement interacts adversely with 1203

rich classical representations, and that any quantum advantage on classical data—if 1204

achievable—must arise from mechanisms beyond shallow circuit depth, such as deeper 1205

trainable entanglement, alternative measurement strategies that mitigate information 1206

loss, or problem structures fundamentally misaligned with classical inductive biases. 1207

Third, the findings suggest clear practical priorities for algorithm design. For 1208

practitioners with access to near-term quantum hardware, shallow variational circuits 1209

operating on classical features are unlikely to outperform compact classical alternatives 1210

on image classification tasks resembling MNIST, FashionMNIST, or CIFAR-10, 1211

regardless of whether features are learned or pretrained. The observed reversal of 1212

entanglement benefits under strong feature representations further cautions that naively 1213

adding quantum resources can degrade performance rather than improve it. Progress is 1214

therefore more likely to arise from (i) problems with intrinsic quantum structure, (ii) 1215

deeper circuits that remain reliably trainable while exploiting multi-qubit correlations, 1216

or (iii) hybrid classical–quantum architectures that preserve, rather than compress, 1217

information across the measurement interface. 1218

Scope, limitations, and future directions 1219

This study provides a controlled and reproducible demonstration that 1220

quaternion-valued architectures, as classical implementations of SU(2) geometry, match 1221

or exceed the learning performance of shallow variational quantum classifiers on 1222

classical supervised learning tasks lacking intrinsic quantum structure. Across MNIST 1223

and FashionMNIST, quaternion heads match real-valued baselines in accuracy while 1224

substantially outperforming both product-state and entangled quantum circuits. 1225

Extending the analysis to CIFAR-10 under two representation regimes—a learned 1226

16-dimensional bottleneck and frozen ImageNet-pretrained ResNet18 features—shows 1227

that this qualitative ordering persists under increased visual complexity and across a 1228

32-fold increase in feature dimensionality (from 16 to 512 dimensions). Quaternion 1229

networks retain 94–96% of real-valued performance independent of feature quality, 1230

whereas quantum classifiers degrade by 5–6 percentage points under both learned and 1231

pretrained representations. Because all models operate on identical frozen feature 1232

extractors, these differences isolate the inductive bias and representational geometry of 1233

the classification heads rather than confounding effects of feature learning. 1234

The present findings also connect naturally to the growing literature on quantum 1235

kernel methods. Prior work has shown that, on classical data, quantum kernels induced 1236

by parametrized circuits often fail to outperform well-chosen classical kernels, with 1237

performance primarily determined by data structure rather than quantum-specific 1238

effects [22]. From this perspective, the frozen-feature design employed here can be 1239

interpreted as a controlled comparison of kernel-induced representations: classical heads 1240

(real-valued and quaternion-valued) and quantum circuits act on identical fixed features, 1241

differing only in the geometry and parameterization of the induced transformation. The 1242

consistent underperformance of shallow variational quantum classifiers relative to 1243

quaternion and real-valued counterparts is therefore consistent with kernel-based 1244

analyses, which predict limited advantage for quantum feature maps on classical data 1245

lacking intrinsic quantum structure. Our results extend these observations beyond 1246

kernel alignment metrics to explicit supervised learning performance across multiple 1247

datasets and feature qualities. Whereas prior analyses focus primarily on kernel 1248

expressivity bounds and generalization theory, we provide direct empirical evidence that 1249

classical SU(2) implementations outperform quantum circuits by 2.4–6.1 percentage 1250

points on standard classification benchmarks under matched conditions, with the 1251

performance gap persisting across both minimal learned bottlenecks and rich pretrained 1252
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features. Moreover, we establish that quaternion-valued neural networks—which share 1253

the local SU(2) geometric structure of single-qubit gates—provide a stronger and more 1254

appropriate classical baseline than standard real-valued models when evaluating 1255

quantum advantage claims on classical vision tasks. 1256

The conclusions are necessarily bounded by several design choices that define the 1257

scope of validity. First, all benchmarks considered (MNIST, FashionMNIST, and 1258

CIFAR-10) are classical vision datasets without inherent quantum structure, such as 1259

phase-sensitive features, interference effects, or many-body correlations. The 1260

benchmarks employed here are deliberately chosen as standard, well-characterized 1261

datasets that enable controlled comparison and reproducibility. While these are 1262

relatively low-resolution tasks with balanced classes and full supervision, they span a 1263

meaningful range of visual complexity, from simple grayscale digits to textured clothing 1264

items to natural color images with substantial background variation. The dual-regime 1265

experimental design on CIFAR-10, comparing learned 16-dimensional bottlenecks 1266

against rich 512-dimensional pretrained features, further distinguishes 1267

representation-quality effects from architectural properties. More challenging vision 1268

tasks—including fine-grained recognition, few-shot learning, imbalanced classification, or 1269

higher-resolution natural images—would provide additional empirical coverage, and the 1270

experimental methodology developed here (frozen features, matched seeds, systematic 1271

entanglement comparisons) transfers directly to such settings. However, the consistent 1272

qualitative ordering observed across datasets and feature regimes (RealNet ≳ QuatNet 1273

