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Abstract

Fast emulation of sequential data generated by numerical computations is vital for large-scale Bayesian
analysis in cosmology and astrophysics. Despite the success of neural network models in such tasks,
benchmarks typically fall short of the required sub-percent accuracy and lack generalizability to broader
data sets of different features and physical origins. Here we introduce SageNet+, a physics-informed
framework for emulating gravitational-wave spectrum, while our self-attention-based design is adaptable
to generic sequential data. First-principles modeling of the stochastic gravitational-wave background
from cosmic inflation takes tens of seconds per evaluation to solve differential integrations. Instead, our
SageNet+ emulator can predict the present-day gravitational-wave spectrum in less than 10 ms for every
set of the nine cosmological parameters with wide prior ranges, achieving a thousand-fold speed-up over
numerical methods. Based on the Transformer architecture, SageNet+ combines learnable positional
embeddings and adaptive sequence standardization to preserve spectral features. We further employ
refined data preprocessing to maximize physical information and devise novel metrics to assess model
performance. Trained on 180,000 spectra that explore the full parameter space, SageNet+ attains sub-
percent accuracy for all test data. This enables real-time parameter inferences and joint analyses with
external data. SageNet+ presents an optimal, systematic and generalizable framework for emulation
tasks in physical sciences.

Introduction

Neural network emulation has become an impor-
tant approach to the forward modeling of physical
systems governed by first principles, a method that
dates back to NeuroAnimator[1]. In cosmology and
astrophysics, deep learning emulators have proved
to be successful alternatives to expensive numeri-
cal computations of physics-based models in many

cases[2-7]. However, while most of these models are
developed for one-dimensional regression tasks (i.e.,
1D curves as output), it remains challenging for
them to achieve subpercent level accuracy, which is
required in the era of precision cosmology[8]. Even
those that meet the accuracy requirement are typ-
ically limited in the dimension of the parameter
space or the dynamical range of the problem. In
general, there is a lack of systematic frameworks to
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Fig. 1: Schematic framework of SageNet+. a, Data generation phase. First, in Steps 1 and 2, we
perform a nine-dimensional Latin hypercube sampling on the prior distributions of the nine physical param-
eters, {r,n¢, 510, Tres ANye, Qph%, Qch?, Hy, A}, The resultant sample points are densely distributed in the
parameter space. In Step 3, these sampled parameters are fed into the stiff GWpy numerical computation
method, generating the energy density spectra of the inflationary SGWB, log,, Q2qw. The distribution of
points along each spectral curve is denser in regions where abrupt slope changes occur, which reflects the
artificial design of stif GWpy. b, Training phase. In Steps 4 and 5, by learning the positions of f; and
logyo Qaw (fi), the network simultaneously assimilates the minimum and maximum frequencies, amplitudes,
evolutionary trends and local variational features in the GW spectra for different cosmological parameters.

construct accurate, robust, explainable neural net-
work models that generalize to all 1D emulation
tasks in cosmology and astrophysics.

Here we introduce a self-attention-based
framework[9] for emulating 1D sequences that
result from first-principles calculations. Our
model is implemented in the context of the
energy spectrum of the inflationary stochastic
gravitational-wave background (SGWB), but can
generalize to similar problems, e.g., galactic or
stellar spectra. The SGWB composed of pri-
mordial tensor fluctuations is a key prediction
of inflationary cosmology[10-12]. This relic from
the early Universe offers a unique probe of cos-
mic inflation, high energy physics and gravity. A
blue-tilted primordial tensor power spectrum with

a positive spectral index can produce detectable
gravitational-wave (GW) signals across a wide
frequency range, from nanohertz bands probed
by Pulsar Timing Arrays (PTAs) to tens of hertz
accessible to laser interferometers[13, 14]. Recent
PTA observations have reported strong evidence for
an SGWB signal[15-18], which shows consistency
with a blue-tilted inflationary SGWBJ[19, 20]. Fur-
thermore, a stiff phase or kination (with equation
of state w = 1) in the early Universe provides
additional interpretations for this tentative signal
because of the kination-amplification effect on the
primordial tensor modes[21-25]. This extended
cosmological model can also be tested by current
and next-generation laser interferometer detectors
such as LIGO-Virgo-KAGRA[26].



The main observable of the inflationary
SGWB is its present-day energy density spectrum,
Qaw (f). Its theoretical modeling involves consider-
able computational costs due to the backreaction of
the GW energy density on the expansion rate[21].
For blue-tilted spectra (either of primordial ori-
gin or kination-amplified), the contribution of the
inflationary SGWB to the effective number of rela-
tivistic species, ANeg,aw, becomes observationally
significant[22]. This extra radiation component can
alter the Hubble constant inferred from cosmologi-
cal data by a few percent[24], an unacceptable error
in view of today’s serious Hubble tension[27]. As a
result, the backreaction effect must be taken into
account self-consistently, and therefore accurate
evaluations of Qgw (f) require iteratively solving a
coupled system of integro-differential equations|25].
Traditional numerical solvers such as the LSODA
algorithm[28] cost tens of seconds per evaluation
and lack hardware acceleration in the meantime,
thus hindering large-scale Bayesian analysis or real-
time applications.

