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Abstract

The discovery of a minimum energy pathway (MEP) between metastable states
is crucial for scientific tasks including catalyst and biomolecular design. However,
the standard nudged elastic band (NEB) algorithm requires hundreds to tens of
thousands of compute-intensive simulations, making applications to complex sys-
tems prohibitively expensive. We introduce Neural Network Bayesian Algorithm
Execution (NN-BAX), a framework that jointly learns the energy landscape
and the MEP. NN-BAX sequentially fine-tunes a foundation model by actively
selecting samples targeted at improving the MEP. Tested on Lennard-Jones and
Embedded Atom Method systems, our approach achieves a one to two order
of magnitude reduction in energy and force evaluations with negligible loss in
MEP accuracy and demonstrates scalability to >100-dimensional systems. This
work is therefore a promising step towards removing the computational barrier
for MEP discovery in scientifically relevant systems, suggesting that weeks-long
calculations may be achieved in hours or days with minimal loss in accuracy.

Keywords: Nudged Elastic Band, Bayesian Experimental Design, Minimum Energy
Pathways, Active Learning, Foundation Models, Machine Learning Potentials
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Introduction

Understanding how materials and chemical systems change from one metastable
state to another is crucial in predicting and understanding their behavior. Many
such processes in physics, chemistry, materials science, and biology depend on the
transition-state pathways (the sequence of atomic configurations connecting two
metastable states) and the energy barriers (the energetic cost required to move along
that path) that connect different states [1]. These barriers dictate reaction rates, dif-
fusion properties, and activation energies, which in turn affect macroscopic properties
such as catalytic efficiency [2]. An example of a system governed by such energy
barriers is conformational pathways in proteins [3], where structural changes are fun-
damental to biological function. Understanding these transitions lays the groundwork
for controlling protein activity and developing synthetic biomolecules with tailored
functions. Minimum energy pathways (MEPs) describe the most probable paths that
atomic systems follow when transitioning between metastable states; critically, the
lowest-energy pathway reveals the transition mechanism and corresponding energy
barriers [4]. Nudged elastic band (NEB) is a popular method used for finding MEPs in
atomic systems [5-7]. In its basic form [5], NEB begins with a set of “moving images”
in atomic space between the initial and final state being studied, often using a linear
interpolation as an initial guess. Force and energy calculations from physical simula-
tions of the system are then used to nudge the band of images until a convergence
criterion is met—commonly the maximum perpendicular force on any atom in any
image, fmaz, falling below a threshold. Each intermediate moving image is connected
by an elastic spring force to ensure the band does not collapse to a single point. Since
its development, various versions of NEB have been created to scale to more difficult
systems or to reduce computational cost [8-12]. However, a major drawback of these
“classical” NEB methods is that they require many evaluations of potential energy
functions, namely one per image for each NEB iteration. Such simulations may involve
computationally expensive density functional theory (DFT) or molecular dynamics
(MD) calculations. For example, a recent NEB study of catalysts [13] with DFT took
52 GPU years for 19,000 NEB simulations. This time-consuming nature of NEB limits
the possibilities of studying complex realistic systems, such as proteins and catalysts.

Numerous efforts have been made to reduce the computational cost of NEB
with machine learning [2, 13-24]. In one paradigm, neural network surrogate models
are trained on large, diverse datasets. These models then serve as direct calcula-
tors for downstream applications, such as NEB calculations on complex systems.
An alternative approach involves sequentially updating a simulation surrogate for a
system of interest using techniques from active learning or Bayesian experimental
design. Bayesian experimental design techniques can be used to infer properties of
black-box functions with limited function queries. Common approaches fall into the
Bayesian optimization (BO) family [25], where the aim is to maximize or minimize
the unknown function. A useful tool in Bayesian experimental design is Bayesian
algorithm execution (BAX) [26], which generalizes the optimization objective to any
computable function property (called the BAX “algorithm”). However, these two
existing methodologies, namely generic foundation models and Bayesian optimization,
have limitations. Foundation models are fast, but sometimes not accurate enough on
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Fig. 1 NN-BAX Pipeline. a) Classical NEB versus NN-BAX NEB, where the expensive simulator
f is no longer called in the NEB Loop. The number of function evaluations in classical NEB scales
with the number of images times the number of NEB iterations, Nyep - Nimg, whereas NN-BAX
scales with the number of BAX iterations, Np4x, need to learn the function. b) NN-BAX Loop. The
EquiformerV2 model is initialized and trained on the initial and final state. In each loop, NEB runs
using the trained model as an approximation for f, a sample is acquired from the resulting path, and
the sampled point is added to the training set for the subsequent iteration. Colormap energy ranges
(eV) are provided.
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new systems and thus may not converge to the correct transition pathway. Bayesian
experimental design approaches provide constant updates, but lack sophisticated
models needed for complex systems. Specifically, previous work has used Gaussian
processes (GPs) as a surrogate model, limiting their expressivity and scalability in
high-dimensional spaces [27]. The computational cost of GPs also scales cubically with
dataset size [28], thus making GPs unfit for larger datasets. The approach in [14],
which fits into the BAX framework and uses a GP, tests on a maximum of 7-atom
systems.

