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1 Additional Background

1.1 Substance Use Disorder and Addiction Terminology

To discuss the opioid epidemic, it is important to have clear definitions of both substance use
disorder (SUD) and addiction. According to the American Psychological Association (APA),
SUD is defined as a cluster of physiological, behavioral, and cognitive symptoms associated
with the continued use of substances despite substance-related problems, distress, and/or
impairment, such as impaired control and risky use [2]. Previously in the Diagnostic and
Statistical Manual of Mental Disorders (DSM-IV), SUD was broken down into two diagnoses
of substance abuse and substance dependence, where dependence was placed above abuse in
a hierarchy by stipulating that abuse should not be diagnosed when dependence was present
[7,12]. However, in DSM-5, the SUD diagnosis combines and replaces the previous diagnoses
of substance abuse and substance dependence [I]. It defines SUD using the following 11
criteria:
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. The individual may take the substance in larger amounts or over a longer period than

was originally intended.

. The individual may express a persistent desire to cut down or regulate substance use

and may report multiple unsuccessful efforts to decrease or discontinue use.

The individual may spend a great deal of time obtaining the substance, using the
substance, or recovering from its effects.

The individuals may experience cravings, which are manifested by an intense desire or
urge for the drug that may occur at any time but is more likely when in an environment
where the drug previously was obtained or used.

Recurrent substance use may result in a failure to fulfill major role obligations at work,
school, or home.

The individual may continue substance use despite having persistent or recurrent social
or interpersonal problems caused or exacerbated by the effects of the substance.

Important social, occupational, or recreational activities may be given up or reduced
because of substance use.

The individual may have recurrent substance use in situations in which it is physically
hazardous.

The individual may continue substance use despite knowledge of having a persistent
or recurrent physical or psychological problem that is likely to have been caused or
exacerbated by the substance.

The individuals may develop tolerance signaled by requiring a markedly increased dose
of the substance to achieve the desired effect or a markedly reduced effect when the
usual dose is consumed.

The individuals may experience withdrawal, which is a syndrome that occurs when
blood or tissue concentrations of a substance decline in an individual who has maintained
prolonged, heavy use of the substance.

Criteria 1-4 deal with impaired control, criteria 5-7 with social impairment, criteria 8-9 with
risky use, and criteria 10-11 with pharmacological criteria. A mild SUD is defined as having
two to three symptoms, a moderate SUD as having four to five symptoms, and a severe SUD
as having six or more symptoms.

Although the term “addiction” is not explicitly listed in the DSM-5, it is commonly regarded
as a severe manifestation of SUD [20]. The National Institute on Drug Abuse defines
addiction as a chronic, relapsing condition marked by compulsive drug-seeking and usage
despite harmful consequences [21].



1.2 Effects of the COVID-19 Pandemic on Data Collection

We must acknowledge the changes and limitations in data collection that resulted from
the COVID-19 pandemic and how this affects our understanding of the role it played in
the opioid epidemic. A key source of data on OUD is the National Survey on Drug Use
and Health (NSDUH), administered by the Substance Abuse and Mental Health Services
Administration (SAMHSA). There is no state-level data for the 2019-2020 period due to
methodological challenges in combining data from 2019 and 2020, which stemmed from
the suspension of in-person data collection in 2020 [23]. Although web interviews were
eventually conducted to continue data collection in 2020, there are known differences in
how people respond to surveys administered online versus in person. The demographics of
web respondents (e.g., by gender, race, education, etc.) differed from those of in-person
respondents, and in-person respondents were more likely to be users of certain substances
and were more likely to have experienced mental health issues. This created a “mode effect,”
complicating data consistency.

Furthermore, comparing national-level NSDUH data from before and after 2020 is problematic
for several reasons [24]. SAMHSA opted to continue using a multi-mode data collection
approach, incorporating both in-person and web interviews in 2021. This shift significantly
altered the survey results, making them incomparable, even after weighing (adjusting) the
data for demographic differences between the two respondent groups. Additionally, prior
to 2021, the NSDUH used the fourth edition of the DSM-IV to diagnose SUD, whereas it
now uses the DSM-5, which, as we discussed earlier, employs different diagnostic criteria.
Another significant change is that, before 2021, the survey only asked individuals misusing
prescription drugs more in-depth questions to determine if they have SUD. Since 2021, they
have started asking more in-depth questions of both those who have misused prescription
drugs and those who are using prescription drugs but are not misusing them to determine if
they have a SUD. This enables them to identify milder cases of SUD (those who met only
two or three SUD criteria from DSM-5).

1.3 Previous Work

The motivation for our ODE system comes from Phillips, Lenhart, and Strickland [28], which
was inspired by Battista, Pearcy, and Strickland [6]. Battista, Pearcy, and Strickland created
an ODE system for the national population consisting of four compartments: susceptibles,
prescribed users, addicts, and individuals in treatment. Parameters were drawn from existing
literature, and simulations were run to compare the model’s predicted opioid overdose deaths
with real-world data, validating the model’s accuracy. They found that an addiction-free
equilibrium could only be obtained for their model under the assumption that prescribed
users did not become addicted to their own prescriptions and that there were no addictions
that came from excess prescription drugs. While these assumptions were unrealistic, they
revealed that, under these conditions, the basic reproduction number Ry was less than one,
implying that the opioid epidemic could not persist without primary and secondary addiction.
Furthermore, a Sobol sensitivity analysis showed that the addiction class was most sensitive
to the rates of prescription completion and treatment entry. Higher values for these rates



were critical for reducing the addicted population. By focusing on key parameters that had
the potential to be feasibly managed, the model shows that the addicted population could
decrease in 10 years, given proper rates of prescription completion, treatment entry, and
treatment completion. They concluded that effective intervention efforts should prioritize
prescription completion and treatment entrance rates, followed by prescription rates and
treatment completion.

Building on Battista, Pearcy, and Strickland’s model, Phillips, Lenhart, and Strickland
incorporated the role of heroin and fentanyl in the opioid epidemic. They expanded the
addiction class into two distinct groups: prescription opioid addicts and heroin/fentanyl
addicts, resulting in a five-class ODE model: susceptibles, prescription opioid users, prescription
opioid addicts, heroin/fentanyl addicts, and stably recovered individuals. Previous models
had not explicitly accounted for the connection between prescription opioid addiction and
heroin/fentanyl addiction. In addition, Phillips et al. deviated from Battista et al. by
defining a “stably” recovered class, consisting of individuals who had completed treatment
and remained relapse-free for at least 4 weeks—a benchmark chosen due to the high relapse
rates within the first month after treatment. To narrow the scope of their analysis, Phillips
et al. focused on Tennessee instead of the national level, using state-level data on opioid
prescriptions, overdoses, and heroin use to estimate parameters. They found that an addiction-
free equilibrium could only be obtained for their model under the strict assumption of either
ending all prescriptions for opioids or ending all prescription-based addiction (making the
only way to become addicted to prescription opioids through illicit purchases). This was
consistent with the unrealistic assumptions in Battista et al. However, they found that R
was greater than one, indicating that the epidemic could be sustained by black market sales
alone. Their model revealed that heroin and fentanyl had become the primary drivers of the
opioid epidemic in Tennessee, with projections showing that addiction and overdose deaths
related to heroin and fentanyl would continue to rise in the coming years (2020-2022), even
as prescription opioid addiction decreased. They projected their model forward to 2023 and
conducted a sensitivity analysis to identify the parameters most influential to the sizes of
the compartments at the end of this period. This analysis helped pinpoint the most effective
management strategies for reducing addicted individuals and overdose deaths. The most
successful approaches, according to their findings, involved targeting treatment availability,
monitoring stably recovered individuals to prevent relapse, and increasing efforts to reduce
opioid overdose fatalities (e.g., expanding Naloxone distribution).

2 Model Formulation

2.1 Initial Model

The model consists of five general population subgroups (S¢, Pg, Ag, Fa, Rg) and six
community population subgroups (S¢, Sy, Pe, Ac, Fo, Re) within the general population
groups. We assume that the individuals in each of the classes are homogeneous for the
simplicity of a starting model. These are all measured as proportions of the entire general



population and community populations, respectively, so that

1:SG+Pg—|—AG—|—F(;+Rg, and
1=8c+Sy+ Pc+Ac+ Fo+ Re.

The general population compartments are characterized as follows:

1. Susceptibles Sg: represents individuals in the general population who are not taking
prescribed opioids nor using fentanyl/heroin. We only consider the portion of the
population aged 12 and older.

2. Prescription opioid users Pg: represents individuals in the general population who are
prescribed opioids by a health care provider and take them in a manner not constituting
an opioid use disorder as defined above (some misuse is possible, as long as it is in a
manner such that potential for immediate harm is negligible).

3. Prescription opioid use disorder Ag: represents individuals in the general population
who have a prescription opioid use disorder (POUD) as described but not using fentanyl/heroin.
They may be actively in treatment for opioid use disorder and are still considered in
this class for one month after being discharged from treatment, regardless of current
use.

4. Fentanyl/heroin use disorder Fg: represents individuals in the general population who
have fentanyl/heroin use disorder (FHUD) or are actively in treatment for opioid use
disorder, including fentanyl/heroin. Individuals remain in this class for at least one
month after being discharged from treatment, regardless of current use.

5. Stably recovered individuals Rg: represents individuals in the general population
who complete treatment for opioid use disorder and do not relapse within one month
after treatment is over, and therefore, we consider them to be in a “stable” recovery
state. In cases where treatment is not a well-defined, discrete event (e.g., ongoing
counseling, group support, solo attempts at recovery), one month without relapse
alone characterizes inclusion in Rg versus Ag or Fg.

The community population compartments are characterized as follows:

1. Susceptibles without chronic pain S¢: represents individuals in the community who are
not taking prescribed opioids nor using fentanyl/heroin. These individuals are also not
experiencing chronic pain (pain lasting more than three months), though they might
be experiencing acute pain (pain that lasts less than a month) or subacute pain (pain
that lasts one to three months).

2. Susceptibles with chronic pain Sg: represents individuals in the community who are
not taking prescribed opioids, nor using fentanyl/heroin, but have chronic pain (i.e.,
they are “hurt”).



3. Prescription opioid users Pg: represents individuals in the community who are prescribed
opioids by a health care provider and take them in a manner not constituting an opioid
use disorder as defined above (some misuse is possible, as long as it is in a manner such
that potential for immediate harm is negligible).

4. POUD Ag: represents individuals in the community who have POUD as described
but not using fentanyl/heroin. They may be actively in treatment for opioid use
disorder and are still considered in this class for one month after being discharged
from treatment, regardless of current use.

5. Fentanyl/heroin use disorder F¢: represents individuals in the community who have
FHUD or are actively in treatment for opioid use disorder, including fentanyl/heroin.
Individuals remain in this class for at least one month after being discharged from
treatment, regardless of current use.

6. Stably recovered individuals R¢: represents individuals in the community who complete
treatment for opioid use disorder and do not relapse within one month after treatment
is over, and therefore, we consider them to be in a “stable” recovery state. In cases
where treatment is not a well-defined, discrete event (e.g., ongoing counseling, group
support, solo attempts at recovery), one month without relapse alone characterizes
inclusion in Rg versus A¢ or Fp.

Due to the addictiveness of fentanyl and heroin, we assume that there are no casual users.
If someone is using illicit fentanyl or uses fentanyl outside of the strict setting prescribed by
their healthcare provider, they are considered to have a fentanyl use disorder. Additionally,
due to the nature of heroin often being laced with fentanyl (knowingly or unknowingly to
the user), we group those with fentanyl and heroin use disorders in the model.

In one study of 109 patients admitted to a residential addiction treatment service for
detoxification, they found that 91% of patients reported a relapse after discharge [35]. Most
of these occurrences took place within the first month, as 71% had relapsed within one
month. Thus, due to the difficulties in recovery from OUD and the high rate of relapse, we
use one month of no relapse after treatment as the benchmark for being stably recovered.