Deep learning offers a transformative approach
to accelerate such first-principles computations
by means of emulation. Given their outstanding
capability of feature extraction, neural networks
have already excelled in a range of applications
in GW astronomy, including GW signal detec-
tion, instrumental glitch recognition, and rapid
parameter estimation[29-35]. For our purpose here,
recurrent[36], convolutional[37], and networks with
attention mechanisms[9] are promising architec-
tures for modeling inflationary SGWB spectra of
various shapes, aiming at capturing both local fea-
tures and long-range dependencies over decades in
the frequency domain.

In this work, we present SageNet+, a neural
network emulator for the energy density spectrum
of the inflationary SGWB. The emulator explores
the full nine-dimensional parameter space of an
extended cosmological model with a possible early
stiff phase. This physical model expands both the
dimension of the parameter space and the prior
ranges in contrast to the original SageNet[7]; see
Extended Data Table 1. Based on the Transformer
architecture, SageNet+ combines learnable posi-
tional embeddings optimized for frequency-domain
predictions and adaptive sequence standardiza-
tion to preserve spectral features. We also intro-
duce new metrics to assess model performance,
generally applicable to 1D data of logarithmic
representations. Trained on 180,000 numerically
computed spectra, SageNet+ attains a subpercent
accuracy level with inference times in millisec-
onds—thousands of times faster than traditional
methods. This speed-up enables previously infea-
sible analysis, including population-level studies

based on Monte Carlo sampling, real-time param-
eter estimation using GW data, and joint analysis
with other cosmological data sets. SageNet+ is able
to reproduce all the patterns in the 1D spectral
sequences imprinted by the first-principles solver,
capturing both physical relationships and artifi-
cial features. Its physics-informed design hence
offers a novel, optimal, and generalizable framework
for scientific emulation, applicable to a diversity
of problems in cosmology and astrophysics with
high-dimensional parameter spaces.

Results

SageNet+ implements a Transformer-based archi-
tecture to emulate the present-day energy spec-
trum, Qgw/(f), of the stiff-amplified inflationary
SGWB, achieving a sub-percent error for almost all
combinations of the nine cosmological parameters.
The emulator successfully captures all critical fea-
tures of the spectrum curves, such as characteristic
spectral indices and key transitions in the expansion
history of the Universe. Unlike traditional numeri-
cal methods that take tens of seconds per execution,
SageNet+ can deliver the predicted Qgw/(f) in
less than 10ms on an Intel Core i7-11800H CPU,
enabling efficient Bayesian inference of the full set of
cosmological parameters. We present multiple anal-
yses on the performance of SageNet+ to assess its
accuracy and efficiency.

SageNet+ framework

The two-stage schematic framework of SageNet+ is
illustrated in Fig. 1. The primary goal of the emula-
tor is to efficiently output the GW spectrum curve
for any set of parameters of the cosmological model.
Fig. 1la describes the pipeline for generating the
data set. In Step 1, we apply the Latin hypercube
sampling (LHS) method to the nine-dimensional
parameter space, while the prior probability dis-
tributions of the parameters are assumed to be
uniform; see Extended Data Table 1. The LHS
method ensures a dense and thorough exploration
of the parameter space. In Step 2, each set of sam-
pled parameters is passed to the first-principles
numerical method, stifGWpy[24, 25], to calculate
accurate Qgw(f) curves as the ground truth. All
data curves are then processed with a refined inter-
polation strategy in Step 3 such that each spectrum
has a uniform length of 256 points; see the ‘Data
interpolation’ section in the Methods.

The parameters of the training samples and
their corresponding GW spectrum curves are sub-
sequently fed into the network module for training
and validation, as illustrated in Fig. 1b. We adopt
an encoder-decoder architecture for SageNet+. The
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Fig. 2: Example emulation results of SageNet+ for different physical parameters. In each case,
the predicted and original GW spectra reach perfect agreement, even if the spectral shapes vary signifi-
cantly across different parameter combinations. We identify three types of frequency intervals in the original
spectral curves: sparse, dense, and uncertain. The sparse interval corresponds to the stage in the expan-
sion of the Universe when the equation of state is time-independent, and thus the curve has a constant
slope. The dense interval with varying slopes represents the evolutionary stage when the equation of state
changes. The uncertain interval at the maximum frequency corresponds to the very early Universe with high
energy scales where the physics is uncertain. This part of the spectrum has relatively low reference value for
most SGWB searches, but generates significant noise that affects model accuracy. Encouragingly, SageNet+
achieves excellent reconstruction results in all three categories, accurately capturing both the overall evolu-
tionary trends (in the frequency domain) and local artificial patterns.