In our work, we fuse these approaches, taking advantage of the development of
large neural network surrogates for materials systems and applying them within the
BAX acquisition framework, allowing for applicability to higher dimensional systems.
Specifically, with BAX, we choose function queries that target the output of the NEB
optimization on the unknown function defined by the physics simulator. We refer to
this neural network BAX methodology as NN-BAX. There exist many foundation
models for materials systems [29], and we use EquiformerV2 [30] as our surrogate
model, pretrained on the OMat24 [31] dataset. The pre-trained EquiformerV2 model
does not perform well for zero-shot NEB calculations on the systems we test. We
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therefore treat it as a foundation model and tune it in a few-shot-learning manner
using BAX. A visualization of the pipeline is shown in Figure 1.

Results

We evaluate NN-BAX across a hierarchy of atomic transition systems of increasing
physical realism and complexity, as described by two well-known empirical potentials.
First we study transitions in Lennard-Jones clusters with 7 and 38 atoms, which
provide well-characterized, high-dimensional testbeds with known minimum energy
pathways. We then extend our analysis to a many-body Embedded Atom Method
(EAM) potential for copper surface diffusion, demonstrating applicability beyond
pairwise interactions. Finally, we consider complex multi-step transitions in 38-atom
Lennard-Jones clusters and introduce Foundation-BAX, which leverages information
shared across related paths to further reduce computational cost. Together, these sys-
tems allow us to assess the accuracy, efficiency, and scalability of NN-BAX across
increasingly challenging regimes.

For each NN-BAX iteration, we initialize the model to a pretrained founda-
tion model. For the cases presented below, we consider the 153 million parameter
EquiformerV2 trained on the OMat24 dataset. EquiformerV2 combines the Trans-
former architecture [32] with consideration of relevant symmetries for materials
systems: atomic energies are modeled as invariant under global translations and rota-
tions of the system, while atomic forces are modeled as equivariant, transforming
consistently with rotations and translations of the atomic positions. EquiformerV?2 has
demonstrated strong performance in benchmarks [33] and previous non active learn-
ing (zero-shot) neural network NEB studies such as CatTsunami [13]. The inputs to
the network are the positions of the atoms, z;, and the outputs are the forces on each
atom and the potential energy of the system.

Lennard-Jones Transitions

We demonstrate NN-BAX on atomic systems governed by the Lennard-Jones (LJ)

potential:
=2 0)] »

because of its physical relevance and its well-studied transitions [34-42]. Unlike
energy /force computations involving density functional theory, the LJ potential is
inexpensive to call. However, it retains much of the complexity of similar chemical
systems, making it ideal for testing our method. We analyze systems with 7 and 38
identical atoms, abbreviated as LJ7; and LJsg. The dimensionality of these systems,
particularly the 114-dimensional L.J3g, makes Gaussian process surrogates infeasible.
We specifically choose N = 7, 38 for our LJy systems because these systems exhibit
many interesting local minima configurations, thus leading to them also being well-
studied. LJsg is especially interesting because the two lowest energy configurations
are well separated in atomic configuration space, meaning the transition between the
two is nontrivial [8].
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Fig. 2 Results from running NN-BAX on various paths with LJ7 and LJsg systems. The upper row
compares the energy profile predicted by NN-BAX to classical NEB, along with atomic visuals for
the transition. The bottom row shows dimension-reduced principal component analysis plots of the
energy, with the NN-BAX and classical NEB paths overlaid.