We denote the positive initial conditions for the model as Sgq := Sg(0), Pgo := Pg(0),
Ago = Ac(0), Foo = F(0), Rao := Ra(0), Sco = Sc(0), Suo := Su(0), Pco == Pc(0),
Aco == Ac(0), Fog = Fe(0), and Reg := Rc(0). The system of ODEs describing the
general population model is provided in ({1f), and provides the system of ODEs describing



the community model.

(S _
dt

dPy
dt
dAg

dt

ars _
dt

dR¢
dt

—agSa — BeaScAc — BapSaPa — 0s,ScFe + ec Pa
+u(Po+ Aq+ Fo + Rg) + palc + prke
—eqPg — uPg —vPg — 0pPgFg + agSa

— (Ag — 04AGEG — (b + pa) Ac + BaaScAc + BapSaPa

/\AAG+ (1 — )\F) FG
Ag+Fg+w

+’7PG—|-O'RG

= —vFg — (u+ pr) Fo+ 0s,ScFa + 0pPaFa + 04AqFg

(1 —=Xa) Ac + A\rfe

+oR
T At Fotw
A A 1—\p) F 1—-X4) A A F,
— oR2A ¢+ ( F) G_JR0< a)Ac + Arke
Ag+Fg+w Ag+Fg+w
+CA0+VFG

pRa



(dS,
d_tc = — [kFG + (1 — k)Fc] QSCSC — poSc — [kAG + (1 — k)Ac] BoaSc
— [kPG + (1 — /{)Pc] ﬁcpSc — OécSC + pHSH + 5CPC
+p(Sy+ Po+Ac+ Fo + Re) + pale + prke
dS
— =~ kAa + (1= k)Ac] BuaSu — kP + (1 = k)Pe] BupSn
— pHSH — OéHSH — [k‘FG + (1 — k?)Fc] QSHSH — MSH
+ pcSC + €HPC
dP,
d—tc — —ecPo— eyPe —yPo — [kFg + (1 — k)Fe] 0pPe — P
+ OJHSH + Oécsc
dA
—0 =~ [kFe + (1= B)Fel6adc — CAc — (u+ jua) Ac )
+ [kAg + (1 — k)Ac] BeaSc + [kPs + (1 — k) Pe| BepSc
+ [kAG —+ (1 — k})AC] ﬂHASH + []CPG + (1 — k)Pc] ﬁHpSH
MAg+ (1= Ap) Fg
P,
+Fy C+JRC A0+Fg+w
dF,
d_tc = — VFC — (,u + /LF) FC + [k‘FG + (1 — k’)Fc] HSCSC'
+ [kFg+ (1 — k)Fo)0s, Sy + [kFe + (1 — k)Fe| 0pPe
(1 — /\A) AG + )\FFG
kF 1—Kk)Fo|0,4A
+[ G"’( )C]A c+oRc Ao+ Fotw
dRc )\AAg—l-(l _>\F) Fa (1—)\A) Aq + A\pFg
e _ 4R —oR —uR
dt ohc Ac+ g+ w ohe AG'—{—Fg—I—w fitc
+(Ac + vl

\

The parameters in this model represent transition rates from one class to another or births
and deaths. All per capita yearly rates (units 1/year) are represented below for the general
population model:

e aqSq: rate at which susceptible individuals are prescribed opioids

e [BaaScAg: rate at which susceptible individuals develop POUD primarily by illicit
purchases or interaction with individuals in the general population with POUD

o BapSaPg: rate at which susceptible individuals develop POUD primarily by using
left-over or stolen prescription drugs

o 0s.S¢Fg: rate at which susceptible individuals develop FHUD by illicit purchases or
interaction with individuals who have FHUD

e ;P rate at which individuals return to the susceptible class after being prescribed
opioids and finishing their prescription without developing an OUD



o uSq, WPq, nAq, nFe, nRg: natural death rates, balanced with birth into Sg
e 1aAg: overdose death rate for individuals with POUD

e upFg: overdose death rate for individuals with FHUD

e v FPg: rate at which prescribed opioid users develop a POUD

e OpPgF: rate at which prescription opioid users develop FHUD

e 0Rg M. rate at which individuals transition from the recovered class into

—+w
the POUD class due to relapse. Individual history is not tracked in the model, so the
transition is proportional to %, where Ay, Ar € [0, 1] are used to skew the
results towards Ag or Fg, respectively. We include a perturbation term w for the case

that AG = FG =0.
e (Ag: rate at which those with POUD stably recover

e 04AgFg: rate at which those with POUD develop FHUD

1= ) Ag+ArF, C e . )
oR (A“‘%. rate at which individuals transition from the recovered class into

the fentanyl Class due to relapse. Individual history is not tracked in the model, so the
transition is proportional to %, where A, \r € [0, 1] are used to skew the
results towards Ag or Fg, respectively. We include a perturbation term w for the case

that AG = FG =0.

e vF: rate at which individuals with FHUD stably recover

All per capita yearly rates (units 1/year) are represented below for the community population
model:

e pcSc: rate at which susceptible individuals without chronic pain develop chronic pain

e pySy: rate at which susceptible individuals with chronic pain no longer have chronic
pain
e aySy: rate at which susceptible individuals with chronic pain are prescribed opioids

e «cSc: rate at which susceptible individuals without chronic pain are prescribed opioids

o [kAg+ (1 — k)Ac] BcaSc: rate at which susceptible individuals without chronic pain
develop POUD primarily by illicit purchases or interaction with individuals in the
general population with POUD

o [kAg+ (1 — k)Ac] BuaSk: rate at which susceptible individuals with chronic pain
develop POUD primarily by illicit purchases or interaction with individuals who have
POUD

o [kPs+ (1 —k)Pc| BepSc: rate at which susceptible individuals without chronic pain
develop POUD primarily by using left-over or stolen prescription drugs



[kPg + (1 — k)Pc] BupSk: rate at which susceptible individuals with chronic pain
develop POUD primarily by using left-over or stolen prescription drugs

o [kFs+ (1 —k)F¢o]0s.Sc: rate at which susceptible individuals without chronic pain
develop FHUD by illicit purchases or interaction with individuals who have FHUD

o [kFs+ (1 —k)F¢]0s,Sy: rate at which susceptible individuals without chronic pain
develop FHUD by illicit purchases or interaction with individuals who have FHUD

e ¢ Ps: rate at which individuals move to the susceptible without chronic pain class
after being prescribed opioids and finishing their prescription without developing an
OUD and with having their chronic pain resolved

e ¢ Pc: rate at which individuals return to the susceptible with chronic pain class after
being prescribed opioids and finishing their prescription without developing an OUD
and without having their chronic pain resolved

o uSc, WSy, uPc, pAc, nFo, pnReo: natural death rates, balanced with birth into S¢
e 1A overdose death rate for individuals with POUD

e upFo: overdose death rate for individuals with FHUD

e v FP.: rate at which prescribed opioid users become individuals with POUD

o [kFc + (1 — k)Fc]0pPc: rate at which prescribed opioid users become individuals with
FHUD

ocRc M. rate at which individuals transition from the recovered class into

+w
the POUD class due to relapse. Individual history is not tracked in the model, so the
transition is proportional to %, where A, \r € [0, 1] are used to skew the
results towards A¢ or Fg, respectively. We include a perturbation term w for the case

that AG = FG = 0.
e (Ac: rate at which those with POUD stably recover

o [kFs+ (1 —k)Fo]0aAc: rate at which individuals with POUD develop FHUD

1= ) Ag+ArF C e . )
ocR¢ %. rate at which individuals transition from the recovered class into

the FHUD class due to relapse. Individual history is not tracked in the model, so the
transition is proportional to %, where Mg, \r € [0, 1] are used to skew the
results towards A¢ or Fg, respectively. We include a perturbation term w for the case

that AG = FG =0.
e vF: rate at which individuals with FHUD stably recover
Although the model does not explicitly account for drug sellers, we acknowledge that they

play a role in the development of OUD, even though the individuals involved in drug selling
may not necessarily have OUD themselves. We assume that as the number of individuals
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with OUD increases, the demand for drug sellers rises, leading to greater availability of
opioids. This, in turn, increases exposure to illicit opioid sales, thereby contributing to the
proliferation of OUD cases. This dynamic is captured by the interaction terms involving
Baa, Bea, Bua, Os., 0s,,, and Og,,, all of which grow with the A and F' classes.

Since we cannot track whether individuals in the recovered classes previously had POUD
or FHUD, we use the proportion of individuals in each OUD class at the time of relapse
to determine the class into which they relapsed. While this approximation relies on current
class proportions rather than the proportions at the time of recovery, it offers a reasonable
estimate. Unlike Phillips et al.’s model [2§], our model introduces the parameters A4 and
Ar, allowing skewed relapse rates into the POUD or FHUD classes. For example, this means
that even if POUD is more prevalent, individuals who relapse after stable recovery might be
more likely to relapse into FHUD, and vice versa. These parameters give us the flexibility
to model such behaviors.

We have not included an interaction term between the P and A classes, assuming that
individuals with POUD are more likely to develop the disorder from their own prescriptions
than from external sources. Additionally, we assume that individuals who have recovered
from OUD have different transition rates into the A and F classes compared to the S class
(i.e., they are more likely to transition into an OUD class than someone who has never had
an OUD). As a result, there is no direct transition between the R and S classes.

By modeling both the community and the surrounding general population, we can explore
how the general availability of opioids and fentanyl/heroin influences the community of
interest. The impact of the broader general population on the community is reflected in
the following interaction terms: 6Os,ScFa, BeaScAa, BepScFPa, BuaSuAc, BupSuFa,
HSHSHFg, Qpchg, and QAAch.

The S¢ class includes individuals with no pain, acute pain, or subacute pain, while the Sy
class encompasses those with chronic pain. Acute pain is defined as pain lasting less than
a month, typically due to injury, trauma, surgery, or infection, while subacute pain lasts
from one to three months [§]. Chronic pain, on the other hand, persists for more than three
months and can arise from various causes, including disease, injury, medical treatment, or
inflammation. Unresolved acute or subacute pain can sometimes progress into chronic pain
[4]. Both Sc and Sy classes may be prescribed opioids (transitioning into the Py class).
However, it is reasonable to assume that individuals in the Sy class are more likely to be
prescribed opioids to manage their chronic pain on top of possibly being prescribed opioids
for events like minor injury or surgery, like in the S¢ class. Nevertheless, we stratify the
susceptible community into S¢ and Sy to model how access to additional resources, such
as therapy, physical therapy, or exercise, could help reduce the number of individuals being
prescribed opioids.

Finally, it is reasonable to assume that a community might have more influence on its
members than the surrounding general population does. Thus, the interaction terms, like
the transition from the Ao class to the F¢ class, are as such

k04 AcFG + (1 — k)04 AcFe, (3)

where k is a constant. In , we see that if k& = 0, the interactions the community have
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are exclusively within their community: They are segregated from the general population.
If £ = 1, there is no discrimination or preference between interacting with those in or out of
the community: They interact with everyone equally.

3 Numerical Results

3.1 Data Calculations

We apply the model to the Knoxville, TN Metropolitan Statistical Area (MSA), which
includes nine counties: Anderson, Blount, Campbell, Grainger, Knox, Loudon, Morgan,
Roane, and Union, covering the years 2016 to 2019. As part of the Appalachian region, this
area was notably impacted by the opioid epidemic [3, [I7]. Analyzing this region allows us to
examine the model on a more localized scale rather than the broader national or state levels
explored in previous studies. Furthermore, considering the entirety of the Knoxville MSA
provides diversity between urban and rural areas, compared to focusing only on one county.

