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ABSTRACT

In this study, we apply two pillars of Scientific Machine Learning: Neural Ordinary Differential
Equations (Neural ODEs) [1,2] and Universal Differential Equations (UDEs) [3,4] to the SIQRDV
Epidemiological Model. The SIQRDV model is fundamental for understanding infectious disease
dynamics [5,6], extending the classical SIR framework [7,8] by incorporating quarantined, deceased,
and vaccinated populations to capture the complex interactions during disease spread. Despite
the rise in Scientific Machine Learning frameworks [9,10], limited attention has been paid to the
systematic application of these SciML pillars to epidemiological differential equations with multiple
compartments [11,12]. Through robust modeling in the Julia programming language [13,14], we
show that both Neural ODEs and UDEs can be used effectively for both prediction and forecasting
of disease trajectories in the SIQRDV framework. More importantly, we introduce the "forecasting
breakdown point" – the time horizon at which forecasting accuracy degrades significantly for both
Neural ODEs and UDEs, providing critical insights into the temporal limits of reliable epidemic
predictions. Through comprehensive hyperparameter optimization testing [15,16], we provide
information on neural network architecture, activation functions, and optimizers that provide the best
results to capture the non-linear dynamics inherent in disease transmission. This study opens a door
to investigate the applicability of Scientific Machine Learning frameworks to complex compartmental
models in epidemiology [17,18] and provides a foundation for data-driven approaches to public health
decision making with a clear understanding of prediction reliability bounds.

Keywords: SIQRDV Model · Epidemiological Forecasting · Scientific Machine Learning · Neural ODE · Universal
Differential Equations

1 Introduction

Scientific Machine Learning (Scientific ML) is a growing field with a wide range of applications in various domains
such as epidemiology [19,20], gene expression [21,22], optics [23,24], fluid mechanics [25,26], quantum circuits
[27,28], and system biology [29,3]. This field of Scientific ML leverages the interpretability of scientific structures like
ODEs/PDEs along with the expressivity of neural networks [30,9]. Broadly, the rise of Scientific Machine Learning can
be attributed to three popular methodologies:
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• Neural Ordinary Differential Equations: The entire forward pass of an ODE/PDE is replaced with neural
networks [1,2]. We perform backpropagation through the neural network augmented ODE/PDE [31,32]. In
doing so, we find the optimal values of the neural network parameters.

• Universal Differential Equations (UDEs): In contrast to Neural ODEs, only certain terms of the ODE/PDEs
are replaced with neural networks [3,4]. We then discover these terms by optimizing the neural network
parameters. Universal Differential Equations can be used to correct existing underlying ODEs/PDEs as well as
to discover new, missing physics [33,34].

• Physics Informed Neural Networks (PINNs): PINNs are predominantly used as an alternative to traditional
ODE/PDE solvers to solve an entire ODE/PDE [25,9]. We replace the variable with a neural network and
the loss function is determined by the ODE/PDE solution and the boundary conditions [11,35]. When we
minimize the loss function, we automatically find the optimum solution to the ODE/PDE.

Despite the advances of Scientific ML in various fields, there is a lack of comprehensive comparative studies applying
multiple Scientific ML methods to complex epidemiological systems [17,20]. Although there are a few studies aimed at
applying Neural ODEs to epidemic modeling [4,19], there is no systematic investigation comparing the performance of
Universal Differential Equations (UDEs) and Neural ODEs on realistic epidemic models with time-varying parameters
and intervention effects.

In particular, the following questions are still unanswered:

• In the spirit of UDEs, can we replace certain terms of an epidemic ODE system with neural networks and
recover them?

• How does the Neural ODE prediction compare with the UDE prediction?

• Can we perform reliable forecasting on the epidemic system with Neural ODEs and UDEs?

• Are UDEs inherently better at forecasting than Neural ODEs?

• What are the optimal hyperparameters and network architectures for epidemic modeling?

We aim to answer these questions by examining a comprehensive compartmental model in epidemiology: the SIQRDV
(Susceptible–Infected–Quarantined–Recovered–Deceased–Vaccinated) equation system [5,6]. The SIQRDV model
extends traditional SIR frameworks [7,8] by incorporating quarantine measures [36,37] and vaccination dynamics
[38,39], providing a realistic representation of modern epidemic control strategies. This equation is fundamental for
understanding disease transmission and evaluating public health interventions. Using this model, we can potentially
predict infection trajectories and assess the effectiveness of containment measures.

We use the advanced Scientific Machine Learning libraries provided by the Julia Programming Language [13,14,3].
Through robust hyperparameter optimization testing [15,16,40], we provide insights on the neural network architecture,
activation functions, and optimizers which produce the best results. We show that both Neural ODEs and UDEs can be
used effectively for both prediction as well as forecasting of the SIQRDV system.

The paper is structured as follows. We start by presenting the methodology and detailed description of the SIQRDV
model, Neural ODEs, and UDEs approaches. Subsequently, we present the prediction and forecasting results for both
methods with comprehensive performance metrics. We also provide detailed hyperparameter optimization insights and
comparative analysis. Finally, we conclude with a detailed discussion of our results, the identification of forecasting
breakdown points, and the future scope of applying Scientific ML methods in epidemic modeling and broader public
health applications.

2 Methodology

2.1 The SIQRDV Model Formulation

The SIQRDV (Susceptible–Infected–Quarantined–Recovered–Deceased–Vaccinated) model describes the dynamics of
epidemic disease transmission in a population with quarantine measures and vaccination strategies [5,6,36]. The model
is governed by a system of six coupled first-order ordinary differential equations.
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dS

dt
= −β

SI

Nliving

− νS (1a)

dI

dt
= β

SI

Nliving

− (γ + δ + κ)I (1b)

dQ

dt
= κI − (γq + δq)Q (1c)

dR

dt
= γI + γqQ (1d)

dD

dt
= δI + δqQ (1e)

dV

dt
= νS (1f)

where the system is initialized with a predominantly susceptible population and a small number of initial infections,
reflecting typical epidemic-onset conditions where the disease is introduced into a largely unaffected community with
no prior immunity or vaccination coverage [41,42].