We analyze four transitions of varying difficulty, from LJ7 and LJsg. For LJ; we
look at paths with 0 and 3 intermediate minima, and for L.J3g we analyze paths with 0
and 1 intermediate minima. Paths with even more minima are incompatible with the
NEB method used in this paper, and generally must be subdivided, as detailed in the
Foundation-BAX section. These paths converged for classical NEB with f,, 4. values of
0.05, 0.15, 0.05, and 0.3¢V /A respectively. We use the string method [9], which ignores
spring forces and evenly redistributes images along the path every iteration. Figure 2
compares the converged NN-BAX paths with their classical NEB counterparts. The
visuals on top display the atomic structures of the initial and final states. The upper
plots show energy versus image index for both classical NEB and NN-BAX, with very
close agreement between the two results. Of the four, the worst predicted energy barrier
is 0.3% greater than the ground truth. The bottom row shows a two-dimensional
principal component analysis (PCA) projection of the MEPs and potential energy
landscapes, with projection computed from the ground truth path in atomic coordinate
space. We observe that the NN-BAX paths qualitatively line up with the classical
NEB paths, indicating that NN-BAX is finding the same structures as classical NEB.

Figure 3 displays the speed-up NN-BAX achieves with respect to classical NEB,
in terms of function evaluations. For systems running expensive DFT simulations, we
expect the NN-BAX procedural overhead to be negligible, making number of function
calls an appropriate figure of merit. We achieve a 1-2 orders of magnitude reduction
in function calls across all four paths. Finally, we observe that the LJ; path with 3
minima achieves a greater speedup than the other paths. We hypothesize this occurs
because while classical NEB time is determined by the complexity of NEB conver-
gence (i.e. number of NEB iterations), NN-BAX is limited by modeling complexity of
the potential energy surface. In NN-BAX, the convergence complexity has negligible
impact because the NEB loop only calls the surrogate, and in the classical case this
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Fig. 3 Energy barrier v. function evaluations, for various LJ7 and LJsg systems. Speedup factors
are 34, 116, 20, and 38 for a), b), c), and d) respectively. The dashed red line denotes the energy
barrier achieved by classical NEB. Note that for the NN-BAX curve, each point corresponds to an
NEB optimization. We show here how quickly our method matches the ground truth for the energy
barrier, the primary physical quantity of interest.

path requires ~3x as many NEB iterations compared to the others. Thus, because the
number of function evaluations in NN-BAX no longer scales with the number of NEB
iterations, we observe a greater speedup for this path. We emphasize that NN-BAX
has the greatest impact in cases where NEB complexity, specifically the number of
NEB iterations required for convergence, is large.

With the current NN-BAX implementation, we estimate the NN-BAX overhead to
be equivalent to running classical NEB with simulations that each take approximately
25.4 seconds. For simulation times >>25.4 seconds, as may be expected for DF'T cal-
culations on complex systems, the NN-BAX overhead becomes negligible. Details of
this estimate, as well as suggestions of implementation optimizations to reduce the
NN-BAX overhead, are given in the supplemental material.

Embedded Atom Method Potentials

Although Lennard-Jones structures and transitions host much complexity as a test
system, the LJ potential is still pairwise, and thus does not capture some of the many-
body nuance seen in DFT. Next, we test NN-BAX on an Embedded Atom Method
(EAM) potential. EAM potentials are semi-empirical and designed especially for met-
als. They take into account both pairwise interactions and the collective electron
density from neighboring atoms [43, 44]. This many-body formulation captures the
physics of metals, for example surface diffusion [45-48]. Surface diffusion plays a cru-
cial role in processes such as thin-film growth, nanostructure formation, and nanoscale
stability of metals [49-52].
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Fig. 4 Embedded Atom Method potential with NN-BAX. a) displays a visual of the copper dimer
diffusion transition. b) shows the energy profile from classical NEB and from NN-BAX. c) shows the
energy barrier of classical NEB and NN-BAX, as a function of evaluations. The red line denotes the
energy barrier achieved by classical NEB.

We analyze a diffusion transition for copper involving a copper dimer moving to
an adjacent site. Specifically, we analyze a 3x3x4 Cu(100) slab, with a pair of copper
atoms atop. The bottom layer, consisting of nine atoms, is fixed to represent the bulk,
and the rest of the atoms are free to move. Thus a total of 29 atoms are dynamic,
giving us an 87 dimensional system. Note that while only the two atoms comprising
the dimer differ in the initial and final states, the atoms beneath do move non-trivially
during the transition. A visual for the transition is shown in Figure 4a. We use the
potential described in [53], which is specific to copper. For this transition we use the

traditional NEB method with spring forces with k = 0.1eV/ A2, and observe that the
path converges for fya. < 0.01eV/A. Shown in Figure 4b is the classical NEB energy
profile and the NN-BAX energy profile. The two profiles match well, indicating that
NN-BAX has found the correct path. Finally, Figure 4c shows the energy barrier versus
function evaluations, and we observe a significant speedup from NN-BAX. Note that
the initial energy barrier for the EAM potential is relatively better than those in the
LJ systems because this system more closely resembles those in the OMat24 dataset.