We begin the model in 2016 because, between 2015 and 2016, overdose deaths from synthetic
opioids (such as fentanyl) surpassed those from heroin and prescription opioids nationally,
a trend that has continued since [9]. We conclude the model in 2019 due to the absence of
post-COVID-19 data. As more post-pandemic data becomes available, we plan to extend the
model to include future years. However, given the profound impact COVID-19 had on both
the United States and the opioid crisis, a separate model will likely be needed to address the
post-COVID-19 era.

An explanation of the data’s origin and the processing steps taken to fit the model is provided
below. A summary of the yearly and quarterly estimates for the number of individuals in
each category is presented in Table [I| and Table [3| respectively. A summary of the yearly
overdose estimates can be seen in Table 2

Total Population 12 Years and Older

We obtain the total population estimates by county for July 1st of the years 2010-2022
and aggregate the counties of interest together to provide us with the Knoxville MSA area
[58, 59]. To be consistent with the other data sets, we are concerned with the population on
January 1st of each year that is age 12 and older. We use a cubic interpolation to estimate
the total population for January 1st of each year.

To estimate the population that is age 12 and older, we use period life tables for years 2016,
2017, 2019, and 2020, which provide the death probability, defined as the probability of
dying within one year, of a person born on January 1st for males and females separately
[38, 39, 40, 41]. Using this information, we create two Leslie matrices, one for males and
one for females, for each of these years. Each row corresponds to an integer age from the
period life table. We assume that the death rate for each age equals the birth rate from that
age into age zero; thus, the death probabilities provide the fecundity rates. The survival
probability along the off-diagonal of the Leslie matrix is then equal to one minus the death
probability. Normalizing the dominant eigenvector of each matrix such that the vector sums
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Table 1: Yearly estimates for the number of individuals in each category listed for years
2016-2022. Bolded numbers are data used directly in parameter estimation in Section [3.3]

Knoxville MSA Yearly Data

2016

2017 2018 2019 2020 2021 2022

Total Population 864,069 872,431 880,795 887,859 898,921 | 911,688 | 923,579

Total Population 12+ 677,952 | 684,276 | 690,529 | 695,749 | 707,974 | 718,061 | 727,406
Fentanyl/Heroin Users 808 812 758 504 - - -
FHUD 534 598 494 297 - - -
POUD 3,148 1,436 1,375 1,123 - B -

Prescription Opioid Users (including OUD) 232,570 220,139 198,144 183,657 167,840 | 164,897 | 158,747
Prescription Opioid Users (excludes OUD) 231,176 | 219,503 | 197,535 | 183,160 - - -

Table 2: Yearly overdose estimates for years 2016-2021. Bolded numbers are data used
directly in parameter estimation in Section

Knoxville MSA Yearly Data 2016 | 2017 | 2018 | 2019 | 2020 | 2021

Fatal Overdoses Involving All Opioids 244 306 307 281 432 654

Fatal Overdoses Involving Fentanyl 55 150 191 190 357 588
Fatal Overdoses Involving Heroin 31 61 87 67 83 56

Fatal Overdoses Involving Prescription Opioids 163 153 122 106 97 139

Nonfatal Overdoses Involving Heroin 387 764 902 683 863 1,110

Nonfatal Overdoses Involving All Opioid Overdose Excluding Heroin 773 759 682 593 659 917
POUD Fatal Overdoses 73 69 55 48 44 62

FHUD Fatal Overdoses 146 167 163 144 221 316
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Table 3: Quarterly estimates for those who have had prescriptions for opioids. Bolded
numbers are data used directly in parameter estimation in Sections .

State-level Presc. Opioid Users

Knox. MSA Presc. Opioid Users

Knox. MSA Presc. Opioid Users

Quarter (including OUD) (including OUD) (excluding OUD)
2016 Q1 1,059,678 85,102 84,592
2016 Q2 1,935,484 84,051 83,548
2016 Q3 1,899,194 82,475 81,981
2016 Q4 1,854,839 80,549 80,067
2017 Q1 1,790,323 78,072 77,847
2017 Q2 1,770,162 77,192 76,969
2017 Q3 1,721,775 75,082 74,866
2017 Q4 1,665,323 72,621 72,412
2018 Q1 1,572,581 69,228 69,016
2018 Q2 1,568,549 69,050 68,838
2018 Q3 1,471,775 64,790 64,591
2018 Q4 1,447,581 63,725 63,530
2019 Q1 1,395,162 62,568 62,399
2019 Q2 1,370,968 61,483 61,317
2019 Q3 1,350,807 60,579 60,416
2019 Q4 1,314,517 58,952 58,793
2020 Q1 1,262,097 55,992 -
2020 Q2 1,209,678 53,667 -
2020 Q3 1,282,259 56,887 .
2020 Q4 1,254,033 55,635 -
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to one gives us the stable age structure for each sex. The sum of the vector elements that
correspond to ages 12 and older then estimates the proportion of the population that is 12
and older for that sex. Simply multiplying this by the corresponding population estimate for
that sex and adding the two together gives us the total population estimate for those aged
12 and older. To estimate the total population of those aged 12 and older in 2018, we take
the averages for 2017 and 2019 and multiply them by the total population in 2018. For 2021
and 2022, we used the proportion from 2020. The resulting data may be seen in Table [I}

Prescription Opioid Fatal Overdoses and POUD Fatal Overdoses

In 2016, there were 174 fatal drug overdoses involving prescription opioids for residents of
the Knoxville MSA; in 2017, there were 153; in 2018, there were 122; in 2019, there were 106;
in 2020, there were 97; and in 2021 there were 139 [26]. Overdose deaths are determined by
ICD-10 codes or literal text derived from death certificates and are listed as the underlying
cause of death in the Tennessee Death Statistical Files [27]. To qualify as a fatal drug
overdose involving prescription opioids, the death must meet all drug overdose criteria and
contain either the code for acute poisoning by natural or semi-synthetic opioids or the code
for acute poisoning by methadone as a contributing cause of death. This data accounts for
individuals of all ages, but we assume the number of residents who have overdosed under
the age of 12 is negligible.

In 2019, out of the total 515 fatal prescription opioid overdoses that occurred in Tennessee,
59 also involved heroin, and 227 also involved fentanyl [25]. This leaves us with at least
229 fatal prescription opioid overdoses in Tennessee that did not involve fentanyl or heroin.
Note this might be underestimated since individuals who overdosed on prescription opioids,
heroin, and fentanyl would be counted in both the fatal overdoses involving prescription
opioids and heroin and the fatal overdoses involving prescription opioids and fentanyl. This
gives us a rough estimate that in 2019, roughly 229/515 ~ 44.5% of fatal prescription opioid
overdoses did not involve fentanyl or heroin. We note that the number of fatal overdoses
involving fentanyl was relatively close between 2016 and 2019 but nearly doubled in 2020
and 2021, so this is not the best estimate for 2020-2021. However, we use this estimate for
2016-2021 until additional polydrug data becomes available. So we take 44.5% of the number
of fatal drug overdoses involving prescription opioids for the Knoxville MSA for each of these
years to estimate the number of fatal overdoses involving prescription opioids but excluding
fentanyl/heroin for residents of the Knoxville MSA for 2016-2021. Note that this might be
an overestimate for the number of individuals who died of an overdose with POUD since this
includes those who overdosed on prescription opioids but did not necessarily have POUD as
well. However, we assume that this roughly balances out the potential underestimate from
using the polydrug data and use this for the estimated number of fatal overdoses for those
with POUD, as can be seen in Table [2|

Fentanyl/Heroin Fatal Overdoses

The total number of fatal overdoses involving all opioids, fatal overdoses involving fentanyl,
and fatal overdoses involving heroin in the Knoxville MSA are listed in rows one, two, and
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three of Table[2] respectively [26]. Overdose deaths are determined by ICD-10 codes or literal
text derived from death certificates and are listed as the underlying cause of death in the
Tennessee Death Statistical Files [27]. To qualify as a fatal drug overdose involving fentanyl,
the death must meet all drug overdose criteria and contain the text ‘FENTAN’ ‘FANTAN’,
or ‘FENTA’ written in the cause of death on the death certificate. To qualify as a fatal drug
overdose involving heroin, the death must meet all drug overdose criteria and contain acute
poisoning by heroin as a contributing cause of death. To qualify as a fatal drug overdose
involving all opioids, the death must meet all drug overdose criteria and contain at least one
of the following codes for

e acute poisoning by opium,

e acute poisoning by heroin,

e acute poisoning by natural to semi-synthetic opioids,

e acute poisoning by methadone,

e acute poisoning by synthetic opioids other than methadone, or

e acute poisoning by other or unspecified narcotics

as a contributing cause of death or contain the text ‘FENTAN’, ‘FANTAN’, or ‘FENTA’
written in the cause of death on the death certificate. This data accounts for individuals of
all ages, but we assume the number of residents who have overdosed under the age of 12 is
negligible.

Since those who are accounted for in fatal overdoses involving fentanyl and those who are
accounted for in fatal overdoses involving heroin are not mutually exclusive, we do not want
to double-count them by simply summing their totals together to get the total number of fatal
overdoses involving fentanyl or heroin. Instead, we take the total number of fatal overdoses
involving all opioids and subtract the estimate for the total number of fatal overdoses of those
with POUD. However, we note that this estimate might include fatal overdoses involving non-
opioids (such as cocaine or methamphetamine) being laced with fatal amounts of fentanyl.
Thus, this has the potential to overestimate the fatal overdose risk of those with FHUD. To
offset this potential overestimate, we look at 2019, where we know out of the total 1087 fatal
overdoses involving fentanyl in Tennessee, 319 also involved psychostimulants (including
methamphetamine) and 192 also involved cocaine [25]. Thus, at least 576 fatal fentanyl
overdoses in Tennessee did not involve psychostimulants or cocaine. Note that this might be
an underestimate as an individual who overdosed on fentanyl, psychostimulants, and cocaine
would be counted in both the fatal overdoses involving fentanyl and psychostimulants and
the fatal overdoses involving fentanyl and cocaine. This gives us an estimate that roughly
(1087 — 576)/1087 ~ 47.0% of fatal fentanyl overdoses also involved psychostimulants or
cocaine in 2019. Note that the number of fatal overdoses involving fentanyl was relatively
the same between 2016 and 2019 but nearly doubled in 2020 and 2021, so this isn’t the best
estimate for 2020-2021. Until more data becomes available, though, we use this estimate for
2016-2021. Thus, to get the final estimate for the number of fatal FHUD overdoses for the
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Knoxville MSA, we take the total number of fatal overdoses involving all opioids, subtract
the estimate for the total number of fatal overdoses of those with POUD, and subtract 47.0%
of the number of fatal overdoses involving fentanyl for 2016-2021 as can be seen in Table [2]

Fentanyl/Heroin Users and Fentanyl/Heroin Use Disorder

The 2015/2016 average number estimate of individuals 12 and older who have used heroin
in the past year is 14000 for Tennessee [44]. For 2016/2017 it is 19000, for 2017/2018 it
is 18000, and for 2018/2019 it is 17000 [49, 51], 54]. We use the greater of the 2 years as
the estimates. For example, the 2015/2016 average is used to represent the 2016 estimate.
Unfortunately, the estimates for 2019/2020 are no longer available due to methodological
concerns with combining 2019 and 2020 data [55]. There is however preliminary data that
tells us that in 2021, the average number of individuals 18 and older who have used heroin
in the past year is 55000 for Tennessee [56]. Note that youths aged 12 to 17 are not included
in this estimate because past year heroin use was extremely rare among youths aged 12 to
17 in the 2021 NSDUH. It also is important to note that because the 2021 estimate is based
on a single year of data instead of the usual two-year estimate, there is a greater variance
around the estimate for this year.