core feature extractor of this architecture is a Trans-
former encoder that captures all possible positional
relationships between two points in a GW spec-
trum. The spectrum curves resulting from our first-
principles calculations, { f;, Qaw(fi)}, have varying
lengths and nonuniform densities of points. Some
of these features are of physical origin, while oth-
ers are artificial. For example, physical information
including the equation of state of the Universe,
the duration of each cosmological era, and the
energy scale of inflation is encapsulated in global
features such as the spectral indices and the length
of every power-law segment. On the other hand,
the local feature of density/sparsity of points is
mostly an artifact arising from the numerical imple-
mentation of the first-principles code. In view of
this, our Transformer-based model is designed to

extract both physical and artificial information
simultaneously using the self-attention mechanism,
maximizing the accuracy of prediction.

Qualitative evaluation

SageNet+ achieves accurate emulations of the infla-
tionary SGWB spectrum, as indicated by the com-
parison between the predicted and original Qgw (f)
curves in Fig. 2 for a few examples. The pre-
dicted curves reach fine-grained agreement with the
respective ground truth over the entire frequency
ranges that encompass the key frequency bands
probed by PTA and LIGO. These results show that
the model can reconstruct complex GW spectra
with a variety of shapes for the full range of cosmo-
logical parameters. Furthermore, variations in the
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Fig. 3: Distribution density of GW curve points. We present the distribution density of 10,000
spectral curves generated through our LHS parameter sampling and first-principles method, alongside the
corresponding predicted distribution by SageNet+. a and b, The two-dimensional form of the density
distribution is displayed. ¢, The relative difference in probability density between the two is negligible,
within 0.3% in most regions. d and e, The red dashed lines delineate the primary distribution region of
the curves due to standard ACDM cosmology, where the vast majority of {log,,(f:/Hz), log,o Qaw(fi)}
points are located. Within this region, SageNet+ achieves excellent emulation of the ground truth. The
area between the red and the yellow dashed lines represents the region due to stiff /kination amplification
of the inflationary SGWB. The probability density in this high-frequency region is relatively lower, yet the
emulator is still capable of reproducing this physical feature.

density of points in each spectrum curve are reli-
ably captured and reproduced by SageNet+. As
mentioned above, such variations are of artificial
origin, ascribed to the adaptive frequency sam-
pling strategy employed in the numerical algorithm
(StiffGWpy). Remarkably, even in sparsely sampled
parts of the curves, the Transformer-based model
is able to predict the locations of data points with
high precision.

Fig. 3 provides another perspective for com-
paring the predicted GW spectra with the ground
truth in terms of the distribution of all data points,
{fi, Qaw(f:)}, in 10,000 curves. The distribution
of the spectrum points reconstructed by SageNet+
(Fig. 3a) is perfectly consistent with the original
distribution (Fig. 3b), reproducing features such as

the stiff/kination amplification of the inflationary
SGWB at high frequencies and the horizontal hill
across lower frequencies attributed to the standard
cosmology without kination (Fig. 3d,e).

Quantitative evaluation by metrics

To evaluate the performance of SageNet+ quantita-
tively, we devise multiple new metrics to assess the
accuracy of the predicted GW spectra against the
ground truth. In this work, we introduce the mean
logarithmic area error (MLAE), defined as the log-
arithmic average difference between the predicted
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342 and true spectra over the entire frequency range, This metric is mathematically proportional to the
343 area between the two log;, Qaw (f) curves, as illus-
344 1 Frmax Qg&? (f) trated by Extended Data Fig. 1. Meanwhile, it
345 MLAE = In( frnax/ fmin) / In Qurue( 7y dln f represents the (logarithmic) mean absolute per-
346 i oW centage error in the predicted value of Qaw(f)
gj; x100%, (1) across its frequency range, since In(1 + z) ~ z for
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Fig. 5: Dependence of model performance on physical parameters. For the test set with 5,400
samples, the 2D distribution of the total percentage error and the value of one parameter is illustrated by
color in each subplot, where the solid line and the equation describe the linear fit to the distribution. Each
column represents a cosmological parameter and each row a neural network architecture. The black dashed
curve in each subplot illustrates the 1D probability density function. The linear fits show that an increase in

nt, introduces additional errors systematically, while the

impact of other parameters is minimal. Considering

that a bluer spectral index (larger n) compresses the frequency range of the primoridal spectrum of linear
tensor fluctuations by a cutoff at lower frequencies|25], this effect is expected.

small z. Hence, MLAE embodies a deep connec-
tion between the logarithmic quantity output by
the model (log;, Qcw) and the original quantity
(Qaw); the former manifests intrinsic physical fea-
tures (e.g., spectral indices) but the latter is what
GW experiments directly measure. The predictions
of SageNet+ achieve a 99th percentile (P99) MLAE
of 0.54% for test samples with various combinations
of parameters (Fig. 4a), demonstrating excellent
agreement with the ground truth.