This system of equations is of compartmental type [7,8], and therefore a unique solution exists for t ≥ 0 [6,5]. The
equations describe the temporal evolution of population distribution across six compartments as a function of time t.
Particularly, the variables S, I , Q, R, D, V and t are expected to take non-negative real values due to their physical
meaning as population counts. From this constraint, we can impose additional restrictions on the behavior of the
compartments:

0 ≤ S, I,Q,R,D, V ≤ N0, 0 ≤ t ≤ tmax (2)

where N0 = 1000 is the total initial population and Nliving = S + I +Q+R+ V represents the living population at
time t. The model satisfies the conservation constraint:

S(t) + I(t) +Q(t) +R(t) +D(t) + V (t) = N0, ∀t ≥ 0 (3)

Moreover, the susceptible population is monotonically non-increasing, while the deceased and vaccinated populations
are monotonically non-decreasing:

dS

dt
≤ 0,

dD

dt
≥ 0,

dV

dt
≥ 0 (4)

2.2 Numerical Implementation and Data Generation

For the computational implementations, the epidemic parameters were set to: β = 0.25, κ = 0.06, γ = 0.12, γq = 0.09,
δ = 0.008, δq = 0.004, and ν = 0.015, where β represents the transmission rate (effective contact rate between
susceptible and infected individuals) [43,44], κ denotes the quarantine rate (rate at which infected individuals are
isolated) [37,36], γ and γq are the recovery rates for infected and quarantined individuals respectively [8,42], δ and δq
represent the death rates for infected and quarantined individuals [45,46], and ν is the vaccination rate [38,39].

The finite-length temporal interval in which the SIQRDV system exhibits meaningful epidemic dynamics was obtained
by implementing a numerical approach in the Julia programming language [13,14]. For these parameter values, the set
of valid values obtained for t was Df = {t ∈ R : 0 ≤ t ≤ 100} = [0, 100] days. Subsequently, the domain Df was
discretized into 51 equally spaced time values for the primary analysis, and alternatively into 1000 equally spaced time
values for high-resolution experiments. For these time points, the values for all six compartments (S, I,Q,R,D, V )
were saved from the numerical solution of the ODE system using the Tsit5 algorithm (Tsitouras 5th order Runge-Kutta
method) [47,48] with absolute tolerance of 10−8 and relative tolerance of 10−7, resulting in synthetic data characterizing
the epidemic trajectory for the specified parameter set.

To evaluate the robustness of the Neural ODE and UDE frameworks under realistic conditions [30,9], we generated
three distinct datasets: no-noise data (the original synthetic data), moderate-noise data (with 5% Gaussian noise added),
and high-noise data (with 10% Gaussian noise added). The models were then applied to these datasets to assess their
performance under varying levels of data uncertainty. For training routines, different subsets of these data sets were
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used to test the prediction capacity of neural network models [49,50], specifically utilizing 90%, 80%, 40%, 20%, and
10% of the data to examine how the models perform with limited training information.

2.3 Scientific Machine Learning Approaches

2.3.1 Neural Ordinary Differential Equations (Neural ODEs)

Neural Ordinary Differential Equations represent a paradigm where the entire dynamics of the system are learned by a
neural network [1,2]. Instead of using the mechanistic SIQRDV equations, the time derivatives are approximated by a
neural network fθ:

du

dt
= fθ(u, t) (5)

where u = [S, I,Q,R,D, V ]⊤ represents the state vector and θ denotes the neural network parameters. The neural
network architecture consists of multiple fully connected layers with nonlinear activation functions [51,52], enabling
the approximation of complex dynamical relationships:

fθ(u, t) = gL ◦ gL−1 ◦ · · · ◦ g1(u, t) (6)

where each layer gi performs an affine transformation followed by a nonlinear activation, and L denotes the network
depth. The architecture is designed to balance expressiveness with computational efficiency, with the specific configura-
tion determined through hyperparameter optimization [15,16]. The Neural ODE is trained by minimizing the weighted
mean squared error between the predicted trajectory and observed data:

LNODE(θ) =
1

NT

n∑

i=1

wi

T∑

j=1

(ui(tj ; θ)− ûi(tj))
2

(7)

where n is the number of compartments, wi are compartment-specific weights that allow prioritization of accuracy for
epidemiologically critical states such as the infected population, T is the number of observation time points, and ûi(tj)
represents the observed data. The weighting scheme enables the model to focus on accurately capturing the dynamics
of compartments most relevant to disease transmission and public health decision-making.

In our experimental setup, we implemented the Neural ODE model on synthetic SIQRDV epidemic data with 1000
equally spaced temporal points over a 160-day period. The dataset was generated using the ground truth SIQRDV
model and subsequently contaminated with 1% Gaussian noise proportional to the signal magnitude to simulate realistic
observation conditions. The data was partitioned using a 70-30 temporal split for training and testing, allowing us to
evaluate both interpolation accuracy and forecasting capability. The specific hyperparameters employed in our Neural
ODE implementation are detailed in Table 1.