≫ Quantum-NoEnt ≳ Quantum-Ent) suggests that the core architectural relationships 1274

reflect intrinsic properties of shallow SU(2) model parameterizations rather than artifacts 1275

of dataset-specific performance ceilings. Extension to more complex vision tasks remains 1276

valuable future work, particularly for assessing whether deeper quantum circuits or 1277

alternative measurement strategies can reverse the observed performance gaps. Problems 1278

with genuine quantum structure may therefore exhibit qualitatively different behavior, 1279

including regimes in which classical SU(2) implementations are no longer sufficient. 1280

Parameter counts are reported throughout for transparency but should not be 1281

interpreted as direct measures of model capacity, as parameters in different architectures 1282

(real-valued weights, unit quaternions, rotation angles) occupy different geometric 1283

spaces and contribute differently to expressivity. The frozen-feature experimental design 1284

controls for representational capacity by ensuring all models operate on identical inputs, 1285

rendering such comparisons secondary to performance under matched conditions. 1286

Second, the quantum models are intentionally shallow. Depth-3 circuits with limited 1287

parameter counts are chosen to ensure trainability under current optimization methods 1288

rather than to maximize expressivity. The consistent underperformance of quantum 1289

circuits across all datasets and feature regimes—by 2.4–6.1 percentage points under 1290

learned bottlenecks and by 3.5 percentage points under high-quality pretrained 1291

features—suggests that shallow circuits are particularly susceptible to 1292

measurement-induced information loss and optimization difficulties, independent of 1293

representation strength. Deeper circuits, more aggressive data reuploading, or 1294

alternative parameterizations could in principle reduce this gap, provided that advances 1295

in training methods (such as quantum natural gradients [18], layer-wise training, or 1296

improved initialization strategies) can mitigate barren plateau phenomena [19]. 1297

Whether such improvements scale reliably remains an open question. 1298

Third, the entanglement structure explored here is deliberately simple, relying on a 1299

fixed CNOT ring topology. While entanglement yields consistent but modest 1300

improvements on MNIST and FashionMNIST (approximately 0.6 percentage points), its 1301

benefit diminishes on CIFAR-10 under the learned bottleneck and reverses dramatically 1302

under ResNet18 features, where performance degrades by 9.3 percentage points relative 1303

to product-state circuits. This pattern is consistent with shallow entanglement 1304
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interacting adversely with high-dimensional classical representations, compounding 1305

measurement compression and optimization instability rather than compensating for 1306

limited circuit depth. Alternative entanglement patterns—such as all-to-all, hierarchical, 1307

or problem-adaptive connectivity—may alter this tradeoff, but at the cost of increased 1308

circuit depth, simulation expense, and susceptibility to noise. Whether more structured 1309

entanglement can reverse this degradation on rich features, or whether the adverse 1310

interaction persists at scale, remains an open empirical and theoretical question. 1311

Fourth, the use of frozen classical feature extractors is both a strength and a 1312

limitation. It enables a clean comparison of head architectures while restricting the 1313

ability of quantum models to perform quantum feature extraction. The robustness of 1314

the observed ordering across both learned and pretrained feature regimes indicates that 1315

the performance gap reflects fundamental architectural properties rather than artifacts 1316

of representation quality or dataset simplicity. Nevertheless, end-to-end hybrid training 1317

may expose complementary roles for quantum preprocessing, although existing evidence 1318

suggests that classical components often dominate hybrid architectures in practice [23]. 1319

Finally, all quantum experiments are conducted using GPU-based simulation. While 1320

this allows precise control and reproducibility, it does not capture the noise, gate errors, 1321

and coherence limitations of near-term quantum hardware [24]. Such effects may further 1322

degrade variational quantum classifier performance or favor alternative algorithmic 1323

strategies not examined here. 1324

Future work should extend this analysis to datasets with intrinsic quantum 1325

structure, such as quantum chemistry simulations encoded as classification problems, 1326

phase estimation tasks with superposition-based data, or problems exhibiting global 1327

symmetries that entanglement can exploit efficiently but classical product structures 1328

cannot. Additional directions include exploring deeper and more expressive circuit 1329

architectures under improved training schemes, systematically characterizing the 1330

interaction between entanglement and feature dimensionality, comparing quaternion 1331

networks with other hypercomplex models (including complex- and octonion-valued 1332

networks), and validating findings on real quantum hardware. Analytical results 1333

identifying when classical SU(2) implementations are provably sufficient—and when 1334