Finally, it is estimated that in 2016, 626,000 individuals 12 and older in the past year had
heroin use disorder, and 948,000 individuals 12 and older have used heroin in the past year
in the United States [45], 48]. For 2017 there were 652,000 and 886,000, for 2018 there were
526,000 and 808,000, and for 2019 there were 438,000 and 745,000 individuals 12 and older
who had heroin use disorder and used heroin in the past year, respectively [45, [48] 52] 53].

The data covers residents of households, noninstitutional group quarters (e.g., shelters,
rooming houses, dormitories), and civilians living on military bases but does not include
homeless people who do not use shelters, military personnel on active duty, and residents
of institutional group quarters, such as jails or prisons and long-term hospitals. The survey
is conducted using an audio computer-assisted self-interviewing program which is designed
to provide the respondent with a highly private and confidential means of responding to
questions and increases the level of honest reporting of illicit drug use and other sensitive
behaviors [42]. We note that this data is self-reported and thus runs the risk of under-
reporting the use of illicit drugs.

The NSDUH categorizes respondents who used heroin in the past 12 months as having a
heroin use disorder if they met DSM-IV criteria for either dependence or abuse of heroin
[50]. There are seven possible dependence criteria for heroin:

1. spent a lot of time engaging in activities related to use of the drug,
used the drug in greater quantities or for a longer time than intended,
developed tolerance to the drug,

made unsuccessful attempts to cut down on use of the drug,

AR R o

continued to use the drug despite physical health or emotional problems associated
with use,
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6. reduced or eliminated participation in other activities because of use of the drug, and

7. experienced withdrawal symptoms when respondents cut back or stopped using the
drug.

Dependence is defined as meeting three or more of these seven criteria. Respondents who
used heroin in the past 12 months and did not meet the dependence criteria for heroin were
defined as having abuse for heroin if they reported one or more of the following:

1. problems at work, home, or school because of use of the drug;
2. regularly using the drug and then doing something physically dangerous;
3. repeated trouble with the law because of use of the drug; and

4. continued use of the drug despite problems with family or friends.

Using the available overdose data (as seen in Table [2]), we determined the percentage of
nonfatal overdoses involving heroin in Tennessee that took place in Knoxville MSA for each
available year. Similarly, we also determined the percentage of fatal overdoses involving
fentanyl and the percentage of fatal overdoses involving heroin that took place in Knoxville
MSA for each year. Averaging these three percent for each year and multiplying them times
the corresponding year’s estimate of individuals 12 and older who have used heroin in the
past year in Tennessee gives us an estimate of the number of individuals 12 and older who
used heroin in the past year for the Knoxville MSA as can be seen in Table [1]

Finally, we determine the ratio of the number of individuals 12 and older who have had
heroin use disorder in the past year to the number of individuals 12 and older who have used
heroin in the past year from the national data. Multiplying this ratio for each year with the
final estimated number of individuals 12 and older who used heroin in the past year in the
Knoxville MSA gives us an estimate of the total number of individuals 12 and older who
have heroin use disorder in the Knoxville MSA, as can be seen in Table [I]

Note there is currently no data available on fentanyl users or those with fentanyl use disorder
in Tennessee. The estimations here mainly draw from available heroin data. Thus, these
estimations are likely underestimated.

Prescription Opioid Use Disorder

The 2015/2016 average number estimate of individuals 12 and older who have had “pain
reliever use disorder” in the past year is 48000 for Tennessee. For 2016/2017, it is 42000; for
2017/2018, it is 42000; and for 2018/2019, it is 39000. We use the greater of the two years
for that year’s estimate.

The data covers residents of households, noninstitutional group quarters (e.g., shelters,
rooming houses, dormitories), and civilians living on military bases but does not include
homeless people who do not use shelters, military personnel on active duty, and residents
of institutional group quarters, such as jails or prisons and long-term hospitals. The survey

18



is conducted using an audio computer-assisted self-interviewing program which is designed
to provide the respondent with a highly private and confidential means of responding to
questions and increases the level of honest reporting of illicit drug use and other sensitive
behaviors [42]. We note that this data is self-reported and thus runs the risk of under-
reporting the use of illicit drugs.

The NSDUH categorizes respondents who have misused pain relievers in the past 12 months
as having a pain reliever use disorder if they met DSM-IV criteria for either dependence or
abuse of pain delivers [50]. There are seven possible dependence criteria for pain relievers:

1. spent a lot of time engaging in activities related to use of the drug,

2. used the drug in greater quantities or for a longer time than intended,
3. developed tolerance to the drug,

4. made unsuccessful attempts to cut down on use of the drug,

5. continued to use the drug despite physical health or emotional problems associated
with use,

6. reduced or eliminated participation in other activities because of use of the drug, and

7. experienced withdrawal symptoms when respondents cut back or stopped using the
drug.

Dependence is defined as meeting three or more of these seven criteria. Respondents who
used misused pain relievers in the past 12 months and did not meet the dependence criteria
were defined as having abused pain relievers if they reported one or more of the following:

1. problems at work, home, or school because of use of the drug;
2. regularly using the drug and then doing something physically dangerous;
3. repeated trouble with the law because of use of the drug; and

4. continued use of the drug despite problems with family or friends.

To estimate the number of people 12 and older in the Knoxville MSA that have had
pain reliever use disorder in the past year, we use a method similar to the method used
for fentanyl/heroin users. Using the available overdose data (as seen in Table [2)), we
determined the percentage of nonfatal overdoses involving all opioid overdoses excluding
heroin in Tennessee that took place in Knoxville MSA for each available year. Similarly, we
also determined the percentage of fatal overdoses involving prescription opioids that took
place in Knoxville MSA for these years. Averaging these two percent for each year and
multiplying them times the corresponding year’s estimate of individuals 12 and older who
have had prescription pain reliever use disorder in the past year in Tennessee gives us an
estimate of the number of individuals 12 and older who have had prescription pain reliever
use disorder in the past year for the Knoxville MSA.
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People who use heroin consistently seldom continue using prescription opioids for a variety
of reasons, including the availability of heroin, heightened scrutiny by health care providers,
and the lower price of heroin [I9]. We thus assume the number of individuals with FHUD
represented in the estimate of those who have had prescription pain reliever use disorder in
the past year is negligible. Thus, row 5 of Table [1] is the final estimate for the number of
individuals with POU in the Knoxville MSA.

Prescribed Opioid Users (includes Opioid Use Disorder)

The total number of people who have filled an opioid prescription for the Knoxville MSA
for 2016-2022 is given in Table |1, This data comes from Tennessee’s Controlled Substance
Monitoring Database (CSMD) [26]. This data accounts for individuals of all ages, but we
assume the number of residents who have filled a prescription under the age of 12 is negligible.
In addition, though we know that these residents are filling their prescriptions for opioids,
we do not know if they are taking them or if they are selling or sharing them.

Prescribed Opioid Users (excludes Opioid Use Disorder)

One study using 2015 NSDUH estimates found that among adults who have had POU
within the past 12 months, 44.3% obtained prescription opioids for their most recent episode
of misuse from one or more physicians [I1]. Taking 44.3% of the number of individuals with
POU gives us an estimate for the number of people with POU who have prescriptions. We
subtract this number from the total number of people with a prescription for opioids to
determine the number of people who have a prescription for opioids but do not have POU,
as can be seen in Table [Il

Quarterly Prescribed Opioid Users (excludes Opioid Use Disorder)

The Tennessee Department of Health has state-wide estimates for the number of residents
receiving opioids for pain quarterly from 2016-2020 [25]. In the report, a graph is given
without specific numbers. Using WebPlotDigitizer, we estimate the numbers from this graph
as seen in column 1 of Table |3 [31].

To estimate the number of residents receiving opioids for pain for the Knoxville MSA, we
determine the proportion of the population with an opioid prescription (including individuals
with an opioid use disorder) from the yearly data and then multiply this ratio for each quarter
in the year, as can be seen in column 3 of Table 3| Note that this estimate included those
who may have opioid use disorder.

To then estimate the number of residents with prescriptions for opioids without opioid use
disorder, we first calculate the ratio of residents with a prescription for opioids (including
individuals with an opioid use disorder) for that quarter compared to the entire year. We
then multiply this ratio by the yearly estimate of prescribed opioid users excluding opioid
use disorder (row 7 of Table[I)). The result is in column 4 of Table [3] Again, we note that
though we know that these residents are filling their prescriptions for opioids, we do not
know if they are taking them or if they are selling or sharing them.
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3.2 Parameter Calculations

We calculate the death rate (u) and the overdose death rates (ua and pp) from available
mortality information.

We calculate the continuous-time POUD death rate and the continuous-time FHUD death
rate in the year 2017 since we have a reasonable estimate for the number of fatal overdoses
of those with POUD, and it is in the middle of the pre-COVID time range. From Table
and Table [1, we see that in 2017, 69 individuals died of a fatal overdose with POUD and a
total of 3148 individuals had POUD. Thus, (3148 — 69)/3148 ~ 0.978 of the total POUD
population from 2017 remains at the start of 2018. If we let Ay be the total proportion of
the population with POUD in 2017, then we may determine p4 with the equation

3148 — 69
3148

with ¢ = 1. This gives us that s ~ 0.0222. Similarly, from Table [2 and Table[I], we see that
in 2017, 167 individuals died of a fatal overdose with FHUD, and a total of 598 individuals
had FHUD. If we let Fj be the total proportion of the population with FHUD in 2017, then
we determine pp with the equation

AO = A()e_“At

298 — 167
298

with t = 1. This gives us that pup ~ 0.327.

In 2017, the total number of deaths in the Knoxville MSA was 9948 [57]. We assume that
the number of individuals under the age of 12 who died is negligible. Subtracting off the
number of individuals who died in 2017 of an overdose with POUD or FHUD leaves us with
9712 deaths. From Table [I| we see that in 2017, the total population of the Knoxville MSA
12 and older was 684,276. If we let Ty be the total proportion of the population 12 and older
in 2017, then using the equation

F() = FOG_MFt

684276 — 9712

Ty = The Mt
6sd76 0 0°

we get that p ~ 0.0143, the continuous-time natural death rate.

Finally, since w is used to keep from dividing by zero in the case that A and Fg are zero,
we let it be 10710,

These assumed values are shown in Table ] For the remaining parameters, we will need to
determine ranges from which to estimate them.

Table 4: Assumed parameters calculated from mortality data.

H Parameter [ Assumed Value [ Units ”
1 0.0143 oar
A 0.0222 oar
I 0.327 Voar
w 10~ 10 dimensionless
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Table 5: Parameter ranges used in parameter estimation and the reason for choosing said

ranges.
H Parameter [ Range Reasoning for Choice of Range H
ba [0.1,0.5] Based on the order of magnitude for « in [6] and b in [28].
ma [-0.1,-0.001] Based on the order of magnitude of b with the possibility of
a smaller order of magnitude. Note it is negative due to the
decline in prescribing rates.

Bca (0.001,0.1] See calculations in Section [3.3.1

Bap [0.0001, 0.01] See calculations in Section [3.3.1

05 (0.001,0.5] See calculations in Section [3.3.1

Op [0.001, 1] See calculations in Section |3.3.1

0a [30, 50] See calculations in Section |3.3.1

le] [0.333, 52] See calculations in Section [3.3.1

~ [1.0x 1077,0.1] | Estimate based on the value in [28] with a decreased lower
bound since in the parameter estimation of [28], v always hit
its lower bound.

¢ 0.001,0.9 See calculations in Section [3.3.1

v 0.001,0.9 See calculations in Section [3.3.1

o [0.1,2] See calculations in Section |3.3.1

Aa [0,1] Used to skew the results of relapsing towards the A classes.
We have no prior knowledge of this value, so allow it to range
from zero to one. If Ay and Apr are both one, then we have
the same relapse transition as in [2§].