Table 1: Neural ODE hyperparameters for SIQRDV model training with 1% noise data

Hyperparameter Selected Value Search Range

Time span (days) (0, 160) (0, 100) – (0, 200)
Data points 1000 500 – 2000
Noise level 1% (Gaussian) 0% – 10%
Train/test split 70/30 60/40 – 80/20
Network architecture [6, 24, 24, 6] [6, 12, 12, 6] – [6, 48, 48, 6]
Hidden layers 2 1 – 4
Activation function tanh ReLU, tanh, sigmoid, softplus
Optimizer (Stage 1) ADAM [53] ADAM, RAdam, AdamW
Optimizer (Stage 2) BFGS [54] BFGS, L-BFGS
Learning rate (ADAM) 0.01 0.001 – 0.1
Initial step norm (BFGS) 0.001 0.0001 – 0.01
Iterations (ADAM) 500 300 – 800
Iterations (BFGS) 300 100 – 500
ODE solver Tsit5 [47] Tsit5, Vern7, TRBDF2

Solver tolerances atol=10−6, rtol=10−5 10−5 – 10−8

Compartment weights [1.0, 5.0, 2.0, 1.0, 1.0, 1.0] Uniform – Weighted
Adjoint method InterpolatingAdjoint [14] Various adjoint methods
Training time 42.3 seconds –

Final test R2 0.978 Target: > 0.95
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2.3.2 Universal Differential Equations (UDEs)

Universal Differential Equations offer a hybrid approach where known mechanistic components are retained while
unknown or uncertain terms are replaced with neural networks [3,4]. For the SIQRDV model, neural networks augment
specific epidemiological parameters that exhibit complex, potentially state-dependent behavior, while other parameters
remain as learnable scalars. The transmission and quarantine rates are modeled as:

β(x; θβ) = βbase +∆β · NNβ(x̃; θβ) (8a)

κ(y; θκ) = κbase +∆κ · NNκ(ỹ; θκ) (8b)

where x and y represent relevant state variables influencing transmission and quarantine respectively, x̃ and ỹ are
normalized versions of these inputs, βbase and κbase ensure baseline rates, while ∆β and ∆κ scale the neural network
contributions. The neural networks NNβ and NNκ employ architectures with appropriate activation functions [55,49]
to ensure biological plausibility—maintaining positivity for rates and appropriate boundedness. The UDE system
preserves the mechanistic structure while incorporating the augmented parameters:

dS

dt
= −β(·; θβ)

SI

Nliving

− νS (9a)

dI

dt
= β(·; θβ)

SI

Nliving

− (γ + δ + κ(·; θκ))I (9b)

dQ

dt
= κ(·; θκ)I − (γq + δq)Q (9c)

dR

dt
= γI + γqQ (9d)

dD

dt
= δI + δqQ (9e)

dV

dt
= νS (9f)

The UDE loss function combines data fidelity with the hybrid mechanistic-neural structure:

LUDE(θβ , θκ, θparams) =
1

NT

n∑

i=1

wi

T∑

j=1

(ui(tj ; θ)− ûi(tj))
2

(10)

where θparams represents the collection of learnable scalar parameters for recovery, mortality, and vaccination rates,
enabling data-driven calibration while maintaining interpretability of these epidemiological quantities [33,34].

In our experimental framework, we implemented the Universal Differential Equations (UDE) approach on the same
synthetic SIQRDV dataset consisting of 1000 temporal observations over 160 days, contaminated with 1% Gaussian
noise. The UDE model combines mechanistic epidemiological structure with neural network augmentation, where
the transmission rate β and quarantine rate κ are learned through neural networks while other parameters remain as
trainable scalars. This hybrid approach leverages domain knowledge while allowing data-driven discovery of complex
parameter dependencies. The specific hyperparameters employed in our UDE implementation are presented in Table 2.
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Table 2: UDE hyperparameters for SIQRDV model training with 1% noise data

Hyperparameter Selected Value Search Range

Time span (days) (0, 160) (0, 100) – (0, 200)
Data points 1000 500 – 2000
Noise level 1% (Gaussian) 0% – 10%
Train/test split 70/30 60/40 – 80/20
Neural Network Components
NNβ architecture [2, 12, 8, 1] [2, 8, 4, 1] – [2, 16, 12, 1]
NNβ activation tanh (hidden), softplus (output) Various combinations
NNκ architecture [1, 8, 1] [1, 4, 1] – [1, 12, 1]
NNκ activation tanh (hidden), sigmoid (output) Various combinations
Parameter Constraints
β range 0.1 + 0.3 ·NNβ [0.1, 0.4]
κ range 0.03 + 0.07 ·NNκ [0.03, 0.1]
Learnable scalars [γ, γq, δ, δq, ν] Initialized near true values
Optimization Settings
Optimizer (Stage 1) ADAM [53] ADAM, RAdam
Optimizer (Stage 2) BFGS [54] BFGS, L-BFGS
Learning rate (ADAM) 0.01 0.001 – 0.1
Initial step norm (BFGS) 0.01 0.001 – 0.1
Iterations (ADAM) 500 300 – 800
Iterations (BFGS) 300 100 – 500
ODE solver Tsit5 [47] Tsit5, Vern7

Solver tolerances atol=10−6, rtol=10−5 10−5 – 10−8

Compartment weights [1.0, 3.0, 2.5, 2.0, 3.0, 1.5] Uniform – Weighted
Adjoint method InterpolatingAdjoint [14] Various adjoint methods
Training time 47.8 seconds –

Final test R2 0.983 Target: > 0.95

3 Results and Discussion

Six cases were considered for the training process of the models.