Technically, the above MLAE applies only to
the overlapped part of the predicted and true GW
spectra in the frequency domain. To take into
account the mismatch between the predictions and
the ground truth at the two ends of the GW spec-
tra, we consider the following absolute logarithmic

error (ALE) for both the fii, and fmax predictions:

fp{ed pred
. — min — max
ALEpin = |In 2251 ALEp = [In 222

min max

(2)
We call their sum the absolute boundary logarith-
mic error (ABLE), i.e., ABLE = ALE ;)i +ALE ax.
It describes the error in (the boundaries of) the
predicted frequency range and serves as a comple-
mentary metric to MLAE. SageNet+ achieves a P99
ABLE of 0.35% for the test set (Fig. 4b).

Finally, the total percentage error defined as the
sum of MLAE and ABLE provides a comprehensive
and balanced assessment of the ability of an emula-
tor to recover the true GW spectrum. This metric
reaches zero only when the predicted Qaw(f) per-
fectly coincides with the true one. For all three
metrics, we present the results of our Transformer-
based SageNet+ model as well as other baselines
for comparison [36-40]. In particular, the resultant
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cumulative distribution function (CDF) illustrated
in Fig. 4c shows that the overall performance of
Transformer is the best among all these other archi-
tectures considered in the literature, indicated by
the steepest ascent in its CDF. The P99 total per-
centage error of SageNet+ is 0.75%, and 99.85% of
the test samples exhibit errors below 1%. Detailed
error statistics are listed in Extended Data Table 2.

Dependence of SageNet+
performance on cosmological
parameters

We further investigate the dependence of the emu-
lator performance on each parameter of the full
cosmological model for SageNet+ as well as exist-
ing benchmarks (Fig. 5). For most parameters, the
distribution of the total percentage error (defined
above) does not exhibit a pronounced dependence,
as evidenced by the nearly flat trend of the linear
fits. For each neural network model, the inter-
cepts of these fits are also nearly equal across the
nine cosmological parameters, e.g., ~ 0.35% for the
Transformer-based SageNet+. However, the tensor
spectral index, ny, has a notable impact on the error
distribution. The positive-slope trend shown in the
column ‘ny’ of Fig. 5 and Extended Data Fig. 2
is consistent with the following physical interpreta-
tion. The steeper the inflationary tensor spectrum
(with higher value of ny), the lower the maximum
frequency (fmax), as a result of the ultraviolet cutoff
due to the linearity requirement on the inflation-
ary tensor power (Supplementary Note)[25]. It leads
to a lower value of the denominator in MLAE
(equation 1), In(fmax/fmin), thus increasing the
prediction error. This physical interpretability sup-
ports the usage of MLAE as a proper metric for
such 1D emulation tasks, in general.

Optimized data preprocessing with
respect to physical information

To implement the Transformer architecture, we pre-
process all numerically-computed GW spectra by
interpolation to reach a uniform number of points
for each data sequence, {f;, Qaw(fi)} (Step 3 in
Fig. 1a). In contrast to conventional data prepro-
cessing methods such as padding (commonly used
in natural language processing)[9, 41-43], an inter-
polation scheme relieves the model of the task of
predicting the curve lengths and, in the mean-
time, helps achieve faster convergence in training
(Extended Data Fig. 3).

In addition, SageNet+ adopts an improved
interpolation method compared with the original
SageNet approach, which applied univariate inter-
polation in the entire frequency domain[7]. To be
more specific, the previous approach inserted points

between the closest pair of points in every GW
spectrum sequence with the intention of preserv-
ing the artificial frequency sampling patterns from
the numerical code (StiffGWpy). This algorithm
often resulted in interpolation near fiax. How-
ever, the high-frequency end of the spectrum is
determined by uncertain high-energy physics in the
early Universe (Fig. 2). Hence, an overly dense
insertion of points near fia.x actually compromises
the true physical information carried by the data
sequence. To fix this flaw, our optimized algorithm
in SageNet+ restricts the extent of interpolation to
the lower 60% of the logarithmic frequency range of
each spectrum. This new approach preserves all the
physical features of Qgw (f) and does not introduce
artificial noise for deep learning.