AR [0,1] Used to skew the results of relapsing towards the F' classes.
We have no prior knowledge of this value, so allow it to range
from zero to one. If A4 and Ap are both one, then we have
the same relapse transition as in [28].

Pao [0.001,0.4] Assume no greater than 40% of the population since the total
proportion of prescribed users within 2016 was gg%gg ~ 0.34.

Aco [1.0 x 10=%,0.01] | Assume no greater than 1% of the population since the total
proportion of people with POUD within 2016 was 63%322 ~
0.0046.

Fao [1.0 x 10°,0.01] | Assume no greater than 1% of the population since the total
proportion of people with FHUD within 2016 was % =S
0.00079.

Rao [1.0 x 107°,0.1] | Assume no greater than 10%.

3.3 Parameter Estimation

The remaining parameters must be estimated. We do this using the weighted least squares
method and thus must first determine initial parameter ranges for these parameters.

Since there is an overall decrease in prescribing opioids in the time frame of the model, we
have made the prescribing rate parameter aq a linear function time such that

ag(t) =mg-t+ 5@.

Additionally, since the data only tells us the number of individuals in the Py, Ag, and Fg
classes at some point in 2016, not the number of individuals at the start of 2016, we must
estimate the initial values of all the classes and the parameters.

The upper and lower bounds of these parameter ranges are given in Table 5] as well as the
explanation for this range choice. Some parameters require additional explanation, which
are described below.
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3.3.1 Parameter Bounds

Parameters Bgp and Bga

We were unable to find data or literature on these parameters at the MSA or state levels, so
we use national-level data to approximate them.

We first wish to estimate the number of people who developed POUD in the past year. We
know that in 2016, there were 2,139,000 individuals 12 and older who initiated misuse of
pain relievers in the past year in the US [47]. We assume that pain relievers are synonymous
with prescription opioids. We are interested in how many of these individuals developed a
POUD in 2016. To determine this, we know that in 2016, there were 11,517,000 individuals
12 and older who misused pain relievers in the past year in the US and that there were
1,753,000 individuals 12 and older who had pain reliever use disorder in the past year in
the US [45] 48]. We then determine the ratio of individuals with pain reliever use disorder
in the past year to individuals who misused pain relievers in the past year so that we may
multiply this by the number of individuals who initiated misuse of pain relievers in the past
year. This gives us an estimate of the number of individuals who developed POUD in the
past year. For 2016, we multiply the ratio

1,753,000 individuals with pain reliever use disorder ~ 0.159

11,517,000 individuals who misused pain relievers

times 2,139,000 to get 325,577 individuals 12 and older who developed POUD in the past
year in the US.

In 2016, it was found that 53.0% of individuals 12 and older who misused pain relievers in
the past year obtained the pain relievers for their most recent misuse from a friend or relative
[43]. This includes being given, buying, or taking from a friend or relative. In addition, in
2016, the total US population of 12 and older was 269,430,000 [46]. Thus in 2016,

325,577 developed POUD . 0.530 opioids obtained from friend/relative
269, 430, 000 total population opioid source * year

~ 6.40 x 1074

is the proportion of individuals 12 and older who developed POUD by obtaining opioids
from extra prescriptions that were available that year. We define S;[2016] and Pg[2016]
as the total proportion of the population that was in Sz and Pg at some point over the
year 2016, respectively. Since we have no information about how S (t) and Pg(t) changed
within 2016, we assume that they are constant within the year. Thus to determine the
total flux from S into Ag due to obtaining opioids from extra prescriptions that were
available, we integrate SgpSaPq from the start of 2016 to the end of 2016, which gives us
BapSa|2016] P5[2016] since we assumed that Sg and Pg are constant in 2016. From Table
[1] we see that Pz[2016] = 231,176/677,952. Therefore

BapSa[2016]P;[2016] = 6.40 * 10~*S;[2016]

gives us that Sgp ~ 0.00188.

In the same survey, it was found that 6.0% of individuals 12 and older who misused pain
relievers in the past year bought the pain relievers for their most recent misuse from a drug
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dealer or other stranger [43]. Thus for 2016,

325,577 developed POUD . 0.060 opioids obtained from black market

~T7.25%107°
269, 430, 000 total population opioid source * year i

is the rate at which individuals 12 and older develop POUD by obtaining opioids from the
black market for that year. We define A;[2016] as the total proportion of the population
that was in Ag at some point over the year 2016. Similar to before, we assume that Ag(t) is
constant over 2016 since we have no information about how it changes within 2016. Thus to
determine the total flux into Ag from Sg due to obtaining opioids from the black market, we
integrate fgaScAg from the start of 2016 to the of 2016, which gives us fg4S54[2016]A;[2016]
since we assume that S and Ag are constant in 2016. From Table[l] we see that A;[2016] =
3,148/677,952. Therefore

BeaSa[2016]Ag[2016] = 7.25 * 107°S¢[2016]

gives us that Sg4 ~ 0.0156.

Parameters Og,,, Op, and 04

One national study consisting of 609,000 participants aged 12-49 found that of individuals
who reported past year dependence/abuse of pain relievers, 4.83% of them initiated heroin
use on average from 2009-2011 [I8]. We assume that the individuals who reported past year
dependence/abuse of pain relievers fall into the A class. In 2016, it is estimated that 626,000
individuals 12 and older in the past year had heroin use disorder, and 948,000 individuals
12 and older have used heroin in the past year in the United States [45, 48]. This gives us
313/474 of individuals 12 and older who used heroin in the past year had heroin use disorder.
We assume that 313/474 of the 4.83% of individuals who initiated heroin developed heroin
use disorder, which is approximately 3.1894% of the individuals. We define A;[2016] and
F[2016] as the total proportion of the population that was in the Ag and Fg class at some
point in 2016, respectively. Note that this is the number of unique individuals, so if someone
entered and left the Ag class multiple times, they are still only counted once in A;[2016] and
similarly for Fz[2016]. Thus As[2016] and Fz[2016] are equal to the integral of Ag(t) and
Fe(t) over the year 2016, respectively. Since we have no information about how Ag(t) and
F¢(t) changed within 2016, we assume that they are constant within the year. To determine
the total flux from Ag into Fg, we integrate 04 AqFs from the start of 2016 to the end of
2016, which gives us 04 A5[2016]F;[2016] since we assumed Ag and F are constant within
2016. From Table[I] we see that F[2016] = 534/677,952. Therefore

0,4 Ac[2016] F:[2016] = 0.0483(313/474) A¢:[2016]

gives us that 6,4 = 40.492. We allow 64 to range between 30 and 50.

The same study also found that 0.02% of individuals who had no prior pain reliever misuse
transitioned to heroin use in the past year on average from 2009-2011 [I8]. We make the
assumption that these individuals who reported no prior pain reliever misuse fall into the
Sq class, though the S class does not exclude those who have misused pain relievers (only
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those with pain reliever use disorder). Thus the actual percentage might be higher. Similarly
to before, we assume that 313/474 of the 0.02% of individuals who transitioned to heroin
use in the past year developed heroin use disorder, which is approximately 0.0132% of the
individuals. We now define S¢[2016] as the proportion of the population that was in S at
some point in 2016 which is equal to the integral of Sg(t) over the year 2016. As with 64,
we have that

0s.,5¢[2016]F[2016] = 0.0002(313/474)S[2016],

giving us that s, = 0.168. We allow g, to range from 0.001 to 0.5 to account for the
assumptions we have to make.

Finally, the same study found that 0.34% of individuals who had prior non-medical pain
reliever misuse but no dependence/abuse in the past year transitioned to heroin averaged
from 2009-2011 [18]. For the sake of finding bounds for fp, we assume that the individuals
who had prior non-medical pain reliever misuse but no dependence/abuse are individuals in
the class Pz who have misused their prescription but do not have a POUD. In 2015, it was
estimated that 12.8% of past-year users of pain relievers misused pain relievers [22]. Note
that this could include those with a POUD. It could also include those with current or past
misuse, but we assume around 12.8% of those in Pg misuse their prescription. We define
P;[2016] as the proportion of population that was in the class P; at some point in the year
2016. Thus, similarly to before with,

0p P [2016] Fz[2016] = 0.0034(0.128) P [2016],

gives us that fp = 0.553. Thus, we allow 0p to range from 0.001 to 1 to account for the
assumptions.

Parameters ¢ and v

One study from 2019, found that out of those who needed treatment for OUD in the past year
27.8% received medication for OUD and another 15.3% of people received other treatment
for OUD without medication [I6]. Someone was considered in need of treatment if they met
one of the following three criteria: (1) past-year heroin or prescription pain reliever abuse
or dependence (i.e., past-year OUD), (2) received medication for OUD in the past year, or
(3) past-year or current specialty treatment episode for heroin or prescription pain relievers.
Another study conducted with opioid-dependent patients admitted to a residential addiction
treatment service found that 71% relapsed within a month of discharge and 91% relapsed at
some point after discharge [36].

To estimate (, the rate of stability recovering from the POUD class, we first want to determine
a lower bound for the proportion of those in Ag that remain in Ag after one year. We know
that only about 43.1% of those in Ag go to treatment, so then at least 56.9% of those in
Ag stay in Ag for the entire year. Out of the 43.1% that go to treatment, 71% relapse in a
month, thus staying in Ag. Therefore 0.569 + 0.431(0.71) = 0.87501 is the proportion that
stays in Ag throughout the year. If we let Ay be the total POUD population in 2019, then
we may determine ¢ with the equation

0.87501 A4 = Age ¢
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with ¢ = 1. This gives us that { ~ 0.134.

To find an upper bound for the proportion of those in Ag that remain in Ag after one
year, suppose that the 91% that relapse at some point after discharging all relapse within
the year. We then have that 1 — 0.71 = 0.29 proportion that has not relapsed after one
month and that 0.91 — 0.71 = 0.20 is the proportion that moved to Rg from not relapsing
after treatment for more than a month but ended up relapsing within the year. Thus
0.431(0.29)(0.20) = 0.024998 is the proportion that moves from Ag to R but ends up back
in Ag within the year. Therefore 0.87501 4 0.024998 = 0.900008 is the proportion that stays
in Ag throughout the year. Using similar methods to before, we estimate that ¢ ~ 0.105.
Note that this estimation applies to v, the rate of stability recovering from the FHUD class,
as well since the studies available were on opioids in general, including prescription opioids
and heroin.

Parameter o

A study conducted with opioid-dependent patients admitted to a residential addiction treatment
service found that 92% of those who relapsed returned to treatment with a median gap from
relapse to re-entry of four months [36]. Of this 92%, it is unknown how many of these
individuals transitioned to the R¢ class at all (i.e., did not relapse within the first month).
We also were not able to find rates on lifetime recoveries (i.e., people transitioning to Rg
and staying there). Thus, we assume that between 20% and 80% of those in R¢ at the start
of the year are in R by the end of the year.

Let w = 0 since it is only used to keep from getting a zero denominator. Then adding the
two relapse rates gives us

)\AAg—i-(l—)\F)FG (1—)\A)Ag—|—)\FFG Ag+FG
R R =0Rg——F =0R
oita Aq + Fg tolhe Aq + Ig ? GAg+FG oitG
Thus we can model the change over time out of Rg as simply R' = —oRg. Thus, if we

suppose that only 20% of those in R at the start of the year are in Rg at the end of the
year, we can determine o with the equation

0.20Ry = Roe 7"

Taking t to be one, this gives us that ¢ ~ 1.61. By similar methods, if we suppose that only
80% of those in Rg at the start of the year are in Rg at the end of the year, then o ~ 0.223.

Parameter eq

A study from 2017 found that approximately 70% of patients’ initial opioid prescription is
a week or less, and only 7.3% are given an initial opioid prescription for more than 30 days.
At one year, only 6.0% of patients were still continuing this prescription, and even fewer still
had a prescription at three years (only 2.9%) [34].