3.1 Case 1: Training in the full domain (160 days data points)

First, the implementation of the Neural ODE and UDE models for the SIQRDV compartmental model was performed
using the complete training domain (100% of available data). Three distinct datasets were utilized to evaluate model
performance under varying noise conditions: (i) no-noise data representing ideal conditions, (ii) moderate-noise data
with 7% noise level, and (iii) high-noise data with 35% noise level. The training results for the Neural ODE model
across these three datasets are presented in Figures 1–3.
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Figure 1: Neural ODE for SIQRDV compartments with noise-free data

Figure 2: Neural ODE for SIQRDV compartments with moderate noisy data
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Figure 3: Neural ODE for SIQRDV compartments with high noisy data

Figures 1–3 show the Neural ODE model’s training performance on the full 160-day domain under different noise
conditions. The Susceptible (S) compartment performs well across all noise levels. The Infected (I) compartment
correctly captures the epidemic peak with clean and 7% noisy data but underestimates it with 35% noise. The
Quarantined (Q) compartment degrades as noise increases: working well with clean data, showing oscillations with
7% noise, and failing completely with 35% noise. The Recovered (R) compartment consistently follows the correct
growth pattern across all noise levels. The Deaths (D) compartment shows the worst performance, failing to capture the
continuous increase even with clean data and producing unrealistic plateau and decline patterns. The Vaccinated (V)
compartment performs excellently in all scenarios, maintaining accurate linear growth regardless of noise level.
The UDE implementation for the SIRQDV model is presented in figure[4-6].
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Figure 4: UDE predictions for SIQRDV compartments with noise-free data

Figure 5: UDE predictions for SIQRDV compartments with moderate noisy data
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Figure 6: UDE predictions for SIQRDV compartments with high noisy data

3.2 Case 2: Training with 90% of the full available data and forecasting

The Neural ODEs and UDEs were trained on the first 90%(144 days) data points from the no-noise, moderate-noise,
and high-noise datasets. The remaining 16 time points were used for testing to evaluate forecasting capability. The
Neural ODE results are shown in Figures[7-9].

Figure 7: Neural ODE (90/10 Split) for SIQRDV compartments with moderate noisy data
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Figure 8: Neural ODE (90/10 Split) for SIQRDV compartments with moderate noisy data

Figure 9: Neural ODE (90/10 Split) for SIQRDV compartments with moderate noisy data

Figures[7-9] show the Neural ODE model’s forecasting results when trained on 90% of data (days 1–144) and tested on
the remaining 10% (days 145–160). The Susceptible (S) compartment performs well in both training and forecasting
across all noise levels. The Infected (I) compartment learns the peak correctly during training but fails badly in
forecasting, dropping to zero or showing wild oscillations. The Quarantined (Q) compartment works during training
but completely breaks down in forecasting, producing unrealistic negative values and erratic patterns. The Recovered
(R) compartment shows good forecasting, reaching the correct plateau around 100 despite some scatter with high
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noise. The Deaths (D) compartment performs worst overall, failing to capture the expected continuous increase even
with clean data and producing artificial peaks in forecasting. The Vaccinated (V) compartment works perfectly in all
cases, maintaining accurate linear growth regardless of noise level.// For the trained UDE, the results can be seen in the
graphics shown in figure[10-12]:

Figure 10: UDE (90/10 Split) for SIQRDV compartments with moderate noisy data

Figure 11: UDE (90/10 Split) for SIQRDV compartments with moderate noisy data
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Figure 12: UDE (90/10 Split) for SIQRDV compartments with moderate noisy data

Figures[10–12] show the UDE model’s forecasting results when trained on 90% of data (days 1–144) and tested on the
remaining 10% (days 145–160). The Susceptible (S) compartment achieves perfect performance across all noise levels
with smooth exponential decline. The Infected (I) compartment demonstrates stable forecasting in all cases, maintaining
smooth decline even with 35% noise, unlike Neural ODE’s catastrophic failures. The Quarantined (Q) compartment
shows excellent stability with reasonable predictions across all noise levels, contrasting sharply with Neural ODE’s
complete breakdown. The Recovered (R) compartment consistently achieves accurate plateau predictions around
100 population units across all noise levels. The Deaths (D) compartment shows significantly improved performance
compared to Neural ODE, preserving monotonic increasing trend even with 35% noise without erratic peaks. The
Vaccinated (V) compartment exhibits flawless performance, maintaining perfect linear growth regardless of noise level.
Overall, the UDE model substantially outperforms Neural ODE in forecasting, maintaining stability and physical
consistency across all compartments even under high noise conditions.

3.3 Case 3: Training with 80% of the full available data and forecasting

The Neural ODEs and UDEs were trained with smaller data subsets to further evaluate their long-range forecasting
capabilities. The no-noise, moderate-noise, and high-noise training datasets were reduced to 80% of the original
160-day domain, forming new training subsets that included compartment states and their derivatives corresponding to
the first 128 time points. The remaining 32 time points (days 129–160) were used as testing data to evaluate the models’
forecasting performance over an extended horizon. The results for the Neural ODE and UDE models are presented in
Figures[13-15] and Figures[16-18], respectively.
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Figure 13: Neural ODE (80/20 Split) for SIQRDV compartments with noise-free data

Figure 14: Neural ODE (80/20 Split) for SIQRDV compartments with moderate noisy data
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Figure 15: Neural ODE (80/20 Split) for SIQRDV compartments with high noisy data

Figures[13–15] show the Neural ODE model’s forecasting results when trained on 80% of data (days 1–128) and tested
on the remaining 20% (days 129–160). The Susceptible (S) compartment fits well during training but deviates in the
forecasting region across all noise levels. The Infected (I) compartment captures the initial dynamics during training but
fails catastrophically in forecasting, dropping to physically impossible negative values in all scenarios. The Quarantined
(Q) compartment shows similar failure, producing unrealistic negative values in the forecasting region. The Recovered
(R) compartment demonstrates poor forecasting, incorrectly predicting continued growth beyond the true plateau. The
Deaths (D) compartment performs worst, dropping to negative values which is physically impossible for cumulative
deaths. The Vaccinated (V) compartment shows relatively better performance, maintaining a reasonable linear trend
though with increasing scatter at higher noise levels. Overall, the Neural ODE struggles with long-range forecasting
even with 80% training data, producing physically inconsistent predictions for most compartments.