The effects of the optimized interpolation strat-
egy on emulator performance are illustrated in
Fig. 6. As we weaken the weight of the high-
frequency end of the GW spectra by the opti-
mized prescription for interpolation (Fig. 6a), the
Transformer-based model pays more attention to
parts of the curves that are physically more robust,
thereby improving the accuracy of emulations
(Fig. 6b). In fact, Fig. 6¢ shows that with the new
method, not only SageNet+ but most of the mod-
els attain better performance as their MLAEs and
ABLEs are reduced, demonstrating the ability of
the optimized data preprocessing scheme to cap-
ture genuine physical information in GW spectrum
sequences.

Computational Efficiency

SageNet+ enables an average inference time of
approximately 6.55ms on an Intel Core i7-11800H
CPU (see Extended Data Fig. 4), the same order
of magnitude compared to the original SageNet[7],
while extending the dimension of the parameter
space by almost a factor of two (9D versus 5D).
The Transformer-based model thus maintains a
significant speed advantage over traditional numer-
ical methods (e.g., stif GWpy) that require itera-
tive numerical integration of differential equations
and typically cost O(10) seconds per run. As a
result, SageNet+ allows for rapid parameter space
exploration and subsequent Bayesian inferences.
The framework can be further generalized to a
wide range of high-dimensional inference tasks with
extended cosmological models, where efficient and
accurate theoretical predictions are vital for ana-
lyzing large GW and cosmological data sets.

Discussion

We introduce a Transformer-based emulator,
SageNet+, for generating fast and accurate pre-
dictions of the energy spectrum of inflationary
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Fig. 6: Effects of optimized data preprocessing on model performance. The optimized interpolation
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low errors at high frequencies. ¢, The performance of nearly all neural network models is enhanced by
the optimized interpolation method. The unshaded violin in each set of experiments represents the error

distribution resulting from the optimized method.

gravitational waves with possible stiff amplifica-
tion. Not only does it retain the efficiency level of
O(1)ms per emulation on CPUs, SageNet+ also
achieves enhanced accuracy, proving itself as a
robust alternative to conventional first-principles
numerical solvers for sequential data.

Demands for efficient emulation of spectra or
1D sequences are now ubiquitous in many branches
of cosmology and astrophysics [2-6, 44-46]. The
results in this work demonstrate the advantage
of Transformer-based models over other bench-
marks in such tasks[47, 48]. Self-attention is the
key here, given its competence in learning both
global and local patterns of a sequence. In our
unified SageNet+ framework, there are primarily
two sources of errors: (i) the difference between
the predicted and true GW spectra in the over-
lapped part of their frequency ranges, and (ii) the
mismatch between the boundaries of the frequency

ranges, fmin and fuax. Neural networks with recur-
rent architectures, e.g., RNN, LSTM and GRU, can
effectively capture long-distance information in the
middle part of a sequence, leading to good per-
formance in the MLAE metric (Fig. 4a). However,
they have difficulty extracting precise local pat-
terns near the boundaries of frequency domains
because the two ends of a GW spectrum lack
sufficient contextual information and also suffer
from intrinsic uncertainties of physical origin. These
reasons lead to relatively lower ABLE scores for net-
works with recurrent architectures (Fig. 4b). Neural
networks with convolutional architectures such as
CNN and TCN, in contrast, exhibit stronger per-
formance in the ABLE metric, since these models
excel at capturing local features and can therefore
keep track of points near the boundaries of a spec-
trum curve. Nevertheless, their limited receptive
fields hinder the reconstruction of global functional

465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
011
512
513
514
515
516
017
518
519
520
521
522



523
524
925
526
927
528
529
530
531
5932
933
934
535
536
937
538
539
540
541
542
543
544
545
546
047
948
549
550
951
952
953
954
955
956
957
958
559
560
561
562
563
564
565
566
967
568
569
570
o71
o972
973
074
975
976
o977
978
979
580

dependencies in Qaw(f), resulting in lower MLAE
scores. Unlike the above two classes of benchmarks,
Transformer exploits its self-attention mechanism
to directly learn the correlations between different
points in a sequence. By dynamically adjusting the
scope of attention, our Transformer-based model
has proved a great success in extracting both long-
and short-distance features in Qagw(f), bringing
about superior performance in both metrics, MLAE
and ABLE. By the same token, all these merits of
self-attention are generally applicable to modeling
other sequential data in similar studies.