Multi-step Transitions with Foundation-BAX

For more complex transitions with many intermediate minima, the NEB algorithm
often cannot converge to the correct path. Thus, it is common to use techniques
to segment the transition into smaller paths between neighboring local minima. For
Lennard-Jones transitions, the OPTIM program [54] is used to search for complex multi-
step transitions in high dimensional systems such as LJsg. In order to achieve an even
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which consists of 5 sub-transitions, connecting 6 local minima.

greater speedup with respect to NN-BAX for such multi-step transitions, we intro-
duce Foundation-BAX; i.e. we use BAX to assemble and train a foundation model on
a shared pool of relevant simulations. One can imagine this technique applied broadly,
where researchers who run algorithms on similar systems can collectively pool data to
achieve more accurate surrogate models. In our case of multi-step transitions, imple-
menting Foundation-BAX involves using information from previous paths to speed
up NN-BAX for subsequent paths. Figure 5a displays the Foundation-BAX pipeline,
where we use the final fine-tuned model of the previous path as the initial model for
the neighboring path.

To test the Foundation-BAX method, we choose a multi-step L.J3g transition that
connects six local minima, thus containing four intermediate minima. This transition
specifically is a subset of a LJ3g global minimum to second global minimum transition
pathway, taken from example in [55]. Figure 5b displays the potential energy of the
true transition pathway, along with the potential energy of the path predicted by
Foundation-BAX. We note that the overall shape and energy barrier of each transition
are quite similar. Note that there is a slight shift in the predicted energy profile with
respect to the true transition, particularly in the transition from B to C. This is a
result of Foundation-BAX finding an equally energetically favorable yet marginally
different path.

Figure 6 displays the speedup, in terms of function evaluations, achieved by
Foundation-BAX, compared to classical NEB and NN-BAX. Figure 6a displays the
energy barrier v. function evaluation for Foundation-BAX, NN-BAX, and classical
NEB, for the C to D transition. We observe that Foundation-BAX has a 4.5x speedup
compared to NN-BAX and a 52x speedup compared to classical NEB. Note the sig-
nificantly flatter nature of the Foundation-BAX curve, implying that some of the force
landscape has already been learned, leading to a quicker convergence. Figure 6b com-
pares the total number of function evaluations for all three methods, for all paths.
We start with a standard NN-BAX run for the A to B transition. For subsequent
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runs, we observe that Foundation-BAX requires fewer function evaluations to converge
compared to NN-BAX. Furthermore, the speedup with respect to NN-BAX for the
final three transitions are greater than that of the B to C transition, indicating that
the model benefited by learning from more paths. Finally we note that Foundation-
BAX works optimally with different convergence hyperparameters than NN-BAX, and
elaborate more in supplemental materials.

Discussion

Accurately characterizing the transformations between metastable states is key to
understanding and predicting the behavior of materials and chemical systems. The
nudged elastic band algorithm is critical in finding transition states and energy barriers
in such chemical systems. Systems modeled by Lennard-Jones or Embedded Atom
Method potentials reproduce key features of complex chemical interactions, providing
a controlled framework for studying high-dimensional atomic dynamics. By applying
our methods to these high dimensional systems, we unify efforts in active learning
and foundation models using BAX. Specifically, we apply NN-BAX to NEB on LJ
and EAM potentials and observe a speedup of 1-2 orders of magnitude in terms of
number of function evaluations. Furthermore, we observe that it is possible to gain
a greater advantage in multi-step transitions with Foundation-BAX, where we fine-
tune on previous fine-tuned models. We anticipate that Foundation-BAX can extend
beyond multi-step transitions and be used more broadly to accelerate the speed of a
suite of jobs governed by the same potential.

Previous use of BAX has been restricted to Gaussian process surrogates, which
famously suffer from the curse of dimensionality [27]. The primary advantage of NN-
BAX relies on the introduction of a neural network as a surrogate model in the BAX
procedure, which allows for scalability to higher dimensional systems. We emphasize
that while LJ and EAM do not require expensive ab initio calculations, our work
with NN-BAX describes a broader system-agnostic procedure. Therefore, we expect



253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

203

our work to extend to both new surrogate models and NEB applications, including
high-dimensional systems that require expensive simulations like DFT. This technique
may help us understand systems currently infeasible to study, including complex cat-
alytic reactions and conformational pathways in proteins [3, 13]. Estimating 1000
energy /force evaluations per NEB optimization in [13], we estimate ~14.4 minutes per
DFT calculation for catalysts. This fits the >>25.4 seconds we present above in order
for the NN-BAX overhead to be negligible. With some improvements to our imple-
mentation (see supplementary material) we expect that we can reduce the NN-BAX
overhead to ~3.1 seconds, further amplifying applicability.