15



Figure 16: UDE(80/20 Split) for SIQRDV compartments with noise-free data

Figure 17: UDE(80/20 Split) for SIQRDV compartments with moderate noisy data
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Figure 18: UDE(80/20 Split) for SIQRDV compartments with high noisy data

Figures[16–18] show the UDE model’s forecasting results when trained on the first 128 days and tested on days
129–160. The Susceptible (S) compartment performs well during training and maintains reasonable forecasting across
all noise levels. The Infected (I) compartment captures the epidemic peak accurately and shows good forecasting with
noise-free and moderate noisy data, but forecasting becomes erratic with unrealistic peak formations under high noisy
data. The Quarantined (Q) compartment demonstrates good performance with noise-free and 7% noisy data, but fails
completely under high noise, generating unrealistic large peaks in forecasting. The Recovered (R) compartment shows
excellent training fit but overpredicts in forecasting, with severity increasing from moderate overprediction at moderate
noise to extreme overprediction at highy noisy situation. The Deaths (D) compartment performs well with noise-free
data but overpredicts significantly with noisy data in forecasting. The Vaccinated (V) compartment demonstrates
excellent performance with noise-free and moderate noisy data, maintaining accurate linear growth, though some
deviation appears under high noise. Overall, the UDE model shows good performance with low noise but struggles with
long-range forecasting under high noise conditions, though it avoids the negative value failures seen in Neural ODE.

3.4 Case 4: Training with 40% of the full available data and forecasting

The Neural ODEs and UDEs were trained on reduced datasets to evaluate forecasting under severe data limitation. The
no-noise, moderate-noise, and high-noise datasets were trimmed to 40%, using the first 64 days for training and the
remaining 96 days (days 65–160) for testing. Results are shown in Figures[19–21] for Neural ODE and Figures[22–24]
for UDE.
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Figure 19: Neural ODE(40/60 Split) for SIQRDV compartments with noise-free data

Figure 20: Neural ODE(40/60 Split) for SIQRDV compartments with high noisy data
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Figure 21: Neural ODE(40/60 Split) for SIQRDV compartments with moderate noisy data

Figures[19–21] show the Neural ODE model’s forecasting results when trained on the first 64 days and tested on days
65–160. The Susceptible (S) compartment fits well during training but underestimates the population in forecasting
across all noise levels. The Infected (I) compartment captures the epidemic peak during training but catastrophically fails
in forecasting, dropping to physically impossible negative values in all scenarios. The Quarantined (Q) compartment
shows similar catastrophic failure, producing unrealistic negative values in forecasting regardless of noise level. The
Recovered (R) compartment demonstrates reasonable training fit and maintains plateau predictions for noise-free
and 7% noisy data, but with 35% noise shows significant scatter and oscillations, along with incorrect continued
growth predictions. The Deaths (D) compartment performs worst, dropping to negative values in forecasting across all
scenarios, which is physically impossible for cumulative deaths. The Vaccinated (V) compartment shows relatively
better performance, maintaining reasonable linear trend with noise-free data, though deviation increases with 7% and
35% noise. Overall, training on only 40% of data leads to severe Neural ODE failures in long-range forecasting, with
most compartments producing physically impossible negative values.
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Figure 22: UDE(40/60 Split) for SIQRDV compartments with noise-free data

Figure 23: UDE(40/60 Split) for SIQRDV compartments with moderate noisy data
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Figure 24: UDE(40/60 Split) for SIQRDV compartments with high noisy data

Figures[22–24] show the UDE model’s forecasting results when trained on the first 64 days and tested on days 65–160.
The Susceptible (S) compartment performs excellently across all noise levels, maintaining accurate exponential decline
throughout training and forecasting regions. The Infected (I) compartment captures the epidemic peak accurately and
demonstrates excellent forecasting with noise-free and 7% noisy data, though some scatter appears with 35% noise
while maintaining the overall trend. The Quarantined (Q) compartment shows excellent performance with noise-free and
7% noisy data, but exhibits noticeable scatter in forecasting with 35% noise. The Recovered (R) compartment achieves
accurate plateau predictions around 100 for noise-free data, shows oscillations with 7% noise in forecasting, and
displays significant scatter with 35% noise though the general plateau trend is preserved. The Deaths (D) compartment
maintains excellent monotonic growth with noise-free data, shows increased scatter with 7% noise while preserving the
general trend, and exhibits heavy scatter with 35% noise but avoids the negative value failures seen in Neural ODE. The
Vaccinated (V) compartment demonstrates outstanding performance across all scenarios, maintaining accurate linear
growth with only minor scatter at higher noise levels. Overall, the UDE model significantly outperforms Neural ODE
when trained on limited data, maintaining physically consistent predictions and avoiding catastrophic failures even
under severe data limitation and high noise conditions.

3.5 Case 5: Training with 20% of the full available data and forecasting

The Neural ODEs and UDEs were trained with severely limited datasets to evaluate their forecasting performance under
extreme data scarcity. The no-noise, moderate-noise, and high-noise training datasets were reduced to only 20% of
the full domain, using compartment states and derivatives from the first 32 days for training. The remaining 128 days
(days 33–160) served as the testing period to assess forecasting capability under extreme data limitation, where the
forecasting horizon is four times longer than the training period. The results for the Neural ODE and UDE models are
shown in Figures[25–27] and Figures[28–30], respectively.
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Figure 25: Neural ODE(20/80 Split) for SIQRDV compartments with noise-free data

Figure 26: Neural ODE(20/80 Split) for SIQRDV compartments with moderate noisy data
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Figure 27: Neural ODE(20/80 Split) for SIQRDV compartments with high noisy data