Furthermore, the above two types of metrics can
also be generalized to other 1D emulation tasks.
In fact, MLAE and ABLE together provide an
optimized framework for evaluating model perfor-
mance in such tasks. Because 1D spectra/sequences
in cosmology and astrophysics are essentially con-
tinuous functions for which the specific locations
of points are unimportant, a sound characteriza-
tion of emulation accuracy is presented by the two
aforementioned sources of errors rather than com-
mon metrics such as the mean absolute percentage
error (MAPE). The latter is typically dependent
on all the particular points in a sequence and is
thus suboptimal for assessing the errors in model-
ing continuous functions (Extended Data Fig. 1).
Unlike these standard metrics, our approach here
correctly captures the difference between a pre-
dicted curve and its ground truth. In doing so,
we take advantage of the power-law nature of the
GW spectrum segments to construct the MLAE
based on the logarithmic quantity, In Qgw (f). The
MLAE can be interpreted as the average log accu-
racy ratio over the frequency span of each spectrum
(equation 1)[49, 50], while geometrically equal to
the area between the two log curves. Similarly,
the design of ABLE also utilizes the logarithmic
attribute of the frequency range. Hence, as long
as the data sequences are suitable for logarithmic
representations by nature, the new metrics devised
in this work offer a favorable measure of model
performance.

SageNet+ employs an interpolation scheme for
data preprocessing. It is a necessary step in emu-
lation tasks, since the sequential data computed
by first-principles methods do not always have a
uniform length for varying parameters. Our interpo-
lation approach is again supported by the fact that
1D sequences are continuous functions for which
the total number of points in a curve is of no
significance as long as there are sufficient points
to capture all the features. Compared with com-
mon approaches such as padding or truncation,
interpolation-based data preprocessing can maxi-
mally preserve physical features in a sequence. In
addition, our optimized method for SageNet+ with
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a selective frequency range for interpolation results
in a considerable improvement on the previous stan-
dard method (Fig. 6). By paying less attention to
the physically uncertain, high-frequency end of GW
spectra, the Transformer-based model achieves bet-
ter performance in learning genuine cosmological
information. Therefore, it is important to opti-
mize the data preprocessing method in synergy
with the optimal neural network architecture. The
optimization here based on physical information is
generalizable to other 1D data in related fields.

The SageNet+ framework provides a system-
atic, explainable solution to generic 1D emulation
tasks or forward modeling problems in cosmol-
ogy and astrophysics, along with novel metrics for
robust model evaluation. Our results show that
with the aid of optimized data preprocessing, state-
of-the-art Transformer-based emulators currently
yield the optimal predictions of 1D spectra/se-
quences.

Methods

Data generation

Parameter sampling. To construct a compre-
hensive training dataset for modeling GW spectra,
we generated 180,000 samples spanning a nine-
dimensional parameter space using Latin hyper-
cube sampling, a stratified sampling technique that
ensures uniform coverage of the parameter space
by dividing each dimension into equally proba-
ble intervals and sampling once from each interval
[61]. We used the pyDOE Python package with
the ‘maximin’ criterion to maximize the minimum
distance between samples, thereby improving the
diversity of the generated dataset. The parameter
space encompasses nine cosmological and inflation-
ary parameters critical to GW spectra modeling:
the tensor-to-scalar ratio (r), the tensor spectral
index (nt), the curvature perturbation amplitude
at k = 10Mpc™" (kig), the reheating tempera-
ture (Tye), the number of e-folds during reheating
(AN;.), the baryon density (Q,h?), the cold dark
matter density (2.h?), the Hubble constant (Hy),
and the amplitude of scalar perturbations (As).
Each parameter is sampled according to physically
motivated prior distributions, which are either lin-
early or logarithmically scaled depending on their
expected range and physical constraints.

The LHS-generated parameters were mapped to
their physical ranges using appropriate scaling func-
tions. For logarithmically sampled parameters, the
transformation follows § = 10%t*(=%)  where z €
[0,1) is the LHS sample, and [10%,10%] is the prior
range. For linearly sampled parameters, the trans-
formation is # = a+x(b—a), where [a, b] is the prior
range. The resulting parameter sets were stored



in a database for subsequent GW spectra compu-
tation. The Python implementation leverages the
pyDOE. 1hs function, with the code adapted to han-
dle both linear and logarithmic scalings efficiently.
This approach ensures that the training dataset
captures the full variability of GW spectra across
the parameter space, enabling robust modeling of
cosmological and inflationary effects. The generated
samples serve as inputs to a numerical pipeline that
computes the corresponding GW spectra, which are
used to train our predictive model.