This work shows that coupling algorithm-aware active learning with expres-
sive, symmetry-aware neural network surrogates can substantially reduce the cost of
transition state discovery. Our approach provides a path towards expediting high-
dimensional transition-state calculations for complex systems in physics, chemistry,
and biology, including those which are currently computationally intractable.

Methods
NN-BAX Algorithm

There are a variety of forms of BAX acquisition. InfoBAX [26], an information-based
acquisition function, aims to maximize the expected information gain (EIG) about an
algorithm output. However, it is costly to compute, involving several model retrainings
to estimate the associated entropies. Heuristic or approximate BAX algorithms have
been proposed that are much more efficient, such as MeanBAX [56] and PS-BAX [57]
which run the algorithm on the posterior mean or a posterior sample and then take the
output point with the highest predicted uncertainty, avoiding the cost of computing
the full EIG. In this work, we take a similar, heuristic approach. Our BAX acquisition
involves running NEB on a deterministic model of the potential energy/forces. We
then randomly sample from the resulting NEB path to choose the next point to acquire
and update the model for the next loop. Our design also leaves open a clear path
toward incorporating more rigorous acquisition strategies that involve uncertainty
quantification, such as MeanBAX and InfoBAX, which may yield additional gains.

System Setup and Training

To create a baseline, we first find local minima using basin hopping [34]. We then
run classical NEB between pairs of local minima, varying fi,q: as needed to achieve
convergence. To check stability of the resulting MEPs, we randomly perturb the posi-
tions of the images from the converged path by o, € [0, 0.1] A and re-run the NEB
minimization. If after 100 iterations the path does not move and no lower energy
path is discovered, the MEP is considered a “ground truth” target for our NN-BAX
optimization. For both classical and NN-BAX NEB calculation, we use the Atomic
Simulation Environment (ASE) library [58]. All NEB runs in this paper use the FIRE
optimizer [59] with parameters dt = 0.1 and dt,q, = 1.0.

One problem with running NEB on a surrogate is that for less accurate models in
earlier iterations, NEB often does not converge below the given f,,q, criterion. Thus

10
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we must set some finite number of NEB iterations, N, otherwise the process would
never converge. However for NN-BAX, unlike classical NEB, the number of function
evaluations does not scale with NV,,c;,. Thus, we introduce a hyperparameter Nyep maax,
where every BAX iteration runs NEB for Nyep mqo iterations, and the path with the
lowest fpqz is selected. We find that Nyepmaz = 200 works well for the initial suite
of LJ transitions. For the EAM transition we use Npepmar = 100. Finally, for the
Foundation-BAX pathways, we used Nyepmaz = 100 for all segments except from B
to C, where we use a larger Nyepmaz = 650.

In this paper we introduce a new convergence hyperparameter, MAE;, which cor-
responds to the mean absolute error (MAE) in the prediction of model ¢ — 1 on the
acquired image in iteration i. Reduction in MAE; indicates that the model is per-
forming better on points not in the training set and, once NN-BAX begins predicting
similar final paths, the sampled points grow increasingly similar, making for an eas-
ier modeling task. For NN-BAX to converge, MAE; < m and fjnaz,BAX < t must be
satisfied simultaneously, where m and ¢ are the respective convergence thresholds. For
MAE; convergence, m = 0.1 proved to generally work. For force convergence, we set
fmax,BAX = 7 fmax,classical, Where n > 1 accounts for small amounts of noise in the
modeled predictions with respect to true potential. In practice, we found n = 2 to
work well for our paths. For further confidence in convergence we introduce a patience
metric p, where the convergence criteria must be achieved p times for NN-BAX to
converge. p = 2 was found to be generally robust.

In each BAX iteration, the network was trained for 50 epochs with a batch size of
2 using the AdamW optimizer [60] (weight decay 0.001, gradient clipping at 100) and
an initial learning rate of 2 x 10™%. A cosine learning rate schedule was employed, with
a warmup phase lasting 1 epoch (warmup factor 0.2) and a minimum learning rate set
to 1% of the initial value. Exponential moving average (EMA) updates with a decay of
0.999 were applied throughout training. We use the mean absolute error (MAE) loss,
giving forces four times the weight of energy since our convergence criterion is force-
based. All training hyperparameters were the same those fairchem used to train the
EquiformerV2 checkpoint [61], except for batch size and epochs which were modified
to accommodate smaller dataset sizes. All models are trained on a single NVIDIA
Tesla A100 GPU at the SLAC Shared Science Data Facility.
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