Figures[25–27] show the Neural ODE model’s forecasting results when trained on only the first 32 days and tested on
days 33–160. The Susceptible (S) compartment fits reasonably during training but underestimates population values in
forecasting across all noise levels, with deviation increasing as noise increases. The Infected (I) compartment captures
the epidemic peak during training but catastrophically fails in forecasting, dropping to large negative values across all
scenarios regardless of noise level. The Quarantined (Q) compartment shows similar catastrophic failure, producing
extremely large negative values in forecasting for all noise conditions, demonstrating complete inability to extrapolate
beyond the limited training period. The Recovered (R) compartment demonstrates training fit but incorrectly predicts
continued growth in forecasting, with noise-free and 7% noisy data showing overprediction beyond realistic plateau
values, and 35% noise exhibiting severe scatter while still overpredicting. The Deaths (D) compartment performs
worst, dropping to negative values in forecasting across all scenarios, which is physically impossible for cumulative
deaths. The Vaccinated (V) compartment shows relatively better performance, maintaining reasonable linear trend
in forecasting though with increasing deviation at higher noise levels. Overall, training on only 20% of data leads to
catastrophic Neural ODE failure in long-range forecasting, with most compartments producing physically impossible
negative values, demonstrating fundamental limitations in extrapolating epidemic dynamics from severely limited
training data.
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Figure 28: UDE(20/80 Split) for SIQRDV compartments with noise-free data

Figure 29: UDE(20/80 Split) for SIQRDV compartments with moderate noisy data
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Figure 30: UDE(20/80 Split) for SIQRDV compartments with high noisy data

Figures[28–30] show the UDE model’s forecasting results when trained on the first 64 days and tested on days 65–160.
The Susceptible (S) compartment performs excellently across all noise levels, maintaining accurate exponential decline
throughout training and forecasting regions. The Infected (I) compartment captures the epidemic peak accurately
and demonstrates excellent forecasting with noise-free and 7% noisy data, though some scatter appears with 35%
noise while maintaining the overall declining trend. The Quarantined (Q) compartment shows excellent performance
with noise-free and 7% noisy data, but exhibits noticeable scatter in forecasting with 35% noise. The Recovered (R)
compartment achieves accurate plateau predictions around 100 for noise-free data, shows oscillations with 7% noise
in forecasting, and displays significant scatter with 35% noise though the general plateau trend is preserved. The
Deaths (D) compartment maintains excellent monotonic growth with noise-free data, shows increased scatter with 7%
noise while preserving the general trend, and exhibits heavy scatter with 35% noise but crucially avoids the negative
value failures seen in Neural ODE. The Vaccinated (V) compartment demonstrates outstanding performance across all
scenarios, maintaining accurate linear growth with only minor scatter at higher noise levels. Overall, the UDE model
significantly outperforms Neural ODE when trained on limited data, maintaining physically consistent predictions
and avoiding catastrophic failures even under severe data limitation and high noise conditions, demonstrating superior
robustness for long-range epidemic forecasting.

3.6 Case 6: Training with 10% of the full available data and forecasting

The Neural ODEs and UDEs were trained with extremely limited datasets to evaluate forecasting under the most severe
data scarcity. The no-noise, moderate-noise, and high-noise datasets were reduced to 10%, using only the first 16
days for training and the remaining 144 days for testing. Results are shown in Figures[31–33] for Neural ODE and
Figures[34–36] for UDE.
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Figure 31: Neural ODE(10/90 Split) for SIQRDV compartments with noise-free data

Figure 32: Neural ODE(10/90 Split) for SIQRDV compartments with moderate noisy data
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Figure 33: Neural ODE(10/90 Split) for SIQRDV compartments with high noisy data

Figures[31–33] show the Neural ODE model’s forecasting results when trained on only the first 16 days and tested on
days 17–160. The Susceptible (S) compartment shows reasonable fit during the brief training period but significantly
underestimates population values throughout the extended forecasting region across all noise levels. The Infected (I)
compartment captures the initial rise during training but catastrophically fails in forecasting, dropping to negative values
with noise-free and 7% noisy data, and with 35% noise produces erratic predictions including unrealistic peak formations.
The Quarantined (Q) compartment shows catastrophic failure across all scenarios, dropping to large negative values in
forecasting regardless of noise level, demonstrating complete inability to extrapolate from such limited training data.
The Recovered (R) compartment fits the initial growth during training but fails in forecasting, plateauing prematurely
around 100 for noise-free and 7% noisy data, and exhibiting massive scatter with wild oscillations for 35% noise.
The Deaths (D) compartment demonstrates the most severe failure, dropping to large negative values in forecasting
across all noise conditions, which is physically impossible for cumulative deaths. The Vaccinated (V) compartment
shows relatively better performance, maintaining reasonable linear trend with noise-free and 7% noisy data though with
some deviation, while 35% noise shows increased scatter but preserves the general trend. Overall, training on only
10% of data leads to complete Neural ODE failure, with most compartments producing physically impossible negative
values and demonstrating fundamental inability to perform long-range forecasting from extremely limited training data,
highlighting the critical importance of sufficient training data for epidemic modeling.
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Figure 34: UDE(10/90 Split) for SIQRDV compartments with noise-free data

Figure 35: UDE(10/90 Split) for SIQRDV compartments with moderate noisy data
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Figure 36: UDE(10/90 Split) for SIQRDV compartments with high noisy data

Figures[34–36] show the UDE model’s forecasting results when trained on only the first 16 days and tested on days
17–160. The Susceptible (S) compartment performs well across all noise levels. The Infected (I) compartment achieves
perfect forecasting with noise-free data but catastrophically fails with moderate noise, producing unrealistic explosive
peak predictions, while maintaining reasonable trends with high noise despite scatter. The Quarantined (Q) compartment
shows similar behavior, demonstrating excellent performance with clean data, catastrophic failure with moderate noise
through massive unrealistic peaks, and heavy scatter but physically reasonable bounds with high noise. The Recovered
(R) and Deaths (D) compartments achieve perfect predictions with noise-free data but severely overpredict with moderate
noise, while exhibiting scatter but physically reasonable values with high noise. The Vaccinated (V) compartment
demonstrates excellent performance across all scenarios. Remarkably, the UDE model exhibits worse performance with
moderate noise than with high noise, producing catastrophically unrealistic explosive growth predictions at moderate
noise levels while maintaining physically consistent bounds at high noise levels, suggesting complex interactions
between limited training data and noise in the UDE learning process.