To determine the upper bound on ¢4, the rate at which people are ending their prescription
for opioids without developing any kind of opioid use disorder, let us consider that the average
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length of time people are taking a prescription is one week (1/52 years). If we assume that
the transition from the Py into Sg is a Poisson process, then the length of time between
transitions follows the exponential distribution with the average time between transitions
being €. Thus, an upper bound for g4 is 52. If we consider the average length of time
people are taking a prescription is 3 years, then we get a lower bound of 1/3 for e¢.

3.3.2 Least Squares for Parameter Estimation

To fit the remaining parameters, we use the weighted least squares method. The objective
is to minimize the sum of the squared differences between the data and the model. Since
the magnitude of the data varies widely, we weigh each term in the objective by the inverse
of the size of the data squared.

The data utilized (shown in bold in Table |1} and Table [2)) is the following proportions out of
the total Knoxville MSA for each year:

e the proportion of prescription opioid users without opioid use disorder (years 2016-
2019),

e the proportion of individuals with POUD (years 2017-2019),
e the proportion of individuals with FHUD (years 2016-2019),

e the proportion of fatal POUD overdoses (years 2017-2019; excluding 2016 which was
an outlier and not repressive of the trend), and

e the proportion of fatal FHUD overdoses (years 2016-2019).

This represents the proportion of individuals in class Pg at some point during each of the
years 2016-2019, the proportion of individuals in class Ag at some point during each of the
years 2017-2019, and the proportion of individuals in class F at some point during each
of the years 2016-2019 along with the proportion of individuals dying of an overdose out
of the Ag and Fg classes for each of the years 2016-2019, respectively. The proportion of
individuals with POUD in 2016 was considered an outlier when compared to the rest of
the data and was not used in the parameter estimation. In addition, quarterly data on the
proportion of the total Knoxville MSA who are prescription opioid users without opioid use
disorder for years 2016-2019 (shown in bold in Table |3|) was utilized. This results in a total
of 35 data points.

This data represents the number of people in the classes at any point throughout the year
(or quarter), even if they were in the class for less than a year (or quarter). For example,
if someone is taking a prescription for opioids and then develops POUD all within 2016,
they would be accounted for in both the 2016 prescription opioid users (excludes opioid
use disorder) data and the 2016 POUD data. Also, note that the data only tells us about
the number of unique individuals that enter a class; if someone enters and leaves a class
multiple times throughout the year, they are still only counted once in that class due to the
course yearly data. Thus, for each year and each class, we need to determine the number
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of individuals at the start of the year and the number of individuals who entered that class
throughout the year. We are not interested in the number of individuals leaving the classes
each year since we have no data to compare this to (except for overdose deaths in the Ag
and Fg classes).

From the model, we need to determine the proportion of individuals who have had prescriptions
for opioids (and not an opioid use disorder) at any time throughout the year for each year.
Thus, we determine the value of the Py class at the start of the year and the proportion
of individuals who entered the Pg class at any time throughout the year. We define Xq(t)
such that fot X4L(t)dt = fot agSe(t)dt and Xg(0) = 0, where t is measured in years and
t = 0 is the start of 2016. Using the fundamental theorem of calculus, we then have
that fg agSa(t)dt = Xg(t) — Xe(0) = Xg(t). In other words, X¢(t) is the proportion
of individuals who have entered the Py class at time ¢ since time zero. Therefore, for 2016-
2019, we have the following:

o 2016: P(0) + [ agSa(t)dt = Poy + Xa(1)

o 2017: Po(1)+ [} acSa(t)dt = Po(1)+ [T agSe(t)dt— [; agSa(t)dt = Po(1)+Xa(2) -

Xg(1)
o 2018: Py(2)+ [; agSa(t)dt = Pa(2)+ [ acSa(t)dt— [ aSa(t)dt = Pe(2)+Xa(3)—
Xa(2)
e 2019: P(;(3)+f34 aGSG(t)dt = Pg(3)+f04 Oégsg(t)dt—f03 &GSG(t)dt = Pg(B)—l—Xg(ZL)_
Xa(3)
We define
231176 /677952
1219503/684276
Datal = 1197535 1690529
183160/695749

as the vector of values that represents the total proportion of the population in the Py class
at some point throughout the years 2016-2019 from the data. We also define

Peo+ Xa(1)
Pe(1) + Xa(2) — Xea(1)
Pe(2) + Xa(3) — Xa(2)
Pe(3) + Xa(4) — Xa(3)

Estiml =

as the total proportion of the population that the model simulates being in the Py class at
some point throughout the years 2016-2019. The vector

Diff1 = Datal — Estiml

defines the difference between the actual values and the model simulated values for the Pg
class for each of the years. Thus, to get the weighted error, we calculate

S, Diff1?
S Datal?’
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where Diff1; and Datal; are the 1th component of the difference and data vectors, respectively.

From the model, the proportion of individuals who have had POUD at any time throughout
the year for each year is determined by the value of the Ag class at the start of the year and

the proportion of individuals who entered the A class at any time throughout the year. We
define Y5 () such that

t t
MAc + (1= Ap) Fg
Y’tdt——/ ScAg + SaPa +vFPa +0oR dt
/OG() 0(5GAGG BapScFPe +vFPe + oRa o + Fo +w

and Y5(0) = 0, where t is measured in years and ¢t = 0 is the start of 2016. Thus, Y (¢) tells
us the proportion of individuals who have entered the Ag class at time ¢ since time zero.
Therefore, for 2017-2019, we have the following:

o 2017: Ag(1) + | <BGASGAG 4 BapSaPs + 7 Po + JRG%> dt = Ac(1) +
Ya(2) = Ya(1)

o 2018: Ag(2) + f23 <BGASGAG + BapSaPe + vPs + O'ng> dt = Ag(2) +
Ye(3) — Ya(2)

o 2019: Ag(3) + [ <BGASGAG + BapSaPo + vPa + aRG%> dt = Ac(3) +
Ya(4) — Ya(3)

We define
1436,/684276
Data2 = |1375/690529
1123/695749

as the vector of values that represents the total proportion of the population in the Ag class
at some point throughout the years 2017-2019 from the data and define

Ac(1) +Ye(2) = Ya(1)
Estim2 = Ag(2) + Yg<3) - Yg(2)
Ac(3) +Ye(4) — Ya(3)

as the total proportion of the population that the model simulates being in the Ag class at
some point throughout the years 2017-2019. The vector

Diff2 = Data2 — Estim?2

defines the difference between the actual values and the model simulated values for the Ag
class for each of the years. Thus, to get the weighted error, we calculate

S, Diff2?
S, Data2?’

where Diff2; and Data2; are the ith component of the difference and data vectors, respectively.
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From the model, the proportion of individuals who have had FHUD at any time throughout
the year for each year is determined by the value of the F; class at the start of the year and
the proportion of individuals who entered the Fg class at any time throughout the year. We
define Z(t) such that

t t 1A Ag + ArF
/Zé;(t>dt:/ (QSGSGFG+9PPGFG+9AAGFG+URG( A) Ag + Ar G) gt
0 0

AG + FG +w
and Z(0) = 0, where t is measured in years and ¢ = 0 is the start of 2016. Thus, Zg(¢) tells

us the proportion of individuals who have entered the F class at time t since time zero.
Therefore, for 2016-2019, we have the following:

e 2016: Fg(()) + fol (‘9$GSGFG +0pPoFg+ 04AqFq + JRG%) dt = Fgo +
Za(1)

e 2017: Fg<1)—|—f12 <GSGSGFG + 0pPoFg + 0 AqFs + URG%> dt = Fg(l)—l—
Z6(2) - Z6(1)

e 2018: Fg<2)—|—f23 <QSGSGFG + 0pPolg + 04AcFG + 0R0%) dt = Fg(2>+
Za(3) — Za(2)

o 2019: Fu(3)+ [} <65GSGFG 4 OpPoFu + 04 AcFg + a30%> dt = Fe(3)+
Za(4) — Za(3)

We define
534/677952

598,/684276
494/690529
297/695749

as the vector of values that represents the total proportion of the population in the Fg class
at some point throughout the years 2016-2019 from the data and define

Fao+ Za(1)
Fa(l) + Za(2) — Za(1)
Fol2) + Zo(3) — Za(2)
Fa(3) + Za(4) — Za(3)

Data3d =

Estim3 =

as the total proportion of the population that the model simulates being in the Fy class at
some point throughout the years 2016-2019. The vector

Diff3 = Data3 — Estim3

defines the difference between the actual values and the model simulated values for the Ag
class for each of the years. Thus, to get the weighted error, we calculate

S, Diff3?
Z?:o Data3?’
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where Diff3; and Data3; are the ith component of the difference and data vectors, respectively.

From the model, the proportion of individuals with POUD that overdose at any time
throughout the year for each year is determined by those who die via an overdose out of
the Ag class. We define Jq(t) such that [} J5(t)dt = ) paAgdt and J(0) = 0, where t
is measured in years and ¢ = 0 is the start of 2016. Thus, Jg(t) tells us the proportion of
individuals with POUD who have died of an overdose at time ¢ since time zero. Therefore,
for 2016-2019, we have the following:

o 2016: [} paAgdt = Jo(1) — J6(0) = Jo(1)
o 2017: [? paAcdt = Jo(2) — Ja(1)
o 2018: [} padqdt = Jo(3) — Ja(2)
o 2019: [ paAgdt = Jo(4) — Ja(3)

We define
73/677952

69,/684276
55,/690529
48/695749

as the vector of values that represents the total proportion of the population dying of an
overdose with POUD at some point throughout the years 2016-2019 from the data and define

Datad =

(§G(1> (1)
) Jo(2) — Ja(1
Estim4 = JZ(S) _ Jz@)

Ja(4) — Ja(3)

as the total proportion of the population leaving the A class due to a fatal overdose at
some point throughout the years 2016-2019. The vector

Diff4 = Data4 — Estim4

defines the difference between the actual values and the model simulated values for each of
the years. Thus, to get the weighted error, we calculate

S, Diff4?
S, Datad?’

where Diff4; and Data4; are the ith component of the difference and data vectors, respectively.

From the model, the proportion of individuals with FHUD that overdose at any time
throughout the year for each year is determined by those who die via an overdose out of
the Fg class. We define K¢(t) such that fot K(t)dt = fg prFadt and Kg(0) = 0, where t
is measured in years and t = 0 is the start of 2016. Thus, Kq(¢) tells us the proportion of
individuals with FHUD who have died of an overdose at time ¢ since time zero. Therefore,
for 2016-2019, we have the following:
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2016: [ ppFedt = K(1) — K(0) = Kg(1)

2017: [? ppFedt = Ka(2) — Ka(1)

2018: [ ppFadt = Ko (3) — Ka(2)

2019: [, ppFadt = Ka(4) — Ka(3)

We define
146/677952

167/684276
163690529
144/695749

Datab =

as the vector of values that represents the total proportion of the population dying of an
overdose with FHUD at some point throughout the years 2016-2019 from the data and define

(}§G(1) (1)
. Ka(2) — Ka(1
Estimb = Kg(?)) B Kg(Z)

Kg(4) — Ka(3)

as the total proportion of the population leaving the F class due to a fatal overdose at some
point throughout the years 2016-2019. The vector

Diff5 = Datab5 — Estimb

defines the difference between the actual values and the model simulated values for each of
the years. Thus, to get the weighted error, we calculate

>S9, Diff5?
S, Datas?’

where Diff5; and Data5; are the ith component of the difference and data vectors, respectively.