they must fail—would provide a valuable complement to empirical studies. 1335

These findings delineate a practically relevant regime in which classical quaternion 1336

models achieve near-equivalence with real-valued networks (retaining 94–96% of 1337

performance across feature qualities) while substantially outperforming shallow 1338

quantum classifiers (by 2.4–6.1 percentage points) as data complexity and 1339

representation strength increase. The unexpected reversal of entanglement’s benefit 1340

under high-quality pretrained features—from modest gains on simple datasets to 1341

substantial degradation on rich representations—establishes a novel empirical boundary 1342

that warrants theoretical explanation. Within this regime, quaternion architectures 1343

emerge as efficient classical alternatives to product-state quantum circuits on classical 1344

data, while leaving open the central question of when genuinely quantum resources can 1345

deliver unambiguous advantages beyond the reach of any classical SU(2)-based model. 1346

Conclusion 1347

This work identifies a well-defined empirical regime in which classical SU(2) models, 1348

implemented through quaternion-valued neural networks, match or exceed the 1349

performance of shallow variational quantum circuits on classical supervised learning 1350

tasks. Under shared frozen feature representations—ranging from minimal 1351

16-dimensional learned bottlenecks to rich 512-dimensional ImageNet-pretrained 1352

embeddings—quaternion classifiers consistently match or closely approach real-valued 1353

baselines. On MNIST and FashionMNIST, quaternions achieve statistical equivalence 1354
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with real MLPs (differences below 0.2 percentage points). On CIFAR-10, quaternions 1355

retain 94–96% of real MLP performance across both learned and pretrained feature 1356

regimes, demonstrating robustness independent of representation quality. 1357

Across all benchmarks and feature regimes, shallow variational quantum classifiers 1358

underperform quaternion networks by 2.4–6.1 percentage points despite dramatically 1359

higher computational cost and substantially greater variance across random seeds. 1360

Introducing entanglement yields modest gains on simple datasets with learned 1361

bottlenecks (approximately 0.6 percentage points on MNIST and FashionMNIST), 1362

provides no benefit on CIFAR-10 with learned bottleneck, and actively degrades 1363

performance by 9.3 percentage points on CIFAR-10 with high-quality pretrained 1364

features. This reversal shows that adding quantum resources does not guarantee 1365

improved performance and can instead impair learning when combined with rich 1366

classical feature representations. Local SU(2) rotation geometry alone is therefore 1367

insufficient to confer a practical learning advantage on classical image data under 1368

current near-term training paradigms, and shallow entanglement can interact adversely 1369

with high-dimensional embeddings. 1370

The performance gap between classical and quantum models arises from structural 1371

differences rather than parameter count. Quaternion networks preserve continuous 1372

intermediate representations throughout the forward pass, whereas quantum models 1373

must ultimately compress a high-dimensional quantum state into a small number of 1374

classical expectation values at measurement. This measurement-induced compression, 1375

together with optimization challenges associated with parameter-shift gradient 1376

estimation and architectural limits imposed by shallow circuit depth, constrains the 1377

effectiveness of variational quantum classifiers independent of feature quality. The 1378

persistence of quantum degradation across both minimal learned bottlenecks and rich 1379

pretrained representations confirms that these limitations are intrinsic to the shallow 1380

quantum architecture rather than artifacts of weak feature extraction. 1381

The scope of these conclusions is necessarily bounded. Our experiments focus on 1382

classical vision benchmarks, shallow circuits, frozen feature extractors, and simulated 1383

quantum execution. Tasks with intrinsic quantum structure, deeper or more expressive 1384

circuits, end-to-end hybrid training, or improved quantum optimization methods may 1385

exhibit qualitatively different behavior. In particular, the entanglement reversal observed 1386

under high-quality features warrants systematic investigation to determine whether this 1387

adverse interaction persists at greater circuit depths or reflects a more fundamental 1388

boundary between shallow quantum processing and rich classical representations. These 1389

results do not preclude advantages from deeper circuits or richer measurement strategies; 1390

rather, they delimit the regime in which local SU(2) structure alone governs performance. 1391

Within the regime examined, quaternion networks emerge as efficient, stable, and 1392

expressive classical alternatives to shallow variational quantum circuits, retaining 1393

94–96% of real MLP performance across feature qualities while substantially 1394

outperforming both product-state and entangled quantum models. More broadly, they 1395

provide a practically relevant reference point for disentangling geometric effects from 1396

genuinely quantum sources of expressivity, reframing the boundary between classical 1397

and quantum advantage as an empirical question rather than an assumption. The 1398

observed reversal of entanglement’s benefit under rich feature representations—from 1399

modest gains on simple datasets to substantial degradation—establishes a new 1400

empirical constraint that challenges prevailing intuitions about the universal utility of 1401

quantum resources and underscores the importance of controlled, geometry-aware 1402

comparisons in quantum machine learning research. 1403
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