Both models achieve excellent performance (R2 > 0.99) with sufficient training data (80% or more), but diverge
dramatically under data scarcity. The Neural ODE fails catastrophically below 60% training data across all noise levels,
producing physically impossible negative values, while the UDE maintains reliable forecasting down to 40% training
data (or 10% for noise-free conditions). Table 3 summarizes the performance metrics and breakdown thresholds across
all six training scenarios.
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Table 3: Forecasting breakdown analysis for Neural ODE and UDE models

Metric Neural ODE UDE

Training with full dataset (160 days)

Training R2 (0% noise) 0.9999 1.0
Training RMSE (0% noise) 2.97 0.0

Training R2 (35% noise) 0.9993 0.9997
Training RMSE (35% noise) 6.87 4.23

Forecasting performance
Best forecasting scenario 90/10 split All scenarios ≥ 80%

Best forecasting R2 0.9996 (0% noise) 1.0 (multiple cases)
Forecasting breakdown < 60% training data < 20% (0% noise)

(all noise levels) < 40% (with noise)

Failure characteristics
Failure mode Negative values Unrealistic peaks

(I, Q, D compartments) (only at 10% + 7% noise)
Physical consistency Lost below 60% data Maintained down to 20%

Efficiency
Training time (typical) 180–360 seconds 200–230 seconds
Minimum training data 60% of domain 20–40% of domain
for reliable forecasting (noise dependent)

4 Discussion and Conclusion

We successfully modeled SIQRDV epidemic dynamics using Neural ODE and UDE approaches across six training
scenarios with varying data availability (10–100%) and noise levels (0%, 7%, 35%). Both models effectively learned
epidemic patterns when sufficient data was available, but their performance diverged dramatically under data scarcity.

The Neural ODE achieved excellent results (R2 > 0.99) when trained with 80% or more data across all noise levels.
However, it catastrophically failed below 60% training data, producing physically impossible negative values for
Infected, Quarantined, and Deaths compartments. This breakdown occurred regardless of noise level, indicating that
Neural ODEs require substantial data to maintain reliable forecasting despite offering model-free flexibility.

The UDE model demonstrated superior data efficiency, maintaining reliable forecasting with only 40% training data
for all noise conditions, and performing well with just 10% for noise-free scenarios. The UDE consistently preserved
physical consistency, avoiding negative compartment values and achieving perfect R2 scores (1.0) in multiple cases.
This represents a 3–6× improvement in data efficiency compared to Neural ODE.

The critical difference between the two approaches emerges under data scarcity. Neural ODEs require minimum 60%
of the epidemic timeline for reliable forecasting, making them unsuitable for early outbreak scenarios. UDEs maintain
accuracy with 40% of data while preserving epidemiological realism, making them ideal for early-stage outbreak
forecasting where data is limited. However, an unexpected finding revealed that UDE performance with extreme data
scarcity (10% training) showed worse results with moderate noise (7%) than high noise (35%), producing unrealistic
explosive peaks at moderate noise levels while maintaining physically consistent predictions at high noise levels.

The UDE’s superior data efficiency is particularly valuable in public health applications where early outbreak predictions
must be made with incomplete data. During disease outbreaks, comprehensive data collection takes time, yet intervention
decisions cannot wait. The UDE’s ability to provide reliable forecasts with 40% of data enables earlier public health
responses. Neural ODEs, while offering model-free flexibility, are better suited for situations with abundant data or
when disease mechanisms are completely unknown.

Neural ODEs provide a black-box solution requiring no epidemiological knowledge but demand extensive data (60%
minimum) and risk catastrophic failures producing physically impossible predictions. UDEs require incorporating
known disease transmission principles but achieve reliable forecasting with significantly less data while maintaining
physical consistency. The choice between approaches depends on data availability and prior knowledge of disease
dynamics.

While both models effectively capture epidemic dynamics with sufficient data, challenges remain for long-range
forecasting under extreme data scarcity. Future work should develop hybrid architectures combining strengths of both
approaches, implement adaptive mechanisms adjusting to data availability, and incorporate epidemiological constraints
preventing implausible predictions. Extensions to multi-strain diseases, age-structured populations, and spatial epidemic
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spread would enhance practical utility for comprehensive public health decision-making. Understanding the complex
interaction between data scarcity and noise levels that caused UDE’s counterintuitive behavior at 10% training warrants
further investigation to improve model reliability under extreme conditions.

In conclusion, the UDE model’s 3–6× superior data efficiency and maintained physical consistency make it the preferred
choice for early outbreak forecasting and data-scarce scenarios, while Neural ODEs remain valuable when disease
mechanisms are completely unknown and abundant data is available. Both approaches contribute valuable tools to the
scientific machine learning toolkit for epidemic modeling, with clear guidance on when each should be applied.

5 Hyperparameters for the training datasets

5.1 Case 1: Training with 100% of the available data

Neural ODE

Hyperparameter Values Search Range

tspan (0.0, 160.0) (0.0, 80.0)− (0.0, 160.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 2.97 (0, 10)

Table 4: Neural ODE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 160.0) (0.0, 80.0)− (0.0, 160.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 4.45 (0, 10)

Table 5: Neural ODE range of hyper-parameters on training data (moderate noise)
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Hyperparameter Values Search Range

tspan (0.0, 160.0) (0.0, 80.0)− (0.0, 160.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 6.87 (0, 10)

Table 6: Neural ODE range of hyper-parameters on training data (high noise)

32



UDE

Hyperparameter Values Search Range

tspan (0.0, 160.0) (0.0, 80.0)− (0.0, 160.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.0 (0, 10)

Table 7: UDE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 160.0) (0.0, 80.0)− (0.0, 160.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.85 (0, 10)

Table 8: UDE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 160.0) (0.0, 80.0)− (0.0, 160.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 4.23 (0, 10)