Finally, we now need to determine the proportion of individuals who have had prescriptions
for opioids and not an opioid use disorder at any time throughout the quarter for each quarter
of the year. Similar to before, we determine the value of the Py class at the start of each
quarter and the proportion of 1nd1v1duals who entered the Py class at any time throughout
the year. Recall we defined X¢(t) fo agSa(t)dt as the proportion of individuals who have
entered the Py class at time ¢ since time zero (the start of year 2016). Thus, for each quarter
of 2016-2019, we have the following;:

o 2016 Q1: Po(0) + [ agSq(t)dt = Pao + X (0.25)

-2m6Q2z%m254;Pw

0.25 agsc(t)dt = Pg(025) + XG(O50) - Xg(025)

e 2016 Q3: P5(0.50) + [ agSq(t)dt = Pg(0.50) + X(0.75) — X¢(0.50)

0.50
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o 2016 Q4: P5(0.75) + [, agSa(t)dt = Pg(0.75) + X¢ (1)

o 2017 QL: Po(1) + [ agSa(t)dt =

o 2017 Q2: Pu(1.25) + [ agSq(t)dt =

1.25

e 2017 Q3: Pu(1.50) + [0

1.50

o 2017 Q4: Pg(1.75) + [{.. agSa(t)dt = Po(1.75) + X¢(2)

o 2018 Q1: Pu(2) + [1* aeSa(t)d

o 2018 Q2: P5(2:25) + [0

o 2018 Q3: Py(2.50) + [i0

o 2018 Q4: Pu(2.75) + [i.. acSq(t)dt

o 2019 Q1: Po(3) + [/ agSa(t)dt =

o 2019 Q2: Pu(3.25) + [

3.75

e 2019 Q3: Pu(3.50) + [, aaSa(t)dt

e 2019 Q4 Pg<375) + f3_75 O./ng(t)dt = Pg(375) + Xg(4)

Pg(1) + X(1.25)

= Pu(2) + Xa(2.25)

= Pg(2.75) + X¢(3)

Pg(3) 4+ X¢(3.25)

— X&(0.75)

— Xa(1)
Pu(1.25) + Xo(1.50) — X(1.25)

agsg(t)dt = Pg(150) + XG(175) - Xg(150)

— X¢(1.75)

— Xc(2)
agsg(t)dt = Pg(225) + Xg(250) - X(;(225)

Oéng(t)dt = Pg(2.50) + Xg(2.75) — Xg(2.50)

— X¢(2.75)

— Xa(3)

ang(t)dt = Pg(3.25) + Xg(350) — Xg(1.25)

= P&(3.50) + X¢(3.75) — X&(1.50)

— Xa(3.75)

Since we do not have the total population of the Knoxville MSA for each quarter of the year,
we keep the total population constant for each year. Thus, we define

Data6 =

83548 /677952
81981,/677952
80067677952
77847 /684276
76969,/684276
74866,/684276
72412/684276
69016,/690529
68838,/690529
64591,/690529
63530/690529
62399/695749
61317/695749
60416,/695749
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as the vector of values that represents the total proportion of the population in the P class
at some point throughout the quarter in the years 2016-2019 from the data and define

Pao + X(0.25)
Pe(0.25) + X(0.50) — X¢(0.25)
, Ps(0.50) + X&(0.75) — X&(0.50)
Estim6 = | p.(0.75) + X¢(1) — X¢(0.75)

Ps(3.75) + XG:(4) ~ Xc(3.75) |

as the total proportion of the population that the model simulates being in the Py class at
some point throughout the quarter in the years 2016-2019. The vector

Diff6 = Data6b — Estim6

defines the difference between the actual values and the model simulated values for the Pg
class for each of the quarters throughout the years. Thus, to get the weighted error, we

calculate .
3%, Diff6

Zio Data6;
where Diff6;, and Data6; are the ith component of the difference and data vectors, respectively.
Therefore, the final objective function we wish to minimize is

3 s : : :
S SIS0 | S0 | b
e S22  Dataj? Y7  Datad? 30 Data5? 3.!° Data6?

To minimize the objective function, we randomly draw multiple points from uniform distributions
over the parameter ranges (provided in Table . Since some of these parameter ranges are

on a very small scale, we use a log scale for Bga, Bap, 0s., Op, 7, and v to give us a
more accurate estimation. Using the minimize function with the Sequential Least Squares
Programming (SLSQP) method from the scipy.optimize package in Python with the bounds
listed in Table [5, we then calculate the local minima of those points. The parameter set
that minimizes the objective function the most out of the calculated local minima is then
the global minimum. Approaching the problem this way allows us to parallelize calculating
the local minima.

Recall that ag is a decreasing linear function such that ag(t) = mgt + l~)G and we want
to ensure that ag remains non-negative. Thus, when generating initial points within the
parameter ranges, if g and b result in a negative value for ag at the final time, we reselect
these parameters from the uniform distribution until a at the final time is non-negative. We
also specify this as a constraint for the scipy.optimize.minimize function. Since constraints
are needed, this is one of the reasons we use the SLSQP method for the local minima.

We considered two cases: 1.) where py and pup are predetermined constants and 2.) where
s and pp are estimated constants. For each, we use 1000 starting points to determine the
local minimas. We run the model from the start of 2016 to the start of 2020 (the end of
2019), a total of four years.
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3.3.3 Case 1: u4 and pup are predetermined constants.

We estimate a total of 18 inputs, which includes parameters and initial conditions, where
mqg and BG are both estimated for parameter ag. The ranges of these parameters can be
seen in Table[5] An additional four assumed constant parameters (including 4 and pp for
now) can be seen in Table [4]

Of 1000 runs, 995 converged with a final objective function value of 0.920. The resulting
estimated parameter values are in Table [6] Figure [I] shows the fit of the model to the data.
The solution curves using the parameter values from Table [0] are shown in Figure [2|

3.3.4 Case 2: 4 and pp are estimated constants.

In Figure [1, the solution does not fit the fatal overdose data very well. Thus, in Case 2,
instead of assuming the values of p4 and pp, we estimate these parameters as well. This
creates a total of 20 parameters and initial conditions to estimate, where a( is still a linear
function of time with slope mg and y-intercept be. In the parameter estimation, we let
[0.001, 1.0] be the range for both 4 and pp. The parameters p and w are still assumed with
values from Table [dl Table [5] contains the remaining parameter ranges.

Out of 1000 runs, 974 converged for a final objective function value of 0.276. Table [7| shows
the resulting estimated parameter values. Figure (3| shows the fit of the model to the data.
The solution curves using the parameter values from Table [7] are shown in Figure [4]

3.4 Comparison of Models with AIC

While the model appears to fit the data better in Case 2 rather than in Case 1, as can be
seen in Figure [3]and Figure[l] Case 2 is still estimating two additional parameters. The more
parameters we estimate, the better the model fit should appear; however, this also runs the
risk of overfitting and making the model unnecessarily complex. To determine which of the
model cases is better, we compute each model’s Akaike information criterion (AIC) score.
While meaningless by itself, the AIC score enables us to compare the quality of the models to
one another. The AIC score rewards a model’s fit to the data while penalizing the addition
of extra parameters to estimate. The lower the AIC score, the better the model. The AIC
score for weighted least squares regression analysis is defined as

OF
AIC = NIn (W) + 2K,

where N is the total number of data points the model is fitting to, OF' is the sum of weighted
squares residuals (i.e., the objective function we are minimizing when performing weighted
least squares), and K is the total number of estimated parameters (i.e., the total number of
model parameters plus one since we are estimating the value of OF) [3].

In the model, we have N = 35 data points. In Case 1, we have K; = 18 + 1 = 19 total
number of parameters to estimate, and in Case 2, we have Ky = 20 + 1 = 21 total number
of parameters to estimate.
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Table 6: The values of the parameters that were estimated for Case 1 in Section where
s and pp are assumed constant parameters.

H Input \ Estimated Value \ Units H
ma -0.0288 yelar
ba 0.332 yelar
Paa 0.001 o
Barp 0.0001 ot
Ose 0.001 e
Op 0.00101 e
04 50.0 e
Yl 7.01 }é
v 1 x107° e
q 0.012 yelar
v 0.001 vear
I3
Aa 1x 10710 yelar
Ap 1.0 e
P, 0.0431 dimensionless
Ac, 0.00227 dimensionless
Fe, 0.000434 dimensionless
Re, 0.000538 dimensionless
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Figure 1: Model simulation fit to data for Case 1 parameter estimation, where ;14 and pp are
assumed constant parameters. This figure’s data includes yearly prescription opioid data,
quarterly prescription opioid data, yearly POUD data, yearly FHUD data, yearly POUD
fatal overdose data, and yearly FHUD fatal overdose data.

37



0.965 A
0.040 A
& 0.960 - o
0.035 ~
0.955 ~
T T T T T 0030 B T T T T T
2016 2017 2018 2019 2020 2016 2017 2018 2019 2020
Year Year
0.00070 -
0.0022 1 0.00065 -
0.00060 -
© 0.0020 A o
< % 0.00055
0.0018 - 0.00050 -
0.00045 4
2016 2017 2018 2019 2020 2016 2017 2018 2019 2020
Year Year
0.0005 ~
0.0004 A
o 0.0003 A
[a' g
0.0002 ~
0.0001 ~
0.0000 T T T T
2016 2017 2018 2019 2020
Year

Figure 2: Solution curves using the parameter values from Table @ from the Case 1 parameter
estimation where p4 and pp are assumed constant parameters.
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Table 7: The values of the parameters estimated for Case 2 in Section where p4 and

i are estimates parameters.

H Input \ Estimated Value \ Units H
me -0.0288 e
ba 0.332 yelar
Baa 0.001 yelar
Bar 0.0001 —
Ose 0.00111 vear
Op 0.0101 e
04 48.9 et
e 7.0 yelar
v 1.16 x 107° vear
¢ 0.0536 vear
v 0.00319 yelar
o 0.97 vear
A4 0.00633 e
Ap 1.0 et
P, 0.0432 dimensionless
Ac, 0.00246 dimensionless
Fe, 0.000339 dimensionless
Re, 0.000508 dimensionless
A 0.0471 yelar
W 0.471 yelar
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Figure 3: Model simulation results fit to data for Case 2 parameter estimation, where 4
and pp are estimated parameters. This figure’s data includes yearly prescription opioid
data, quarterly prescription opioid data, yearly POUD data, yearly FHUD data, yearly
POUD fatal overdose data, and yearly FHUD fatal overdose data.
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When N is not at least 40 times larger than K (i.e., N/K < 40), it is recommended to use
the correct or second order AIC, denoted AIC¢, which has the form

2K (K +1)

AICC:AIC—FN_K_1

[5]. In both of the cases, N is significantly less than 40 times that of K (N/K; = 35/19 ~ 1.84
and N/K, = 35/21 ~ 1.67), so we use AIC to compare the model cases.

In Case 1, we have that

0.920 2(19)(19+ 1)
AlCq; =35In [ —— ) +2(1 e~ = —43.74
Cc1 35n< 35)+(9)+ 35— 101 3.747,

and in Case 2, we have that

0.276

AICce = 351n (W) +2(21) + w

SE 211 —62.929.

Thus, since AICqs is the lowest of the corrected AIC scores, we can say that, despite
estimating two additional parameters, Case 2 is the better model. This confirms what
we see upon visual inspection of Figure [I] and Figure [3

4 Sensitivity Analysis

Sensitivity analysis (SA) is a method to identify critical inputs of a model and quantify how
uncertainties in model inputs (parameters and initial conditions) affect model outputs (the
classes at the final time). To determine the sensitivity of our classes to our model inputs,
we use the Sobol method, a variance-based global SA method [37]. As a variance-based SA
method, the Sobol method proportions the model’s output variance into fractions attributed
to the model inputs or combination of interacting inputs; these fractions are a measure of
sensitivity [29]. Additionally, as a global SA method, the Sobol method measures sensitivity
across the whole model input space and can be used on models with non-linear outputs [33].