Data interpolation. In the dataset, most
curves have a variable unit length, between 100
and 250. The variable length sequences introduce
additional challenges for network training. In the
context of SGWB, the nature of the curves is con-
tinuous, and the number of points does not affect-
their physical accuracy. Therefore, we attempted to
fix the curve length to a specific value. In our net-
work, this value was chosen as N = 256, with all
curves having a unit length less than or equal to this
value. For a curve with original length M < 256,
represented as a sequence of points ¢ = {¢; =
(xi,9:) | 1 =0,1,..., M — 1}, we performed dense
linear interpolation between the two most sparsely
spaced points to extend the curve to N = 256
points. Specifically, let ¢, and cpy; be the pair
of adjacent points with the maximum Euclidean
distance:

dippr = max  [leis —cif. 3)

We insert N — M new points between ci and
Cr+1 using linear interpolation. For a new point
¢} at interpolation step t; = m (for j =
0,1,...,N — M), the coordinates are computed as:

[

C; (1 — tj)ck + tjCk+1. (4)
This ensures the interpolated segment preserves
the slope between c; and cpy1, as the points lie
on the straight line connecting them. The result-
ing sequence ¢’ = {c{,c},...,cy_;} has exactly
N = 256 points, with the original curve’s shape
and slope information retained as much as possi-
ble. Compared to variable-length input sequences,
this standardization to a fixed length of N = 256
allows us to retain the maximum amount of curve
information while reducing the model’s additional
computational burden and errors in the attention-
enhanced neural network.

To maximize the representation of the physical
information of the curve while reducing the num-
ber of sampling points, the StifGWpy algorithm
(see Algorithm 1 in the Supplementary Notes)
appropriately increases the interpolation frequency
when log;o Qew (fi) undergoes significant changes.
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However, when the evolution process is in the high-
frequency boundary stage, the curve inevitably
carries strong uncertainty. This uncertainty infor-
mation is accurately captured by the StifGWpy
algorithm but lacks practical physical significance
for the study of the evolution of SGWB.

Therefore, interpolating noisy high-frequency
regions which carries high uncertainties will lead
to deviations from the ground truth. To address
this, we restrict interpolation to the first 60%
of the curve’s frequency range, prioritizing denser
sampling in the middle portion to enhance the
representation of physically relevant regions. The
interpolation method in SageNet+ is illustrated in
Extended Data Fig. 5. This approach increases the
weight of reliable data during training, prevents
the model from learning incorrect information due
to computational uncertainties, and avoids over-
sampling noisy regions that could diminish the
contribution of other curve segments.

Neural network architecture

To emulate the stiff-amplified inflationary GW
spectrum, we developed a Transformer-based neu-
ral network model to handle the expanded
nine-dimensional parameter space. This model
replaces traditional recurrent architectures, such as
LSTM networks, with a Transformer framework
to enhance accuracy and computational efficiency
in predicting the present-day energy density spec-
trum, Qg (f).

Parameter encoder. The input is a nine-
dimensional tensor:

P= {7’7 N, K10, Tre7 A]\fre» Qbh27 Qch27 HO? AS}7

()
where r is the tensor-to-scalar ratio, ny is the tensor
spectral index, k19 parameterizes the kination-to-
radiation transition, T, is the reheating tempera-
ture, AN, is the number of e-folds during reheat-
ing, and Quh2, Q.h%, Hy, and A, are standard
cosmological parameters. The encoder transforms
this input via linear layers with GELU activations
and layer normalization:

hy = LayerNorm (GELU (W3 - pg)),  (6)

po = LayerNorm (GELU (W4 - p)) (7)
where W; € RI!28X9 and W, € R256x128 The
output hy € R?% is a compact representation.

Feature extractor. The feature extractor is
designed to capture the physical dependencies
within the SGWB spectrum, such as frequency-
dependent spectral indices and transitions across
cosmological epochs. In SageNet+, we use the
attention layer as the primary feature extractor.
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The input sequence is prepared by repeating the ini-
tial hidden state hg across 256 positions and adding
positional embeddings:

pos = Embedding(positions), (8)
seq = hg + pos. 9)
This sequence is processed through a Transformer
encoder with three layers, each featuring multi-head
self-attention and feed-forward networks. To reduce
network complexity while ensuring the accuracy, in
SageNet+, each attention layer is configured with a
feature dimension of 256, 8 attention heads, a feed-
forward dimension of 512, a dropout rate of 0.1, and
uses the GELU activation function.

The multi-head self-attention mechanism effec-
tively models long-range correlations in the SGWB
spectrum, such as those arising from kination
epochs or reheating transitions, producing a contex-
tualized sequence, Embedded & RPatchx256x256
which encodes these physical relationships across
the nine-dimensional cosmological parameter space.

Decoder. The decoder projects the attention
layer’s output to predict frequency and spectrum
value pairs, reflecting the physical characteristics of
the SGWB spectrum:

vy =W, GELU (W3 - Att.), (10)
where W3 € RI!28X256 and W, ¢ R2x128,
The output y € RbPatehx256x2 n1ovides pre-
dicted {f;,1log,o Qaw (fi)} pairs, accurately captur-
ing spectral features like power-law behavior and
epoch transitions.