Table 9: UDE range of hyper-parameters on training data (high noise)
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5.2 Case 2: Training with 90% of the available data

Neural ODE

Hyperparameter Values Search Range

tspan (0.0, 144.0) (0.0, 72.0)− (0.0, 152.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 4.0801 (0, 10)

Table 10: Neural ODE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 144.0) (0.0, 72.0)− (0.0, 152.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 2.91 (0, 10)

Table 11: Neural ODE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 144.0) (0.0, 72.0)− (0.0, 152.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 6.22 (0, 10)

Table 12: Neural ODE range of hyper-parameters on training data (high noise)
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UDE

Hyperparameter Values Search Range

tspan (0.0, 144.0) (0.0, 72.0)− (0.0, 152.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.0004 (0, 10)

Table 13: UDE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 144.0) (0.0, 72.0)− (0.0, 152.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.87 (0, 10)

Table 14: UDE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 144.0) (0.0, 72.0)− (0.0, 152.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 4.34 (0, 10)

Table 15: UDE range of hyper-parameters on training data (high noise)
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5.3 Case 3: Training with 80% of the available data

Neural ODE

Hyperparameter Values Search Range

tspan (0.0, 128.0) (0.0, 64.0)− (0.0, 144.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 2.2624 (0, 10)

Table 16: Neural ODE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 128.0) (0.0, 64.0)− (0.0, 144.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 19.807 (0, 30)

Table 17: Neural ODE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 128.0) (0.0, 64.0)− (0.0, 144.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 24, 24 12, 18, 24, 32, 48, 64

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 98.3126 (0, 150)

Table 18: Neural ODE range of hyper-parameters on training data (high noise)
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UDE

Hyperparameter Values Search Range

tspan (0.0, 128.0) (0.0, 64.0)− (0.0, 144.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.0001 (0, 10)

Table 19: UDE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 128.0) (0.0, 64.0)− (0.0, 144.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 19.936 (0, 30)

Table 20: UDE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 128.0) (0.0, 64.0)− (0.0, 144.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 12, 8
Kappa: 8

8, 12, 16, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 100.196 (0, 150)

Table 21: UDE range of hyper-parameters on training data (high noise)
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5.4 Case 4: Training with 40% of the available data

Neural ODE

Hyperparameter Values Search Range

tspan (0.0, 64.0) (0.0, 32.0)− (0.0, 96.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 1.13 (0, 10)

Table 22: Neural ODE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 64.0) (0.0, 32.0)− (0.0, 96.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 1.07 (0, 10)

Table 23: Neural ODE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 64.0) (0.0, 32.0)− (0.0, 96.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 1.36 (0, 10)

Table 24: Neural ODE range of hyper-parameters on training data (high noise)
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UDE

Hyperparameter Values Search Range

tspan (0.0, 64.0) (0.0, 32.0)− (0.0, 96.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.0 (0, 10)

Table 25: UDE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 64.0) (0.0, 32.0)− (0.0, 96.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.87 (0, 10)

Table 26: UDE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 64.0) (0.0, 32.0)− (0.0, 96.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 4.17 (0, 10)

Table 27: UDE range of hyper-parameters on training data (high noise)
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5.5 Case 5: Training with 20% of the available data

Neural ODE

Hyperparameter Values Search Range

tspan (0.0, 32.0) (0.0, 16.0)− (0.0, 48.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.64 (0, 10)

Table 28: Neural ODE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 32.0) (0.0, 16.0)− (0.0, 48.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 1.01 (0, 10)

Table 29: Neural ODE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 32.0) (0.0, 16.0)− (0.0, 48.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 1.26 (0, 10)

Table 30: Neural ODE range of hyper-parameters on training data (high noise)
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UDE

Hyperparameter Values Search Range

tspan (0.0, 32.0) (0.0, 16.0)− (0.0, 48.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.0 (0, 10)

Table 31: UDE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 32.0) (0.0, 16.0)− (0.0, 48.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.87 (0, 10)

Table 32: UDE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 32.0) (0.0, 16.0)− (0.0, 48.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 4.27 (0, 10)

Table 33: UDE range of hyper-parameters on training data (high noise)
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5.6 Case 6: Training with 10% of the available data

Neural ODE

Hyperparameter Values Search Range

tspan (0.0, 16.0) (0.0, 8.0)− (0.0, 24.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.37 (0, 10)

Table 34: Neural ODE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 16.0) (0.0, 8.0)− (0.0, 24.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.91 (0, 10)

Table 35: Neural ODE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 16.0) (0.0, 8.0)− (0.0, 24.0)

Activation Function tanh ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.001

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units 18, 12 12, 15, 18, 24, 32, 48

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 1.58 (0, 10)

Table 36: Neural ODE range of hyper-parameters on training data (high noise)
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UDE

Hyperparameter Values Search Range

tspan (0.0, 16.0) (0.0, 8.0)− (0.0, 24.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.0 (0, 10)

Table 37: UDE range of hyper-parameters on training data (no noise)

Hyperparameter Values Search Range

tspan (0.0, 16.0) (0.0, 8.0)− (0.0, 24.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 0.83 (0, 10)

Table 38: UDE range of hyper-parameters on training data (moderate noise)

Hyperparameter Values Search Range

tspan (0.0, 16.0) (0.0, 8.0)− (0.0, 24.0)

Activation Function tanh, softplus, sigmoid ReLU, tanh, sigmoid, softplus

Optimization Solver Adam, BFGS Adam, RAdam, BFGS

Learning Rate Adam: 0.01
BFGS: 0.01

0.001, 0.005, 0.01, 0.02, 0.05, 0.1

Hidden units Beta: 8, 6
Kappa: 6

6, 8, 12, 16, 24, 32

Number of Epochs Adam: 500
BFGS: 300

200− 1500

Training Loss (RMSE) 4.38 (0, 10)

Table 39: UDE range of hyper-parameters on training data (high noise)
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