The Sobol method offers three types of sensitivity indices: first-order, higher-order, and total-
order, but our main focus is on the first- and total-order. The first-order sensitivity index
describes the percent of model output variance contributed by a model input individually
(i.e., the effect of varying that one model input alone) [29]. In other words, it is the proportion
of the total model output variance that could be reduced if there was no uncertainty about
this model input [32]. If a model input’s first-order sensitivity index is one, then all the
variance in the model output is entirely driven by this input [33]. The total-order sensitivity
index describes the entire influence of a model input on the model output, including first-
order and all of its interactions with other inputs; it describes the proportion of the total
model output variance that remains when uncertainty is removed from all other inputs except
this input [14] 32]. It is the best measure of sensitivity since it explains both the individual
and interactive effects of the model input [29].
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To implement this method in Python, we first use the Saltelli sampler from the SALib
package to generate N(2D+2) samples where N is the number of sample points, and D is
the number of inputs (parameters and initial conditions) in the model [15, I3]. All of these
ranges are summarized in Table [§l and Table [, and the reasoning for the ranges is outlined
below. The model inputs are drawn uniformly from these ranges. We then evaluate the
model using the generated inputs and save the model outputs, which are the population
classes (Sq, P, Ag, Fa, Ra, Sc, Su, Pc, Ac, Fo, and R¢), at the final time. Finally, we
use the Sobol analyze function from the SALib package on the outputs to compute the first-
and total-order sensitivity indices |15, [13].

Table 8: Range of values for each parameter used for the Sobol sensitivity analysis.

H Parameter [ Range ”
ma [—0.0284, —0.0174]
b [0.223,0.396]

log(Bca) —4.0,—-2.0
log(Bap) —5.0,—-3.0
log(fsc) —4.0,—-2.0
log(6p) —3.0,—1.0
04 [24.5,73.4]
€G (3.5, 10.5]
log(v) [=5.9,—3.9]
¢ [0.0268, 0.0805]
log(v) —3.5,—1.5]
o 0.485, 1.46]
Aa [0.00317,0.0095]
AR [0.5,1.0]
m [0.00715,0.0215]
UE [0.235,0.706]
HA [0.0235, 0.0706]
M [—0.0393, —0.016]
by [0.212,0.444]
me [—0.0393, —0.016]
be [0.212,0.444]
pCc 0.001,2.0
oH 0.001,2.0
log(Bca) —4.5,—1.5
log(Br a) —4.5,—-1.5
log(Bcp) —5.5,—2.5
log(BHp) —5.5, —2.5
cc 1.75,12.3
€x 1.75,12.3
log(0spr) —4.5,—-1.5
log(fsv) —4.5,—-1.5
k [1%10~19,1.0]

The ranges for the general population parameters are set to +50% of the parameter values
estimated in Case 2 (as shown in Table , with the exception of mg, b, and the parameters
that were estimated on a logarithmic scale (84, Bap, 0s., 0p, 7, and v).

For parameters that were estimated using a logarithmic scale in the least squares estimation,
we continue to use a log scale and add 41 range to their log values and round to the first
decimal, as these parameters are on a very small scale. For instance, the range for log(f8ca)
is [—4, —2] since the estimated value for B4 was 1072 = 0.001 from Table

For mg and Bg, note that these parameters are part of the general population prescribing
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Table 9: Range of values for each initial value used for the Sobol sensitivity analysis.

H Parameter [ Range ”
Pc, [0.0216, 0.0647]
Acy [0.00123, 0.00369]
Feg, [0.00017,0.000509]
Rc, [0.000254, 0.000763]
SHy [0.0,0.5]
Py, [0.0108, 0.0755]
Ay, [0.000616, 0.00431]
Fy, [8.48 x 10~0%,0.000594]
Ry, [0.000127, 0.00089]

rate ag, where .
Oég(t) = 7’7’LG -t —|— bG.

We require that a remains non-negative at the final time (the start of 2020). The estimated
parameter values for mg and l;g from Table (7| are g = —0.0288 and l;G = 0.332, so
the corresponding +50% bounds of g and bg are [—0.0432, —0.0144] and [0.166, 0.498],
respectively. However, we wish to choose the bounds of mg and be such that the value of
ag varies £50% at the final time. The value of ag at the final time is

a(2020) = —0.0288(4) + 0.332 = 0.217.

The £50% range for this value is [0.109,0.326]. To achieve this range while staying in the
+50% range of m¢g and b, we choose the range of mg and bg to be [—0.0284, —0.0174] and
[0.2226, 0.396], respectively.

Finally, if the upper bounds for A4 or A\r exceed one, they are truncated to one, as these
parameters must lie between zero and one.

For the community parameters, we set the ranges to be £75% of their corresponding general
population parameter where applicable (e.g., the parameter ranges for e and ey are £75%
of the parameter value estimated for eg), since we know even less about the parameter
values of the community model, with the exception of m¢, be, T, b, Sy, and the
community parameters that correspond with a general population parameter that are using
the logarithmic scale (8ca, Bua, Bep, Bup, Os., and s, ).

We assume that it would be unreasonable for a community to have more than half of its
susceptible population have chronic pain. Thus, we let Sy, range from [0, 0.5].

For the community parameters whose corresponding general population parameter uses
the logarithmic scale, we also use a log scale for these parameters and add +1.5 to their
corresponding general population log parameter for the range, rounding to the nearest
decimal. For example, the range of log(f8ca) is [—4.5, —1.5] since the estimated value for

Baa was 1073 from Table [7]

We wish to choose the bounds of m¢ and l;c such that the range of a¢ is £75% of the
estimated value of ag at the final time. Thus, we wish the range of ac to range from
[0.0543,0.380]. We choose the range of ¢ and b to be [—0.0393, —0.0160] and [0.212, 0.444],

respectively, to accomplish this. We also chose these ranges for mpy and by, respectively.
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Additionally, for k, the range is set as [0,1] (or [1.0 x 1071° 1] for computational reasons),
and for py and pe, the parameter ranges are set to [0.001, 2.0].

We have D = 41 and use N = 2% for a total of 2,752,512 samples. The number of sample
points N was chosen so that the results do not change with a slightly higher value. This was
run over four years, and the sensitivities of the parameters were evaluated for the population
classes at the final time. The first-order results can be seen in Figure [pal and the total-order
results can be seen in Figure The length of the colored bars represents the contribution
of that parameter to the variance of that population class at the final time; the longer the
colored bars, the higher the effect of that parameter on that class.

We are interested in the parameters that the OUD classes (A and F') are most sensitive to at
the final time. We also take an interest in what parameters the stably recovered classes (R)
are most sensitive to since these could be determining factors in the number of fatal ODs
the population experiences. From the total-order index, we see that Ag is most sensitive to:

o Ac,, the initial condition of the Ag class;
e (, the rate at which those with POUD stably recover; and

® 114, the overdose death rate for individuals with POUD.
F is most sensitive to:

e L, the overdose death rate for individuals with FHUD;
e Ac,, the initial condition of the A¢ class; and

e ¢, the initial condition of the R class.
R is most sensitive to:

e o, the rate at which stably recovered individuals relapse;
o Ac,, the initial condition of the Ag class; and

e (, the rate at which those with POUD stably recover.
A¢ is most sensitive to:

o Ay, the initial condition of the Aq class;
e (, the rate at which those with POUD stably recover; and

e 14, the overdose death rate for individuals with POUD.
F is most sensitive to:
e L, the overdose death rate for individuals with FHUD;
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e Ay, the initial condition of the Aq class; and

e Ry, the initial condition of the R class.
Finally, R¢ is most sensitive to:

e 0, the rate at which stably recovered individuals relapse;
e Ay, the initial condition of the A¢ class; and

e (, the rate at which those with POUD stably recover.

According to the first-order index, these parameters are also the ones to which these OUD
and stably recovered classes are most sensitive. Note that the first-order index and the
total-order index results are very similar, suggesting that not many higher-order interactions
occur; this means most of the interactions are first-order.

5 Community Cases

Thus far, our focus has been on the general population as a whole, based on data that reflects
the entire group. Moving forward, we aim to dive deeper into the community and explore
various specific cases within it. First, we need to establish a baseline set of parameters
for the community. We define these parameters and initial conditions to closely mirror the
general population’s overall output as accurately as possible, within reason, before making
any adjustments to specific parameters. Doing this should more clearly demonstrate the
effects of altering certain parameters.

To establish the initial conditions, we refer to estimates indicating that in 2016, approximately
20.4% of U.S. adults experienced chronic pain (defined as pain lasting three months or longer)
[10], with a similar estimate of 20.9% in 2021 [30]. Since the community model divides the
susceptible class into those with or without chronic pain, we set the initial condition of Sy
to be 20% of the estimate of S¢, from Table , and set S¢ to be the remaining 80% of Sc,.
The remaining community initial conditions are set the same as their general population
counterparts (e.g., Py, is the same as the estimate for Pg,). A summary of these values can
be seen in Table [I0l

Since we want the community output to be similar to the general population output for
the base case, we let k& = 1 (i.e., there is no discrimination/preference between influencing
interactions with those who are or are not in the community). The reasoning for choosing
the remaining parameter values is described below, and a summary of the chosen values can

be seen in Table [10l

The solution to the general population ODEs in Figure {4| shows that Py initially increases
before decreasing between 2016 and 2017. At the initial time, we want Py and P to increase
at approximately the same rate, so we want the differential equations for Py and Pp at the
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Table 10: The values of the parameters used in the community base case.

H Parameter ‘ Value ‘ Units H

me -0.03456 e

be 0.3154 et
my -0.00576 e

bu 0.3984 et

pc 0.1 o

pu 0.4 o
Boa 0.0008 ot
Bra 0.0002 yelar
Bep 8.0x 107° yelar
Bup 2.0 x 107 vear
Ose 0.000891 et
Os,, 0.000223 Voar

ec 5.603 yelar

€H 1.401 e

k 1.0 dimensionless
S, 0.191 dimensionless
Py, 0.0432 | dimensionless
Ay, 0.00246 | dimensionless
Fe, 0.000339 | dimensionless
Re, 0.000508 | dimensionless
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initial time to be equal. If we chose ¢ and ey such that they sum to e, then we want
be Sy, + b Sh, to equal beSe,. Thus we wish to chose choose be such that

b = be:Scy — bir S,
Sv,
baSe, — 0.2biSe,
- 0.85¢,
= 1.25bg — 0.25by.

It is also re@sonable to assume that l;H would be greater than BC. Thus, if be chose l~)H =
1.2bg, then be = 0.950.

By similar logic, we want mg to equal 0.8m¢c + 0.2mpyg. It is also reasonable to assume that
me < myg. If we let mg = 1.2m¢, then we get that my = 0.2mg.

Recall that pe is the transition rate from So to Sy (i.e., the rate at which susceptible
individuals without pain develop pain), and py is the transition rate from Sy to S¢ (i.e.,
the rate at which susceptible individuals with chronic pain no longer experience chronic pain
without going through the route of taking prescription opioids). We want the rate from S¢
into Sy to be approximately the same as the rate from Sy into S¢, at least at the initial
time. Thus we want pcS¢, to be approximately pySy,. We then choose py such that

P pcSc,
Sh,
o pCO.SSCO
~0.28¢,

=4p,.

If we let po = 0.1, then we choose py to be 0.4.

For the remaining parameters, we let the parameter corresponding with the S¢ class be 80%
of its corresponding Si parameter and let the parameter corresponding with the Sy class
be 20% of its corresponding Sg parameter. For example, e = 0.825 and ey = 0.2¢¢.

Figure [0] illustrates the solution curves for the “baseline” community, using the parameter
values specified in Table [I0} In Figure [7] the solution curves of both the general population
and community are compared, with the general population parameter values drawn from
Table [7| and the “baseline” community parameters as outlined in Table (10|
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