This architecture leverages the ability of the
attention layer to extract physically relevant depen-
dencies, allowing SageNet+ to achieve high accu-
racy and scalability in modeling the inflationary
SGWB spectrum across a diverse cosmological
parameter space.
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Data Availability. We provide the data set
used in writing this paper, including a training
set with 180,000 samples and a test set with
5,400 samples[52]. The data in our study were
generated using the stif fGWpy numerical computa-
tion algorithm (https://github.com/bohuarolandli/
stiff GWpy), and we have uploaded the code, includ-
ing the steps to generate the samples on GitHub
(https://github.com/YifangLuo/SageNet).

Code Availability. To facilitate community
access, we have released our emulator as an open-
source package, sagenetgw, available on PyPI
at https://pypi.org/project/sagenetgw, enabling
seamless integration into cosmological and grav-
itational wave analyses. The original code has
been open sourced to Github: https://github.com/
YifangLuo/SageNet.


https://github.com/bohuarolandli/stiffGWpy
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https://github.com/YifangLuo/SageNet
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Extended Data Table 1: Prior ranges for the nine-dimensional parameter space in LHS.

Parameter Prior Range Definition
logio7 [—40, 0] Tensor-to-scalar ratio
Ty, [—1,6] Tensor spectral index satisfies the consistency relation
log10k10 [—7,3] Ratio of the stiff-fluid density
log10Tve [—3,7] Reheating temperature
AN, [0, 40] Number of e-folds at the end of reheating
Q,h? [0.005,0.1] Baryon density
Q.h? [0.001,0.99] Dark matter density
H, [20, 100] Hubble constant today
In(1010Ay) [1.61,3.91] The scalar amplitude

Extended Data Table 2: Based on a test set of 5,400 samples, the percentage of samples with area error
below specified thresholds for the recurrent architecture including LSTM, GRU and RNN, the convolu-
tional architecture including CNN and TCN. We also tried Transformer, and DNN which is activated by
LeakyReLU to capture GW curve features accurately [4].

Threshold Transformer LSTM GRU RNN TCN CNN DNN

< 0.25% 20.28 1.89 12.39 2.06 5.75 8.00 2.93
< 0.5% 88.53 38.18 68.24 40.95 57.91 59.78 48.87
< 0.75% 98.96 78.61 93.79 79.67 89.07 90.73 87.01

<1% 99.85 93.91 98.74 94.61 97.05 97.26 96.32
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Extended Data Figure 1: Interpreting the proposed new metrics. When measuring the differences
1029 between predicted and true points on a curve, a common method is to pair points with the same sequence
1030 position and calculate their relative positional differences. This approach intuitively reflects the model’s
1031 prediction accuracy at specific sequence positions and offers good accuracy when measuring errors in ordered
1032 data. However, this method assumes a strict correspondence in the sequence order of predicted and true
1033 points. If the frequency points f; in the predicted sequence are not strictly aligned with the original sequence,
1034 the error can be significantly amplified. Additionally, considering that the original curve employs an adaptive
sampling strategy with varying point densities across different frequency ranges, slight offsets in predicted
point positions in sparsely sampled regions can lead to large local errors, even if the overall curve shape
closely matches the true value. In practice, since the final predicted curve can be densely interpolated, we
are more concerned with the consistency of the overall curve shape rather than differences at specific points.
To address this, we adopted the relative area error to measure the prediction error of the curve, directly
evaluating the overall physical characteristics of the curve.
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Extended Data Figure 2: Perfor

mance analy:

sis on parameters using the MLAE metric. Different

with Fig. 5, the analysis using the MLAE metric shows a consistently positive slope for ny across all models.
This positive trend aligns with the physical interpretation that a steeper inflationary tensor spectrum (higher
ny) reduces the maximum frequency (fmax) due to the ultraviolet cutoff, leading to a smaller denominator
in the MLAE, In(finax/ fmin), and thus an increased prediction error.
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1129 Extended Data Figure 3: Training efficiency with different data preprocessing methods. The
1130 figure shows the loss curves during training Transformer model to handle (f,log;, Qaw) sequences with
1131 variable length. To allow the model to process them, we used interpolation and padding methods, which
1132 is conventional in NLP tasks. When using the interpolation method, the model’s convergence speed and
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Optimized interpolation methods
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Extended Data Figure 5: Comparision between different interpolation methods. To prevent
the interpolation method from overly focusing on the high-frequency stage of the curve and missing the
physical information carried by dense variations in the mid-to-low frequency range, we selected the first
60% of the curve as the interpolable range. Under this choice, if the curve exhibits significant changes
only in the high-frequency stage, the algorithm will still perform interpolation in that part; however, if the
curve shows significant changes in the more critical mid-to-low frequency range, the interpolation window
will immediately shift to the mid-to-low frequencies, thereby allowing the interpolation algorithm to focus

Standard interpolation methods
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maximally on the frequency band with the greatest physical significance.
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